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Preface

Premiering in 1990 in Antibes, France, the European Conference on Computer Vision,
ECCV, has been held biennially at venues all around Europe. These conferences have
been very successful, making ECCV a major event to the computer vision community.

ECCV 2002 was the seventh in the series. The privilege of organizing it was shared
by three universities: The IT University of Copenhagen, the University of Copenhagen,
and Lund University, with the conference venue in Copenhagen. These universities lie
geographically close in the vivid Öresund region, which lies partly in Denmark and
partly in Sweden, with the newly built bridge (opened summer 2000) crossing the sound
that formerly divided the countries.

We are very happy to report that this year’s conference attracted more papers than
ever before, with around 600 submissions. Still, together with the conference board, we
decided to keep the tradition of holding ECCV as a single track conference. Each paper
was anonymously refereed by three different reviewers. For the final selection, for the
first time for ECCV, a system with area chairs was used. These met with the program
chairs in Lund for two days in February 2002 to select what became 45 oral presentations
and 181 posters. Also at this meeting the selection was made without knowledge of the
authors’ identity.

The high-quality of the scientific program of ECCV 2002 would not have been pos-
sible without the dedicated cooperation of the 15 area chairs, the 53 program committee
members, and all the other scientists, who reviewed the papers. A truly impressive effort
was made. The spirit of this process reflects the enthusiasm in the research field, and you
will find several papers in these proceedings that define the state of the art in the field.

Bjarne Ersbøll as Industrial Relations Chair organized the exhibitions at the confe-
rence. Magnus Oskarsson, Sven Spanne, and Nicolas Guilbert helped to make the review
process and the preparation of the proceedings function smoothly. Ole Fogh Olsen gave
us valuable advice on editing the proceedings. Camilla Jørgensen competently headed
the scientific secretariat. Erik Dam and Dan Witzner were responsible for the ECCV 2002
homepage. David Vernon, who chaired ECCV 2000 in Dublin, was extremely helpful
during all stages of our preparation for the conference. We would like to thank all these
people, as well as numerous others who helped in various respects. A special thanks
goes to Søren Skovsgaard at the Congress Consultants, for professional help with all
practical matters.

We would also like to thank Rachid Deriche and Theo Papadopoulo for making their
web-based conference administration system available and adjusting it to ECCV. This
was indispensable in handling the large number of submissions and the thorough review
and selection procedure.

Finally, we wish to thank the IT University of Copenhagen and its president Mads
Tofte for supporting the conference all the way from planning to realization.

March 2002 Anders Heyden
Gunnar Sparr
Mads Nielsen

Peter Johansen
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Abstract. We present a novel algorithm for recovering a smooth man-
ifold of unknown dimension and topology from a set of points known to
belong to it. Numerous applications in computer vision can be naturally
interpreted as instanciations of this fundamental problem. Recently, a
non-iterative discrete approach, tensor voting, has been introduced to
solve this problem and has been applied successfully to various appli-
cations. As an alternative, we propose a variational formulation of this
problem in the continuous setting and derive an iterative algorithm which
approximates its solutions. This method and tensor voting are some-
what the differential and integral form of one another. Although iterative
methods are slower in general, the strength of the suggested method is
that it can easily be applied when the ambient space is not Euclidean,
which is important in many applications. The algorithm consists in solv-
ing a partial differential equation that performs a special anisotropic
diffusion on an implicit representation of the known set of points. This
results in connecting isolated neighbouring points. This approach is very
simple, mathematically sound, robust and powerful since it handles in
a homogeneous way manifolds of arbitrary dimension and topology, em-
bedded in Euclidean or non-Euclidean spaces, with or without border.
We shall present this approach and demonstrate both its benefits and
shortcomings in two different contexts: (i) data visual analysis, (ii) skin
detection in color images.

1 Introduction

In this section, we state the considered problem. Then, we give an overview of
the corresponding state of the art. Finally, we present the organization of the
paper.

1.1 Statement of the Problem

Consider a set P containing N points of a n-dimensional manifold Ω. In order
to illustrate the ideas, we may think of P as a data set of N measures performed
on a stochastic (or deterministic) process whose state may be partially (or
totally) described using n numeric values. Consequently, each point in P is a
sample, each coordinate is a parameter of the process under consideration, and
Ω is the set of possible values these variables may take a priori. The paradigm
of experimental disciplines is that each individual sample captures only a
partial information about the state of the process and one hopes, by considering
multiple samples, to apprehend it in a more comprehensive way. Usually, this
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is motivated by the expectation that the variables, i.e. the coordinates of the
points, may not be independent from one another and that the relationships
between the variables capture the ”essence” of the measured process.

In this paper, we propose a theoretical and practical framework for analysing
such data sets when the measured variables are expected to have complex dis-
tributions, strong relationships and more specifically in the limit case of func-
tionally related variables. Formally, this restriction is equivalent to saying that
the points of P are not distributed arbitrarily in Ω but, instead, up to some
noise, belong to a submanifold of Ω of dimension smaller than n. Analysing the
data set is then equivalent to recovering this submanifold. Let us make this idea
clearer through the two following examples.

1.2 Examples

Stereo vision. is perhaps the most straightforward example in computer vision.
Pixel matching algorithms often output a cloud of points in R

3 supposed to
belong to the surfaces of the pictured objects. It remains then to find a surface
“passing” through this points. Here, Ω = R

3, P is the set of points and the
searched surface is M.

Image manifolds. arise when considering a set of image features, like spectral,
color or texture measures, for classification purposes. If n such numeric features
can be extracted for each image then one may well associate a set of N images
and a cloud of N points in R

n, each point representing one image through its
features vector. If complex relationships exist between different features within
a certain class of images, one may ideally expect the corresponding points to
form a submanifold of R

n. A geometric representation of this submanifold may
be used to distinguish this class of images from all the other image points. Here,
Ω = R

n, P is the set of features vectors and M is the submanifold of R
n,

hopefully of low dimension, modeling the relations between the features.

1.3 State of the Art

In this section, we present an overview of the state of the art on recovering
inter-variables relationships and the reader will soon see that our motivation is
actually an old one. We survey general statistical methods and also algorithms
more specific to computer vision.

The case of variables that are well represented by their mean and variance
is covered extensively in statistics. Under some normality and independence
assumptions, the issue of deciding whether or not such relations exist is addressed
by the hypothesis testing methodology [17,14]. In this paper, we are interested
exclusively in data sets with more complex distributions where such assumptions
are not relevant.

In certain situations, this can be addressed by using the statistical non-
parametric methods because they do not rely on the normality assumption.
There are several such methods for estimating a non-parametric correlation
between two or more variables. Well known such methods are Spearman r,
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Kendall τ and coefficient Γ (cf. [14]). Although these tests vary in their
interpretation, they are all appropriate only when N is small because of the
central limit theorem. Also, they are only interesting when the variables under
consideration are well represented by their mean and variance. If higher order
statistics are necessary, an alternative is to use Pearson curves [10] or Johnson
curves [13]. These are families of simple distributions that can approximate
more complex distributions up to their fourth moment. The original Pearson
curves have been defined as the solutions to a differential equation and this is
closely related to the method we are going to present. Though, neither Pearson
curves nor Johnson curves are appropriate when both the distributions and the
relations are expected to be even more complex.

Another traditional approach, exploratory data analysis, consists in identi-
fying relations between several variables by searching systematic patterns. Dif-
ferent methods have been proposed. Most of those assume one of the following.
There are certain particular values of the variables that represent well the data:
cluster analysis. There exists special linear or polynomial combinations of the
variables that yield simple relations: principal component analysis, discriminant
function analysis, multi-dimensional scaling, canonical correlation, step-wise lin-
ear and nonlinear regression, projection pursuit. All these techniques are nicely
presented in this textbook [16]. When no distributional assumption is available,
neural networks are often used for their flexibility, although they relate very
closely to standard statistical regressions [5]. Actually, they are often equivalent
and, even if it is not always explicited, rely on the same assumptions . In addi-
tion, although neural networks are very powerful, their actual process is difficult
to interpret and this may be a drawback in computer vision where geometric
considerations are often crucial.

It is also important to mention a special branch of exploratory data analysis,
visual data analysis, which relies upon the visualization of data sets and the
ability of humans to detect relevant patterns. The most popular technique is
brushing [3,24]. This is an interactive method which allows a user to select, i.e.
brush with color, subsets of the data displayed with a certain representation
(say, a scatter plot) and observe simultaneously the corresponding recolored
subset in another one (say, a histogram). In this technique, the user is also
allowed to manually fit models (curves, surfaces) to the observed distributions.
This powerful technique can be further enhanced by the use of complementary
data representations as well as animation. The weakness of brushing is that it
is not automatic, not quantitative and not objective. Though, it is often the
solution of last resort.

In computer vision, the very same “fitting” problem is particularly recur-
rent because typical detection algorithms output clouds of points that are then
subject to high level processing.

Most of the methods in computer vision focus on reconstructing shapes in
R

2 or R
3 and are motivated by geometric interpretations. As in the case of

neural networks, they are often mathematically equivalent to known statistical
methods but provide an effective way to achieve the result when statistics may
only provide a mathematical interpretation of the underlying regression and
optimality prior conditions. Three methodologies can be identified. The first one
consist in using graph theory. For instance, one can consider P as a set of graph
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vertices [15,6] or use normalized cuts [27] for partitioning the ambient space
into regions. Another interesting approach, alpha shapes [8] defines meaningful
subsets of the Delaunay triangulation of P by balancing convexity and resolution
scale measures. The second methodology consists in gathering local perceptual or
regularity cues for grouping [34,1], like good continuation [7], constant curvature
[22] or local measures of confidence [26,31,25,12,9]. The third methodology also
results in such local operations but is primarily motivated by mechanical or
physical metaphors like in the dynamic particles [29]. They often use a variational
formulation [18,23] and explicit or implicit geometric models [30,33].

However, there is also a more recent interest for methods meant to work in
arbitrary dimension. For instance, tensor voting [21] has been introduced as a
unified formalism for addressing the issues of grouping noisy sets of points into
more regular features. It is founded on tensor calculus: the multi-dimensional
data is first encoded into a tensor, then elements vote in their neighborhood
through a convolution-like operation which is most appropriate in Euclidean
ambient spaces. This results in a dense tensor map, containing both orientation
and confidence informations, from which curves or surfaces can be extracted by
a n-linear interpolation. This algorithm is not iterative because the smoothness
is imposed by convolution. Note that tensor voting was inspired from vector
voting [12].

We suggest another formalism, founded on variational calculus, that is inter-
estingly related to almost all the previous methods. The remainder of the paper
is as follows. In Section 2, we present the theoretical and practical aspects of the
method. In Section 3, we discuss the benefits of this new approach in different
applications. We conclude in Section 4.

2 Theory and Implementation

As a preliminary, we provide the reader with some informal intuition about the
various ingredients of the method. Then, we propose a mathematical formaliza-
tion of it and discuss its implementation.

2.1 Some Intuition

Suppose that P is a sparse cloud of points in the plane (Ω = R
2) and that these

points are roughly distributed along a smooth curve. The problem consists in
recovering “the” smooth curve M that “passes through” P. We simply develop
the idea that P, seen as a subset of Ω, can be transformed continuously into
the curve M. This is achieved through an iterative process in which each point
of P spreads itself in the direction of its neighbouring points. Little by little,
each point in P transforms itself into a short piece of curve oriented toward
other points of P, and grows toward them. Eventually, all those pieces connect
to one another so that the final curve is smooth and simply connected. At the
same time, outliers are eliminated and the shape is regularized. This “spreading”
process transforms continuously P into the smooth manifold M.

In the next section, we design an objective cost, or energy, associated with
this spreading shape at each time instant of its deformation. The iterative
minimization of this energy results in the “right” transformation because the
energy is designed for that very purpose. Like in any variational method, the
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final shape of M will correspond to a minimum of the energy. Now, there are
obviously two main issues here. The first one is “How to define a proper energy
?” and the second one is “How to represent the evolving shape ?”.

As far as the energy is concerned, it has to reflect the relevant properties of
the desired final shape. In variational methods, the energy is often a weighted
sum of several energies. Each term contributes to favor or penalize a certain
shape property. The contributions are often contradictory and they compete
by summation, like kinetic and potential energy do in mechanics. Hopefully, the
achieved minimum of the total energy yields a satisfactory balance between each
effect. In our problem, we need at least two energy terms. There should definitely
be a data attachment term. In effect, shapes which contain a lot of points not
belonging to P should be penalized. This prevents the spreading process to add
too many points and make M too “fat”. Symmetrically, shapes which do not
contain all the points of P should be penalized as well. This is because the final
result should not miss parts of P. But this data attachment alone is useless
because its minimization results in nothing but M = P and that is why it is
called the data attachment term. We definitely need a regularization term as well.
This one should favor better connected and smoother shapes. It will of course
be in competition with the data attachment term because P is not smooth and
is not well connected at all. We do not discuss smoothness further for now since
the issue is so well known. A way to obtain well connected shapes is to favor
convexity. In effect, it is well known that convex shapes are simply connected,
i.e. contain only one connected component. So, the regularization term favors
convexity. Once again, this term alone is useless because minimizing it would
really connect all the points of P. The final result would then be the convex hull
of P and this is not desirable in general. To summarize this paragraph, the total
energy will only favor spreading toward other neighbouring points of P because
this is the only way the two terms may actually reach a satisfying agreement.

The representation of the evolving shape is an important issue as well. In
effect, a priori, no hypothesis is made neither about the dimension of the final
shape M nor its topology. This is a domain where implicit representations are
usually superior to shape explicit parametrizations. In solving this issue, we
were mostly inspired by [2,20] where a curve in R

3 is represented by a one-
parameter family of concentric tubes of increasing radi. The represented curve
is the medial axis of the tubes. If the radius r of the tubes is the parameter of
the family then the tubes converge toward the curve when r tends to 0. This
is actually a very general approach which is valid regardless of the dimension
and topology. The key is to consider neighborhoods (or approximations) of the
represented object with increasing tolerance. Note that those neighborhoods are
always hyper-surfaces of the ambient spaces, i.e.manifolds of dimension n−1. For
instance, in R

3, both concentric tubes and concentric spheres are bi-dimensional
although their limits are curves and points. Finally, those hypersurfaces are
conveniently encoded as the iso-hypersurfaces of a scalar function defined on Ω.
This implicit representation makes it not too hard to formulate the problem as
a variational one.

2.2 Formalization

Let u : Ω → [0, 1] be a smooth function to be constructed so that the family of
hypersurfaces Sα = u−1(α), 0 < α < 1, tends to a submanifold M of Ω when α



8 J. Gomes and A. Mojsilovic

tends to 0. In that sense, u can be interpreted as a weak implicit representation
since

M = lim
α→0+

u−1(α).

In particular, the value of u far from P is 1 and tends to 0 as one approaches P.
We propose to define u as the solution to a variational problem that is naturally
related to the reconstruction one. As a preliminary, we shall present some useful
integral criteria, along with their Euler-Lagrange equations. Then, we shall see
how to combine them and finally, since variational methods are iterative, we
shall describe how to initialize u. We start with the case Ω = R

n.

Ingredients. For the moment, consider independently the four non-negative
integrals∫

P
u2,

∫
Ω/P

(u− 1)2,
∫

Ω

∇2u, and
∫

Ω

∇u ·Qu∇u,

where Qu is the projector onto the sub tangent space of Ω corresponding to
negative eigenvalues of the Hessian of u. In other words, if D2u = PTDP , with
D = Diag(λi) and PTP = I, then Qu = PTGP with G = Diag(ν(λi)) where
ν(R−) = {1} and ν(R∗+) = {0}. Note that Qu is symmetric positive.

The motivation for considering the first three integrals is obvious. The min-
imization of the first one enforces that M passes through P. In effect it is
null if and only if u(P) = {0}. Minimizing the second one prevents M from
passing through other points than those of P. In effect, it is null if and only
if u(M/P) = {1} a.e. in Ω/P. Finally, minimizing the third one enforces the
smoothness of u hence, to some extent1, that of Sα. The Euler-Lagrange equa-
tions of these three first integrals are respectively

2u, 2(u− 1), and − 2∆u

on the domains where the corresponding integrals are defined and 0, i.e. the
null function, elsewhere in Ω.

As for the fourth integral, it is minimized by non-concave functions but this
is not as straightforward and we are going to develop this point further. Note
that the motivation for considering convex u’s is that it implies the convexity
of its iso-hypersurfaces Sα (cf. previous section) and this is how the connection
between neighbouring points is favored. Here is how we minimize this integral.
Although Qu depends upon D2u, we consider only the first order term in the
Euler-Lagrange equation of the integral2. It is equal to

−2∆−u,
1 i.e. to the extent that α is not a singular value of u.
2 Observe that the dependence of Qu with respect to D2u can be thought of as having
a contribution due to its eigenvalues λi and another one due to the isometry P . The
first contribution is null a.e. because the derivative of ν is null a.e.. As for the other
dependence, we neglect it here because it introduces third order derivatives in the
Euler-Lagrange equation and those are too difficult to evaluate numerically. We have
to admit that it is a shortcoming of this method.
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where ∆−u is the sum of the negative eigenvalues of the symmetric matrix D2u,
i.e.

∆−u =
∑

i=1,··· ,n

ν(λi)λi (1)

This result is obtained by writing

∂ (∇u ·Qu∇u)
∂∇u

= (Qu +QT
u )∇u = 2Qu∇u

and then

−∇ · ∂ (∇u ·Qu∇u)
∂∇u

= −2∇ ·Qu∇u

= −2∇ ·Q2
u∇u Qu is a projector

= −2Qu∇ ·Qu∇u Qu is self-adjoint

= −2PTGP∇ · PTGP∇u by definition

= −2GP∇ ·GP∇u PT is an isometry
= −2GP∇ · P∇u G is a self-adjoint projector

= −2
∑

i=1,··· ,n

ν(λi)
∂2u

∂p2
i

= −2∆−u,

where the pi’s are the eigenvector of D2u and ∆−u is defined in Eq. 1.

The quantity ∆−u is the negative part of the Laplacian of u or “the nega-
tive Laplacian”. Obviously, it vanishes when u is a non-concave function. Hence
again, this enforces the convexity of the hypersurfaces of u and consequently the
convexity of M. Of course, the final M will not be globally convex because the
four criteria are actually going to compete.

Putting them all together. Following, it is important to combine these
integrals properly in order to achieve the right balance between each effect. We
are going to form a weighted sum of those four integrals depending only upon
one parameter, the scale σ. We define the scale as the critical distance between
two just distinguishable points of P. This concept from observation theory will
serve as a yard stick to “calibrate” our linear combination of contributions.

First, remind that our integrals are not all defined in Ω, so we use an indica-
trix function of P, i.e. IP(P) = {1} and IP(Ω/P) = {0}. The two first integrals
can then be rewritten∫

Ω

IP(x)u(x)2dx and
∫

Ω

(1 − IP(x))(u(x) − 1)2dx.

Now, we form

E = c1

∫
Ω

IPu2 + c2

∫
Ω

(1 − IP)(u− 1)2 + c3

∫
Ω

∇2u+
∫

Ω

∇u ·Qu∇u, (2)
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and the corresponding Euler-Lagrange equation (up to a factor 1
2 )

∂uE ≡ c1IPu+ c2(1 − IP)(u− 1) − c3∆u−∆−u, (3)

where the three ci’s are to be expressed in terms of σ.

For symmetry reasons, it is natural to choose c1 = c2. Furthermore, consider
the case of two isolated just distinguishable points in R located at coordinates
0 and σ. Setting c3 = 0, because the smoothing must be negligible with respect
to the other effects, the equilibrium condition writes c2(u − 1) − u

′′
= 0, which

is a linear differential equation of the second order. It can be integrated by
quadrature, supposing that u(0) = u(σ) = 0. Then, c2 can be determined
thanks to the additional equation u( 1

2σ) = 1
2 : in effect, the fact that the two

points are just distinguishable means in particular that their middle point can
be assigned neither to M nor to Ω/M.

Finally, we find

c1 = c2 =

(
ln(7 +

√
48)

σ

)2

≈ 6.938
σ2 and c3 = ε << 1,

hence the partial differential equation to be solved ∂u
∂t = −∂uE or

∂u

∂t
=

β2

σ2 (−IPu+ (1 − IP)(1 − u)) + ε∆u+∆−u, (4)

where β = ln(7 +
√
48) and ε << 1.

Non-euclidean ambient spaces. The case where Ω is not Euclidean is im-
portant in practice. For instance, curve normal vectors live in S1, surface normal
vectors in S2, line directions in P1, color hue in S1 and k-uplets of such vari-
ables live in products of those spaces. Non-Euclidean variables occur quite often
in computer vision and, in general, it is not accurate to consider them as taking
values in Euclidean spaces. Fortunately, it is rather straightforward to generalize
the presented method when Ω can be embedded in a Euclidean space. In that
case, one has just to rewrite the previous equations in the tangent plane of Ω as
introduced in [4]. Practically, one still solves a PDE using a regular grid and Ω
is represented implicitly by its distance function.

Initialization of u. One can simply initialize u as follows: u0(P) = {0} and
u0(Ω/P) = {1}. This has the advantage of being simple and fast but it does not
account for repetitions in P and, since the grid has integer coordinates, rounding
effects are important.

Another way that is more robust to outliers and behaves better regarding
redundant samples and rounding effects is to set:

u0(x) =
∏
p∈P

(
1 − εe− (x−p)2

σ2

)
(5)

Of course, this can be implemented efficiently by considering an approximation
of the exponential having a compact support.
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2.3 Implementation Issues

The function u is sampled over a regular grid of Ω if it is Euclidean or over
the Euclidean space of higher dimension in which Ω has been embedded (cf.
Section. 2) otherwise. The equation (4) is discretized using the standard explicit
forward scheme for the time derivative (i.e. ut+dt = ut+(...)dt) and the standard
explicit centered schemes for the spacial derivatives (i.e. the Hessian of u). The
hypersurfaces Sα are extracted by n-linear interpolation. As far as the indicatrix
function is concerned, it can be set to

IP(x) = e− dist2(x,P)
σ2

or any other reasonable approximation. Naturally, the finest possible scale, σ,
is determined by the resolution of the grid. It is achieved by taking σ = 1 (i.e.
two grid nodes are two distinguishable points) but it can be set to a lower value
if needed. The most natural way to work with it is to set α = 1 and choose
an appropriate grid size. An approximation to the “negative Laplacian” may be
computed as

∆−u ≈ Trace(N(D2u))

where N is an appropriate polynomial. In effect, we have Trace(N(D2u)) =∑
i=1,··· ,n N(λi) because D2u is symmetric and thus, D2u and N(D2u) share the

same eigenvectors. So, the polynomial N has just to “turn off” positive λi’s for a
reasonable range of values. This idea has been suggested to us by [30]. Of course,
∆−u may also be simply computed by diagonalizing D2u. These approximations
of ∆−u are only valid if Ω is Euclidean, however it is straightforward to extend
them if Ω is only embedded in a Euclidean space. Finally, in practice, one can
really set ε = 0 because the other spatial centered schemes are already diffusive
enough for assuring a regular solution.

3 Applications

In this section, we discuss the benefits and limitations of the proposed technique
in two different contexts: multi-dimensional data analysis and skin detection in
color images.

3.1 Application to Multi-dimensional Data Analysis

A simple example will demonstrate how this technique can be helpful for the
understanding of multi-dimensional data. When the number of variables is high,
i.e. greater that 2 or 3, a traditional approach is to study slices or projections
of the data with lower dimensions. Typically this approach yields some partial
structural information. One limitation of analysing slices of the data is that one
may fail to detect existing structural information. This is due in part to the
fact that samples that where “almost” lying on the selected slice will be totally
invisible. Fig. 2 depicts this situation on a real data set. Let us see how one
may solve this with our method. Fig. 1 shows the iterative reconstruction of this
data set using Eq.4 and Fig. 3 shows the resulting slice from which patterns
can be detected more confidently. This is a rather trivial example since there
are only three variables and a three-dimensional scatterplot yields the structural
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Fig. 1. This figure shows the iterative resolution of Eq. 4. The curve and the surface
are reconstructed to a certain extent.

information. However, if there are more than 3 variables, one may still perform
exactly the same reconstruction in the whole dimensionality of the data set.
This process cannot be easily visualized. But, once the reconstruction is done,
standard analysis tools can be used to detect more reliably structural information
in slices, scatterplots or other low-dimensional representations. The higher the
number of variables, the more likely the reconstruction will yield information
that would otherwise stay invisible. In practice, this technique would be most
appropriate when the number of variables is smaller than 10 due to important
memory requirements. This point is detailed in Section 4.

3.2 Application to Skin Detection in Color Images

Typical algorithms for detecting skin in color images proceed in two steps. First,
a local skin color and/or skin texture detection is performed. Then, the geometry

Fig. 2. On the left, a cloud of points in R
3 distributed along a one-dimensional curve

and a connected bi-dimensional surface. On the right, the trace of the cloud of points
on a selected slice. Although it is clear from the three-dimensional scatterplot that this
trace is distributed along a curve, this is not visible on the slice alone.
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Fig. 3. The cloud of points of Fig. 2 has been reconstructed, cf. also Fig. 1, and its
trace over the same slice is shown. By connecting points in the full dimensionality of
the data set, on makes it possible to detect structure more reliably. Of course, if the
reconstruction is performed on the initial slice, i.e. in two dimensions, this information
cannot be recovered hence the importance of reconstructing in the full dimensionality,
especially when considering more that 2 or 3 variables.

of the detected regions is regularized using morphological operators. This section
concerns only the first step and deals with the local detection of skin color using
the approach described in this paper: 200 images depicting people have been
segmented manually and the set P is formed by the colors, in the CIE Lab
system, of the millions of pixels corresponding to human skin. Ω is the set of
existing colors in the same color system and M is supposed to approximate
the set of colors corresponding only to human skin. After reconstructing M
(cf. Fig. 4), it is then possible to test whether the condition u(L, a, b) < u0 is
satisfied, where (L, a, b) is the color of a tested pixel and u0 is a selected threshold
related to the probability of a color to belong to M. Consequently, this test may
be used as a local skin color detector. Of course, it is important in this learning
approach to eliminate the differences in lighting and camera responses within the
learning set and we did this partially. To compensate for differences in lighting
conditions, we have applied a simple model of the Von Kries adaptation [11].
The algorithm searches the image for likely representatives of white and black,
and uses these values to compute a modified Von Kries adaptation. Although
the spectrum of the light source cannot be completely recovered from the image,
this model provides good results, as long as the spectrum of the light source
is not too wildly skewed or irregular [28]. Fig. 5 shows a comparison of our
detection method with two others on both images containing skin and images
not containing skin. Of course, one of the strength of the presented method is that
it can be applied with more than three variables and this can be used in order
to further enhance the segmentation. For instance, in Fig. 6, we added a fourth
variable which is the variance of |(L, a, b)− (L0, a0, b0)| in a small neighborhood
of each pixel, where (L0, a0, b0) is the color of the considered pixel and |.| denotes
the Euclidean distance. This measure, noted v(L, a, b) accounts somehow to the
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Fig. 4. This figure shows the learned shape of the set of human skin colors in the CIE
Lab system from different standpoints.

presence of texture and this enhances the results in particular on images which
do not contain human skin. It is also fair to say that the value of the threshold
u0 is rather arbitrary and no physical interpretation has been attached to it,
although it should not be difficult to relate it to a probability.

Fig. 5. Examples of results of skin color detection using (from the left to the right) the
methods proposed in [11], in [28] and in this paper with the variables (L, a, b).
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Fig. 6. Examples of results of skin color detection using (from the left to the right) the
methods proposed in [32], in [19] and in this paper with the variables (L, a, b) and, in
last column, with the variables (L, a, b, v(L, a, b)). Notice how the additional variable,
related to texture, enhances the results in images that do not contain skin.

4 Conclusion

In this paper, we have presented a new solution to the fundamental problem of
recovering a manifold from a set of points known to belong to it. It is founded
on variational calculus and results in a partial differential equation which can be
interpreted explicitly as an anisotropic diffusion that “connects” neighbouring
points. This is particularly interesting when dealing with non-Euclidean ambient
spaces, where convolutions are not easy to implement. Although this technique
is surprisingly simple, it gathers various good ideas from the three classes of
existing methods surveyed in Section 1. In particular, the variational formulation
of geodesic snakes [18], the fact that the initial solution is the set of points itself
like in dynamic particles [29], the balance between convexity and scale like in
alpha shapes [8], and finally the geometric implicit representation like in the
level set methods [33]. All this makes it a very powerful tool in the most difficult
situations as shown by our experiments. As for the limitations of the method,
one has to be aware that, in practice, it is limited to dimensions smaller that
about 10 because of the inherent computational complexity. If a narrow band of
“voxels” is used, then the complexity is linear in the size of the reconstructed
objects, both in time and memory. But, the involved constant may be very
important due to the voxel-based representation. Another difficulty that has
not been addressed is the choice of the metric to use when the variables are
of different nature. However, the framework we have presented is certainly an
appropriate one to introduce these considerations. One has also to be aware of
the two layers of approximations introduced by the weak implicit representation
(cf. Section 2).
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We would like to end this paper with the following general notes. Although
the method performs extremely well in practice, there are several theoretical is-
sues which remain to be investigated. Like in any other variational method, the
Euler-Lagrange equations provide only necessary conditions to the minimization
of the energy and it should be clarified in which cases this is actually not suffi-
cient. Further more, the link to standard statistical methods should be clarified
as well. In particular, is the performed reconstruction equivalent to any known
statistical regression ? Future work on this technique will focus on answering
these questions.

References

1. Narendra Ahuja and Mihran Tuceryan. Extraction of early perceptual structure
in dot patterns. integrating region, boundary, and component Gestalt. CVGIP,
48(3):304–356, December 1989.

2. Luigi Ambrosio and Halil M. Soner. Level set approach to mean curvature flow in
arbitrary codimension. J. of Diff. Geom., 43:693–737, 1996.

3. A. Becker and W. Cleveland. Brushing scatterplots. Technometrics, 29(2):127–142,
1987.

4. Marcelo Bertalmio, Li-Tien Cheng, Stanley Osher, and Guillermo Sapiro. Varia-
tional problems and partial differential equations on implicit surfaces: The frame-
work and examples in image processing and pattern formation. UCLA Research
Report, June 2000.

5. C. M. Bishop. Neural Networks for Pattern Recognition. Oxford University Press,
Oxford, 1995.

6. J.D. Boissonnat. Representation of objects by triangulating points in 3-d space.
In Proceedings of ICPR, pages 830–832, 1982.

7. J. Dolan and R. Weiss. Perceptual grouping of curved lines. In Image Understand-
ing Workshop, pages 1135–1145, 1989.
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Abstract. We address the problem of estimating the three-dimensional shape and
radiance of a surface in space from images obtained with different focal settings.
We pose the problem as an infinite-dimensional optimization and seek for the
global shape of the surface by numerically solving a partial differential equation
(PDE). Our method has the advantage of being global (so that regularization can
be imposed explicitly), efficient (we use level set methods to solve the PDE), and
geometrically correct (we do not assume a shift-invariant imaging model, and
therefore are not restricted to equifocal surfaces).

1 Introduction

Shape from defocus (SFD) consists of reconstructing the three-dimensional shape and
radiance (“texture”) of a scene from a number of images taken with different focal
settings. It is one of the classical problems in Computer Vision. This problem can be
posed as the inversion of certain integral equations that describe the imaging process.
Once an optimality criterion has been chosen, the problem can then be solved uniquely
under suitable conditions on the radiance and the shape of the scene [13].

What makes SFD possible is the fact that the image of a scene at a certain position
on the image plane (a “pixel”) depends upon the radiance on a region of the scene, as
well as on the shape of such a region. What makes SFD possible, however, also makes
it difficult: the image at a given pixel is obtained by integrating the (unknown) radiance
of the scene against an (unknown) kernel that depends upon its shape. Given values of
the integral at each pixel, one needs to estimate both the radiance and the kernel, which
is known to be a severely ill-posed inverse problem in its full generality.

Several approaches have been presented to address this problem, which is an instance
of “blind deblurring”, or “blind deconvolution” if one is willing to make the simplifying
assumption of shift-invariant kernels, as we describe in Section 1.1. Typically, the depth
of the scene is computed after approximating (locally) the radiance of the scene using
various classes of functions or filters.

In this paper, rather than estimating depth at each pixel, we formulate shape from de-
focus within a variational framework as the problem of estimating an infinite-dimensional
surface in space. We derive the optimality conditions and design a numerical algorithm
to efficiently reach a (local) minimum. We do not make the assumption that the imaging
kernel is shift-invariant – one that is patently violated at occluding boundaries – and
therefore we can easily handle complex shapes.
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1.1 Relation to Previous Work

In the literature of computer vision, a number of algorithms have been proposed to esti-
mate depth from defocus. The main assumption, common to most algorithms available
in the literature, is that the scene is locally approximated by a plane parallel to the image
plane [2,7,8,10,12,15,17,19,22,23,24,25,26]. This is called the equifocal assumption and
it allows describing the imaging process as a linear convolution; the price to pay, how-
ever, is a fundamental trade-off between robustness and precision. In order to increase
the reliability of the estimation, one would want to integrate over regions that are as large
as possible; on the other hand, for the equifocal assumption to be valid, one would want
regions to be as small as possible. In particular, at occluding boundaries the equifocal
assumption is violated altogether.

Several algorithms have been also proposed to solve the problem in the shift-variant
case as, for example, in [18]. [4] presents several methods for this purpose. The block-
variant blur methods correct the assumption of local equifocal imaging by taking into
account contributions from the neighboring regions. Other techniques are the complex
spectrogram and the Wigner distributions, which are applied in a space-frequency frame-
work.A successful approach employs a Markov random field model to obtain a maximum
a-posteriori estimate of the blurring parameters.

1.2 Main Contributions

The equifocal assumption impacts both the shape reconstruction and radiance restoration.
Shape estimation is affected by how well an equifocal plane approximates (locally)

the observed surface. This, in particular, implies that, within the surface, the best can-
didates will have equifocal tangent planes. It is clear that, unless the whole surface is
close to be a plane parallel to the image plane, these candidates will be isolated points or
curves. This implies that, in general, the estimation will be incorrect almost everywhere.
Also, notice that this behavior does not depend on the smoothness of the surface. For
example, if we consider a slanted plane, which is a smooth surface, any algorithm relying
on the assumption above will result in a biased shape estimation.

Since the equifocal assumption at a point holds in general only locally, it is always
associated with the choice of a domain around that point. Typically, such a domain is
a square window. This is also the domain where the radiance is reconstructed. Notice,
however, that when the chosen window is not in focus, it will receive contributions
from the radiance lying on the neighboring regions, which are not accounted for in the
imaging model. This implies that, regardless of the information carried by the texture
of the radiance, the restoration of regions with higher intensity gradient (energy) will be
favored over that of regions with lower intensity gradient.

These limitations motivate us to take a different approach. In this paper we forgo
the equifocal assumption by approximating the scene with tangent planes, so that we
can integrate visual information over the entire image. This results in superior resistance
to noise (as also noticed in [4]). We formulate the problem within a variational frame-
work, so that we can regularize the reconstruction process via imposing smoothness,
and we do not make explicit approximations of the shape; rather, we estimate shape via
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optimization on the infinite-dimensional space of smooth surfaces. We compute the nec-
essary optimality conditions and numerically implement a partial differential equation
to converge to a (local) minimum. Last, but not least, we achieve superior computa-
tional efficiency by estimating global shape, as opposed to depth at each pixel since the
radiance on overlapping regions does not need to be recomputed.

2 Optimal Shape from Defocus

Let P be a generic point on the surface s in the scene with coordinates X ∈ R
3. Suppose

that we are imaging the scene using a real aperture optical system with focal setting
η. By exploiting the additive nature of the energy transport phenomena, we model the
image formation process with an integral of the form

Iη(x) =
∫

s

hη(X, X̃)r(X̃)dA(X̃) (1)

where x = πη(X) ∈ R
2 is the projection of P on the image plane, which depends

on the geometry of the optics, and in particular on the focal setting η, and dA(X̃) is
the Euclidean area form of s at X̃. r is the radiance density of the scene and hη is the
imaging kernel, which depends on the geometry of the imaging device. hη satisfies the
normalization constraint, i.e. for any surface s∫

s

hη(X, X̃)dA(X̃) = 1. (2)

We are able to measure the intensity I(x) at each point x. Our goal is to reconstruct both
the radiance r and the shape s of the scene from a collection of images obtained with
different focal settings.

Suppose we haveL images with different settingsη1, . . . , ηL.We collect and organize
these images into an array I

.= [Iη1 , . . . , IηL
]T , and do the same for the respective

kernels h
.= [hη1 , . . . , hηL

]T . The right-hand side of equation (1) can also be interpreted
as the synthetic image generated by a given surface s radiating energy with a given
radiance density r. In this case we denote the collection of all such images with J

.=
[Jη1 , . . . , JηL ]T .

2.1 Cost Functional

Inverting the integral in equation (1) based on measurements I is an ill-posed problem.
Furthermore, often (1) is only an approximation of the model that generates the data. We
will therefore look for solutions that minimize a suitable optimization criterion. In [6]
Csiszár presents a derivation of “sensible” optimization criteria for the problem above,
and concludes that the only two that satisfy a set of consistency axioms are the L2-
norm – when the quantities at play are unconstrained – and the information-divergence
– when both the radiance and the kernel are constrained to be non-negative. The latter
criterion applies to our case since the radiance represents an energy density and the kernel
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represents surface area. Therefore, without further discussion, we adopt the information-
divergence (or I-divergence) as a cost functional for the discrepancy between measured
images I and the synthetic images J :

Ψ(I|J) =
∫

s

Φ(I(x)|J(x))dA (3)

where

Φ(I(x)|J(x)) = I(x) log
I(x)
J(x)

− I(x) + J(x) (4)

x = π(X), X belongs to the shape s. Notice that our cost functional (3) is defined
for the surface s, instead of the image domain as commonly seen in the literature. This
allows us to derive a geometric flow (see Section 2.2) to minimize the cost functional
with respect to the surface. To emphasize the dependency of J on the surface s and the
radiance r, we write, with an abuse of notation, J = J(s, r).

Hence, the problem of retrieving both shape s and radiance r from a collection of
images I

.= [Iu1 , . . . , IuL
]T can be formulated as that of finding a minimizer (ŝ, r̂) for

the I-divergence between I and J = J(s, r):

(ŝ, r̂) = arg min
(s,r)

Ψ
(
I|J(s, r)

)
. (5)

2.2 Radiance and Shape Estimation

The problem of minimizing the cost functional (3) involves solving a nonlinear opti-
mization problem for two unknowns, which are both infinite-dimensional. To our best
knowledge, there is no direct solution to minimize simultaneously both the shape s and
radiance r, so we choose to divide the optimization into two sub-problems through an
alternating minimization technique. Suppose we are given an initial guess for the radi-
ance r0 and the surface s0 (see Section 3.4 for more details on initialization), then the
algorithm can be written as:{

r̂k+1 = arg min
r

Ψ(I|J(ŝk, r))

ŝk+1 = arg min
s

Ψ(I|J(s, r̂k+1)).
(6)

The enabling step to use such an alternating minimization relies on having two iterations
that independently lower the value of the cost functional, so that their combination leads
toward the (local) minimum. For the first part we employ an iterative formula on the
radiance r, which is constrained to be strictly positive, obtained from the Kuhn-Tucker
conditions [11] on the cost functional. For the second part we use a gradient descent
flow implemented using level set methods [16].

Radiance Iteration. Any radiance r that minimizes the cost function must satisfy the
following necessary conditions:∫

s

h(X, X̃)I(π(X))∫
s
h(X, X̄)r(X̄)dA(X̄)

dA(X)
{

=
∫

s
h(X, X̃)dA(X) ∀ X̃ : r(X̃) > 0

≤ ∫
s
h(X, X̃)dA(X) ∀ X̃ : r(X̃) = 0

(7)
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These are the Kuhn-Tucker conditions, and since no closed-form solution is generally
available, we seek for an iterative procedure such that the radiance will converge to a
fixed point. Following Snyder et al. [21] we define the iteration as:

r̂k+1(X̃) = r̂k(X̃)
1∫

s
h(X, X̃)dA(X)

∫
s

h(X, X̃)I(π(X))∫
s
h(X, X̄)r̂k(X̄)dA(X̄)

dA(X). (8)

It can be shown that this iteration provably minimizes the chosen cost functional (with
respect to r) even when the iteration is computed without the correct shape s [10].

Gradient Descent Flow We minimize (3) with respect to the surface s by introducing
an auxiliary time variable t and deforming the surface s(t) .= {P (X, t) : X ∈ s} in time
t starting from an initial surface s(0). The evolution is governed by a partial differential
equation:

Pt = EL(X, s)N, (9)

where N is the unit normal to the surface at P and EL(X, s) = 0 is the Euler-Lagrange
equation of the cost function (3). Note that in equation (9) we let the surface deform
only along the normal direction, because the deforming in the tangent space will not
change the shape of the surface (what it changes is the parameterization). This PDE is
the gradient descent flow. When this flow converges to the steady state, i.e. Pt = 0, the
Euler-Lagrange equation is satisfied. And it can also be shown that the cost functional
monotonically decreases with respect to t (if a suitable initial shapeP (X, 0) is provided).
Therefore, we are guaranteed to reach a (local) minimum of the cost function.

Away from discontinuities, we approximate the surface locally around P (X, t) with
the tangent plane TP . Note that this approximation is fundamentally different from the
equifocal assumption, because the tangent plane is not necessarily parallel to the focal
plane. Hence the resulting kernel h is not shift-invariant. We assume that the radiance
r is defined on a neighborhood around s (see Section 3.3 for more details on how to
extend the radiance into R

3). A point Y in TP satisfies the identity NT Y = NT X,
where N is the unit normal vector of s at P . Let K be the transformation bringing local
coordinates (u, v) to points in TP , K : Ω ⊂ R

2 → TP . K can always be assumed to
take the following form as long as the third component of N is non-zero:

Y = K(X, u, v) = X + [u v k(u, v) ]T . (10)

Immediately we have

k(u, v) = −N1u + N2v

N3
, (11)

where N1, N2 and N3 are the components of N . Hence K explicitly depends on X and
N . Under these assumptions, the model image J can be computed as:

J(π(X)) =
∫

h (X,X + K (u, v)) r (X + K (u, v)) dudv. (12)

In [9], Faugeras and Keriven prove that the Euler-Lagrange equation for (3) takes
the following form:

EL(X, s) = HΦ−ΦX ·N−H(ΦN ·N)+Tr
(
(ΦXN )TP

+ dN ◦ (ΦNN )TP

)
= 0 (13)
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where Tr(·) denotes the trace; H is the mean curvature, and ΦX and ΦN stand for the
derivatives of Φ with respect to X and N respectively. ΦNN and ΦXN are the second
order derivatives of Φ and (ΦNN )TP and (ΦXN )TP are their restrictions to the tangent
plane TP . dN is the differential of the Gauss map of the surface, which involves the
second fundamental form. Writing the expressions explicitly, we have:

ΦX = log
(
I

J

)
IX +

(
1 − I

J

)
JX

ΦN =
(

1 − I

J

)
JN

IX = ∇I · ∂π(X)
∂X

JX =
∫

(hXr + h∇r) dudv

JN =
∫

∂K

∂N
(hXr + h∇r) dudv

Note that we have skipped the arguments of all the functions for ease of notation.
Similarly we can compute ΦXN and ΦNN .

Finally, the gradient descent flow of P (X, t) is:

Pt =
(
HΦ − ΦX · N − H(ΦN · N) + Tr

(
(ΦXN )TP

+ dN ◦ (ΦNN )TP

))
N. (14)

Since the flow (14) depends only on the first and second derivatives of Φ with respect
to X and N and geometric quantities, namely, H , N , dN , TP , the flow is independent
of any particular parameterization of the surface one chooses. In this sense, the flow
is intrinsic. Experimentally, we find that the following first-order approximation of the
flow (14) yields very similar results to those of the full second-order flow, while avoiding
the time-consuming computation of ΦXN and ΦNN :

Pt = (HΦ − ΦX · N − H(ΦN · N))N. (15)

3 Implementation

3.1 Level Set Iteration

We implement the flow (14) and (15) using level set methods. The level set methods were
originally developed by Osher and Sethian [16]. Since then, the methods have gained
popularity in various fields. Many fast numerical schemes have been proposed based on
it. For a complete account refer to [20]. The level set implementation of any geometric
flow begins by embedding the initial interface P (X, 0) as a level set of a scalar function
ψ0(X) which is then taken to be the initial condition for a function over time ψ(X, t):

ψ0 : R
3 → R, ψ : R

3 × R
+ → R, ψ(X, 0) = ψ0(X).

The choice of a particular level set is arbitrary but is typically taken to be zero. The key
point is that the interface is continuously embedded within the same fixed level set of ψ



24 H. Jin and P. Favaro

at all times. Thus, choosing the zero level set we have

ψ0(P (X, 0)) = 0, and ψ(P (X, t), t) = 0.

Differentiating with respect to t therefore yields:

ψt + ∇ψ · Pt = 0 (16)

an evolution equation for ψ (where ∇ψ = ψX) which evolves the interface P (X, t)
described implicitly by ψ(X, t) = 0 for all t.

3.2 Intersection with the Surface

In the radiance iteration it is necessary to determine which point on the surface s cor-
responds to which point on the image plane, in order to establish the blurring radius of
the kernel h. To be more specific, one needs to compute the intersection of a ray, which
depends on the imaging model, with the surface s. Obtaining explicitly all the possible
intersections with a discrete representation of the surface, for instance a triangulated
mesh, turns out to be a computationally expensive task. Rather, it is possible to do this
very efficiently by exploiting the advantage of an implicit formulation of the shape, i.e.
the level set function ψ or the signed distance function. Let the ray be defined by a
point X0 and a direction v. Let X be the intersection we are looking for. X satisfies the
following (nonlinear) ordinary differential equation:{

dX
dt = c(X) · v
X(0) = X0

(17)

where c(·) is a scalar speed function defined as follows

c(X) =
{

sign(ψ(X)) if |ψ(X)| > 1
ψ(X) if |ψ(X)| ≤ 1 . (18)

The rationale is that we move X according to c(·) so that X is lead towards the surface.
When X crosses the surface, c(X) will change sign accordingly, and therefore X will be
forced to move in the opposite direction. Hence, X will oscillate around the intersection
of the ray with the surface, reducing the overshoot at each step. Finally, we decide for
X to be the intersection when the oscillation remains within a fixed band around the
surface. This happens typically within a few iterations (3 to 5).

3.3 Radiance Extension

As mentioned in Section 2.2, we assume that the radiance is defined in a neighborhood
around the surface s. Since the radiance is originally defined only on the surface (or the
zero level set of ψ), we need to find a way to extend it. One way to do so, which is widely
used in the literature of applied mathematics [5,27], is to extend r such that it is constant
along the normals of s. This means that the extension should satisfy

∇r · ∇ψ = 0. (19)
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To solve the above equation we numerically search for the steady state solution of the
following PDE:

∂r

∂t
+ sign(ψ)(∇r · ∇ψ) = 0. (20)

Note that this keeps r on the zero level set of ψ (the surface s) unchanged. However, as a
result of this process, the data is now defined in a neighborhood of s. The equation (20)
can be efficiently solved using the fast marching technique [20].

3.4 Initialization

To start the alternating minimization one needs to have an initial guess for both radiance
and surface. Since we have no prior knowledge on either unknown, we proceed as
follows: choose one of the input images Iu1 , taken with focal setting u1; define the
initial surface as a plane parallel to the focal plane passing through the focal depth
u1; compute the radiance by back-projecting the image Iu1 onto the defined surface.
As we see in our experiments, such a choice is not crucial to the estimation process.
However, we also notice that a good initialization speeds up the minimization procedure
considerably. Therefore, during the first steps of our algorithm we perform the surface
estimation using a simple search of the minimum of the cost functional computed over a
small grid of possible depths, assuming the surface is locally a plane. This initial surface
is then used for the radiance iteration step after being smoothed. Later we substitute the
search step with the level set iteration and proceed with the minimization as described
in the previous sections.

4 Experiments

In this section we report some experiments with real images. Figure 1 shows two images
which are obtained by changing the position of the image plane along the optical axis,
and keeping the lens position fixed with respect to the scene. Moving the image plane
necessarily involves scaling the images, which we avoid by employing a telecentric
optical model (see [14]) and registering the two images using auxiliary patterns. Images
are taken with an 8-bit camera containing two independently moving CCDs (kindly
made available to us by S. K. Nayar). The near and far focused images in Figure 1 have
focal depths of approximately 0.9m and 1.1m respectively. The focal length is 35mm
and the lens aperture is F/8. The scene has been chosen so as to test the performance
of the proposed algorithm when the usual equifocal assumption does not hold. It can
be noticed that the scene presents significant depth variations and several occluding
boundaries. In particular, at the occluding boundaries of the statues and in the folds of
the skirts, the planar approximation fails. Furthermore, the blurring radii are up to 4 − 5
pixels, so that the window size would have to be at least of 10 pixels, which would not
allow for fine depth retrieval. In Figure 2 we show the corresponding surface evolution
from the level set iteration. Figure 3 shows three steps of the radiance iteration during
the alternating minimization procedure. Then, in Figure 4 we show the final estimate of
the shape coded in gray level (256 values), where darker means closer to the viewer and
brighter means farther from the viewer. Three views of the final shape which has been
texture-mapped with the final radiance are also shown.
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Fig. 1. Original images: the left image is near-focused (0.9m). The right image is far-focused
(1.1m). As it can be noticed, in both images the blurring is quite large, the shape is non-trivial and
presents several discontinuities due to occluding boundaries. The blurring radii for both images
are about 3-4 pixels.

Fig. 2. Shape evolution:Twelve snapshots of the shape evolution: the surface is gradually con-
verging to the final shape, starting from a plane placed at depth 0.9m.
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Fig. 3. Three snapshots from the radiance iteration. Top: Initial radiance obtained from the near
focused image; Middle: Radiance obtained after one iteration; Bottom: Radiance after three
steps. It can be noticed that the radiance is gradually sharpening after each iteration, as is
particularly visible in the background. The final radiance is sharp everywhere.
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Fig. 4. Top: depth rendered in gray levels (256 values) where darker means closer to the viewer
and brighter means farther from the viewer; middle, bottom-left and bottom-right : three views
of the final estimated shape, texture-mapped using the final estimated radiance.
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5 Conclusion

In estimating shape from defocus, the equifocal assumption is a well-known limitation. It
introduces several disruptions in the reconstruction process such as image overlapping,
windowing effects, edge bleeding, etc. We present a novel approach to shape from
defocus based on an alternating minimization algorithm which does not make use of
the equifocal assumption so as to overcome the above limitations. The radiance of the
scene is estimated through an iterative scheme which provably converges to a minimum,
while the shape is estimated using a gradient descent flow, which is then implemented
numerically using level set methods. We show that the combination of these two steps
leads to a (local) minimum of the discrepancy between the measured image and the
modeled image. Also, by implementing the shape estimation with level set methods, we
implicitly impose smoothness on the estimated shape in a completely automatic fashion.

Acknowledgements. The authors wish to thank Stefano Soatto and Anthony J. Yezzi
for their helpful suggestions and invaluable support.
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Abstract. We present a method to solve shape-from-shadow using shadow
graphs which give a new graph-based representation for shadow constraints. It can
be shown that the shadow graph alone is enough to solve the shape-from-shadow
problem from a dense set of images. Shadow graphs provide a simpler and more
systematic approach to represent and integrate shadow constraints from multiple
images. To recover shape from a sparse set of images, we propose a method
for integrated shadow and shading constraints. Previous shape-from-shadow
algorithms do not consider shading constraints while shape-from-shading usually
assumes there is no shadow. Our method is based on collecting a set of images
from a fixed viewpoint as a known light source changes its position. It first builds
a shadow graph from shadow constraints from which an upper bound for each
pixel can be derived if the height values of a small number of pixels are initialized
properly. Finally, a constrained optimization procedure is designed to make the
results from shape-from-shading consistent with the upper bounds derived from
the shadow constraints. Our technique is demonstrated on both synthetic and real
imagery.

Keywords. Surface Geometry, Shape-from-Shadow, Shadow Graph, Shading, Op-
timization

1 Introduction

In this paper, we consider the problem of shape-from-shadow and its integration with
shape-from-shading. Shape-from-shadow tries to reconstruct a surface using multiple
shadow images. It has a few advantages compared to other surface reconstruction tech-
niques. For example, shadow constraints are insensitive to specular reflection and spatial
variations of reflectance, and are able to impose long-range height constraints. The ba-
sic conclusion from previous work along this direction [20,13,9,4,14] says that with
enough number of shadow images, the underlying surface can be recovered. However,
the proposed algorithms for this problem are either complicated or heuristic. The major
reason for this is that it was not clear how to effectively represent shadow constraints
and integrate the information from multiple shadow images.

To clearly understand this problem, we introduce shadow graphs which can effec-
tively represent and integrate shadow constraints from multiple images. We prove that
the shadow graph alone is enough to solve the shape-from-shadow problem from a dense
set of images. Simple operations on a shadow graph enable us to derive the structures of
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the underlying surface. This approach is simpler and more systematic than the previous
methods.

Usually most of the pixels in an image are not shadowed. However, shape-from-
shadow neglects rest of the shading information in the input images. As we can see,
shadow constraints are usually inequalities which are not as powerful as equalities.
Consequently, it usually requires a dense set of input images to obtain good results.
On the other hand, shape-from-shading [10] and photometric stereo [22] are effective
approaches for a large class of surfaces including faces and sculptures. Both techniques
use the pixelwise shading information to constrain surface normals, and do not allow
shadows in the input images. They need an integration step to reconstruct a surface.
This step tends to accumulate errors from pixel to pixel. Although theoretically they can
uniquely recover the underlying surface, the final relative height values between distant
points may not come out very accurately.

To take the advantages from both shape-from-shadow and shape-from-shading, we
also develop a method of recovering shape from both shadow and shading constraints. A
constrained optimization procedure is developed to make the results from shape-from-
shading consistent with the upper bounds derived from shadow constraints.

1.1 Related Work

A few algorithms explicitly make use of shadow constraints [13,9,4,21]. Most of them be-
long to shape-from-shadow(darkness) algorithms. Some shape-from-shadow algorithms
[13] use a shadowgram as an intermediate representation which is derived from a dense
set of lighting directions. [9] assumes the underlying surface has a spline representation
because shadows only provide a relatively sparse set of constraints. The number of un-
known coefficients in the spline model is designed to scale with the number of shadow
constraints. [4] introduces a shape-from-shadow algorithm using relaxation. A pair of
upper-bound and lower-bound surfaces are constructed by updating the height values at
pixels with violated shadow constraints. Like shape-from-shading, shape-from-shadow
can recover unknown lighting directions as well [14].

The computation of shape-from-shading has been typically characterized as that of
finding surface orientation from one single image followed by a step that converts the
orientation information into height under integrability constraints. The surface is usually
assumed to be Lambertian. [15] introduces an algorithm that allows direct computation
of height from shading. Since the unknowns directly represent pixelwise height values,
this approach can be more naturally integrated with other methods of recovering shape,
such as stereo and shape-from-shadow. [5] presents provably convergent algorithms for
this problem.

Photometric stereo [22] can usually obtain better results than shape-from-shading
because of the use of multiple input images. This approach has been generalized to
recover shape for metallic and hybrid surfaces with both diffuse and specular reflection
[11,17]. The lighting direction for each image is usually assumed to be known. However,
both surface shape and lighting directions can be recovered simultaneously from SVD
decomposition up to a bas-relief transformation [2,1]. Shadowed pixels in each image
can be masked out in the process with the hope that there are still enough images covering
them [12,7].
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[21] considers recovery of shape from shading under a uniform hemispherical light
source. Partial shadowing is taken into account because only a part of the light source
is visible from every surface point. Interreflections are also considered in the algorithm
presented in [18].

2 Shadow Graphs

We consider recovering terrain-like height fields in this paper. For the convenience of
discrete representation based on pixels, a height field is assumed to be a piecewise
constant function with every pixel corresponding to a piece with constant height. Every
piece of the height field is represented by the point corresponding to the center of the
pixel. We also assume that the distance between the camera and the surface is large
enough so that the orthographic projection model is accurate. Let us first check what

x x x xb 0 1 2

L
L

Lp

h(x)

θ

Fig. 1. 2D schematic of shadowed and nonshadowed regions on a terrain-like surface. L is the
parallel lighting direction. x0 is an occluder, x1 is on the shadow boundary caused by x0, and x2

is a non-shadowed point.

kind of constraints are available from images with shadows. Let h(x) be a height field
defined on a planar domain D with a finite area in the image plane and L be the lighting
direction pointing downwards with a tilt angle θ(< 90o). The normal orientation of this
height field is denoted as n(x). The boundary curve of domain D is Ω. The projected
vector of L in the domain D is Lp. Let xi and xj be two arbitrary 2D points in D.
The line segment between them is denoted as a vector interval [xi,xj] for convenience.
Based on whether a point on the height field is in shadow or not under lighting direction
L, there are two different sets of constraints (Fig. 1).

– If any point on the line segment [x0,x1] is in shadow, the points at x0 and x1 are
the delimiting points of this shadow segment, and the point at x0 is the occluding
point generating this shadow segment, we have the following shadow constraints.

h(x) ≤ h(x0) − ‖x − x0‖2

tan θ
,∀x ∈ [x0,x1]; (1)

h(x1) = h(x0) − ‖x1 − x0‖2

tan θ
; (2)

L · n(x0) = 0 (3)
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where the last equation means the lighting vector L falls inside the tangential plane
at x0 if the original continuous height field is locally differentiable at x0.

– If the point at x2 is not in shadow, we have the following antishadow constraints.

h(x) ≤ h(x2) +
‖x − x2‖2

tan θ
,∀x ∈ [xb,x2] (4)

where xb ∈ Ω and the line segment [xb,x2] is in the same direction as Lp.

Let us first focus on how to represent the inequality constraints (1) and (4) in a graph.

Definition 1. A shadow graph is a weighted directed graph G = (V,E,W ) where the
set of nodes V is the set of points defined on domain D, an edge e = (xi, xj) ∈ E
indicates h(xj) is dependent on h(xi) and h(xi) − h(xj) ≥ W (e) where the edge
weight W (e) can be any real number.

A shadow graph can be induced from an image of the height field under an arbitrary
lighting direction L. Shadowed pixels can be detected from the image, and an occluder
can be located for each continuous shadow segment with the knowledge of the lighting
direction. For example, if [xi, xj ] is a shadow segment and the vector from xi to xj is
in the direction of the projected lighting direction Lp. the point at xi is the occluder of

all the points in [xi, xj ]. There should be an edge (xi, x) with weight ‖x−xi‖2
tan θ in the

induced graph for all x ∈ (xi, xj ]. This graph basically encodes the shadow constraints
available from the image. All the edge weights in this graph should be positive. However,
this graph can have negative weights if the additional antishadow constraints in Eq. (4)
are represented as well.

Suppose we have multiple images of the height field under a set of lighting directions
{Lk}m

k=1. Each of the images has its own shadow graph. Finally, the edges from all of
these individual graphs can be accumulated into one graph that is corresponding to all
the images. Note that this graph does not have the specific lighting information, which
is not particularly important because all the constraints essential to the height field are
kept there.

Proposition 1. A shadow graph with positive weights is a directed acyclic graph.

Proof Suppose there is a circular path in the graph and a node v is on the path. Since all
the arcs on this path have positive weights, it is easy to conclude that h(v) > h(v) by
starting from v, going through this path and back to v. A contradiction.

When dealing with real images with noise, shadow detection cannot be expected
to be error free. Inaccurate shadow segmentations may result in cycles in the induced
shadow graphs. Since cycles can lead to the above contradiction, we must convert a
cyclic graph into an acyclic one by removing some of the edges in the graph. Since we
would like to make the least amount of change to the graph, a sensible criterion for an
optimal conversion is that the total accumulated weight for the removed edges should
be minimized. However, graph conversion under this criterion is NP-hard [8]. To obtain
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an efficient solution for this problem, we adopt the permutation-based approximation
algorithm in [8] which tends to remove more edges than necessary. After applying this
algorithm, for each of the removed edges, we still run a depth-first search to check
whether the graph is still acyclic after the edge is inserted back into the graph. These two
steps together lead to a polynomial time approximation that removes the least number
of edges.

Definition 2. The transitive closure of a shadow graph G is defined to be a new graph
Gc = (V,Ec,W c) on the same set of nodes such that (xi, xj) ∈ Ec as long as there
is a path from xi to xj in G, and W ((xi, xj)) is set to be the maximum accumulated
weight among the paths from xi to xj .

There are a set of nodes Vt ⊂ V in Gc that do not have any incident edges with
positive weights, which means they are not shadowed by any other points in any of the
images. The highest point(s) of the height field surely belongs to this set because there is
no other points which can occlude it(them) from the light sources. The absolute height
values of the nodes in Vt are unrecoverable from shadow constraints. However, if we
can recover their height values from other approaches such as stereo processing, the
information embedded in Gc can be used for obtaining an upper bound of the height at
any point in V −Vt. The set of edges in Gc connecting Vt and V −Vt becomes the most
important for this purpose. Suppose there is a node v ∈ V − Vt and a set of associated
edges Ev ⊂ Ec such that if an edge e = (vt, v) ∈ Ev , vt ∈ Vt. The upper bound of the
height at the point corresponding to node v can be obtained from

U(h(v)) = min(vt,v)∈Ev
(h(vt) − W ((vt, v))). (5)

Let us examine the asymptotic behavior of this upper bound when we increase the
number of input images with lighting directions covering the whole lighting hemisphere.
The set Vt will shrink and approach its limit which is the set of the highest points of the
height field. Otherwise, assume there is a pair of nodes v1, v2 ∈ Vt and h(v2) < h(v1).
We can always design a lighting direction from which the point corresponding to v1
shadows the point corresponding to v2, which means v2 /∈ Vt, a contradiction. Since
eventually Vt only has nodes at the same height, we do not need to seek their relative
height through other reconstruction techniques. Our interest should be focused on the
relative height of other points compared to the highest points whose height can always
be set to zero.

Proposition 2. Eq. (5) gives an upper bound for the height at any node inV −Vt provided
that the estimation of the height for the nodes inVt is accurate.With an increasing number
of input images with lighting directions covering the whole lighting hemisphere, Eq. (5)
converges asymptotically to the correct relative height, with respect to the highest points
in Vt, at any point in V − Vt.

Proof The first part is obvious. The second part can be proved by induction. Since we
only have a finite number of points according to our surface model, we can sort the points
in decreasing order of their height. The highest points in the sorted list are assumed to be
at height zero. Suppose the point at xm is the k-th element in the sorted list and the height
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of its k−1 preceding elements can be recovered to an arbitrary precision independently
of the height of the rest of the elements in the list. Now we show that the height of the
point at xm can also be recovered to an arbitrary precision independently of the height
of its following elements in the list. Note that all the surface points are lit if we have a
vertical lighting direction. If we increase the tilt angle of the light, the point at xm will
certainly be shadowed since it is not one of the highest points. Given a certain density of
the lighting direction, there exist two adjacent directions Lr and Ll such that this point
at xm is non-shadowed when the light is at Lr and becomes shadowed when the light
moves to Ll. An upper bound for this point can be obtained from Ll and an occluder at
xo whose height is recovered to an arbitrary precision. When we increase the density of
the lighting direction, the difference between Lr and Ll becomes arbitrarily small and
the upper bound for the point at xm also becomes arbitrarily close to its true height.

Shadowgrams introduced in [13,4] also have the capability to recover correct surface
geometry. But they are more complicated than shadow graphs because they explicitly
keep lighting directions in the representation.

It is clear that the antishadow constraints can be derived from the shadow constraints
if we have a very dense set of images since the height field itself can be recovered from
the shadow constraints alone according to the above Proposition. However, if we only
have a sparse set of images, this is not necessarily true. Representing these antishadow
constraints in a shadow graph usually can provide additional information. According
to Eq. (4), antishadow constraints transform to additional edges with negative weights.
Cycles can appear in the resulting graph. However, the accumulated weight of any cycle
can not be positive according to the following Proposition.

Proposition 3. The accumulated weight of a circular path in a shadow graph must be
either zero or negative.

Proof Suppose x0, x1, · · ·, xn ∈ V are consecutive nodes of a circular path, i.e.
(xi, xi+1) ∈ E(i = 0, ..., n − 1) and (xn, x0) ∈ E. From the definition of a shadow
graph, h(xi) − h(xi+1) ≥ W ((xi, xi+1))(i = 0, ..., n − 1) and h(xn) − h(x0) ≥
W ((xn, x0)). Therefore,

n−1∑
i=0

W ((xi, xi+1)) + W ((xn, x0))

≤
n−1∑
i=0

(h(xi) − h(xi+1)) + (h(xn) − h(x0)) = 0.

The transitive closure of a shadow graph G with cycles is still well-defined because
negative cycles do not interfere with the objective to seek paths with maximum accu-
mulated weights according to the definition. The resulting graph Gc can still be used
for obtaining an upper bound of the height for any point in V − Vt. Since there may be
negative edges pointing from nodes in V − Vt to some nodes in Vt, these edges can be
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used for obtaining a lower bound for some nodes in V − Vt. Since it is not guaranteed
that there is an edge from each node in V − Vt to some node in Vt given a sparse set of
images, we can only obtain lower bounds for a subset of nodes inV −Vt.And these lower
bounds may appear useful in combination with other surface reconstruction techniques.

3 Integrated Shadowing and Shading Constraints

Given a sparse set of images with known lighting directions, we would like to recover
shape using both shadow and shading constraints. As we have seen, shadows impose
explicit constraints over surface height values, but they are usually not sufficient if
applied alone. On the other hand, shading information imposes constraints over normal
orientation. We are going to explore two options for integrating shadow constraints with
shading information.

3.1 Enforcing Shadowing Constraints with Penalty Terms

Since shape-from-shading is not the focus of this paper, we adopt the direct height from
shading algorithm in [15] as the base for solving shading constraints. Since this technique
computes a height field directly rather than through surface normals, it is relatively
easy to incorporate shadow constraints and enforce surface upper/lower bounds from
the previous section. The shape-from-shading problem is formulated to minimize the
following cost function in [15]:

E1 =
∑
i,j

[α(ρR(pij , qij) − I(i, j))2 + λ(u2
ij + v2

ij)] (6)

where ρ is the surface albedo, I is the observed image intensity, pij , qij , uij , vij are the
symmetric first and second finite differences of the surface height field {hij}, α and λ
are two constant coefficients, and R is the Lambertian reflectance model. The first term
in Eq. (6) corresponds to the photometric error term. And the second is a regularization
term on the smoothness of the surface.

This formulation can be easily generalized to accommodate multiple input images
and shadow masks as follows.

E2 = α
∑

k

∑
i,j l

k
ij(ρijR

k(pij , qij) − Ik(i, j))2+
λ

∑
i,j(u

2
ij + v2

ij)
(7)

where Ik(i, j) represents the k-th input image with corresponding reflectance map Rk,
lkij is a binary shadow mask indicating whether pixel (i, j) in the k-th image is lit by the
light source or not, and ρij is the unknown pixelwise surface albedo. This treatment is
similar to photometric stereo, but solves the height field directly instead. With multiple
images, the regularization term becomes much less important, and can be set close to
zero. However, it may still have some effects at pixels that are lit in less than three
different images.

To further incorporate the constraints in Eq. (1) and (4) into the above formulation,
we notice that the constraints have the same form which looks like

hij − hi′j′ ≥ diji′j′ . (8)
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To enforce this kind of inequalities in a gradient-based minimization method, a differ-
entiable half-sided parabola is adopted as a penalty function.

S(i, j, i′, j′) =




(hij − hi′j′ − diji′j′)2, if hij − hi′j′

≤ diji′j′ ;
0, otherwise.

(9)

The penalty functions for all the inequalities and equalities can be inserted as additional
terms into Eq. (7). The new cost function for surface reconstruction is given as follows.

E3 = α
∑

k

∑
i,j l

k
ij(ρijR

k(pij , qij) − Ik(i, j))2+
λ

∑
i,j(u

2
ij + v2

ij)+
β

∑
k(

∑
mk

Sk(imk
, jmk

, i′mk
, j′

mk
) + Tk)

(10)

where mk is the index of the inequality constraints from the k-th image,
Sk(imk

, jmk
, i′mk

, j′
mk

) represents the actual penalty terms contributed by the k-th im-
age, and Tk represents the collection of penalty terms for the equality constraints asso-
ciated with shadows, such as those in Eq. (2) and Eq. (3) In our experiments, we use
iterative minimization algorithms and set α = 1 − λ, β = 1. λ is initialized to 0.1 and
divided by a constant factor after each iteration.

All the above three cost functions can be minimized by the standard conjugate gra-
dient algorithm [19].

3.2 Enforcing Upper and Lower Bounds

In the above formulation, shadow constraints are enforced as soft constraints by using
penalty terms in the original shape-from-shading algorithm. It is not guaranteed that all
constraints are satisfied. Sometimes, it is more desirable to consider shadow constraints as
hard constraints since they are less sensitive to specular reflection and albedo variations,
and to consider shading constraints as soft ones since a little bit deviation in shading is
not very noticeable. The upper and lower bounds discussed in Section 2 can serve this
purpose and can be estimated as follows. ( Note that the height of the nodes in the set
Vt is unknown at the beginning, and they can be estimated from a solution of the height
field from Section 3.1. )

1. Obtain an initial estimation of the height value for each point by minimizing Eq.
(10);

Upper Bound

Initial Height Field

Upper Bound

Adjusted Height Field

(a) (b)

Fig. 2. (a) Some parts of the height field recovered from minimization may exceed the upper
bound; (b) We need to globally adjust the initial height field to maintain its original smoothness
instead of simply clipping it against the upper bound.
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2. Adjust the initial height values of the nodes in Vt to satisfy all the antishadow
constraints among them as in the following convergent procedure;
a) fix the height of the highest point in Vt;
b) loop through the rest of the points and check whether the considered point is in

the shadow of some other point in Vt because of the violation of a antishadow
constraint; if so, raise the considered point to the minimum height that can
eliminate the violation.

3. Calculate the upper and lower bounds for nodes in V −Vt from the transitive closure
Gc.

To enforce the upper and lower bounds, our complete algorithm still takes an ini-
tial solution of the height field from minimizing Eq. (10). However, there are multiple
possibilities to improve this initial solution:

1. For each point, if it is higher than its upper bound, push it down to the upper bound;
if it is lower than its lower bound, raise it to the lower bound.

2. Use a constrained optimization algorithm such as sequential quadratic programming
to enforce the upper and lower bounds.

3. Fix a subset of the adjusted points from the first step and minimize Eq. (10) with
those fixed points as additional boundary conditions; alternate adjustment and min-
imization (with a few additional fixed points every iteration) until all the bounds are
satisfied.

The first scheme chooses to satisfy all the hard constraints by using brute force
and ignoring all the shading constraints, therefore tends to have unnatural discontinu-
ities at those adjusted places. The second scheme chooses to apply some constrained
optimization algorithm to automatically and iteratively adjust the heights so that the
bounds are satisfied at the end. Unfortunately, constrained optimization algorithms such
as sequential quadratic programming (SQP) are usually computationally expensive on
high-dimensional data such as images. For example, the SQP software package [6] we
tried took two hours to finish one iteration on 64x64 images on a Pentium III 800MHz
workstation. The last scheme chooses to adapt unconstrained optimization algorithms so
that they allow a part of the variables to be fixed. To achieve that, we can simply set the
corresponding derivatives to be zero. We fix a few additional points within their bounds
before unconstrained minimization takes place in every iteration, therefore can satisfy
all the bounds in a finite number of iterations since we only try to recover height values
at a finite number of points (pixels). An intuitive illustration is given in Fig. 2.

In practice, we chose the last scheme with some additional details.After initialization,
the height values of the nodes in Vt, and the upper and lower bounds are fixed in all
iterations. In every iteration, we subtract the upper bounds from the current estimation of
the height field to obtain a difference field. Then the set of local maxima in the difference
field are located. Those points corresponding to the local maxima are lowered to their
corresponding upper bounds and fixed thereafter. The same procedure is repeated for
lower bounds before the unconstrained minimization in Eq. (10) takes place once again
with the newly fixed points as additional boundary conditions. We hope that the shading
constraints solved during minimization can automatically adjust the neighborhoods of
those fixed points so that there will be much less violated bounds in the next iteration. This
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can also avoid having many unnatural discontinuities since the minimization procedure
serves as a smoothing operator by considering all constraints simultaneously.

3.3 Experiments

We have tested the algorithm using integrated shadow and shading constraints on both
synthetic and real imagery.

(a)

(b) (c)

Fig. 3. (a) Input images for the pyramid scene. The tilt angle of the lighting directions in the top
row is 45 degrees, the bottom row 60 degrees. (b) A synthetic image of the recovered height field
illuminated from the same lighting direction as in the first input images; (c) A synthetic image of
the recovered height field illuminated from a novel lighting direction.

Synthetic data. Eight synthetic images were generated as input for each of the three
representative datasets we chose. Four of them were lit from a tilt angle of 45 degrees
and the others were lit from 60 degrees to create images with significant amount of
shadow. We also generated two images for each example from the recovered height
field. The first image is lit from the same lighting direction as the first input image to
verify both shadowed and non-shadowed regions. The second image is lit from a novel
lighting direction which is different from the ones for the input images to show that
the recovered height fields can be useful for creating images with correct appearance
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(a)

(b) (c)

Fig. 4. (a) Input images for the plaster material sample. It is lit from the same set of lighting
directions as in Fig. 3. (b) A synthetic image of the recovered height field illuminated from the
same lighting direction as in the first input images; (c) A synthetic image of the recovered height
field illuminated from a novel lighting direction.

Table 1. Comparison of the three approaches on the three datasets: i) minimizing E2 in Eq.(7), ii)
minimizing E3 in Eq.(10), iii) enforcing bounds as in Section 3.2. The top table shows the RMS
errors of the recovered height fields using noise free input images, and the bottom one shows the
RMS errors using images with 5% noise. All numbers are given in the unit of a pixel.

0% noise E2 E3 E3+Bounds

Pyramids 3.6579 2.2424 2.1984
Plaster 1.9344 1.4548 1.4210
Face 4.4164 3.3335 3.3399

5% noise E2 E3 E3+Bounds

Pyramids 3.7621 2.2675 2.2100
Plaster 1.9400 1.4089 1.3959
Face 4.4522 3.4298 3.4159

from novel lighting conditions. We also compared the recovered height fields with the
ground truth to obtain error measurements which are shown in Table 1. In our examples,
most points are lit from at least one lighting direction. The height field can be recovered
from shape-from-shading or photometric stereo alone. However, the additional shadow
constraints can definitely improve the accuracy of the results because shading-based
techniques can introduce accumulated errors from pixel to pixel while shadow constraints
are very good at enforcing long-range relative height constraints.

The first dataset is an artificial scene with four pyramids shown in Fig. 3(a). The pyra-
mids have different height and orientation. The two synthetic images from the recovered
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(a)

(b) (c)

Fig. 5. (a) Input images for the face model. It is lit from the same set of lighting directions as
in Fig. 3. (b) A synthetic image of the recovered height field illuminated from the same lighting
direction as in the first input images; (c)A synthetic image of the recovered height field illuminated
from a novel lighting direction.
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Fig. 6. Comparison of the cross sections of four height fields: the ground truth is shown as
’original’; the one from minimizing Eq. (7) is shown as ’sfs’; the one from minimizing Eq. (10) is
shown as ’sfs-sc’; and the one from enforcing bounds is shown as ’sfs-upper’. (a) Cross sections
for the pyramid scene; (b) cross sections for the plaster sample.

height field are shown in Fig. 3(b)&(c). The second dataset is a previously recovered
height field of a real plaster sample using the approach presented in [16]. This height
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field serves as the ground truth to test the algorithm in this paper although we do not
know the accuracy of this dataset. The input images are shown in Fig. 4(a) and the syn-
thetic images from the height field recovered by the current algorithm are shown in Fig.
4(b)&(c). The third dataset is a face model shown in Fig. 5(a). And Fig. 5(b)&(c) give
the images generated from the recovered face. In this example, the background plane is
pushed down along the shadow boundaries in some of the input images to satisfy the
shadow constraints. This is because shape-from-shading related techniques are better at
estimating normal orientation than at estimating height values, and generated an inaccu-
rate initial solution for our algorithm. A similar situation was also shown in the pyramid
scene. Nevertheless, our algorithm still managed to enforce the shadow constraints and
make the generated images look similar to the input ones.

Fig. 6 shows two comparisons of the cross sections. In each of the comparisons, there
are four curves including the ground truth, the curve from minimizing Eq. (7), the curve
from minimizing Eq. (10) and the curve from enforcing the upper bounds. The results
from minimizing Eq. (7) are not as good as the other two versions because it does not
consider shadow constraints.

Real data. We also did test on a real dataset. Three 128x128 images of a concrete
sample from the CUReT database [3] were used as the input to our final algorithm. They
have various amount of shadow (Fig. 7(a)-(c)). We use 15 as the intensity threshold to
detect shadowed pixels. The lighting directions of the input images are actually coplanar.
Traditional photometric stereo would have problem to recover the height field. However,
our algorithm successfully recovered it since it exploits shadow constraints and a reg-
ularization term. Minimizing E3 in Eq. (10) took 5 minutes on a Pentium III 800MHz
processor, and the iterative procedure for enforcing bounds took another half an hour.
Synthetic images were generated from the recovered height field. The recovered dataset
was illuminated from both original lighting directions (Fig. 7(d)-(f) of the input images
and novel lighting directions (Fig. 7(g)-(h)).

4 Summary

We presented the concept of shadow graphs and proved that the shadow graph alone is
enough to solve the shape-from-shadow problem from a dense set of images. We also
developed a method of recovering shape from both shadow and shading constraints. A
constrained optimization procedure has been developed to make the results from shape-
from-shading consistent with the upper bounds derived from shadow constraints.

Future work includes more robust techniques that allow inaccurate shadow segmen-
tation and the simultaneous recovery of shape and lighting directions from both shading
and shadows.

Acknowledgment. This work was supported by National Science Foundation CAREER
Award CCR-0132970.
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Fig. 7. (a)-(c) Real images of a concrete sample; (d)-(f) synthetic images of the recovered height
field illuminated from original lighting directions; (g)-(h) synthetic images of the recovered height
field illuminated from two novel lighting directions.
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Abstract. Lambertian photometric stereo with uncalibrated light di-
rections and intensities determines the surface normals only up to an
invertible linear transformation. We show that if object reflectance is
a sum of Lambertian and specular terms, the ambiguity reduces into a
2dof group of transformations (compositions of isotropic scaling, rotation
around the viewing vector, and change in coordinate frame handedness).

Such ambiguity reduction is implied by the consistent viewpoint con-
straint which requires that all lights reflected around corresponding spec-
ular normals must give the same vector (the viewing direction). To em-
ploy the constraint, identification of specularities in images correspond-
ing to four different point lights in general configuration suffices. When
the consistent viewpoint constraint is combined with integrability con-
straint, binary convex/concave ambiguity composed with isotropic scal-
ing results. The approach is verified experimentally.

We observe that an analogical result applies to the case of uncalibrated
geometric stereo with four affine cameras in a general configuration ob-
serving specularities from a single distant point light source.

1 Introduction

Photometric stereo [13] is a method that recovers local surface geometry and
reflectance properties from images of an object that are taken by a fixed camera
under varying distant illumination. The principle of photometric stereo is in in-
verting a parametric model of surface reflectance. A usual version of photometric
stereo uses a single distant point light source at a time to illuminate an object,
and assumes Lambertian surface reflectance which implies that brightness value
Ii,j of i-th pixel in the image capturing the object appearance under j-th point
light source is (see Fig. 1)

Ii,j = Ejρi cos θi,j = (ρini)�(Ejlj) , (1)

where Ej is the intensity of the light source, lj is the light source direction, ni

is the normal vector of a surface patch that projects into the i-th pixel, θi,j
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is the angle between ni and lj (the angle of incidence), and ρi is a reflectance
parameter of a small surface patch. This parameter is called albedo and describes
what portion of incident light is re-emitted back into space in the form of diffuse
reflection.

It is well understood that the reflectance model described by equation (1)
is bilinear. To see that, it is convenient to denote ρini and Ejlj by bi and sj ,
respectively; then, the above equation takes very simple, compact form

I = [b1,b2, . . . ,bN ]� [s1, s2, . . . , sM ] = B�S , (2)

where I is the matrix which has Ii,j from (1) as its elements, matrix B collects
the bi’s and matrix S analogically collects the sj ’s. For the sake of brevity, we
call B the normals and S the lights.

In the original version of photometric stereo [13], the light source directions
lj and intensities Ej are calibrated, thus the lights S are known. To evaluate
normals and albedos, it suffices to right-multiply the matrix I in (2) by the
inverse (or pseudo-inverse if the number of lights is greater than 3) of S; by
that the normals B are acquired. Normals ni’s are then bi’s scaled to unity, and
albedos ρi’s are the lengths of bi’s.

If, however, the light sources S are not known, then (2) represents a bilinear
calibration-estimation problem [8] whose ambiguity can be phrased as follows:

Uncalibrated photometric stereo ambiguity. Let there be images of
an object of Lambertian reflectance observed from a fixed viewpoint, but
illuminated sequentially from different unknown directions by a distant
point light source. Then it is possible to factorize the input data matrix
I from (2) into pseudonormals B and pseudolights S [6] that give the
true normals B and the true lights S up to an unknown linear invertible
transformation A ∈ GL(3): B = AB, S = A−�S.

This ambiguity exists because it holds that I = B
�
S = B�A�A−�S =

B�S. The uncalibrated photometric stereo ambiguity can be reduced and/or
removed only if additional information about lights or normals is available. This
information may have different form. First possibility is to estimate normal vec-
tors and albedos in several points by an independent method and use them to
disambiguate the photometric stereo (note that due to the symmetry of (2), the
value of this information is the same as if light directions and intensities are
known). Another possibility is to assume that at least six light sources are of
equal (or known relative) intensity, or that albedo is uniform (or known up to a
global scaler) for at least six normals at a curved surface. Such possibilities were
employed and/or discussed in [6,14,1], and it was shown that such knowledge
reduces the ambiguity from the GL(3) group into the group of scaled orthogonal
transformations A = λO (O ∈ O(3), λ �= 0). Yet another important possibil-
ity is given by the integrability constraint that requires the normals recovered
by photometric stereo to correspond to a continuous surface [1,4]. As shown by
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Belhumeur et al. [1], in this case the original ambiguity is reduced into ambigu-
ity represented by the group of four-parametric (or three-parametric, if overall
scaling is not counted) generalized bas-relief transformations. And, integrability
constraint together with the knowledge of six albedos (or six light intensities
as described above) reduces the original ambiguity into binary convex/concave
ambiguity composed with isotropic scaling.

In our recent work on uncalibrated photometric stereo [3] we showed that
inherent symmetries of reflectance models that are separable with respect to the
viewing and illumination directions can be exploited to construct two new geo-
metrical constraints. The constraints are represented by projections of normals
onto planes perpendicular to the viewing and illumination directions, respec-
tively. We constructed the constraints using polarization measurement under
the assumption of separable reflectance model for smooth dielectrics and showed
that the two constraints alone combined together reduce the ambiguity to con-
vex/concave ambiguity composed with isotropic scaling.

In this paper we show that if object reflectance is a sum of Lambertian
reflectance and a mirror-like reflectance, then the original ambiguity represented
by a group GL(3) reduces into a two-parametric group of transformations. These
transformations are compositions of isotropic scaling (1dof), rotation around the
viewing vector (1dof), and change in the global coordinate frame handedness
(binary ambiguity). This ambiguity reduction is implied by a condition that
all lights reflected around corresponding specular normals must give the same
vector (the viewing direction). We call this condition the consistent viewpoint
constraint. We show that specularities in as few as four images corresponding to
four different distant point lights in general configuration are sufficient to utilize
the consistent viewpoint constraint.

By this result, we make a step towards uncalibrated photometric stereo for
objects whose reflectance includes not only body (diffuse) component, but also
interface (specular) component. Such composite reflectance models are certainly
not new to photometric stereo applications, see e.g. [2,11,10,9], but in those
methods, in contrast to the ours, the light sources are supposed to be known.

The specific representative of composite reflectance model (the superposi-
tion of Lambertian and mirror-like reflectance) is selected in this work because
as specularities are sparse in the images, they can be treated as outliers to the
Lambertian reflectance model. This gives us a valuable possibility to study the
problem as Lambertian photometric stereo with additional information repre-
sented by the consistent viewpoint constraint.

2 Consistent Viewpoint Constraint

The problem we will analyze is photometric stereo with uncalibrated lights S for
objects whose reflectance is given by superposition of Lambertian and specular
terms. As discussed in Section 1, we treat this problem as uncalibrated Lam-
bertian photometric stereo with additional geometrical information provided by



Specularities Reduce Ambiguity of Uncalibrated Photometric Stereo 49

Fig. 1. Reflectance geometry. For Lam-
bertian reflectance, brightness seen by a
camera is dependent on cosine of the an-
gle of incidence and independent on the
viewing direction.

Fig. 2. Specular geometry configuration.
Surface normal nS is a bisector between
the viewing direction v and the illumina-
tion direction l.

specularities. In this section we review the geometry of mirror-like reflection, and
formulate the constraint implied by the observation of specularities in images.

It is well understood that specularities occur at loci where light reflects on
a smooth surface in a mirror-like manner towards the observing sensor. Hence,
mirror-like reflection carries valuable information about geometrical configura-
tion of the viewing vector, the illumination vector, and the surface normal: if
a specularity is observed in an image, then at the corresponding surface point,
surface normal is a bisector of the viewing and illumination vectors (see Fig. 2).
Therefore for the viewing direction it holds that

v = 2(l · nS)nS − l = 2
(
ŝ · b̂S

)
b̂S − ŝ (3)

where ̂ denotes normalization to unity, and nS is a normal that is observed as
specular under illumination of direction l. The right-most part of the equation
essentially states the same fact in “natural” photometric stereo variables. We
call l and nS (as well as s and bS) a specular pair.

The equation may be viewed as a formula for computing viewpoint direction
from known light s and specular normal bS . The key fact to be observed is that
this relation states: no matter which specular pair is used for viewing direction
evaluation, all give the same result.

Consistent viewpoint constraint. A collection of specular pairs fol-
lows the consistent viewpoint constraint if they all, by (3), give the same
viewing direction v.

Does the consistent viewpoint constraint reduce the uncalibrated photomet-
ric stereo ambiguity? We will analyze what transformations may be applied to
the true normals and the true lights, such that the transformed specular pairs,
inserted into (3), all give the same vector. Let us denote this vector u and write
the equivalent of (3) for the transformed lights and normals:

u =
2

[
(A−�s) · (AbS)

]
AbS

||A−�s||||AbS ||2 − A−�s
||A−�s|| , (4)
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where || · || are explicitly written normalization factors. Multiplying both sides
of the equation by ||A−�s||||AbS ||2A�, we get

α(s,bS)w = 2(s · bS)PbS − (bS ·PbS)s , (5)

where α(s,bS) = ||A−�s||||AbS ||2 absorbs (unknown) scaling factors, P denotes
A�A and w denotes A�u; and we applied the fact that (A−�s)·(AbS) = s·bS .
Note that in this equation, vector w may be treated as fully independent on P
because P = A�A gives A only up to arbitrary orthogonal transformation. We
show in Appendix that for a convex smooth specular object illuminated from all
directions it must hold that P = λ2I, λ �= 0 (P is a scaled identity). From that
it follows that the only transformations under which the consistent viewpoint
constraint is preserved are A = λO, O ∈ O(3). Fixing the coordinate frame by
a usual choice (image plane spans plane x − y, viewing direction coincides with
axis z), the allowable transformations A are those that preserve the viewing
direction. Writing them explicitly,

A = λ

±1 0 0
0 1 0
0 0 ±1

Rz(ξ) ξ ∈ 〈0, 2π) , λ > 0 . (6)

In this equation, Rz(ξ) stands for rotation around the z-axis (the viewing di-
rection) by angle ξ. The ambiguity in sign of the third coordinate was included
in (6) only for the sake of completeness, but naturally the correct sign is easily
set by orienting the normals towards the viewing direction (normals that are
inclined from the viewpoint are invisible). The ambiguity in sign of the first co-
ordinate stays unresolved until some additional constraint is applied (or until it
is resolved manually).

In this paper we resolve the remaining ambiguity using the integrability con-
straint. Integrability constraint fixes both the sign of the first coordinate (thus
the handedness of the coordinate system) and the rotation angle ξ modulo π.
This means that the final ambiguity is convex/concave ambiguity composed with
isotropic scaling. This result follows from the fact that the intersection of the
O(3) group (of which transformations (6) with λ = 1 are a sub-group) with the
generalized bas-relief group is a two-element set of the identity transformation
and the transformation that reflects the first two coordinates [1].

Finally, let us observe how many specular pairs do we need to establish the
consistent viewpoint constraint. Equation (5) represents three scalar equations
for each specular pair. After eliminating the unknown constant α(s,bS), there
are two independent equations per specular pair. The unknowns w and P are
both up to scale, so the number of degrees of freedom to fix is 2 (from the
vector w) plus 5 (from the symmetric matrix P). We thus observe that at least
four specular pairs in general configuration are needed to apply the consistent
viewpoint constraint.

So far, we have not analyzed which configurations of four specular pairs
are singular, nor the problem of (possible) finite solution multiplicity for non-
singular configurations. However, in experiments we observed unique solution
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in all cases. Analysis of which sets of four specular pairs give well-conditioned
solution is a topic for future research.

3 Experiment

In this experiment we show normal and albedo reconstruction for two objects:

1. WhiteBall which is a highly polished billiard ball of uniform albedo,
2. ChinaPot which is a glazed china tea pot with painted motif.

Images were acquired by 12 bit cooled camera (COOL-1300 by Vosskühler, stan-
dard Computar 75mm lens) under tungsten illumination (150W, stabilized direct
current). The light was moved by hand around the object. The distance between
object and light was not kept constant. No information about lights has been
measured nor recorded. Input images for the WhiteBall object are shown in
Fig. 3.

Fig. 3. Input data for the WhiteBall object.

Data was processed in 9 consecutive steps:
1. The mean of 10 dark frames was subtracted from each of the input images.
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Fig. 4. Two examples of Lambertian behaviour masks for the WhiteBall object.

Fig. 5. Selected specular regions (marked with red contour and rounded by small white
circle for better reading) used to apply the consistent viewpoint constraint, for both
objects.

2. Image points whose intensity fell below or over respective thresholds were
labeled as non-Lambertian, the other ones as candidates for Lambertian
points.

3. Candidates for Lambertian points were confirmed to be Lambertian in the
case that in four randomly selected images, they belonged to sufficiently
large image pixel sets with Lambertian behavior (i.e., if intensities of the
pixel set in any of four images could be sufficiently well expressed as a linear
combination of intensities of the pixel set in the other three images). Only
such quadruples of images were involved whose any three corresponding light
directions were sufficiently far from being coplanar (automatic check of this
condition was done using simple conditioning number tests). Two selected
Lambertian-consistent masks resulting from this step are shown in Fig. 4.

4. Lambertian portion of data was factorized by Jacobs algorithm [7]. From the
factorization pseudolights S were obtained.

5. Pseudonormals B were computed using Lambertian image regions and the
pseudolights obtained in the previous step. Each normal was fit individu-
ally by using least-square fit. After that, pseudolights were re-evaluated by
an analogous procedure, and this iterative process (alternating between re-
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Fig. 6. Results on the WhiteBall object.
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Fig. 7. Results on the ChinaPot object.

Fig. 8. Integrability violation measure as a function of rotation of normals around
the viewing direction (ξ ∈ 〈0, 360) [deg]). The WhiteBall object (left) and the ChinaPot
object (right). The two plots in each graph (shown in red and blue) correspond to two
coordinate frame handednesses. Normals are integrable in only one of them.
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computation of pseudonormals and pseudolights as in [5]) was repeated 10
times. The residual (the sum of squared differences between the predicted
and observed intensities over the valid image regions) converged to about
1/3 of its initial value. The result of this step is shown in Fig. 6(a) for the
WhiteBall object and in Fig. 7(a) for the ChinaPot object. Note neither the
illuminated normals nor albedo do correspond to our expectations.

6. Specularly reflecting normals in four images were determined. Specular re-
gions were selected by hand from the set of segmented non-Lambertian re-
gions available from Step 3. The selections are shown in Fig. 5. Pseudo-
normals from the previous step were averaged over the whole extension of
the respective specularity.

7. A transformationA was found that maps specular pseudonormals and corre-
sponding pseudolights onto those which fulfill the consistent viewpoint con-
straint. The idea of the algorithm was to design ‘ideal’ specular pairs (which
follow the consistent viewpoint constraint exactly), and look for transfor-
mation A that maps experimentally obtained specular pseudonormals and
pseudolights closest (in a least-square sense) to these ideal specular pairs.
The algorithm was essentially of the same type as the well-known bundle-
adjustment method and we acknowledge the article of Triggs et al. [12]
that helped us to design it. The transformation itself was parametrized as
A = diag [1, λ2, λ3]V�1. A unique solution existed in both objects.

8. This transformation was applied to pseudonormals and pseudolights output
from Step 5. The consistent viewpoint direction resulting from the previous
step was rotated to [0, 0, 1]�.
The results of this step are shown in Figs. 6(b) and 7(b). Note that the
resulting albedo is uniform, as expected. It is already the disambiguated
albedo of the object. Note also the viewpoint-illuminated normal fields are
already symmetric in both objects, as expected.

9. Integrability constraint was applied to resolve the rotation angle ξ and
the sign of the first coordinate in transformation (6). The integrability con-
straint violation measure was constructed as a sum of squared height dif-
ferences computed over elementary loops in the normal field. Note that for
integrable surface the change in height over a closed loop vanishes. The mea-
sure was computed for ξ ∈ 〈0, 2π) on pseudonormals output from Step 8 as
well as on these pseudonormals with the x-component reflected (blue and
red plots in Fig. 8). The coordinate frame handedness was selected according

1 This corresponds to the SVD decomposition of A (11) with U set to the identity
and λ1 set to 1. Specifically, the optimized parameters were: viewpoint direction v,
four ideal specular normals nS , and the parameters of transformation A. Ideal spec-
ular lights were computed by reflecting the (optimized) viewing direction v around
(optimized) ideal specular normals nS . Initial parameter values were: λ2 = λ3 = 1,
V initiated randomly (random rotation, solution was observed not to be depen-
dent on this initial choice), ideal specular normals were set to normalized specular
pseudonormals, and v to normalized average of these. The iterative algorithm con-
verged quickly (in about 15 iterations) into a unique solution.
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to which of the two plots gave lower minima. The two minima in such plot
correspond to the convex-concave ambiguity which was resolved by hand.
The result of this step is shown in Figs. 6(c) (illuminated from left and top
directions) and 7(c) (illuminated from four directions as indicated). Note the
normals look as expected. This is confirmed by self-shadow boundaries as
shown in Fig. 6(d) and 7(d).

4 Implications

In this section we show that there exist problems in computer vision that are
formally very similar to the discussed problem of uncalibrated photometric stereo
with consistent viewpoint constraint.

In Section 2, we analyzed the problem of uncalibrated photometric stereo,
and the role of consistent viewpoint direction in constraining essentially affine
ambiguity of uncalibrated photometric stereo. Here we show the validity of the
following statement:

Let affine structure of an object be evaluated by affine geometric stereo
with uncalibrated cameras. If four cameras in a general configuration ob-
serve specularities being reflected by the object surface from one distant
point light source, then the original affine ambiguity reduces into similar-
ity (composition of rotation, isotropic scaling, and change in coordinate
frame handedness).

This statement follows from the analysis given in Section 2, where all the
results apply if we make substitution light direction ↔ viewing direction.

To check the validity of this observation in detail, let there be a surfaceX that
is parametrized by u and v, X = X(u, v). Geometrical stereo with uncalibrated
affine projection matrices evaluates the shape up to an affine transformation
because the projections xj(u, v) of point X(u, v) in the j-th affine camera Cj

are2

xj(u, v) =

[
Cj

1,1 Cj
1,2 Cj

1,3

Cj
2,1 Cj

2,2 Cj
2,3

] X1(u, v)
X2(u, v)
X3(u, v)

 =
[
Cj

1,C
j
2

]�
X(u, v) = CjTX(u, v)

(7)

and thus xj(u, v)’s are invariant under transformation Cj 	→ACj , X 	→A−�X,
where A ∈ GL(3). It is known (see Yuille et al. [15]) that under these affine
transformations the camera viewing vectors vj ∼ Cj

1 ×Cj
2 are transformed co-

variantly and the surface normals n ∼ ∂X
∂u × ∂X

∂v are transformed contravariantly:
v ∼ A−�v, and n ∼ An (∼ means “up to a scaling factor”). Thus the normals
in affine geometrical stereo transform like in photometric stereo, and the camera
viewing vectors behave just like the illumination directions. But, in addition,
2 Origins of image frames in all cameras are aligned.
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the specular geometry condition (see Fig. 2) is also symmetrical with respect to
the change l↔ v. After we formulate the equivalent of the consistent viewpoint
constraint (in this case, it could be called consistent specular illumination con-
straint), the mathematics of the problem is the same. The affine ambiguity is
therefore reduced into composition of scaling, rotation around (unknown) illu-
mination direction, and change in coordinate frame handedness; but this is the
similarity ambiguity.

5 Conclusions

As a basic result of this paper we have shown that if object reflectance is a sum of
Lambertian and specular terms, the uncalibrated photometric stereo ambiguity
is reduced into effectively 2dof group of transformations (compositions of rotation
around the viewing vector, isotropic scaling and change in coordinate frame
handedness). For that, identification of specularities in images corresponding
to four different distant point lights in general configuration is sufficient. We
expect a similar result will hold if the specular spike is blurred by isotropic
surface roughness. This result brings us closer to the practical situation when
‘one waves a torch in front of an object and Euclidean structure is revealed.’
The good applicability of the approach was verified experimentally on two real
objects made of different material.

Note that albedo is obtained without imposing the integrability constraint.
The integrability is used to fix only 1dof of the normal field. Since integrability
must be computed on normal derivatives, any reduction of the number of param-
eters to be found significantly improves the accuracy of the resulting normals.

As we noted, lights and cameras play a symmetric role in the consistent
viewpoint constraint. Hence, by interchanging lights and cameras, the constraint
may also be applied to the case of uncalibrated geometric stereo with four affine
cameras in a general configuration observing specularities from a single distant
point light source.
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Czech Republic under Project GACR 102/01/1371 and in part by the Czech
Ministry of Education under Research Programme MSM 212300013.
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Appendix

Let S be a unit sphere in IR3. Let v be a vector from S and let S1/2 be a set of
unit vectors bS ∈ S for which it holds that v ·bS ≥ 0 (thus S1/2 is a half-sphere,
with v being its axis). Vector v represents viewing direction and vectors bS

represent visible normals. For given normal bS , let s denotes the light direction
under which bS is specular (so that bS and s is a specular pair).

We are asking the following question: if the normals are transformed as bS 	→
AbS and lights as s 	→A−�s, what are the only transformations that preserve
the consistent viewpoint condition (4)?

First, we showed in Section 2 that this question is equivalent to asking what
symmetric positively definite matrices P = A�A exist such that

αw = 2(s · bS)PbS − (bS ·PbS)s , (8)
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where w ∈ S is some vector which is fixed for all bS ∈ S1/2, and α is a scaling
constant (different for each specular pair).

Obviously, the necessary condition for the validity of (8) is that ∀bS ∈ S1/2:

w ∈ span(PbS , s) , (9)

or, equivalently,

PbS ∈ span(w, s) . (10)

ButP is symmetric and positively definite and thus its effect on bS represents
anisotropic scaling in arbitrary three orthogonal directions. To see that, let us
write the SVD decomposition of A and P:

A = Udiag(λ1, λ2, λ3)V� λ1, λ2, λ3 > 0; U,V ∈ O(3) , (11)
P = Vdiag(λ2

1, λ
2
2, λ

2
3)V

� . (12)

Thus P scales along the direction of eigenvector Vi (i-th column of V) by
the respective λi.

Then normals bS
i = ±Vi (where ± is properly selected according to whether

Vi is or is not in S1/2) that are specular under corresponding lights si are
mapped onto themselves (up to a scale), and consequently w ∈ span(bS

i , si), i =
1 . . . 3. That implies that w = span(bS

1 , s1) ∩ span(bS
2 , s2) ∩ span(bS

3 , s3) = v.
But (10) must hold for all bS and we must therefore require PbS ∈ span(v, s) =
span(v,bS). The only way to arrange it is to align one of the scaling directions
(say, V1) with v, and to set the scalings along the other two directions equal
(λ2 = λ3). Next, we show that all λi’s must be equal.

Let us complete (11) and (12) by writing decomposition of A−� as

A−� = Udiag(
1
λ1

,
1
λ2

,
1
λ3

)V� . (13)

Observe that a particular choice of the matrix U has no effect on the validity
of the consistent viewpoint constraint, since it only transforms both s and bS

Fig. 9. Scaling the V1 component of normals by λ1 while scaling the same component
of lights by 1/λ1 results in that the new specular pair violates consistent viewpoint
constraint if λ1 �= 1.
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by a global orthogonal transformation (cf. (11)). It therefore suffices to consider
the effect of transformations (11) and (13) on bS and s, respectively, with U set
to identity.

Fig. 9 shows one pair of specular normal and corresponding light source
before (bS ,s) and after (b

S
,s) the photometric stereo transformation. Without

the loss of generality we set λ2(= λ3) = 1. The figure illustrates the fact that
when, for example, λ1 > 1, then the transformed normal makes a smaller angle
with v than the original normal, while the transformed light makes a greater
angle with v as compared with the original light. From that it follows that for
transformed normals and lights v is not consistent with the specular geometry
condition unless it holds that λ1 = λ2 = λ3.

Thus we have the result that P may be only the scaled identity P = λ2I.
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Abstract. In this paper we provide a direct link between the EM algo-
rithm and matrix factorisation methods for grouping via pairwise clus-
tering. We commence by placing the pairwise clustering process in the
setting of the EM algorithm. We represent the clustering process using
two sets of variables which need to be estimated. The first of these are
cluster-membership indicators. The second are revised link-weights be-
tween pairs of nodes. We work with a model of the grouping process in
which both sets of variables are drawn from a Bernoulli distribution. The
main contributioin in this paper is to show how the cluster-memberships
may be estimated using the leading eigenvector of the revised link-weight
matrices. We also establish convergence conditions for the resulting pair-
wise clustering process. The method is demonstrated on the problem of
multiple moving object segmentation.

1 Introduction

Many problems in computer vision can be posed as ones of pairwise clustering.
That is to say they involve grouping objects together based on thier mutual
similarity rather than their closeness to a cluster prototype. Such problems nat-
urally lend themselves to a graph-theoretic treatment in which the objects to be
clustered are represented using a weighted graph. Here the nodes represent the
objects to be clustered and the edge-weights represent the strength of pairwise
similarity relations between objects. The search for pairwise clusters can then be
posed as the search for subgraphs. There are several ways in which such clusters
can be located. These include classical search algorithms and optmization meth-
ods such as mean-field annealing. However, one of the most elegant solutions
to the pairwise clustering problem comes from spectral graph theory. This is a
branch of mathematics concerned with the characterising structural properties
of graphs using the eigenvalues and eigenvectors of their adjacency matrices. The
result which is of pivotal importance to the pairwise clustering problem is that
the degree of bijectivity of a graph can be measured by the difference between
the first and second eigenvalues of the adjacency matrix. This allows clusters to
be removed sequentially from the set of nodes. Hence pairwise clustering can be
recast in a matrix factorisation setting.
� Supported by CONACYT, under grant No. 146475/151752.
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Broadly speaking there are two distinct approaches to the pairwise clustering
problem. The first of these involves the use of matrix factorisation methods. Here
the pattern of pairwise distances are encoded in an affinity weight matrix. Sev-
eral pairwise clustering algorithms have been developed to perform perceptual
grouping and image segmentation tasks [15,13,14]. These draw their inspiration
from spectral graph theory [5,8]. Perhaps the best known of these is the nor-
malised cut method of Shi and Malik [15], which aims to iteratively optimise a
graph-theoretic measure of pairwise cluster separation. Recently, Shi and Meilă
[2] have analysed the convergence properties of the method using Markov chains.
In related work, Tishby and Slonim [16] have developed a graph-theoretic method
which exploits the stationarity and ergodicity properties of Markov chains de-
fined on the affinity weights to locate clusters. Finally, Sarkar and Boyer [14]
have a non-iterative method which use the same-sign positive eigenvectors of
the affinity matrix to define object clusters.

The second approach to the pairwise clustering problem adopts an infor-
mation theoretic framework. One of the best known methods here is that of
Hofmann and Buhmann [9], which uses mean-field theory to update a set of
pairwise cluster indicators. In related work, Gdalyahu, Weinshall and Werman
[19] use a stochastic sampling method.

In a recent paper, we have described a new pairwise clustering method which
combines ideas from spectral graph theory and information theory [13]. Specif-
ically, we have developed an EM-like method for maximum likelihood pairwise
clustering. The development of this method commences by assuming that the
elements of the affinity matrix, or link weights, follow a Bernoulli distribution.
The novelty of the method resides in the fact that the link-weights are updated
in addition to the cluster membership variables.

The aims in this paper are three-fold. First, we place the method in a more
rigorous EM setting. Second, we show how cluster membership variables can be
computed using the coefficients of the leading eigenvector of the affinity matrix.
Thirdly, we establish the converegence conditions when the cluster memberships
are updated in this way.

2 Maximum Likelihood Framework

We pose the problem of perceptual grouping as that of finding the pairwise
clusters which exist within a set of objects segmented from raw image data.
These objects may be point-features such as corners, lines, curves or regions.
However, in this paper we focus on the specific problem independant moving
object segmentation from image sequences.

We abstract the problem in the following way. The raw perceptual entities are
indexed using the set V . Our aim is to assign each node to one of a set of pairwise
clusters which are indexed by the set Ω. To represent the state of organisation
of the perceptual relation graph, we introduce some indicator variables. First,
we introduce a cluster membership indicator which is unity if the node i belongs
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to the perceptual cluster ω ∈ Ω and is zero otherwise, i.e.

siw =

{
1 if i ∈ ω

0 otherwise
(1)

The second model ingredient is the link-weight Ai,j between distinct pairs of
nodes (i, j) ∈ V × V − {(i, i|i ∈ V }. When the link-weights become binary in
nature, they convey the following meaning

Aij =

{
1 if i ∈ ω and j ∈ ω

0 otherwise
(2)

When the link-weights satisfy the above condition, then the different clusters
represent disjoint subgraphs.

Our aim is to find the cluster membership variables and the link weights
which partition the set of raw perceptual entities into disjoint pairwise clusters.
We commence by assuming that there are putative edges between each distinct
pair of nodes (i, j) belonging to the Cartesian self-product Φ = V ×V −{(i, i)|i ∈
V }. Further suppose that p(Aij) is the probability density for the link weight
appearing on the pair of nodes (i, j) ∈ Φ. Our aim is to locate disjoint subgraphs
by updating the link weights untill they are either zero or unity. Under the
assumption that the link-weights on different pairs of nodes are independent
of one-another, then the likelihood function for the observed arrangement of
perceptual entities can be factorised over the set of putative edges as

P (A) =
∏

(i,j)∈Φ

P (Aij) (3)

We are interested in partitioning the set of perceptual entities into pairwise
clusters using the link weights between them. We must therefore entertain the
possibility that each of the Cartesian pairs appearing under the above product,
which represent putative perceptual relations, may belong to each of the pairwise
clusters indexed by the set Ω. To make this uncertainty of association explicit,
we construct a mixture model over the perceptual clusters and write

P (Aij) =
∑
ω∈Ω

P (Aij |ω)P (ω) (4)

According to this mixture model, P (Aij |ω) is the probability that the nodes
i and j are connected by an edge with link weight Aij which falls within the
perceptual cluster indexed ω. The total probability mass associated with the
cluster indexed ω is P (ω). In most of our experiments, we will assume that there
are only two such sets of nodes; those that represent a foreground arrangement,
and those that represent background clutter. However, for generality we proceed
under the assumption that there are an arbitrary number of perceptual clusters.
As a result, the probability of the observed set of perceptual entities is

P (A) =
∏

(i,j)∈Φ

∑
ω∈Ω

P (Aij |ω)P (ω) (5)
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To proceed, we require a model of probability distribution for the link-
weights. Here we adopt a model in which the observed link structure of the
pairwise clusters arises through a Bernoulli distribution. The parameter of this
distribution is the link-probability Ai,j . The idea behind this model is that any
pair of nodes i and j may connect to each with a link. This link is treated as a
Bernoulli variable. The probability that this link is the correct is Ai,j while the
probability that it is in error is 1 − Ai,j . To gauge the correctness of the link,
we check whether the nodes i and j belong to the same pairwise cluster. To test
for cluster-consistency we make use of the quantity siωsjω. This is unity if both
nodes belong to the same cluster and is zero otherwise. Using this switching
property, the Bernoulli distribution becomes

p(Aij |ω) = A
siωsjω

i,j (1 − Ai,j)1−siωsjω (6)

This distribution takes on its largest values when either the link weight Aij

is unity and siω = sjω = 1, or if the link weight Ai,j = 0 and siω = sjω = 0.

3 Expectation-Maximisation

Our aim is to find the cluster-membership weights and the link-weights which
maximize the likelihood function appearing in Equation (5). One way to locate
the maximum likelihood perceptual relation graph is to update the binary clus-
ter and edge indicators. This could be effected using a number of optimisation
methods including simulated annealing and Markov Chain Monte Carlo. How-
ever, here we use the apparatus of the EM algorithm originally developed by
Dempster, Laird and Rubin [1]. Our reason for doing this is that the cluster-
membership variables siω must be regarded as quantities whose distribution is
governed by the link weights Aij . Since at the outset we know neither the asso-
ciations between nodes and clusters nor the strength of the link weights within
clusters, this information must be treated as hidden data. In other words, we
must use the EM algorithm to estimate them.

The idea underpinning the EM algorithm is to recover maximum likelihood
solutions to problems involving missing or hidden data by iterating between two
computational steps. In the E (or expectation) step we estimate the a posteriori
probabilities of the hidden data using maximum likelihood parameters recovered
in the preceding maximisation (M) step. The M-step in-turn aims to recover the
parameters which maximise the expected value of the log-likelihood function.
It is the available a posteriori probabilities from the E-step which allows the
weighting of log-likelihood required in the maximisation-step.

3.1 Expected log-Likelihood Function

For the likelihood function appearing in Equation (5), the expected log-likelihood
function is defined to be

Q(A(n+1)|A(n)) =
∑
ω∈Ω

∑
(i,j)∈Φ

P (w|A(n)
ij ) ln p(A(n+1)

ij |ω) (7)
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where p(A(n+1)
ij |ω) is the probability distribution for the link-weights at iteration

n + 1 and P (w|A(n)
ij ) is the a posteriori probability that the pair of nodes with

link weight A
(n)
ij belong to the cluster indexed ω at iteration n of the algorithm.

When the probability distribution function from Equation (6) is substituted,
then the expected log-likelihood function becomes

Q(A(n+1)|A(n)) =
∑
ω∈Ω

∑
(i,j)∈Φ

ζ
(n)
i,j,ω

{
s
(n+1)
iω s

(n+1)
jω ln A

(n+1)
ij +

(1 − s
(n+1)
iω s

(n+1)
jω ) ln(1 − A

(n+1)
i,j )

}
(8)

where we have used the shorthand ζ
(n)
i,j,ω = P (w|A(n)

ij ) for the a posteriori cluster
membership probabilities. After some algebra to collect terms, the expected log-
likelihood function simplifies to

Q(A(n+1)|A(n)) =
∑
ω∈Ω

∑
(i,j)∈Φ

ζ
(n)
i,j,ω

{
s
(n+1)
iω s

(n+1)
jω ln

A
(n+1)
ij

1 − A
(n+1)
ij

+ ln(1 − A
(n+1)
i,j )

}

(9)

3.2 Maximisation

There are two sets of varibales that need to be updated in the M-step of the
algorithm. These are the link-weights and the cluster membership indicators.

Link-Weights. In the maximisation step of the algorithm we update the link-
weight matrix. The updated link-weights are found by computing the derivatives
of the expected log-likelihood function

∂Q(A(n+1)|A(n))

∂A
(n+1)
ij

=
∑
ω∈Ω

ζ
(n)
i,j,ω

{
s
(n+1)
iω s

(n+1)
jω

1

A
(n+1)
ij (1 − A

(n+1)
ij )

− 1

1 − Aij
(n+1)

}
(10)

and solving the saddle-point equations ∂Q(A(n+1)|A(n))
∂A

(n+1)
ij

= 0. As a result the up-

dated link-weights are given by

A
(n+1)
ij =

∑
ω∈Ω ζ

(n)
i,j,ωs

(n+1)
iω s

(n+1)
jω∑

ω∈Ω ζ
(n)
i,j,ω

(11)

In other words, the link-weight for the pair of nodes (i, j) is simply the average of
the product of individual node cluster memberships over the different perceptual
clusters. Since each node is associated with a unique cluster, this means that
the updated affinity matrix is composed of non-overlapping blocks. Moreover,
the link-weights are are guaranteed to be in the interval [0, 1]. Finally, it is
important to note that the updating of the link-weights is a unique feature of
our algorithm which distinguishes it from the pairwise clustering methods of
Hoffman and Buhmann and Shi and Malik.
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Cluster memberships. To update the cluster-membership variables we have
used a gradient-based method. We commence by computing the derivatives of the
expected log-likelihood function with respect to the cluster-membership variable

∂Q(A(n+1)|A(n)))

∂s
(n+1)
iω

=
∑
j∈Vω

ζi,j,ωs
(n)
jω ln

A
(n+1)
ij

1 − A
(n+1)
ij

(12)

Since the associated saddle-point equations are not tractable in closed form,
we use the soft-assign ansatz of Bridle [4] to update the cluster membership
assignment variables. This involves exponentiating the partial derivatives of the
expected log-likelihood function in the following manner

s
(n+1)
iω =

exp
[

∂Q(A(n+1)|A(n))
∂s

(n)
iω

]
∑

i∈Vω
exp

[
∂Q(A(n+1)|A(n))

∂s
(n)
iω

] (13)

As a result the update equation for the cluster membership indicator variables
is

s
(n+1)
iω =

exp
[∑

j∈Vω
ζ
(n)
i,j,ωs

(n)
jω ln

A
(n+1)
i,j

1−A
(n+1)
ij

]
∑

i∈Vω
exp

[∑
j∈Vω

s
(n)
jω ln

A
(n+1)
i,j

1−A
(n+1)
ij

] (14)

After simplifying the argument of the exponential, the update formula reduces
to

s
(n+1)
iω =

∏
j∈Vω

{
A

(n+1)
i,j

1−A
(n+1)
ij

}ζ
(n)
i,j,ωs

(n)
jω

∑
i∈Vω

∏
j∈Vω

{
A

(n+1)
ij

1−A
(n+1)
ij

}ζ
(n)
i,j,ωs

(n)
jω

(15)

It is worth pausing to consider the structure of this update equation. First, the
updated link weights are an exponential function of the current ones. Second,
the exponential constant is greater than unity, i.e. there is re-enforcement of the
cluster memberships, provided that A

(n+1)
i, > 1

2 .
We can take this analysis one step further and establish a link with the

eigenvectors of the updated adjacency matrix. To this end we introduce the
matrix T (n+1) whose element with row i and column j is

T
(n+1)
i,j = ζ

(n)
i,j,ωs

(n)
jω ln

A
(n+1)
i,j

1 − A
(n+1)
i,j

We also define the vector s
¯
(n)
ω = (s(n)

1ω , s
(n)
2ω , ....)T . With this notation we can turn

our attention to the argument of the exponential appearing in Equation (14)
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and write

∑
j∈Vω

s
(n)
jω ln

A
(n+1)
i,j

1 − A
(n+1)
i,j

=
(

T (n+1)s
¯
(n)
ω

)
i

(16)

In other words, the argument is simply the ith component of the vector obtained
by the matrix multiplication T (n+1)s

¯
(n)
ω .

Next, consider the case when the vector s
¯
(n)
ω is an eigenvector of the matrix

T (n+1). The eigenvector equation for the matrix T (n+1) is T (n+1)z
¯
(n)
ω = λωz

¯
(n)
ω ,

where λω is the ωth eigenvalue and z
¯ω is the corresponding eigenvector. Hence

when the vector of cluster memberships s
¯
(n)
ω is an eigenvector of T (n+1), then

we can write (T (n+1)s
¯
(n)
ω )i = z

¯ω(i), where z
¯ω(i) is the ith component of the

vector z
¯ω. If this is the case, then we can identify the pairwise clusters with the

eigenmodes of ln T (n+1). Using the shorthand λ̂ω = ln λω, the update equation
becomes

s
(n+1)
iω =

exp
[
λωz

(n)
ω (i)

]
∑

i∈Vω
exp

[
λωz

(n)
ω (i)

] =
λ̂

z(n)
ω (i)

ω∑
i∈Vω

λ̂
z
(n)
ω (i)

ω

(17)

Since the directions of the eigenvectors of the matrix ln T and T are identical
[7], the updated cluster membership variables can be computed directly from the
matrix A(n+1). Moreover, by inspection is easy to see that the updated cluster
membership variables are the coefficients of the eigenvectors of ln T (n+1). In this
way, by computing the eigenmodes of the current link-weight matrix, we can
update the individual cluster membership indicators.

3.3 Convergence Analysis

In this section we provide some analysis of the convergence properties of the
grouping algorithm when the cluster memberships are updated using the eigen-
vector method outlined in the previous section. We are interested in the relation-
ship between this modal analysis and the updated cluster membership variables.
Using the update formulae for the link-weight matrix and the cluster member-
ship indicators given in Equations (12) and (18), it is a straightforward matter
to show that the corresponding updated log-likelihood function is given by

Q(A(n+1)|A(n)) =
∑
ω∈Ω

∑
(i,j)∈|Vω×Vω|

{
T

(n+1)
ij λ(n+1)

ω

zω(i)(n+1)+zω(j)(n+1)

(
1∑

i′∈Vω
λ
(n+1)
ω

zω(i′)(n+1) ∑
j′∈Vω

λ
(n+1)
ω

zω(j′)(n+1)

)

+ ln(1 − Aij
(n+1))

}
(18)
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We would like to understand the conditions under which the likelihood is
maximised by the update process. We hence compute the partial derivative of
Q with respect to λ

(n+1)
ω . After collecting terms and some algebra we find

∂Q̂(A(n+1)|A(n))

∂λ
(n+1)
ω

=
λ
(n+1)
ω

zω(i)(n)+zω(j)(n)

λ
(n+1)
ω

( ∑
i′∈Vω

λ
(n+1)
ω

zω(i′)(n)
)2

{
zω(i)(n) (19)

+zω(j)(n) − 2

∑
i′∈Vω

zω(i′)(n)
λ
(n+1)
ω

zω(i′)(n)

∑
i′∈Vω

λ
(n+1)
ω

zω(i′)(n)

}

The maximum value of the log-likelihood occurs where the partial derivative is
zero. This condition is satisfied when

zω(i)(n) + zω(j)(n) = 2

∑
i′∈Vω

zω(i′)(n)
λ
(n+1)
ω

zω(i′)(n)

∑
i′∈Vω

λ
(n+1)
ω

zω(i′)(n) (20)

Unfortunately, this condition is not always guaranteed to be satisfied. How-
ever, from Equation 20 we can conclude that the following will always be the
best approximation

λ(n+1)
ω

zi
(n)+zj

(n)

<< λ(n+1)
ω

( ∑
i′∈Vω

λ(n+1)
ω

zi′ (n)
)2

(21)

If T (n+1) is a non-negative irreducible symmetric matrix T (n+1), then the coeffi-
cients of the eigenvector z

¯
(n)
∗ associated with the largest eigenvector λ∗ are each

positive [17]. As a result, the quantity
∑

i′∈Vω
λ
(n+1)
ω

zω(i′)(n)

will be maximized

when λ
(n+1)
ω is maximum. Hence, Q(A(n+1)|A(n)) will be maximized by the first

(maximum) eigenvalue of T (n+1).

3.4 Expectation

The a posteriori probabilities are updated in the expectation step of the al-
gorithm. The current estimates of the parameters s

(n)
iω and A

(n)
ij are used to

compute the probability densities p(A(n)
ij |ω) and the a posteriori probabilities

are updated using the formula

P (ω|A(n)
ij ) =

p(A(n)
ij |ω)α(n)(ω)∑

ω∈Ω p(A(n)
ij |ω)α(n)(ω)

(22)

where α(n)(ω) is the available estimate of the class-prior P (ω). This is computed
using the formula

α(n)(ω) =
1

|V |2
∑

(i,j)∈Φ

P (ω|A(n)
ij ) (23)
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Upon substituting for the probability density from Equation (6), the updated
a posteriori probabilities are given by

P (ω|A(n)
ij ) = ζ

(n+1)
i,j,ω =

A
(n)
i,j

s
(n)
iω s

(n)
jω (1 − A

(n)
i,j )1−s

(n)
iω s

(n)
jω α(n)(ω)∑

(i,j)∈Φ A
(n)
i,j

s
(n)
iω s

(n)
jω (1 − A

(n)
i,j )1−s

(n)
iω s

(n)
jω α(n)(ω)

(24)

3.5 Selecting the Number of Modes

One of the practical difficulties associated with using a mixture model is that of
selecting the number of components. There are several well established ways of
addressing this problem. These frequently involve removing or splitting compo-
nents so as to optimise a measure of model-order complexity [11,18,10]. There are
several possible choices of utility measures including the minimum description
length [12] and the Akaike criterion.

However, here we take a different route and use the modal structure of the
initial affinity matrix to set the number of mixing components. Here we use a
result due to Sarkar and Boyer [14] who have shown how matrix factorisation
methods can be used to locate the set of edges which partition the nodes into
distinct perceptual clusters. One way of viewing this is as the search for the per-
mutation matrix which re-orders the elements of A into non-overlapping blocks.
Unfortunately, when the elements of the matrix A are not binary in nature, then
this is not a straightforward task. However, Sarkar and Boyer [14] have shown
how the positive eigenvectors of the matrix of link-weights can be used to assign
nodes to perceptual clusters. Using the Rayleigh-Ritz theorem, they observe
that the scalar quantity x

¯
tA(0)x

¯
, where A(0) is the initial weighted adjacency

matrix, is maximised when x
¯

is the leading eigenvector of A. Moreover, each
of the subdominant eigenvectors corresponds to a disjoint cluster. They confine
their attention to the same-sign positive eigenvectors. If a component of a posi-
tive eigenvector is non-zero, then the corresponding node belongs to the cluster
associated with the eigenmodes of the weighted adjacency matrix. The eigenval-
ues λ1, λ2.... of A(0) are the solutions of the equation |A(0) − λI| = 0 where I
is the |V | × |V | identity matrix. The corresponding eigenvectors x

¯λ1
, x
¯λ2

, ... are
found by solving the equation A(0)x

¯λi
= λix¯λi

. Let the set of positive same-sign
eigenvectors be represented by Ω = {ω|λω > 0 ∧ [(x

¯
∗
ω(i) > 0∀i) ∨ x

¯
∗
ω(i) < 0∀i])}.

Since the positive eigenvectors are orthogonal, this means that there is only one
value of ω for which x

¯
∗
ω(i) 
= 0. We denote the set of nodes assigned to the clus-

ter with modal index ω as Vω = {i|x
¯

∗
ω(i) 
= 0}. Hence each positive same-sign

eigenvector is associated with a distinct mixing component. This is done using
the magnitudes of the modal co-efficients and we set

s
(0)
iw =

|x
¯

∗
ω(i)|∑

i∈Vω
|x
¯

∗
ω(i)| (25)

We use the eigenvectors of the initial affinity matrix to initialise the cluster
membership variables.
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4 Motion Segmentation

The application of our pairwise clustering method focusses on the segmenta-
tion of independently moving objects from image sequences. The motion vec-
tors used in our analysis have been computed using a single resolution block
matching algorithm [6]. The method measures the similarity of motion blocks
using spatial correlation and uses predictive search to efficiently compute block-
correspondences in different frames. The block matching algorithm assumes that
the translational motion from frame to frame is constant. The current frame is
divided into blocks that will be compared with the next frame in order to find
the displaced coordinates of the corresponding block within the search area of
the reference frame. Since the computational complexity is much lower than the
optical flow equation and the pel-recursive methods, block matching has been
widely adopted as a standard for video coding and hence it provides a good
starting point.

However, the drawback of the single resolution block-matching scheme is that
while the high resolution field of motion vectors obtained with small block sizes
captures fine detail, it is susceptible to noise. At low resolution, i.e. for large
block sizes, the field of motion vectors is less noisy but the fine structure is
lost. To strike a compromise between low-resolution noise suppression and high
resolution recovery of fine detail, there have been several attempts to develop
multi-resolution block matching algorithms. These methods have provided good
predictive performance and also improvements in speed. However, one of the
major problems with the multi-resolution block matching method is that random
motions can have a significant degradational effect on the estimated motion field.
For these reasons, we have used a single high-resolution block matching algorithm
to estimate the raw motion field. This potentially noisy information is refined in
the motion segmentation step, where we exploit hierarchical information.

We pose the problem of grouping motion blocks into coherent moving objects
as that of finding pairwise clusters. The 2D velocity vectors for the extracted
motion blocks are characterised using a matrix of pairwise similarity weights.
Suppose that n̂i and n̂j are the unit motion vectors for the blocks indexed i and
j. The elements of this weight matrix are given by

A
(0)
i,j =

{
1
2 (1 + n̂i.n̂j) if i 
= j

0 otherwise
(26)

4.1 Hierarchical Motion Segmentation

As mentioned earlier, we use a single-level high-resolution block-matching
method to estimate the motion field. The resulting field of motion vectors is
therefore likely to be noisy. To control the effects of motion-vector noise, we
have developed a multi-resolution extension to the clustering approach described
above.

The adopted approach is as follows.
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Fig. 1. Motion segmentation system.

– We obtain the a high resolution field of motion vectors UH using blocks of
size k-pixels and a low-resolution motion field UL using blocks of size 2k
pixels.

– We apply our clustering algorithm to the low resolution motion field UL

numbering the NL clusters detected.
– We make a second application of our clustering algorithm to the hight-

resolution motion field UH . Here we select only the first NL eigenvalues
of the motion-vector similarity matrix as cluster centres.

In this way we successively perform the motion estimation at low and high
resolution. The number of clusters detected at low resolution is used to con-
strain the number of permissible high resolution clusters. This allows the high-
resolution clustering process to deal with fine detail motion fields without suc-
cumbing to noise. There is scope to extend the method and develop a pyramidal
segmentation strategy. The structure of the hierarchical system can be seen in
Figure 1.

4.2 Motion Experiments

We have conducted experiments on motion sequences with known ground truth.
In Figure 2 we show some results obtained with five frames of the well-known
“Hamburg Taxi” sequence. The top row shows the hand-labelled ground-truth
segmentation for the motion sequence. The second row shows the correspond-
ing image frames from the motion sequence. In the third and fourth rows we
respectively show the low resolution and high resolution block motion vectors.
The low-resolution uses 16 × 16 pixel blocks to perform motion correspondence
and compute the motion vectors; for the high resolution motion field the block
size is 8 × 8 pixels. The fifth row shows the moving objects segmented from the
motion field using pairwise clustering. In each frame there are 3 clusters which
match closely to the ground truth data shown. It is interesting to note that the
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results are comparable to those reported in [3] where a 5 dimensional feature
vector and a neural network was used. The proposed algorithm converges in an
average of four iterations.

Fig. 2. Top row: ground truth for the 1st, 4th, 8th, 12th and 16th frame of the ”Ham-
burg Taxi” sequence; Second row: original frames ; Third and fourth row: resolution
motion maps; Fifth row: Final motion segmentation; Bottom row: smoothed motion
maps.
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Fig. 3. Top row: ground truth for the 1st, 5th, 10th, 15th and 20th frame of the ”Trevor
White” sequence; Second row: original frames ; Third and fourth row: motion maps;
Fifth row: Final motion segmentation; Bottom row: smoothed motion maps.
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Table 1. Error percentage for the two image sequences.

Sequence Cluster % of Error Sequence Cluster % of Error
Trevor White Right Arm 8 % Ham. Taxi Taxi 4 %
Trevor White Chest 6 % Ham. Taxi Left Car 3 %
Trevor White Head 12 % Ham. Taxi Right Car 10 %

Figure 3 repeats these experiments for the “Trevor White” sequence. The
sequence of rows is the same as in in Figure 3. Here the block sizes are respectively
24 × 24 and 12 × 12 pixels. There are three motion clusters which correspond to
the head, the right arm, and the chest plus left arm. These clusters again match
closely to the ground-truth data.

In Table 1 we provide a more quantitive analysis of these results. The table
lists the fraction of the pixels in each region of the ground truth data which are
misasigned by the clustering algorithm. The best results are obtained for the
chest-region, the taxi and the far-left car, where the error rate is a few percent.
For the far-right car and the head of the Trevor White, the error rates are about
10%. The problems with the far-right car probably relate to the fact that it is
close to the periphery of the image.

5 Conclusions

In this paper, we have developed an Expectation-maximization framework for
pairwise clustering. The method commences from a specification of the pair-
wise clustering problem in terms of a matrix of link-weights and a set of cluster
membership indicators. The Expected log-likelihood function underpinning our
method is developed under the assumption that the cluster membership indica-
tors are random variables which are drawn from a Bernoulli distributions.The
parameter of the Benoulli distributions are the link-weights. Based on this model,
we develop an iterative process for updating the link-weights and the cluster
membership indicators in interleaved steps.

To understand the relationships between our probabilistic method and the
graph-spectral approach to pairwise clustering, we present a variational analy-
sis for the expected log-likelihood function. This reveals two important results.
First, we demonstrate a relationshiop between the updated cluster membership
variables resulting from our variational analysis and the eigenvectors of the link-
weight matrix. Second, we show that the log-likelihood function is maximsied
by the leading eigenvector of the link-weight matrix.

There are a number of ways in which the work presented in this paper can
be extended and improved. First, we intend to investigate alternatives to the
Bernoulli model of the clustering process. Second, our present method does not
facilitate data-closeness between the final arrangement of clusters and the raw
data. Our future work will therefore focus on developing a clustering process
which minimizes the Kullback-Leibler divergence between the initial matrix of
link-weights and the final arrangement of pairwise clusters.
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Abstract. Level Set Representations, the pioneering framework introduced by
Osher and Sethian [14] is the most common choice for the implementation of
variational frameworks in Computer Vision since it is implicit, intrinsic, param-
eter and topology free. However, many Computer vision applications refer to
entities with physical meanings that follow a shape form with a certain degree of
variability. In this paper, we propose a novel energetic form to introduce shape
constraints to level set representations. This formulation exploits all advantages
of these representations resulting on a very elegant approach that can deal with a
large number of parametric as well as continuous transformations. Furthermore,
it can be combined with existing well known level set-based segmentation ap-
proaches leading to paradigms that can deal with noisy, occluded and missing or
physically corrupted data. Encouraging experimental results are obtained using
synthetic and real images.

1 Introduction

Level Set [14,13,19] and variational methods are increasingly considered by the vision
community [17]. The application domain is wide and not restricted to image segmenta-
tion, restoration, impainting, tracking, shape from shading, 3D reconstruction [7], med-
ical image segmentation [11], etc. These techniques have been exhaustively studied and
also applied to other scientific domains like geometry, robotics, fluids, semiconductors
designing, etc. [19].

Most of the mentioned applications share a common concern, tracking moving in-
terfaces. Level Set representations are well suited computational methods to perform
this task. They can be used to any dimension (curves, surfaces, hyper-surfaces, ...), are
parameter free and can change naturally the topology. Moreover, they provide a natural
way to estimate the geometric properties of the evolving interface.

Furthermore, they can deal with non-rigid objects and motions, since they refer to
very local characteristics and can deform an interface pixel-wise. Opposite to that, they
� The authors is currently with the Computer Vision and Robotics Group (RobotVis) at INRIA

Sophia Antipolis, France.
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have a poor performance compared with parametric models when solid/rigid motions
and objects are considered mainly because local propagations are quite sensitive to
noise and fail to take fully advantage of a priori physical constraints like solid shape
models. It is clear that evolving interfaces using level set representations is a powerful
tool with certain strengths and some limitations. For example, this property (locality) is
not helpful when the considered task refers to the extraction of solid objects, while it is
a vital element when non-rigid motions and objects are considered.

Our visual space consists of objects from both categories. For example most of the
active human organs cannot be considered solid, but at the same time their forms are
well constrained within a family of shapes. This family cannot be fully characterized
using parametric models. The use of level set-based methods is suitable for this kind of
applications due to their ability of dealing with local deformations.

In this paper we consider a challenging application: constrain the level set represen-
tations to follow a shape global consistency while preserving the ability to capture local
deformations. The most closely related work with our approach can be found in [4,6,10]
and more recently in [21]. In [10] a two stage approach was proposed that integrates prior
shape knowledge and visual information. During the first step, a segmentation solution
is obtained according to a data-driven term, while during the second step a correction
of the result is performed using a level set shape prior model that is obtained through a
Principal Component Analysis. The same modeling technique is used in [21]. These two
steps alternate until convergence is reached. In [4,21] a different technique was consid-
ered that refers to an optimization criterion with objective to recover a transformation
that better maps the evolving interface to a shape prior term. This criterion is shape driven
and in [4] aims at minimizing the Euclidean distance between the model and the prior
while in [21] a region-driven criterion is considered that aims at minimizing a metric
defined on the level set space. In [4], the shape prior was obtained by averaging the
registered training examples and refers to a collection of points. Theoretical comparison
of our approach with the ones proposed up to now in can be found in Section 5.

A novel mathematical functional is proposed in this paper that can account for
global/local shape properties of the object to be recovered. This functional can be com-
bined with any level set objective function under the assumption that a shape model with
a certain degree of variability is available. Our approach consists of two stages. During
the first stage a shape model is built directly on the level set space using a collection
of samples. This model is constructed using a variational framework that creates a non-
stationary pixel-wise model that accounts for shape variabilities. Then, this model is
used as basis to introduce the shape prior in an energetic form. This prior aims at mini-
mizing the non-stationary distance between the evolving interface and the shape model
in terms of their level set representations. In order to demonstrate the performance of
the proposed module, it is integrated with a data-driven variational method to perform
image segmentation for physically corrupted and incomplete data.

The remainder of this paper is organized as follows: in section 2, we briefly present
the level set representations. Section 3 is dedicated to the construction of the shape prior
model using a a certain number of examples. In Section 4, we introduce our shape-prior
energetic functional that is integrated with a data-driven variational framework. Finally,
discussion and conclusions are part of Section 5.
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2 Level Set Representations

Let us consider a parameterized closed evolving interface in a Euclidean plane [C :
[0, 1] → R2, p → C(p)] and let C(p, t) the family of interfaces generated by the
propagation of the initial one C0(p) in the direction of the inward normal N . Under
the assumption that the propagation is guided by a scalar function [F ] of the geometric
properties of the curve (i.e. curvature K), we can have the following motion equation:{

C(p, 0) = C0(p)

Ct(p) = F (K(p)) N (p)
, (1)

The implementation of this evolution can be done using a Lagrangian approach.
In that case we produce the associated equations of motion for the position vector
(x, y) = C(p) and we update them according to a difference approximation scheme. As
a consequence, the evolving interface cannot change its topology (with the exception of
[12]).

To overcome this limitations, Osher and Sethian [14,13,19] have proposed to rep-
resent the evolving interface C(p) with a zero-level set (φ = 0) function of a surface
z [

z = (x, y, φ(x, y, t)) ∈ R3] (2)

Deriving φ(x, y, t) = 0 with respect to time and space (given [eq. (1)]) we obtain the
following motion for the embedding surface φ():

{
φ (C0(p), 0) = 0
φt(p) = F (K(p)) |∇φ(p)| , (3)

where [|∇φ|] is the norm of gradient and [N = − ∇φ
|∇φ| ].

Thus, we have established a connection between the family C(p, t) and the family
of one parameter surfaces φ(x, y, t) where the zero iso-surface of the function φ yields
always to the evolving interface.

The embedding surface φ(p) remains a function as long as F is smooth and the
evolving interface C(p) can change topology. Additionally, numerical simulations on
φ(p) may be developed trivially and intrinsic geometric properties of the evolving in-
terface can be estimated directly from the level set function. Finally, the method can be
easily extended to deal with problems in higher dimensions. A very common selection
for the embedding function refers to the use of (Euclidean) distance transforms.

3 Shape Prior Model Construction

A vital component for most of the approaches that aimed at creating shape representations
is the alignment of the training samples. Matching geometric shapes is an open as well as
complex issue in computer vision that has been exhaustively studied. A complete review
of the literature in shape matching can be found in [23].
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(1)

(2)

(a) (b) (c)

Fig. 1. (1) Trainning Samples, (2) Shape Prior Model, (a) Aligned Shapes, (b) Shape Prior Rep-
resentation, (c) Model Variability.

We consider a variational approach that is based on a shape-to-area principle for
the alignment [16]. This framework exploits maximally the information of the level set
representations. The central idea behind this approach is to perform the registration using
the level set representations of the training examples. Therefore, we seek for shape-to-
area transformations that best match the level set representations of the shapes of the
training set. Thus, given a source shape S and a target shape D as well as their level set
representations using distance transforms, registration is obtained by seeking a global
transformation [A] with a scale component [s] that minimizes the following dissimilarity
measure1:

E(ΦD, ΦS , A) =
∫∫

Ω

(sΦS(x, y) − ΦD(A(x, y)))2 dxdy

A detailed description and the algorithm and the extension to deal with local deformations
can be found in [16]. The output of this procedure is a set of N level set representations
(one for each training sample) [Φ̂i] registered to an arbitrary selected (from the family
of samples) reference shape [Φ̂0]. The efficiency of this framework is shown in [fig. (1)].

The next step is the construction of the shape model, using the aligned contours.
Point-based snake models [8], deformable models/templates [2], active shapes [5], level
set representations [3], etc. are common selections. Although these representations are
powerful enough to capture a certain number of local deformations, they require a large
number of parameters to deal with important shape deformations. Moreover, they cannot
deal with changes of topology (with the exception of level set methods [3] and the
approach presented in [12]). Finally, their extension to describe structures of higher
dimension than curves and surfaces is not trivial. In the Level Set literature, two models

1 One can easily prove that level set representation are invariant to translation and rotation but
not to scale variations. However, as it will be explained later in the paper, one can predict the
effect of scale variations and the appearance of the scale parameter in the energy function.
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(a) (b) (c)

Fig. 2. Construction of a Shape Prior Model using two very different aligned trainning samples.
(a) Training Sample 1, (b) Training Sample 2, (c) Shape Prior Model.

have been presented up to now. In [10,21] the use of a global statistical representation
on the level set space was proposed while a different approach was considered in [4]
where shapes are represented using a collection of points.

We consider a more challenging approach where the objective is to generate a shape
model that accounts for local variations as well. In order to do that, we consider a
stochastic framework with two unknown variables:

– The shape image, ΦM (x, y),
– The local degrees (variability) of shape deformations σM (x, y).

where each grid location can be described in the shape model using a Gaussian density
function

pM
x,y(φ) =

1√
2πσM (x, y)

e
− (φ−ΦM (x,y))2

2σ2
M

(x,y)

A similar framework for a different purpose was proposed in [24].

The mean of this probability density function corresponds to the level set function,
while the variance refers to the variation of the aligned samples in this location. On top
of these assumptions, we impose the constraint that mean values of the shape model
refer to a signed distance function (level set representation).

Thus given N aligned training samples (level set representations) where Φ̂i is the
aligned transformation of Φi, we can construct a variational framework for the estimation
of the best shape by seeking for the maximum likelihood of the local densities with
respect to (ΦM , σM ):

E(ΦM , σM ) = −
n∑

i=1

∫∫
x,y

log
[
pM

x,y(Φ̂i(x, y))
]
dxdy

subject to the constraint : |∇ΦM (x, y)|2 = 1, ∀(x, y) ∈ Ω

Additionally, we can enforce spatial coherence on the variability estimates by adding a
smoothness
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term. Since the constant term (
√

2π) does not affect the minimization procedure, the
following functional is used:

E(ΦM , σM ) =(1 − α)
∫∫

Ω

((
d

dx
σM (x, y)

)2

+
(

d

dy
σM (x, y)

)2
)

dxdy

+ α

∫∫
Ω

n∑
i=1

(
log [σM (x, y)] +

(Φ̂i(x, y) − ΦM (x, y))2

2σ2
M (x, y)

)
dxdy

subject to the constraint : |∇ΦM (x, y)|2 = 1, ∀(x, y) ∈ Ω

where [a] is a blending parameter between the two energy terms. The interpretation of
the objective function is rather simple. The first component is data driven and aims at
recovering a level set representation that best accounts for the training samples. The
second term is a smoothness constraint on the representation variability. Neighborhood
pixels for all registered examples of the training set have to exhibit similar variability
properties.

The constrained optimization of this functional can be done using Lagrange multipli-
ers and a gradient descent method. However, given the form of constraints (involvement
of first and second order derivatives), we cannot obtain a closed form solution and prove
that the conditions which guarantee the validity of Lagrange theorem are satisfied. More-
over, the number of unknown variables of the system is too high O(N2) and the system
is quite unstable especially when there is large variability among training samples. A
possible way to overcome this limitation that is currently investigated refers to the use
of an augmented Lagrangian function, but even in that case the proof of validity and the
initial conditions are open issues.

An alternative selection refers to a two step optimization process, that separates the
two conditions. During the first step, we obtain the "optimal" solution according to the
data driven terms, while during the second step we find the "optimal" projection of this
solution to the manifold of acceptable solutions (distance functions).

Thus, the unknown variables are obtained by minimizing the previously defined
data-driven objective function that preserves some regularity conditions:


d

dt
ΦM = α

n∑
i=1

(Φ̂i − ΦM )
2σ2

M

d

dt
σM = α

n∑
i=1

[
− 1

σM
+

(Φ − ΦM )2

σ3
M

]
+ (1 − α)

[
∂2

∂x∂x
σM +

∂2

∂y∂y
σM

]

while the projection/correction to the manifold space of accepted solutions (Level Set
Representations)2 is done using a heavily considered Partial Differential Equation [20]:{

d

dt
ΦM =

(
1 − sgn

(
Φ0

M

))
(1 − |∇ΦM |)

where Φ0
M is the initial representation (data driven).

2 The use of the data driven term will modify the evolving representation without respecting the
constraint of being a distance function.
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These two steps alternate until the system reaches a steady-state solution. Upon
convergence of the system, we will obtain a level set representation model, that optimally
expresses the properties of he training set using degrees of variability that are constrained
to be locally smooth. As far as the initial conditions of the system are concerned, we use
the level set representation of the reference sample while the variability estimates are
set equal to one for the whole image plane. In order to avoid stability problems, one can
replace the variability factors with

σM = 1 + σ̂M

and then seek for the estimates of σ̂M that are constrained to be strictly positive. The
performance of our method is demonstrated in [fig. (2)] where two very different training
samples are used to generate a model that integrates information from both shapes. An
example using training samples from the same family is shown in [fig. (1)].

4 Level Set Shape Priors
Let us now consider an image where an object with a shape form similar to the one
of the training samples is present. Then, the objective is to recover the image area that
corresponds to this object.At the very beginning, we will introduce our approach without
using any data-driven term.

4.1 Shape-Driven Propagation

Let Φ : Ω ×R+ → R+ be a Lipchitz function that refers to level set representation that
is evolving over time [t] given by,

Φ(x, y; t) =

{
0 , (x, y) ∈ ∂R(t)

+ D((x, y), ∂R(t)) > 0 , (x, y) ∈ R(t)
− D((x, y), ∂R(t)) < 0 , (x, y) ∈ [Ω − R(t)]

where ∂R(t) refers to the interface (boundaries) of R(t), D((x, y), ∂R(t)) the min-
imum Euclidean distance between the pixel (x, y) and the interface R(t) and t at
time. Let us also define the approximations of Dirac and Heaviside [26] distributions as:

δa(φ) =
{

0 , |φ| > α
1
2α

(
1 + cos

(
πφ
a

))
, |φ| < α

Hα(φ) =




1 , φ > α
0 , φ < −α
1
2

(
1 + φ

α
+ 1

π
sin
(

πφ
a

))
, |φ| < α

Then it can be shown easily that

{(x, y) ∈ Ω : limα→0+ [Hα (Φ((x, y); t))] = 1} = R
{(x, y) ∈ Ω : limα→0+ [δα(Φ((x, y); t))] = 1} = ∂R

Now, given an interface and (consequently) its level set representation, we would like
to evolve it to recover a structure that respects some known shape properties ΦM (x, y).
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We assume that all instances of the evolving representation belong to the family shapes
that is generated by applying all possible global transformations (according to a prede-
fined model) to the prior shape model. This assumption is valid mainly for rigid objects.

Thus, given the current level set representation Φ, we can assume that there is an ideal
transformation A = (Ax, Ay) between the shape prior and the evolving representation.
If we consider that noise does not effect our measures and the absence scale variations,
then the optimal transformation will satisfy the following conditions,{

(x, y) → A(x, y)
Φ(x, y) ≈ ΦM (A(x, y)), ∀(x, y) : Ha(Φ(x, y)) ≥ 0

In that case, by considering a very simple optimization criterion like the sum of squared
differences, the optimal transformation A should minimize the following functional:

E(Φ, A) =
∫∫

Ω

Hα(Φ(x, y)) (Φ(x, y) − ΦM (A(x, y)))2 dxdy

In order to account for scale variations, we can assume a scale component [s] for the
transformation A. It is straightforward to show that the level set representations are in-
variant to translation and rotation but not to scale variations. Given the properties of
distance transforms from an interface, one can predict how scale changes will affect the
information space: the level set representation values will be also scaled up/down accord-
ing to the scale variable, resulting in the following scale/rotation/translation invariant
criterion:

E(Φ, A) =
∫∫

Ω

Hα(Φ(x, y)) (sΦ(x, y) − ΦM (A(x, y)))2 dxdy

Thus, we are seeking for a transformation that provides pixel-wise level set values corre-
spondences between the evolving interface and the shape prior level set representation.

In order to minimize the above functional with respect to the evolving level set
representation and the global linear transformation, we will assume (without loss of
generality) that it is composed of N +1 motion parameters A = [s, a1, a2, ..., aN ]. Then,
using the calculus of variations we obtain the following system of coupled equations:



d

dt
Φ = −2 s Hα(Φ) (sΦ − ΦM (A)) + δα(Φ) (sΦ − ΦM (A))2

d

dt
s = −2

∫∫
Ω

[
Hα(Φ) (sΦ − ΦM (A))

(
Φ − ∇ΦM (A) · ∂

∂s
(Ax, Ay)

)]
∀j ∈ [1, N ],
d

dt
aj = 2

∫∫
Ω

[
Hα(Φ) (sΦ − ΦM (A))

(
∇ΦM (A) · ∂

∂aj
(Ax, Ay)

)]

Let us now try to interpret the obtained motion equation for the time evolving level
set representation term by term. We will consider Φ → 0 to facilitate the interpretation:

– The first term [−2sHα(Φ) (sΦ − ΦM (A)) = ΦM (A)] is positive when ΦM (A)
is positive. The physical meaning of this condition is that the projection of the
considered pixel is interior to the shape prior interface. Therefore, the evolving
interface has to expand locally resulting on a better fit with the model.
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(1)

(2)

(3)

(4)
(a) (b) (c)

Fig. 3. (1) Shape Prior Term, (2) Shape-Constrained Geodesic Active Contours, (3-4) Shape-
Constrained Geodesic Active Regions, (a) Initial Contour, (b) Mid-Contour, (c) Final Contour.
Different scales are used.

– The second force aims at decreasing the length and the area defined by the evolving
interface and consequently the value of the cost function. Therefore, one can ignore
this component.

This simple/static model can have encouraging performance [fig. (3)]. However,
it does not take into account the local shape variations and is constrained by a rigid
transformation between the evolving representation and the shape prior model.

During the model construction, we have consider that the shape model can have
some local degrees of variability. In that case the ideal transformation will map each
value of current representation at the most probable value on the model:{

(x, y) → A(x, y)

maxx,y

{
pM

A(x,y) (sΦ(x, y))
}

∀(x, y) : Ha(Φ(x, y)) ≥ 0

The most probable transformation is the one ontained through the maximum likelihood
for all pixels. Under the assumption that densities are independent across pixels, the
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minimization of the -log function of the maximum likelihood can be considered as
global optimization criterion. This criterion refers to two set of unknown variables. The
linear transformation A, and the level set function Φ:

E(Φ, A) = −
∫∫

Ω

Hα(Φ(x, y))log
[
pM

A(x,y)(sΦ(x, y))
]
dxdy

=
∫∫

Ω

Hα(Φ(x, y))
[
log (σM (A(x, y))) +

(sΦ(x, y) − ΦM (A(x, y)))2

2σ2
M (A(x, y))

)
]

dxdy

The interpretation of this functional is rather simple; we seek a transformation and
a level set representation that maximizes the posterior probability pixel-wise given the
shape prior model. This model refers to a non-stationary measurement where pixels are
considered according to the confidence of their projections in the shape prior model
(variance term).

The minimization of this functional can be done using a gradient descent method:




d

dt
Φ = − s Hα(Φ)

[
(sΦ − ΦM (A))

σ2
M (A)

)
]

− δα(Φ)
[
log (σM (A)) +

(sΦ − ΦM (A))2

2σ2
M (A)

)
]

d

dt
s = −2

∫∫
Ω

Hα(Φ)
[

1
2σM (A)

∇σM (A) · ∂

∂s
(Ax, Ay)

+
(sΦ − ΦM (A))2

[∇σM (A) · ∂
∂s

(Ax, Ay)
]

σ3
M (A)

− (sΦ − ΦM (A))
(
Φ − ∇ΦM (A) · ∂

∂s
(Ax, Ay)

)
σ2

M (A)

]




∀j ∈ [1, N ],
d

dt
aj = −2

∫∫
Ω

Hα(Φ)
[

1
2σM (A)

∇σM (A) · ∂

∂aj
(Ax, Ay) −

(sΦ − ΦM (A))
[∇ΦM (A) · ∂

∂s
(Ax, Ay)

]
σ2

M (A)
−

(sΦ − ΦM (A))2
[
∇σM (A) · ∂

∂aj
(Ax, Ay)

]
σ3

M (A)




We recall that the second term on the evolution of the level set representation is be
ignored. Also due to the fact that the scale [s] parameter appears in the cost function,
a different motion equation is obtained in comparison with the other parameters of the
registration model.

The obtained motion equations have the same interpretation with the ones presented
earlier without the local variability factor. In the absence of data driven term, they will
have the same behavior with the ones that do not account for local variability. On the
other hand, the integration of the shape prior with data-driven terms can provide a soft-
to-hard constraint. In order to demonstrate the efficiency of the proposed functional,
we will integrate it with an existing well known data-driven variational framework for
image segmentation.
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4.2 Self-Constrained Geodesic Active Region

The geodesic active region model was originally proposed in [15], and aimed at com-
bining boundary (in the form of Geodesic Active Contours) with some regional/global
properties of the object to be recovered. This model makes the assumption that some a
priori knowledge regarding the global region/statistical properties are available (inten-
sities, optical flow, texture information, etc.)

The original model was defined on the image plane, and the obtained motion equation
were implemented using level set mthods. Here, we will introduce a self-constrained
version of this model, directly on the level set representation space. Thus, if we consider
that some region-based image-based descriptor functions pi are available that capture
the intensity properties of each region, then the following objective functional

E(Φi, Ai) = a

N∑
i=1

∫∫
Ω

δα(Φi(x, y))g(|∇I(x, y)|)|∇Φi(x, y)| +

b

N∑
i=1

∫∫
Ω

[Hα(Φi(x, y))g(pi(I(x, y))) + (1 − Hα(Φi(x, y)))g(p0(I(c, y)))] +

c

N∑
i=1

∫∫
Ω

Hα(Φi(x, y))

[
log (σMi(Ai(x, y))) +

(s Φi(x, y) − ΦM,i(Ai(x, y)))2

2σ2
M,i(Ai

(x, y))

]

where p0 is the descriptor function that captures the background properties.
The minimization of this function with respect to the time evolving level set repre-

sentations Φi can be done using the calculus of variations and the following equations
are obtained:




∀i ∈ [1, N ],
d

dt
(Φi) = a δα(Φi) [g(I)K − ∇g(I)∇Φi] + b δα(Φi) [g(pi(I)) − g(p0(I))] −

c Hα(Φi) s
(s Φi − ΦM,i(Ai))

σ2
M,i(A)

− c δα(Φi)

[
log (σM,i(Ai) +

(s Φi − ΦM,i(Ai))2

2σ2
M,i(Ai)

]

that consist of three forces acting locally on the evolving interface all in the direction of
the normal:

– An image-driven boundary force that shrinks the evolving interface (constrained by
the curvature effect) towards the object boundaries,

– An image-driven region/statistical force that shrinks or expands the evolving inter-
face towards the direction that optimizes the separation between the background
pixels and the object pixels according to some predefined global statistical proper-
ties,

– A shape-driven force that shrinks or expands the evolving interface towards the
direction that produces a segmentation result which satisfies some predefined shape
constraints.

In the absence of regional information, we can consider the geodesic active contour
model [3,9] that only makes use of boundary information.



Shape Priors for Level Set Representations 89

Fig. 4. Self-Constrained Geodesic Active Regions (raster-scan format). The shape prior model
was created using synthetic samples [fig. 3]). The projection of the evolving interface to the shape
prior model is also shown.

4.3 Implementation Issues

The last issue to be dealt with, is the numerical implementation of the proposed frame-
work. The level set implementation is performed using the Narrow Band Method [1].
The essence of this method is to perform the level set propagation only within a limited
zone (α parameter of the Dirac and Heaviside distributions) that is located around
the latest position of the propagating contours (in the inward and outward direction).
Thus, the working area is reduced significantly resulting on a significant decrease of
the computational complexity per iteration. However, this method requires a frequent
re-initialization of the level set functions that is performed using the Fast Marching al-
gorithm [19]. A similar algorithm within the area of automatic control was proposed in
[22].

5 Discussion and Summary

In this paper, we have proposed a novel approach for introducing shape priors into level
set representations targeting 2D closed structures. Encouraging experimental results
were obtained for real and synthetic images. Two key contributions are presented in this
paper.

– The first, refers to new way of defining global-to-local shape prior models in the
level set representations space according to probabilistic principles. This is obtained
through a constrained variational framework that exploits maximally the information
of the level set representations and can account for local degrees of variability.

– The second, refers to a novel energetic term that can account for shape priors in
level set representations. This term is defined directly on the level set space and can
deal with global transformations. Moreover, it can account for local variations due
to the shape prior model.
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Furthemore, this paper deals with registration and segmentation simultaneously. The
objective is to recover a segmentation map that is in accordance with the shape prior
model as well as a rigid registration between this map and the model. Due to the use
of distance transforms [16] in the registration process, the method is robust to local
deformations. This is due to the nature of this transformation that scales down local
deformations when considere in a certain distance from the contour.

These two components have been integrated to an existing well known level set
segmentation framework, the Geodesic Active Region model. The resulting functional
refers to a joint optimization approach that can deal with important shape deformations,
as well as with noisy physically corrupted and occluded data.

The proposed framework, to our understanding is favorably compared with the ex-
isting level set shape prior methods [4,10,21]. One can claim that our alignment method
compared with the ones proposed up to now within this problem can have a better
performance due to the information space that is used. Moreover, the proposed shape
prior model can naturally account for local degrees of variability which is not the case
for [4] and performs better than the model employed in [21]. Also, we claim that the
construction of this model does not require a significant number of samples as the one
proposed in [10,21]. Then, the shape prior term can account for a large variety of global
transformations (opposite to [10]) as well as scale variations (opposite to [10,21]) and
can deal with important local shape variations (opposite to [4]). Finally, we have pro-
posed a robust method to estimate this transformation where a shape-to-area approach
is considered that maximally exploits the information of the level set representations
(opposite to [4] where pixel-wise shape correspondences are considered). Moreover, the
extension of the proposed framework to deal with objects of any arbitrary dimension is
trivial (opposite to [4]).

Regarding the computational cost of our approach, it is comparable (lower bound)
with the one of the geodesic active region model.The most expensive part of the algorithm
is the implementation of the level set propagation, and this part is common in both
methods.

As far the future directions of this approach are considered, several issues remain
open. A key characteristic of the Level Set Representations is the ability of changing the
topology of the evolving interface. Although modeling and extracting separately multi-
seeds objects can be naturally handled, we cannot detect multiple objects with different
shape prior models by considering a single level set representation. At the same time, the
behavior of the method is questionable when multiple initial seeds are used to recover
a single object due to the assumption that there is a global transformation between the
evolving representation and the shape prior model. This is a challenging perspective that
will be explored in the near future. Also, the mathematical justification of the model
is a step forward to be done. The use of this framework to deal simultaneously with
segmentation and registration of medical volumes is a challenging application. In order
to do that, investigating the use of faster numerical approximation techniques [25] to
implement the proposed framework is a step to be done. Finally, the validation of the
method is an open issue. Towards, this end the task of the segmentation of the left ven-
tricle is considered where the shape prior holds a principle role during the segmentation
process.
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Abstract. We present a variational integration of nonlinear shape
statistics into a Mumford–Shah based segmentation process. The non-
linear statistics are derived from a set of training silhouettes by a novel
method of density estimation which can be considered as an extension
of kernel PCA to a stochastic framework.
The idea is to assume that the training data forms a Gaussian distri-
bution after a nonlinear mapping to a potentially higher–dimensional
feature space. Due to the strong nonlinearity, the corresponding density
estimate in the original space is highly non–Gaussian. It can capture
essentially arbitrary data distributions (e.g. multiple clusters, ring– or
banana–shaped manifolds).
Applications of the nonlinear shape statistics in segmentation and track-
ing of 2D and 3D objects demonstrate that the segmentation process can
incorporate knowledge on a large variety of complex real–world shapes.
It makes the segmentation process robust against misleading information
due to noise, clutter and occlusion.

Keywords: Segmentation, shape learning, nonlinear statistics, den-
sity estimation, Mercer kernels, variational methods, probabilistic kernel
PCA

1 Introduction

One of the challenges in the field of image segmentation is the incorporation of
prior knowledge on the shape of the segmenting contour. The general idea is
to learn the possible shape deformations of an object statistically from a set of
training shapes, and to then restrict the contour deformation to the subspace of
familiar shapes during the segmentation process. For the problem of segmenting
a known object — such as an anatomical structure in a medical image — this
approach has been shown to drastically improve segmentation results [15,8].

Although the shape prior can be quite powerful in compensating for mislead-
ing information due to noise, clutter and occlusion in the input image, most ap-
proaches are limited in their applicability to more complicated shape variations
of real–world objects. The permissible shapes are assumed to form a multivariate

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 93–108, 2002.
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Gaussian distribution, which essentially means that all possible shape deforma-
tions correspond to linear combinations of a set of eigenmodes, such as those
given by principal component analysis (cf. [14,4,15]). In particular, this means
that for any two permissible shapes, the entire sequence of shapes obtained by
a linear morphing of the two shapes is permissible as well.

Once the set of training shapes exhibits highly nonlinear shape deformations
— such as different 2D views of a 3D object — one finds distinct clusters in
shape space corresponding to the stable views of an object. Moreover, each of
the clusters may by itself be quite non–Gaussian. The Gaussian hypothesis will
then result in a mixing of the different views, and the space of accepted shapes
will be far too large for the prior to sensibly restrict the contour deformation.

A number of models have been proposed to deal with nonlinear shape varia-
tion. However, they often suffer from certain drawbacks. Some involve a compli-
cated model construction procedure [3]. Some are supervised in the sense that
they assume prior knowledge on the structure of the nonlinearity [12]. Others
require prior classification with the number of classes to be estimated or specified
beforehand and each class being assumed Gaussian [13,5]. And some cannot be
easily extended to shape spaces of higher dimension [11].

In the present paper we present a density estimation approach which is based
on Mercer kernels [6] and which does not suffer from any of the mentioned draw-
backs. In Section 2 we review the variational integration of a linear shape prior
into Mumford–Shah based segmentation. In Section 3 we present the nonlinear
density estimate which was first introduced in [7]. We discuss its relation to ker-
nel PCA and to the classical Parzen estimator, give estimates of the involved
parameters and illustrate its application to artificial 2D data and to silhouettes
of real objects. In Section 4 this nonlinear shape prior is integrated into segmen-
tation. We propose a variational integration of similarity invariance. Numerous
examples of segmentation with and without shape prior on static images and
tracking sequences finally confirm the properties of the nonlinear shape prior: it
can encode very different shapes and generalizes to novel views without blurring
or mixing different views. Furthermore, it improves segmentation by reducing
the dimension of the search space, by stabilizing with respect to clutter and
noise and by reconstructing the contour in areas of occlusion.

2 Statistical Shape Prior in Mumford–Shah Segmentation

In [8] we presented a variational integration of statistical shape knowledge
in a Mumford–Shah based segmentation. We suggested modifications of the
Mumford–Shah functional and its cartoon limit [17] which facilitate the im-
plementation of the segmenting contour as a parameterized spline curve:

Cz : [0, 1] → Ω ⊂ IR2 , Cz(s) =
N∑

n=1

(
xn

yn

)
Bn(s) , (1)

where Bn are quadratic B–spline basis functions [10], and z =
(x1, y1, . . . , xN , yN )t denotes the control points. Shape statistics can then be ob-
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tained by estimating the distribution of the control point vectors corresponding
to a set of contours which were extracted from binary training images.

In the present paper we focus on significantly improving the shape statistics.
We will therefore restrict ourselves to the somewhat simpler cartoon limit of
the modified Mumford–Shah functional. The segmentation of a given grey value
input image f : Ω → [0, 255] is obtained by minimizing the energy functional

EMS(C, uo, ui) =
1
2

∫
Ωi

(f − ui)2dx+
1
2

∫
Ωo

(f − uo)2dx + ν L(C) (2)

with respect to uo, ui and the segmenting contour C. This enforces a segmenta-
tion into an inside region Ωi and an outside region Ωo with piecewise constant
grey values ui and uo, such that the variation of the grey value is minimal within
each region.1

In [8] we proposed to measure the length of the contour by the squared L2–
norm L(C) = ∫ 1

0

(
dC
ds

)2
ds, which is more adapted to the implementation of the

contour as a closed spline curve than the usual L1–norm, because it enforces
an equidistant spacing of control points. Beyond just minimizing the length of
the contour, one can minimize a shape energy Eshape(C), which measures the
dissimilarity of the given contour with respect to a set of training contours.
Minimizing the total energy

E(C, uo, ui) = EMS(C, uo, ui) + α Eshape(C) (3)

will enforce a segmentation which is based on both the input image and the
similarity to a set of training shapes.

In order to study the interaction between statistical shape knowledge and
image grey value information we restricted the shape statistics in [8] to a com-
mon model by assuming the training shapes to form a multivariate Gaussian
distribution in shape space. This corresponds to a quadratic shape energy on
the spline control point vector z:

Eshape (Cz) = (z − z0)t Σ−1 (z − z0) , (4)

where z0 denotes the mean control point vector and Σ the covariance matrix
after appropriate regularization [8]. The effect of this shape energy in dealing
with clutter and occlusion is exemplified in Figure 1. For the input image f of a
partially occluded hand, we performed a gradient descent to minimize the total
energy (3) without (α = 0) and with (α > 0) shape prior.

3 Density Estimation in Feature Space

Unfortunately, the linear shape statistics (4) are limited in their applicability
to more complicated shape deformations. As soon as the training shapes form
1 The underlying piecewise–constant image model can easily be generalized to incor-
porate higher–order grey value statistics [27] or edge information [18]. In this paper,
however, we focus on modeling shape statistics and therefore do not consider these
possibilities.
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Fig. 1. Segmentation with linear shape prior on an image of a partially occluded
hand: initial contour (left), segmentation without shape prior (center), and segmenta-
tion with shape prior (right). The statistical shape prior compensates for misleading
information due to noise, clutter and occlusion. Integration into the variational frame-
work effectively reduces the dimension of the search space and enlarges the region of
convergence.

distinct clusters in shape space — such as those corresponding to the stable
views of a 3D object — or the shapes of a given cluster are no longer distributed
according to a hyperellipsoid, the Gaussian shape prior tends to mix classes and
blur details of the shape information in such a way that the resulting shape
prior is no longer able to effectively restrict the contour evolution to the space
of familiar shapes.

In the following we present an extension of the above method which incorpo-
rates a strong nonlinearity at almost no additional effort. Essentially we propose
to perform a density estimation not in the original space but in the feature space
of nonlinearly transformed data. The nonlinearity enters in terms of Mercer ker-
nels [6], which have been extensively used in the classification and support vector
community [1,2], but which have apparently been studied far less in the field of
density estimation. In the present section we present the method of density esti-
mation, discuss its relation to kernel principal component analysis (kernel PCA)
[23] and to the Parzen estimator [20,19], and propose estimates of the involved
parameters. Finally we illustrate the density estimate in applications to artificial
2D data and to 200–dimensional data corresponding to silhouettes of real–world
training shapes.

3.1 Gaussian Density in Kernel Space

Let z1, . . . ,zm ∈ IRn be a given set of training data. We propose to map the data
by a nonlinear function φ to a potentially higher–dimensional space Y . Denote
a mapped point after centering with respect to the training points by

φ̃(z) := φ(z) − φ0 = φ(z) − 1
m

m∑
i=1

φ(zi) , (5)
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and let the Mercer kernel [6] k(x,y) := (φ(x), φ(y)) denote the corresponding
scalar product for x,y ∈ IRn. Denote the centered kernels by

k̃(x,y) :=
(
φ̃(x), φ̃(y)

)
=k(x,y)− 1

m

m∑
k=1

(k(x,zk)+k(y,zk))+
1
m2

m∑
k,l=1

k(zk,zl).

(6)
We estimate the distribution of the mapped training data by a Gaussian

probability density in the space Y — see Figure 2. The corresponding energy is
given by the negative logarithm of the probability, and can be considered as a
measure of the dissimilarity between a point z and the training data:

Eφ(z) = φ̃(z)t Σ−1
φ φ̃(z) . (7)

In general the covariance matrix Σφ is not invertible. We therefore regularize it
by replacing the zero eigenvalues by a constant λ⊥:

Σφ = V ΛV t + λ⊥
(
I − V V t

)
, (8)

where Λ denotes the diagonal matrix of nonzero eigenvalues λ1 ≤ . . . ≤ λr and
V is the matrix of the corresponding eigenvectors V1, . . . , Vr. By definition of
Σφ, these eigenvectors lie in the span of the mapped training data:

Vk =
m∑

i=1

αk
i φ̃(zi) , 1 ≤ k ≤ r . (9)

In [23] it is shown that the eigenvalues λk of the covariance matrix correspond
(up to the factor m) to the nonzero eigenvalues of the m × m–matrix K with
entries Kij = k̃(zi,zj), and that the expansion coefficients {αk

i }i=1,...,m in (9)
form the components of the k–th eigenvector of K.

Inserting (8) splits energy (7) into two terms:

Eφ(z) =
r∑

k=1

λ−1
k

(
Vk, φ̃(z)

)2
+ λ−1

⊥

(
|φ̃(z)|2 −

r∑
k=1

(
Vk, φ̃(z)

)2
)
. (10)

With expansion (9), we obtain the final expression for our energy:

Eφ(z) =
r∑

k=1

(
m∑

i=1

αk
i k̃(zi,z)

)2

· (λ−1
k − λ−1

⊥
)
+ λ−1

⊥ · k̃(z,z) . (11)

As in the case of kernel PCA, the nonlinearity φ only appears in terms of the
kernel function. This allows to specify an entire family of possible nonlinearities
by the choice of the associated kernel. For all our experiments we used the
Gaussian kernel:

k(x,y) =
1

(2πσ2)
n
2
exp

(
−||x − y||2

2σ2

)
, x,y ∈ IRn . (12)

We refer to Section 3.4 for a justification of this choice.
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⊕
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3.2 Relation to Kernel PCA

Just as in the linear case (cf. [16]), the regularization (8) of the covariance matrix
causes a splitting of the energy into two terms (10), which can be considered as a
distance in feature space (DIFS) and a distance from feature space (DFFS) — see
Figure 2. For the purpose of pattern reconstruction in the framework of kernel
PCA, it was suggested to minimize a reconstruction error [22], which is identical
with the DFFS. This procedure is based on the assumption that the entire
plane spanned by the mapped training data corresponds to acceptable patterns.
However, this is not a valid assumption: already in the linear case, moving too
far along an eigenmode will produce patterns which have almost no similarity to
the training data, although they are still accepted by the hypothesis. Moreover,
the distance DFFS is not based on a probabilistic model. In contrast, energy
(11) is derived from a Gaussian probability distribution. It minimizes both the
DFFS and the DIFS; the latter can be considered a Mahalanobis distance in
feature space.

3.3 On the Regularization of the Covariance Matrix

A regularization of the covariance matrix in the case of kernel PCA — as done
in (8) — was first proposed in [7] and has also been suggested more recently in
[24]. The choice of the parameter λ⊥ is not a trivial issue. For the linear case,
such regularizations of the covariance matrix have also been proposed [4,16,21,
25,9]. There [16,25], the constant λ⊥ is estimated as the mean of the replaced
eigenvalues by minimizing the Kullback–Leibler distance of the corresponding
densities. However, we believe that this is not the appropriate regularization of
the covariance matrix. The Kullback–Leibler distance is supposed to measure the
error with respect to the correct density, which means that the covariance matrix
calculated from the training data is assumed to be the correct one. But this is
not the case because the number of training points is limited. For essentially the
same reason this approach does not extend to the nonlinear case considered here:
depending on the type of nonlinearity φ, the covariance matrix is potentially
infinite–dimensional such that the mean over all replaced eigenvalues will be
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zero. As in the linear case [9], we therefore propose to choose 0 < λ⊥ < λr,
which means that unfamiliar variations from the mean are less probable than
the smallest variation observed on the training set. In practice we fix λ⊥ = λr/2.

3.4 Relation to Classical Density Estimation

Why should the training data after a nonlinear mapping corresponding to the
kernel (12) be distributed according to a Gaussian density? The final expression
of the density estimate (11) resembles the well–known Parzen estimator [20,19],
which estimates the density of a distribution of training data by summing up the
data points after convolution with a Gaussian (or some other kernel function).

In fact, the energy associated with an isotropic (spherical) Gaussian distri-
bution in feature space is (up to normalization) equivalent to a Parzen estimator
in the original space. In the notations of (5) and (6), this energy is given by the
Euclidean feature space distance

Esphere(z) = |φ̃(z)|2 = k̃(z, z) = − 2
m

m∑
i=1

k(z,zi) + const.

Up to scaling and a constant, this is the Parzen estimator.
Due to the regularization of the covariance matrix in (8), the energy asso-

ciated with the more general anisotropic feature space Gaussian (7) contains a
(dominant) isotropic component given by the last term in (11). We believe that
this connection to the Parzen estimator justifies the assumption of a Gaussian
in feature space and the choice of localized kernels such as (12).

Numerical simulations show that the remaining anisotropic component in
(11) has an important influence. However, a further investigation of this influence
is beyond the scope of this paper.

3.5 On the Choice of the Hyperparameter σ

The last parameter to be fixed in the proposed density estimate is the hyperpa-
rameter σ in (12). Let µ be the average distance between two neighboring data
points:

µ2 :=
1
m

m∑
i=1

min
j �=i

|zi − zj |2 . (13)

In order to get a smooth energy landscape, we propose to choose σ in the order
of µ. In practice we used

σ = 1.5µ (14)

for most of our experiments. We chose this somewhat heuristic measure µ for
the following favorable properties: µ is insensitive to the distance of clusters as
long as each cluster contains more than one data point, µ scales linearly with
the data points, and µ is robust with respect to the individual data points.

Given outliers in the training set, i.e. clusters with only one sample, one could
refer to the more robust L1–norm or more elaborate robust estimators in (13).
Since this is not the focus of our contribution, it will not be pursued here.
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Fig. 3. Density estimate (7) for artificial 2D data. Distributions of variable shape
are well estimated by the Gaussian hypothesis in feature space. We used the kernel (12)
with σ = 1.5µ — see definition (13).

3.6 Density Estimate for Silhouettes of 2D and 3D Objects

Although energy (7) is quadratic in the space Y of mapped points, it is generally
not convex in the original space, showing several minima and level lines of essen-
tially arbitrary shape. Figure 3 shows artificial 2D data and the corresponding
lines of constant energy Eφ(z) in the original space.

For a set of binarized views of objects we automatically fit a closed quadratic
spline curve around each object. All spline curves have N=100 control points,
set equidistantly. The polygons of control points z = (x1, y1, x2, y2, . . . , xN , yN )
are aligned with respect to translation, rotation, scaling and cyclic permutation.
This data was used to determine the density estimate Eφ(z) in (11).

For the visualization of the density estimate and the training shapes, all data
was projected onto two of the principal components of a linear PCA. Note that
due to the projection, this visualization only gives a very rough sketch of the
true distribution in the 200–dimensional shape space.

Figure 4 shows density estimates for a set of right hands and left hands.
The estimates correspond to the hypotheses of a simple Gaussian in the original
space, a mixture of Gaussians and a Gaussian in feature space. Although both

Aligned contours Simple Gaussian Mixture model Feature space
Gaussian

Fig. 4. Model comparison: density estimates for a set of left (+) and right (•)
hands, projected onto the first two principal components. From left to right: aligned
contours, simple Gaussian, mixture of Gaussians, Gaussian in feature space (7). Both
the mixture model and the Gaussian in feature space capture the two–class structure
of the data. However, the estimate in feature space is unsupervised and produces level
lines which are not necessarily ellipses.
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two objects aligend contours
projection onto
1st and 2nd

principal comp.

projection onto
2nd and 4th

principal comp.

Fig. 5. Density estimate for views of two 3D objects: the training shapes of the
duck (white +) and the rabbit (black •) form distinct clusters in shape space which
are well captured by the energy level lines shown in apropriate 2D projections.

the mixture model and our estimate in feature space capture the two distinct
clusters, there are several differences: firstly the mixture model is supervised —
the number of classes and the class membership must be known — and secondly
it only allows level lines of elliptical shape, corresponding to the hypothesis that
each cluster by itself is a Gaussian distribution. The model of a Gaussian density
in feature space does not assume any prior knowledge and produces level lines
which capture the true distribution of the data even in the case that it does not
correspond to a sum of hyperellipsoids.

This is demonstrated on a set of training shapes which correspond to different
views of two 3D objects. Figure 5 shows the two objects, their contours after
alignment and the level lines corresponding to the estimated energy density (7)
in appropriate 2D projections.

4 Nonlinear Shape Statistics in Mumford–Shah Based
Segmentation

4.1 Minimization by Gradient Descent

Energy (7) measures the similarity of a shape C(z) parameterized by a con-
trol point vector z with respect to a set of training shapes. For the purpose
of segmentation, we combine this energy as a shape energy Eshape with the
Mumford–Shah energy (2) in the variational approach (3).

The total energy (3) must be simultaneously minimized with respect to the
control points defining the contour and with respect to the segmenting grey
values ui and uo. Minimizing the modified Mumford–Shah functional (2) with
respect to the contour C (for fixed ui and uo) results in the evolution equation

∂C(s, t)
∂t

= −dEMS

dC
= −(e+s − e−

s ) · ns + ν
d2C

ds2
, (15)

where the terms e+s and e−
s denote the energy density e+/−

s = (f −ui/o)2, inside
and outside the contour C(s), respectively, and ns denotes the outer normal
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vector on the contour. The two constants ui and uo are updated in alternation
with the contour evolution to be the mean grey value of the adjoining regions Ωi

and Ωo. The contour evolution equation (15) is transformed into an evolution
equation for the control points z by introducing definition (1) of the contour as
a spline curve. By discretizing on a set of nodes sj along the contour we obtain
a set of coupled linear differential equations. Solving for the x–coordinate of the
i-th control point and including the term induced by the shape energy we obtain:

dxi(t)
dt

=
(
B−1)

ij

[
(e+sj

−e−
sj
)nx − ν(xj−1−2xj+xj+1)

]− α

[
dEshape(z)

dz

]
2i−1
, (16)

where summation over j is assumed. The cyclic tridiagonal matrixB contains the
spline basis functions evaluated at these nodes, and nx denotes the x–component
of the normal vector on the contour. An expression similar to (16) holds for the
y–coordinate of the i–th control point.

The three terms in the evolution equation (16) can be interpreted as follows:
the first term pulls the contour towards the object in the image, thus minimizing
the grey value variance in the adjoining regions. The second term pulls each
control point towards its respective neighbors, thus minimizing the length of the
contour. And the third term pulls the control point vector towards the nearest
cluster of probable shapes, which minimizes the shape energy.

4.2 Invariance in the Variational Framework

By construction, the density estimate (7) is not invariant with respect to transla-
tion, scaling and rotation of the shape C(z). We therefore propose to eliminate
these degrees of freedom in the following way: since the training shapes were
aligned to their mean shape z0 with respect to translation, rotation and scaling
and then normalized to unit size, we shall do the same to the argument z of the
shape energy before applying our density estimate Eφ.

We therefore define the shape energy by

Eshape(z) = Eφ(z̃) , with z̃ =
Rθ zc

|Rθ zc| , (17)

where zc denotes the control point vector after centering, and Rθ denotes the
optimal rotation of the control point polygon zc with respect to the mean shape
z0. We will not go into details about the derivation of Rθ. A similar derivation
can be found in [26]. The final result is given by the formula:

z̃ =
M zc

|M zc| , with M = In ⊗
(

zt
0 zc −z0 × zc

z0 × zc zt
0 zc

)
,

where ⊗ denotes the Kronecker product and z0 × zc = zt
0Rπ/2zc.

The last term in the contour evolution equation (16) is now calculated by
applying the chain rule:

dEshape(z)
dz

=
dEφ(z̃)
dz̃

· dz̃
dz

.
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3 objects initial no prior with prior with prior density estimate

Fig. 6. Segmentation of artificial objects (left) with nonlinear shape prior:
the same prior can encode very different shapes. Introduction of the shape prior upon
stationarity of the contour causes the contour to evolve normal to the level lines of
constant energy into the nearest local minimum, as indicated by the white curves in
the projected density estimate (right).

Since this derivative can be calculated analytically, no additional parameters
enter the above evolution equation to account for scale, rotation and translation.

Other authors often propose to explicitly model a translation, an angle and
a scale and minimize with respect to these quantities (e.g. by gradient descent).
In our opinion this has several drawbacks: firstly it introduces four additional
parameters, which makes numerical minimization more complicated — param-
eters to balance the gradient descent must be chosen. Secondly this approach
mixes the degrees of freedom corresponding to scale, rotation and shape defor-
mation. And thirdly potential local minima may be introduced by the additional
parameters. On several segmentation tasks we were able to confirm these effects
by comparing the two approaches.

Since there exists a similar closed form solution for the optimal alignment
of two polygons with respect to the affine group [26], the above approach could
be extended to define a shape prior which is invariant with respect to affine
transformations. However, we do not elaborate this for the time being.

4.3 Coping with Multiple Objects and Occlusion

Compared to the linear case (4), the nonlinear shape energy (7) is no longer
convex. In general it has several minima corresponding to different clusters of
familiar contours. Minimization by gradient descent will end up in the nearest
local minimum. In order to obtain a certain independence of the shape prior
from the initial contour, we propose to first minimize the image energy EMS

by itself until stationarity and to then include the shape prior Eshape, after
performing the cyclic permutation of control points which — given the optimal
similarity transformation — best aligns the current contour with the mean of
the training shapes. This approach guarantees that we will extract as much
information as possible from the image before “deciding” which of the different
clusters of accepted shapes the obtained contour resembles most.

Figure 6 shows a simple example of three artificial objects. The shape prior
(17) was constructed on the three aligned silhouettes shown on the left. The next
images show the initial contour for the segmentation of a partially occluded
image of object 1, the final segmentation without prior knowledge, the final
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Segmentation without prior Segmentation with prior Projected density estimate

Fig. 7. Segmentation with a nonlinear shape prior containing right (+) and
left (•) hands— shown in the projected energy plot on the right. The input image is
a right hand with an occlusion. After the Mumford–Shah segmentation becomes sta-
tionary (left image), the nonlinear shape prior is introduced, and the contour converges
towards the final segmentation (center image). The contour evolution in its projection
is visualized by the white curve in the energy density plot (right). Note that the final
segmentation (white box) does not correspond to any of the training silhouettes, nor
to the minimum (i.e. the most probable shape) of the respective cluster.

segmentation after introducing the prior, and a segmentation with the same
prior for an occluded version of object 2.

The final image (Figure 6, right) shows the training shapes and the density
estimate in a projection onto the first two axes of a PCA. The white curves
correspond to the path of the segmenting contour from its initialization to its
converged state for the two segmentation processes respectively. Note that upon
introducing the shape prior the corresponding contour descends the energy
landscape in direction of the negative gradient to end up in one of the minima.
The example shows that the nonlinear shape prior can well separate different
objects without mixing them as in the simple Gaussian hypothesis. Since each
cluster in this example contains only one view for the purpose of illustration,
the estimate (14) for the kernel width σ does not apply; instead we chose a
smaller granularity of σ = µ /4.

4.4 Segmentation of Real Objects

The following example is an application of the nonlinear shape statistics to
silhouettes of real objects. The training set consisted of nine right and nine left
hands, shown together with the estimated energy density in a projection onto
the first two principal components in Figure 7, right side.

Rather than mixing the two classes of right and left hands, the shape prior
clearly separates several clusters in shape space. The final segmentations without
(left) and with (center) prior shape knowledge show that the shape prior com-
pensates for occlusion by filling up information where it is missing. Moreover, the
statistical nature of the prior is demonstrated by the fact that the hand in the
image is not part of the training set. This can be seen in the projection (Figure
7, right side), where the final segmentation (white box) does not correspond to
any of the training contours (black crosses).
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2 views of a rabbit binarized aligned contours

Fig. 8. Example views and binarization used for estimating the shape density.

4.5 Tracking 3D Objects with Changing Viewpoint

In the following we present results of applying the nonlinear shape statistics for
an example of tracking an object in 3D with a prior constructed from a large set
of 2D views. We binarized 100 views of a rabbit — two of them and the respective
binarizations are shown in Figure 8. For each of the 100 views we automatically
extracted the contours and aligned them with respect to translation, rotation,
scaling and cyclic reparameterization of the control points. We calculated the
density estimate (7) and the induced shape energy (17).

In a film sequence we moved and rotated the rabbit in front of a cluttered
background. Moreover, we artificially introduced an occlusion afterwards. We
segmented the first image by the modified Mumford–Shah model until conver-
gence before the shape prior was introduced. The initial contour and the segmen-
tations without and with prior are shown in Figure 9. Afterwards we iterated 15
steps in the gradient descent on the full energy for each frame in the sequence.2

Some sample screen shots of the sequence are shown in Figure 10. Note that
the viewpoint changes continuously.

The training silhouettes are shown in 2D projections with the estimated
shape energy in Figure 11. The path of the evolving contour during the entire
sequence corresponds to the white curve. The curve follows the distribution of
training data well, interpolating in areas where there are no training silhouettes.
Note that the intersections of the curve and of the training data in the center
(Figure 11, left side) are only due to the projection on 2D. The results show
that — given sufficient training data — the shape prior is able to capture fine
details such as the ear positions of the rabbit in the various views. Moreover,
it generalizes well to novel views not included in the training set and permits a
reconstruction of the occluded section throughout the entire sequence.

2 The gradient of the shape prior in (16) has a complexity of O(rmn), where n is
the number of control points, m is the number of training silhouettes and r is the
eigenvalue cutoff. For input images of 83 kpixels and m=100, we measured an average
runtime per iteration step of 96ms for the prior, and 11ms for the cartoon motion
on a 1.2 GHz AMD Athlon. This permitted to do 6 iterations per second. Note,
however, that the relative weight of the cartoon motion increases with the size of
the image: for an image of 307 kpixels the cartoon motion took 100ms per step.
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initial contour no prior with prior

Fig. 9. Begin of the tracking sequence: initial contour, segmentation without prior,
segmentation upon introducing the nonlinear prior on the contour.

Fig. 10. Sample screen shots from the tracking sequence.

Projection onto 1st and 2nd
principal component

Projection onto 2nd and 4th
principal component

Fig. 11. Tracking sequence visualized: Training data (•), estimated energy density
and the contour evolution (white curve) in apropriate 2D projections. The contour
evolution is restricted to the valleys of low energy induced by the training data.

5 Conclusion

We presented a variational integration of nonlinear shape statistics into a Mum-
ford–Shah based segmentation process. The statistics are derived from a novel
method of density estimation which can be considered as an extension of the
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kernel PCA approach to a probabilistic framework. The original training data
is nonlinearly transformed to a feature space. In this higher dimensional space
the distribution of the mapped data is estimated by a Gaussian density. Due
to the strong nonlinearity, the corresponding density estimate in the original
space is highly non–Gaussian, allowing several shape clusters and banana– or
ring–shaped data distributions.

We integrated the nonlinear statistics as a shape prior in a variational ap-
proach to segmentation. We gave details on appropriate estimations of the in-
volved parameters. Based on the explicit representation of the contour, we pro-
posed a closed–form, parameter–free solution for the integration of invariance
with respect to similarity transformations in the variational framework.

Applications to the segmentation of static images and image sequences show,
that the nonlinear prior can capture even small details of shape variation with-
out mixing different views. It copes for misleading information due to noise and
clutter, and it enables the reconstruction of occluded parts of the object silhou-
ette. Due to the statistical nature of the prior, a generalization to novel views
not included in the training set is possible. Finally we showed examples where
the 3D structure of an object is encoded through a training set of 2D projections.

By projecting onto the first principal components of the data, we managed
to visualize the training data and the estimated shape density. The evolution of
the contour during the segmentation of static images and image sequences can
be visualized by a projection into this density plot and by animations. In this
way we verified that the shape prior effectively restricts the contour evolution
to the submanifold of familiar shapes.

Acknowledgments. We thank P. Bouthemy and his group, C. Kervrann and
A. Trubuil for stimulating discussions and hospitality.
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7. D. Cremers, T. Kohlberger, and C. Schnörr. Nonlinear shape statistics via kernel
spaces. In B. Radig and S. Florczyk, editors, Pattern Recognition, volume 2191 of
LNCS, pages 269–276, Munich, Germany, Sept. 2001. Springer.



108 D. Cremers, T. Kohlberger, and C. Schnörr
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Abstract. In this paper we present a novel class-based segmentation
method, which is guided by a stored representation of the shape of ob-
jects within a general class (such as horse images). The approach is dif-
ferent from bottom-up segmentation methods that primarily use the con-
tinuity of grey-level, texture, and bounding contours. We show that the
method leads to markedly improved segmentation results and can deal
with significant variation in shape and varying backgrounds. We discuss
the relative merits of class-specific and general image-based segmentation
methods and suggest how they can be usefully combined.
Keywords: Grouping and segmentation; Figure-ground; Top-down pro-
cessing; Object classification

1 Introduction

Amajor goal of image segmentation is to identify structures in the image that are
likely to correspond to scene objects. Current approaches to segmentation mainly
rely on image-based criteria, such as the grey level or texture uniformity of image
regions, as well as the smoothness and continuity of bounding contours. In this
work we describe a segmentation method that is guided primarily by high-level
information and the use of class-specific criteria. The motivation for using such
class-based criteria to supplement the traditional use of image-based criteria in
segmentation has two parts. First, it stems from the fact that although recent
image-based segmentation algorithms provide impressive results, they still often
fail to capture meaningful and at times crucial parts. Second, evidence from
human vision indicates that high-level, class-based criteria play a crucial role
in the ability to segment images in a meaningful manner (e.g. [11],[10],[9],[8]),
suggesting that the incorporation of such methods will help improve the results
of computer vision segmentation algorithms.

Figure 1 demonstrates some of the major difficulties encountered by image-
based segmentation algorithms. An appropriate segmentation algorithm should
group together the dark and light regions of the horse (left), and separate the
man from the horse, despite the grey level similarity (right). Figure 2 shows
� This research was supported by the Israel Ministry of Science under the Scene Tele-
portation Research Project and by the Moross Laboratory at the Weizmann Institute
of Science.
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the results obtained when applying a state of the art image-based segmenta-
tion algorithm [15] to these and other images. The segmentations demonstrate
some of the inherent difficulties of an image-based approach, including the split-
ting of object regions and the merging of object parts with background regions.
These shortcomings are due to unavoidable ambiguities that cannot be solved
without prior knowledge about the object class at hand. This paper presents an
approach that addresses these difficulties, in which a simple representation of
object classes in memory is used to guide the segmentation process, leading to
markedly improved segmentation of images containing familiar objects (Fig. 3).

The overall structure of the paper is as follows. Section 2 briefly reviews past
approaches. Section 3 provides an overview of our approach, and how information
about object shapes is represented in memory and used for segmentation. Section
4 describes the approach in detail: 4.1-4.3 describe the segmentation criteria used
by our method. 4.4 describes the algorithm that segments class-images according
to these criteria. Section 5 shows results, Sect.6 contains a final discussion and
conclusions.

Fig. 1. Segmentation difficulties: the same object can contain markedly different re-
gions (left), while neighboring objects may contain regions that are similar in color and
texture (right).

2 Brief Review of Segmentation Approaches

Most of the current approaches to segmentation rely primarily on image-based
criteria, such as color, grey level, or texture uniformity of image regions (e.g.
[16],[4],[2]); the smoothness and continuity of their bounding contours (e.g. [7]);
or a combination of these (e.g. [6]). The region-based approaches merge and
split image regions according to specific criteria. Merging approaches recursively
merge similar regions (e.g. [14],[1]). “Divide & Conquer” approaches recursively
split regions into distinct sub-regions (e.g. [12],[15]). Contour-based approaches
emphasize the properties of region boundaries, such as continuity, smoothness,
length, curvature, and shape.

Somewhat closer to our goal is the work on deformable templates (e.g. [18]),
where the template parameters are used to match a model with an object im-
age. This approach usually assumes approximate initial correspondence between
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Fig. 2. Typical results of low-level segmentation. Objects are broken into sub-regions,
and some of these sub-regions are merged with the background. (More results can be
seen at http://www.cs.berkeley.edu/∼doron/software/ncuts/results/)

Fig. 3. Low-level vs. class-specific segmentation of horse images. Top: input images
(170x120 pixels). Middle: low-level segmentation into sub-regions, as given by the nor-
malized cuts algorithm [15]. Bottom: figure-ground segmentation map given by the
algorithm described in this paper (input resolution reduced to 40x30).
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the model and its image and therefore it can be used as a final stage in our
segmentation but not as the main segmentation process.

Recent psychological studies of image segmentation by humans indicate
strong effects of prior familiarity with specific shapes on image segmentation.
For example, a number of behavioral studies have shown that subjects are more
likely to regard a familiar region as “figure” than a less familiar region, indi-
cating that object recognition facilitates segmentation [11],[10]. Developmental
studies [9],[8] show that figure-ground segregation in four month-old infants is
also affected by the presence of already familiar shapes.

3 Overview of the Approach

The general thrust behind our class-based segmentation approach is to use known
shape characteristics of objects within a given class to guide the segmentation
process. The main difficulty in this approach stems from the large variability
of shapes within a given class of objects. We would like to somehow capture
the common characteristics of a set of shapes within a class, for example horse
images, and then use this information to segment novel images. To address this
problem our approach uses a fragment-based representation of object classes.
Similar fragments have been used in the past for object classification [13][17]
but not for segmentation. Given an image containing a certain object, we use
fragments previously extracted from images of the same object class to produce
a consistent cover of the novel object. This cover defines a figure-ground map
that associates each pixel in the input image with the likelihood of belonging to
an object or background. (Fig. 4).

The construction of an object by fragments is somewhat similar to the as-
sembly of a jigsaw puzzle, where we try to put together a set of pieces such that
their templates form an image similar to a given example. A common strategy
is to start with the easiest pieces (e.g. corners) and proceed by connecting ad-
ditional pieces that match in shape, color, edges, texture, etc. In some cases,
as information accumulates along this process, pieces must be replaced: locally
these pieces provide good matches, but the global structure adds constraints
that reject the local matches.

The next several sections describe our segmentation algorithm in detail. We
first describe the fragment representation — how the class fragments are repre-
sented in memory, and how they are extracted from sample images.

3.1 Fragment Representation in Memory

In this section we describe the fragment-based representation used for segmenta-
tion. The goal of this representation is to cover as closely as possible the images
of different objects from a given class, using a set of more primitive shapes. We
therefore need to identify useful “building blocks,” a collection of components
that can be used to identify and delineate the boundaries of objects in the class.
To find such common components we look for image fragments that are strongly
correlated with images containing the desired object class — they show a high
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Fig. 4. Overview of the approach. Given an input image containing an object from a
given class (in this case, a horse) we use class fragments stored in memory to produce
a cover of the target image. Each fragment consists of a template and a figure-ground
label. The cover defines the figure-ground segmentation.

similarity measure with regions from images containing this desired object class
but not with others. Based on the Neyman-Pearson decision theory, optimal frag-
ments can be defined as fragments with maximal frequency (hit rate) within the
class, subject to the constraint that the frequency of false detection in non-class
images (false alarms) does not exceed a fixed limit (e.g. [3]).

Our search for optimal fragments therefore proceeds in three stages. Stage 1
starts from a set of training images divided into class images (C) and non-class
images (NC) and then generates a large number of candidate fragments. We
simply extract from the images in C a large number of rectangular sub-images,
these sub-images can vary in size and range from 1

50 to 1
7 of the object size. In

stage 2, which is the crucial step, we compare the distribution of each fragment
in the class and non-class training images. For a given fragment Fi, we measure
the strength of the response Si in C and NC. Si is defined in a standard way: we
correlate Fi with each image I in C and NC (normalized correlation) and take
the maximum value over I. To reach a fixed level of false alarms α in non-class
images we determine a threshold θi for Fi by the criterion:

p(Si > θi|NC) ≤ α (1)

This has the advantage of automatically fixing an optimal detection threshold for
each fragment. In stage 3 we order the fragments by their hit rate p(Si > θi|C)
and select the K best ones where K determines the size of the fragment set.

To be used for segmentation, we add two factors to each fragment: a figure-
ground label and a reliability value. The figure-ground label marks each pixel
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in the fragment as figure or ground. The figure label is learned at present by
comparing the fragment to the source image in the data base from which it
was derived. We assume that in this limited set the figure-ground information
has been estimated, for example by relative motion of the figure with respect
to background. An alternative is to label pixels in the fragment according to
their grey level variability in the class database. Figure pixels are similar across
images and have low-variability, while background pixels show high variability.

The reliability of a fragment measures the extent to which the fragment
is class-specific, measured by its hit rate p(Si > θi|C). These two factors are
essential to our segmentation process, as will be later demonstrated.

Fig. 5. Fragment representation in memory: Each fragment is represented by its grey
level template (left) and figure-ground label (right).

4 Segmentation by Optimal Cover

The main stage of the class-based segmentation algorithm consists of covering
an image with class-based fragments and using the cover to delineate the figure
boundaries. To accomplish this we seek an optimal cover of the image in terms
of the fragments. A cover is an assignment of fragments to positions in the image
I, with each fragment being defined as either “present” in the image along with
its designated position pi in the cover or “absent” from the image:

I
cover−→i=1...K

{
fi = 1, pi = (xi, yi)

fi = 0, pi = φ
(2)

Given a cover, we can compute the quality of the cover, which is a function of
the individual match of fragments with the image, the consistency of the cover,
and the reliability of the participating fragments. The following sections describe
each of these factors in turn and an algorithm to find a locally optimal cover
according to these criteria.

4.1 Individual Match

The individual match measures the similarity between fragments and the im-
age regions that they cover. We use a similarity measure that combines region
correlation with edge detection. This combination which is not commonly used,
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is designed to meet the special requirements of segmentation as illustrated in
Fig. 7.

A key feature of our fragment representation is the elimination of background
noise. Using the figure-ground label it is possible to exclude background pixels
from the similarity measure, thereby reducing background noise. Since this ex-
clusion results in the loss of the contour features, an edge detector is added
to capture the transition from figure to ground (Fig. 7). The edge presence is
computed by using a normalized correlation between the figure-ground bound-
ary and edges in the image (Fig. 6). The similarity measure si (p, I) between
fragment Fi at image position p = (x, y) and an image I is defined in (3) and
consists of two factors. The first factor – Ncor is the standard normalized corre-
lation between the fragment and the image region, restricted to template pixels
labeled as figure. The second term – Edge is the edge detector response.

si(p, I) = w · Ncor(p, I)|Object
Pixels

+ (1 − w) · Edge(p, I) (3)

Fig. 6. The edge template (right) is derived from the boundary of the figure-ground
label. The response to this template is the edge part Edge in (3).

4.2 Consistency

In covering the image by shape fragments, the fragments should not only provide
good local matches, but should also provide a consistent global cover of the shape.
We therefore use a consistency criterion for the cover in the segmentation process.
Since the fragments are highly overlapping, we define a consistency measure cij

between a pair of overlapping fragments Fi and Fj that is proportional to the
fraction of pixels labeled consistently by the two fragments (4). The maximum
term in the denominator prevents overlaps smaller than a fixed value µij from
contributing a high consistency term. This value is set to 1

10 of the maximum
possible overlap size between the two fragments. Fig. 8 demonstrates two cases of
overlapping horse fragments : one in which all the pixels are labeled consistently
and one in which some of the pixels are labeled inconsistently.

cij =
# Consistent Overlapping Pixels

max(Total Overlap, µij)
(4)
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Fig. 7. The examples show why a combination of templates and boundary similarity
are useful for segmentation. A1 – An image of a horse and a template of its back. A2
- Changes in the background reduce the similarity measure (measured using both the
figure and ground parts of the template), causing the template to be more similar to
another image region. B1 – In this example the template fit was measured using the
figure part of the template only. This reduces background effects but also results in the
loss of boundary information leading to inaccurate matches. C1,C2 – Adding an edge
detector to the similarity measure yields a more stable similarity measure resulting in
an accurate placement of the fragment regardless of background noise.

Fig. 8. Consistent (left) and inconsistent (right) cover by overlapping fragments. 1,4:
the fragments, placed over the images, 2,3: figure-ground assignment of the fragments.
Figure pixels are marked white, background pixels are grey. The inconsistent region is
marked in black.
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4.3 Fragment Reliability

The final criterion in determining an optimal cover is that of fragment reliability.
Similar to a jigsaw puzzle, the task of piecing together the correct cover can be
simplified by starting with some more “reliable” fragments, or anchor fragments,
and then proceeding with less reliable fragments that are consistent with the
initial cover (Fig. 9). Reliable fragments typically capture some distinguishing
features of the shapes in the class and are unlikely to be found anywhere else.
A fragment’s reliability is therefore evaluated by the likelihood ratio between
the detection rate and the false alarm rate. As explained, we set the minimal
threshold such that the false alarm rate does not exceed α. We can therefore
express this ratio using the detection rate and α:

ri =
p(Si > θi|C)

p(Si > θi|NC)
=

detection rate
α

(5)

Fig. 9. Reliable fragments guide the covering. Reliable fragments are used first (mid-
dle), and subsequently completed by less reliable ones (right).

4.4 The Cover Algorithm

A cover on an image by shape fragments determines a segmented figure. Among
all possible covers we seek a cover (2) that maximizes the three criteria above,
namely, individual match quality (3), consistency (4) and reliability (5). These
three factors are therefore combined in the cover score:

cs =
∑

i

ri · si · fi

︸ ︷︷ ︸
Individual match
and reliability

+
1
λ

∑
i,j

βij · fi · fj

︸ ︷︷ ︸
Consistency

(6)

The first term combines the match quality and reliability of the fragments, and
the second penalizes inconsistent overlapping pairs. We define the interaction
term βij between overlapping fragments as (cij −β) ·(risi+rjsj) where cij is the
pairwise consistency defined above (4) and β a global constant that determines
the magnitude of the penalty for insufficient consistency. For non-overlapping
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pairs βij is defined as 0. The contribution of a single fragment Fk in this expres-
sion is obtained by summing up all the terms in (6) for which i = k. When a
fragment contribution is negative, the score is improved by removing the frag-
ment from the cover. Negative contribution indicates poor consistency of the
fragment with other fragments and can happen only when ckj < β − λ for at
least one j. In our implementation β = 0.65, λ = 0.1.

The algorithm is iterative, but a small number of iterations (typically 2-3)
are used. It is described in the Appendix, but the main stages are summarized
next. At each stage, a small number M of good candidate fragments are identi-
fied. A subset of these M fragments, that maximally improve the current score,
are selected and added to the cover. In addition, existing fragments that are
inconsistent with the new match are removed. We use a small number of candi-
dates (M = 15) that allows us to check all 2M subsets and select the one with
the highest score. The algorithm is guaranteed to converge to a local maximum
since the score is bounded and increases at each iteration. To initialize the pro-
cess, we select a sub-window within the image with the maximal concentration
of reliable fragments. The similarity of all the reliable fragments is examined
at 5 scales at all possible locations – giving a complexity which is linear in the
number of reliable fragments, the number pixels of each image scale, and the
number of scales. Given this information it is possible to pick the most reliable
window and use the matched fragments inside as the initial M candidates for
the cover. If the combined evidence from the reliable fragments falls below a
classification threshold, the process terminates without producing a cover. In a
system containing multiple classes that compete for segmentation (rather than
just horse images), the class with the highest evidence will initiate the cover.

5 Experiments

We tested the algorithm on a database containing horse images. A bank of 485
fragments was constructed from a sample library of 41 horse containing images
of size (40x30) for which the figure-ground information was manually segmented.
For each fragment we estimated p(Si|C) and p(Si|NC) by measuring the dis-
tribution of the fragments’ similarity measure with 193 low-resolution images of
horses and 253 low-resolution images of non-horses. Using these estimated distri-
butions, the fragments were assigned their appropriate threshold and classified
to 146 reliable and 339 non-reliable fragments. The algorithm was then tested on
176 novel horse images (40x30 pixels). Examples are shown in Fig. 10 and com-
pared to the results of a normalized-cuts segmentation algorithm [15] tested on
the same images but with higher resolution (170x120). The algorithm obtains
high-quality segmentations of figure from background for a variety of images.
The algorithm can deal successfully with shape variations using a fixed reper-
toire of fragments extracted from the training set. The generalization to novel
shapes is based in part on the use of multiple alternative fragments for the same
object region, and in part in the flexibility in the fragments’ arrangement. We
also compared qualitatively the agreement between the figure regions produced
by the algorithm and the figure region judged by humans. This can be expressed
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by evaluating the ratio r = |S∩F |
|S∪F | where F is the human-segmented figure and

S is the algorithm’s segmented figure. |F |, |S| are the sizes of F, S and the size
of the entire image |I| = 1. The maximal value of r is r = 1 obtained only for
perfect segmentation. The average score for the current algorithm was r = 0.71.
The normalized-cuts algorithm, segmenting the images into two segments – fig-
ure and ground, gives much lower average score (r = 0.31). The last value can
also be compared with random segmentation (where |S| pixels are chosen ran-
domly to be figure) , which gives an average of r = 0.23. The most problematic
figure regions were the horse legs, where variability is high. The initialization
step was the most time consuming (about 30 seconds), where the similarity of
every reliable fragment was examined on 5 different scales of the target image.
Usually the algorithm converged after 2-3 iterations, with each iteration taking
a few seconds, giving a total time of about 40 seconds per target image. We used
Matlab 6.0 program on a Windows-NT, Pentium-600Mhz platform. The com-
plexity of the algorithm is linear in the number of scales, number of fragments,
and size of the fragment bank.

6 Discussion

The approach proposed in this paper emphasizes the role of high-level informa-
tion or class-specific criteria in image segmentation. We present a class-specific
segmentation method that successfully addresses ambiguities inherent to seg-
mentation schemes based exclusively on image-based criteria.

Segmentation is obtained by covering the image with a subset of class-specific
fragments and using this cover to delineate the figure boundaries. These frag-
ments serve as class-specific shape primitives, or “building blocks,” and are used
to handle a large variety of novel shapes within the class. The fragments are
represented by a template together with a figure-ground label, and a reliability
score.

The last two factors in this fragment representation are novel characteristics
of our approach and are essential for segmentation. The figure-ground label is
essential for: (a) constructing the figure-ground segmentation map; (b) defining
a robust similarity measure that reduces background noise; and (c) defining the
consistency between fragments. The fragment reliability enables us to detect
key fragments that serve as initial anchors in the cover construction. In order to
construct a complete cover we use both reliable and less reliable fragments. The
less reliable fragments are constrained by the consistency relations of the cover
and can therefore be used to complete the segmentation of difficult regions.

Compared with other schemes that apply segmentation and classification
in sequence, in our scheme the two processes are intimately linked. The initial
evidence from reliable class fragments is used to select the most likely class that
serves to initiate the cover, and the final classification decision may depend on
the segmentation result.

The algorithm results in the segmentation of images into two regions, figure
and ground, in contrast with image-based segmentation algorithms that usually
segment the image into multiple regions. The extraction of objects from these
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Fig. 10. Segmentation results arranged in 3 groups of 4 rows. First row in each group:
input images. Second row: results obtained from low-level segmentation. Third row:
class-based segmentation to figure and ground. Fourth row: segmentation superimposed
on the input images (boundary in red).
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images is challenging because objects are often broken into sub-regions, and some
of these sub-regions merge with the background. The main difficulty faced by
the current algorithm lies in covering highly variable parts, such as the horse’s
legs and tail. This difficulty is due in part to image processing limitations and
the use of relatively low-resolution images. In the future we intend to use higher
resolution images or a pyramid of image segments at different scales.

Compared with the class-based segmentation, traditional image-based seg-
mentation methods have two advantages. First, when they detect the correct
figure boundaries, they can determine these boundaries with higher accuracy
since they are guided directly by image discontinuities. Second, image-based al-
gorithms are general and do not require class-specific information. The relative
merits of class-specific and image-based segmentation methods suggest that they
can be usefully combined into an integrated scheme. For example, image-based
segmentation can be used to identify salient regions and direct class-based seg-
mentation to these regions. At the final segmentation stage, figure boundaries
produced by class-based segmentation could be refined by image-based methods
(e.g. [5]) resulting in a robust and accurate delineation of object boundaries that
cannot be achieved by either method alone.

7 Appendix: The Class-Based Segmentation Algorithm

Pre-processing:

– For all reliable fragments Fi, compute si(pj , I) for all image
positions pj and all scales (see(3)).

– Set s(pj) = maxi [ri · si(pj)] (best fragment at pj).
– For each image window W:

Pick in W at most M positions pj with maximal values of
s(pj). Define the score of the window Wscore =

∑
pj

s(pj).

Initialization:

– Choose window Wmax to be the window with maximal Wscore
together with its fragments. These fragments compose the
initial covering candidates Bcand.

– Set the current cover Bcover to be empty.

Choosing the new covering fragments:

– With all fragments (Fj ∈ Bcover) fixed to fj = 1, assign the
candidate fragments Fi ∈ Bcand to fi = {0, 1} such that (6) is
maximized.

– Add to Bcover all candidate fragments with fi = 1 and remove all
the fragments that reduce the score of (6).

– Use Bcover to construct the figure ground segmentation map.
– If Bcover did not change, then stop.
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Updating the candidate fragments sets:

– From all fragments in Wmax select the M with the highest
score (individual match and consistency with Bcover).

– Go to choosing the covering fragments.
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Abstract. This paper proposes a quasi-dense reconstruction from un-
calibrated sequence. The main innovation is that all geometry is com-
puted based on re-sampled quasi-dense correspondences rather than the
standard sparse points of interest. It not only produces more accurate
and robust reconstruction due to highly redundant and well spread input
data, but also fills the gap of insufficiency of sparse reconstruction for
visualization application. The computational engine is the quasi-dense
2-view and the quasi-dense 3-view algorithms developed in this paper.
Experiments on real sequences demonstrate the superior performance of
quasi-dense w.r.t. sparse reconstruction both in accuracy and robustness.

1 Introduction

3D reconstruction from uncalibrated sequences has been very active and suc-
cessful in the past decade in computer vision. This is mainly due to the intrinsic
formulation of geometric constraints in projective geometry and a better under-
standing of numerical and statistical properties of geometric estimation [19,42].
Many reconstruction algorithms based on point features have been published
for short [5,13,16,6] or long sequences [38,36]. Almost all of these approaches
have been based on sparse points of interests. More recent and complete systems
based on these ideas are reported in [28,9,31,1,21] without any prior camera cali-
bration or position information. Unfortunately, most modeling and visualization
applications need dense or quasi-dense reconstructions rather than a sparse point
clouds. Traditional dense stereo methods are limited to specific pre-calibrated
camera geometries and closely spaced viewpoints [37,29,18,17]. Traditional dense
stereo/motion analysis is not yet efficient and robust enough to be integrated into
an on-line dense reconstruction to handle images captured by hand-held cameras.
It should be noted that although the final results reported in [30] showed densely
textured models, the method only applied the dense stereo reconstruction using
an area-based algorithm after obtaining the geometry by a sparse method.

We propose to develop an intermediate approach to fill the gap between
sparse and dense reconstruction methods for hand-held cameras. By quasi-dense
reconstruction we mean that the geometry is directly computed on re-sampled
points from quasi-dense pixel correspondences, rather than reconstructions of
sparse points of interest. Quasi-dense correspondences are preferable to fully

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 125–139, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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dense ones owing to their greater robustness and efficiency with hand-held cap-
tured images. The most innovative part is that all geometry is computed with a
simple and efficient quasi-dense correspondence algorithm proposed in [22,23,24]
for image-based rendering applications. Quasi-dense correspondence has been
integrated at the earliest stage from the building blocs of 2-view geometry and
3-view geometry up to the final sub-sequence merging. This not only gives ob-
ject/scene reconstructions more suitable for visualization application, but also
results in more accurate and robust estimation of camera and structure.

2 Review of Quasi-Dense Matching

The construction of quasi-dense matching map starts from matching some points
of interest that have the highest “textureness” as seed points. This bootstraps
a region growing algorithm to propagate the matches in its neighborhood from
the most textured (therefore most reliable) pixels to less textured ones [22,24].

The algorithm can therefore be described in two steps: Seed selection and
Propagation, which are illustrated in Figure 1.

Fig. 1. Top: initial seed matches for two consecutive images of the Garden-cage se-
quence with big disparities (some seeds are bad mainly due to the shutter periodic
textures). Bottom: the resulting propagation without the epipolar constraint.

Points of interest [25,12] are naturally good seed point candidates, as points
of interest are by its very definition image points which have the highest tex-
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tureness, i.e. the local maxima of the auto-correlation function of the signal. We
first extract points of interest from two original images, then a ZNCC correla-
tion method is used to match the points of interest across two images, followed
by a cross validation for the pair of images. This gives the initial list of seed
correspondences sorted by the correlation score.

At each step of the propagation, the match (x,x′) composed of two corre-
sponding pixels x,x′ with the best ZNCC score is removed from the current list
of seed matches. The ZNCC is still used as it is more conservative than others
such as sum of absolute or square differences in uniform regions, and is more
tolerant in textured areas where noise might be important. Then we look for
new potential matches (u,u′) in their immediate spatial neighborhood N (x,x′).
This neighborhood enforces a disparity gradient limit of 1 pixel in both image
dimensions ||(u′ − u) − (x′ − x)||∞ ≤ 1 to deal with inaccurate or non available
epipolar constraint. The matching uniqueness and the ending of the process are
guaranteed by choosing only new matches (u,u′) that have not yet been selected.

The time complexity of this propagation algorithm is O(nlog(n)), only de-
pendent of the number of final matches n, and the space complexity is linear
in the image size. Both complexities are independent of disparity bound. Notice
that at each time only the best match is selected, this drastically limits the possi-
bility of bad matches. For instance, the seed selection step seems very similar to
many existing methods [43,39] for matching points of interest using correlation,
but the crucial difference is that we need only to take the most reliable ones
rather than trying to match a maximum of them. In some extreme cases, only
one good seed match is sufficient to provoke an avalanche of the whole textured
images. This makes our algorithm much less vulnerable to bad seeds. The same
is true for propagation, the risk of bad propagation is considerably diminished
by the best first strategy over all matched boundary points.

Fig. 2. The re-sampled matches from the propagation (described in Section 4) is rep-
resented as a set of matched black crosses in both images. These well spread matches
are used to fit the fundamental matrix, shown as white epipolar lines.
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3 Re-sampling

The matching map obtained from the propagation may still be corrupted and
irregular. We assume that the scene surface is locally smooth enough to be ap-
proximated by small planar patches. Thus, the matching map can be regularized
by locally fitting planar patches encoded by homographies. The first image is
initially subdivided into small regular grid. For each square patch, we obtain all
matched points of the square from the quasi-dense matching map. A plane ho-
mography should be tentatively fitted to these matched points of the square to
look for potential planar patches. The RANdom SAmple Consensus (RANSAC)
method [7] is used for robust estimation. In practice, the stability of the homog-
raphy fitting decreases with the patch size. Our compromise between patch grid
resolution and stability fitting is to fit a planar affine application (which counts
only 6 d.o.f instead of 8 d.o.f of homography) in 8 × 8-pixel squares.

The result is a list of matches shown by crosses in Figure 2, which is better
spread in image space than the usual list of matched interest points shown at
the top of Figure 1.

4 Estimating 2-View Geometry

The 2-view geometry of a rigid scene is entirely encoded by the fundamental
matrix. The actual standard approach is to compute automatically fundamen-
tal matrix and correspondences from sparse points of interest [43,39] within a
random sampling framework. There are also attempts of integrating the dense
correspondence into the non-linear optimization of the fundamental matrix start-
ing from an initial sparse solution by optimizing a global correlation score [11],
but the algorithm is very slow in computation time (7-12 minutes vs. 20-40
seconds for the method to be proposed here for images of size 512 × 512 and
similar processors) and fragile to handle occlusion for widely separated images
as those in the image pair shown in Figure 2. In the context of our quasi-dense
matching algorithm, we have two choices of integrating the geometry estimation
into the match propagation algorithm for quasi-dense matching. The first is an
epipolar constrained propagation which grows only those satisfying the epipolar
constraint, while the second is an unconstrained one. The advantage of con-
strained propagation is that the bad propagation might be stopped earlier, but
the domain of propagation might be reduced. Even more seriously, the geometry
estimated with a robust method often tends to be locally fitted to a subset of
images. We therefore prefer a strategy of an unconstrained propagation followed
by a more robust constrained propagation as follows:

1. Detect points of interest in two images and compute the first correspondences
by correlation and bidirectional consistency [10].

2. Run an unconstrained propagation.
3. Re-sample the obtained quasi-dense correspondences using a regular sam-

pling grid in one image, and deduce the corresponding re-sampled points in
the other image using the estimated local homographies.
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4. Match the detected points of interest using the estimated local homographies,
and add these matches in the list of re-sampled quasi-dense correspondences.

5. Estimate the fundamental matrix F using a standard robust algorithm [39,
43,15] on re-sampled quasi-dense correspondences.

6. Run an epipolar constrained propagation by F.
7. Again re-sample the quasi-dense matches from the constrained propagation

and again add matched points of interest.
8. Re-estimate the fundamental matrix F using the re-sampled quasi-dense

correspondences.

5 Estimating 3-View Geometry

The 3-view geometry plays a central role for construction of longer sequences as
3 views is the maximum number of images which can be solved in closed-form,
but also it is the minimum number of images which has sufficient geometric
constraints to remove match ambiguity. The projective reconstruction from a
minimum of 6 points in 3 views is therefore the basic computational engine for
3-view geometry both for robust assessment of correspondences using RANSAC
and for optimal bundle adjustment of the final solution [33,34,40,15,35].

The quasi-dense 3-view algorithm can be summarized as follows.

1. Apply the previous quasi-dense 2-view algorithm to the pair i and i − 1 and
the pair i and i + 1.

2. Merge the two re-sampled quasi-dense correspondences between the pair
i − 1 and i and the pair i and i + 1 via the common ith frame as the set
intersection to obtain an initial re-sampled quasi-dense correspondences of
the image triplet.

3. Randomly draw 6 points to run RANSAC to remove match outliers using
re-projection errors of points. For 6 randomly selected points, compute the
canonical projective structure of theses points and the camera matrices using
the closed-form 6-point algorithm [33].
The other image points are reconstructed using the current camera matrices
and re-projected back onto images to evaluate their consistency with the
actual estimate.

4. Bundle adjust 3-view geometry with all inliers of triplet correspondences by
minimizing the re-projection errors of all image points by fixing one of the
initial camera matrices.

The general philosophy of exploiting strong 3-view geometry for long se-
quence reconstruction is the same as the previous methods [9,21,40], but it differs
from [9] in the following aspects:

– We do not transfer point pairs for guided matching. The 3-view geometry
only assesses inliers and outliers from the common re-sampled quasi-dense
correspondences, it is therefore fast as the percentage of outliers is small.
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– We do not use trifocal tensor parametrization of 3-view geometry as sug-
gested in [9,1,15,35]. We use the P-matrix representation directly from the
canonical projective structure of 6 points to reconstruct other points and
evaluate their re-projection errors for assessing inliers/outliers of correspon-
dences by RANSAC.
Tensor parametrization is hardly justified here as it gives a rather compli-
cated over-parametrization of the 3-view geometry, more sophisticated nu-
merical algorithms are necessary for its estimation. The transfer error tends
to accept points which are large outliers to the re-projection error from the
optimal estimate [9,8]. Tensor might be useful for guided matching [8], but
is unnecessary in our case.

– We use the closed-form 6-point algorithm [33] rather than more recent meth-
ods proposed in [40,15,34] as the initial solution for robust search and opti-
mization. It is direct and fast without any SVD computation compared with
the algorithm [15] that we have also implemented and tested. The improve-
ment provided by Schaffalitzky et al. [34] is necessary only when redundant
data has to be handled.

6 Merging Pairs and Triplets into Sequences

From pairs and triplets to sequences, we essentially adapt the hierarchical merg-
ing strategy successfully used in [9,21] which is more efficient than an incremental
merging strategy.

The general hierarchical N-view algorithm can be summarized as:

1. For each pair of consecutive images in the sequence, apply the quasi-dense
2-view algorithm described in Section 4.

2. For each triplet of consecutive images in the sequence, apply the quasi-dense
3-view algorithm described in Section 5.

3. Apply a hierarchical merging algorithm of sub-sequences. A longer sequence
[i..j] is obtained by merging two shorter sequences [i..k + 1] and [k..j] with
two overlapping frames k and k+1, where k is the median of the index range
[i..j]. The merge consists of
a) Merging the two re-sampled quasi-dense correspondences between two

sub-sequences using the 2 overlapping images.
b) Estimating the space homography between two common cameras using

linear least squares.
c) Apply the space homography for all camera matrices and all points not

common in the two sub-sequences.
d) Bundle adjust the sequence [i..j] with all merged corresponding points.

In [9], several algorithms have been proposed to merge two triplets with 0, 1
or 2 overlapping views. The main advantage of imposing two-view overlapping is
that camera matrices are sufficient for estimating the space homography to merge
two reconstructions without any additional point correspondences between the
two. It is also important to notice that both re-sampled quasi-dense points from
3-view geometry and sparse points of interest are contributing to the merging
and optimization steps.
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7 Optimal Euclidian Estimation of Reconstruction

The final step is to upgrade the projective reconstruction into a metric represen-
tation using self-calibration and optimal estimates of the metric representation.

– A linear solution [30] based on the parametrization of the dual of the absolute
conic [41] is used for estimating constant but unknown focal lengths while
assuming the other intrinsic camera parameters, such as principal point and
aspect ration, are given. If the algorithm fails, we simply perform a one-
dimensional exhaustive search of the focal lengths from a table of possible
values.

– Transform the projective reconstruction by the estimated camera parameters
to its metric representation. The metric reconstruction coordinate system is
those of the camera in the middle of the entire sequence and the scale unit
is the maximum distance between any pairs of camera positions.

– Re-parametrize each Euclidian camera by its 6 individual extrinsic param-
eters and one common intrinsic focal length. This natural parametrization
allows us to treat all cameras equally when estimating uncertainties, but
leaves the 7 d.o.f scaled Euclidian transformation gauge freedom [42,27,3].
Finally, apply an Euclidian bundle adjustment over all cameras and all quasi-
dense points.

– A second Euclidian bundle adjustment by adding one radial distortion pa-
rameter for all cameras is carried out in the case where the non-linear dis-
tortions of cameras are non-negligibles, for instance, for image sequences
captured by a very short focal length.

It is obvious that the sparse structure of the underlying numerical system as
suggested in photogrammetry [2,26] and vision [14,42,15] has to be exploited for
the implementations of both projective and Euclidian bundle adjustments as we
are routinely handling at least 10 thousand 3D points. It is also natural to use
reduced camera subsystem by eliminating the structure parameters.

8 Comparative Experiments

This section demonstrates the accuracy and robustness of the quasi-dense re-
construction method (QUASI) by comparing it with the standard sparse meth-
ods (SPARSE). We will use two sparse reconstruction algorithms based only
on points of interest. The first consists of simply tracking all points of inter-
est detected in each individual image. The second is a mixture of sparse and
quasi-dense: it consists of assessing points of interest from individual images by
geometry that is computed from quasi-dense algorithm, and to re-evaluate the
complete geometry only from these matched interest points. In the following, it
is meant by “SPARSE” the best result of these two methods.

To measure the reconstruction accuracy, we may consider the bundle adjust-
ment as the maximum likelihood estimates of both camera and scene structure
geometry, if we admit that the image points are normally distributed around
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their true locations with an unknown standard deviation σ. This assumption is
reasonable both from theoretical and practical point of view [20]. The confidence
regions for a given probability can therefore be computed from the covariance
matrix of the estimated parameters.

The covariance matrix is only defined up to the choice of gauge [42,27,3]
and the common unknown noise level σ2. The noise level σ2 is estimated from
the residual error as σ2 = r2/(2e − d) where r2 is the sum of the e squared re-
projection errors, d is the number of independent parameters of the minimization
d = 1 + 6c + 3p − 7 (1 counts for the common focal length, c is the number of
cameras, p is the number of reconstructed points and 7 is the gauge freedom
choice). All results given here are gauge free: the covariance is computed without
imposing gauge constraints, now in the coordinate system of the camera in the
middle of the sequence and with the scale unit equal to the maximum distance
between camera centers. We obtain the same conclusions for the comparisons
between SPARSE and QUASI with a camera-centered gauge by fixing orientation
and position of the middle camera (especially, the uncertainty σf is the same
for all gauge choices since f is gauge invariant). Since the full covariance matrix
is very big, only its diagonal blocs for cameras and points are computed using
sparse pseudo-inversion method [3,15].

Fig. 3. A synthetic scene composed of two spline surfaces and a very distant plane
with three textures mapped on it: random textured scene (left), indoor textured scene
(middle) and outdoor textured scene (right).

We choose a 90% confidence ellipsoid for any 3D position vector: if C is a 3×3
covariance sub-matrix of any camera position or point extracted from the full
covariance matrix of all parameters, the confidence ellipsoid is therefore defined
by ∆xTC−1∆x ≤ 6.25, i.e. a 90% probability for a chi-square distribution with
3 degrees of freedom [32]. The maximum of semi-axes of 90% confidence ellipsoid
is computed as the uncertainty bound for each 3D position. As the number of
cameras is moderate, we only use the mean of all uncertainty bounds of camera
positions xci to characterize the camera uncertainty. The number of points is
however quite consequent, particularly for the QUASI method. To have a better
characterization of their uncertainties, we compute the rank 0 (the smallest
uncertainty bound x0), rank 1

4 (x 1
4
), rank 1

2 (median x 1
2
), rank 3

4 (x 3
4
) and rank

1 (the largest uncertainty bound x1) of the sorted uncertainty bounds to assess
the uncertainty of the reconstructed points. The uncertainty of the focal length
f is given by the standard deviation σf .
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8.1 Synthetic Examples

First we experiment on a synthetic scene with two spline surfaces and a very
distant plane with three textures and uneven spread of points of interest: a well
textured random scene, a low textured indoor scene and an outdoor scene of low
texture, as illustrated in Figure 3. The camera moves around a vertical axis at
the middle of the scene by 5 degrees 5 times, and the image size is 256 × 256.

Table 1. Uncertainty measures for the synthetic scene. The right column are the
accuracy of camera centers w.r.t ground truth

Random #3D points σ f xci x0 x 1
4

x 1
2

x 3
4

x1 ||xci ||
QUASI 2559 .25 256 8.8e-4 .011 .031 .056 .96 1.6 9.5e-4
SPARSE 126 .45 256 6.0e-3 .065 .11 .15 .19 4.7 3.1e-3
Indoor #3D points σ f xci x0 x 1

4
x 1

2
x 3

4
x1 ||xci ||

QUASI 1459 .36 256 1.8e-3 .022 .046 .076 0.14 5.0 1.6e-3
SPARSE 114 .42 256 4.8e-3 .055 0.61 0.69 0.11 1.6 3.8e-3
Outdoor #3D points σ f xci x0 x 1

4
x 1

2
x 3

4
x1 ||xci ||

QUASI 1547 .34 256 1.6e-3 .019 .041 .071 0.11 2.9 2.0e-3
SPARSE 66 .46 256 7.3e-3 .070 0.93 0.15 0.21 3.0 6.8e-3

The computed uncertainty measures are shown in Table 1. With 10 to 20
times more points, the QUASI uncertainties are usually 2 to 5 times smaller.
As expected, the points on the textured and distant plane are very uncertain
in comparison with the others. In this particular case of synthetic scene, all in-
trinsic parameters (including the known focal length f) are enforced by the final
Euclidian bundle adjustment. Furthermore, the true camera motion is known:
we compute the accuracy of the movement ||xci || as the mean of the Euclidian
distance between the estimated and the true centers of cameras. The QUASI
accuracy is usually 3 times better than the SPARSE one. These conclusions are
the same if the focal length f is estimated in the final Euclidian bundle, with a
better f accuracy for QUASI.

We have also experimented with other synthetic examples where the set of
matched interest points is well spread in image space, and have found in these
last cases that the accuracies are usually better for SPARSE than for QUASI,
although uncertainties are usually better for QUASI than for SPARSE.

8.2 Real Examples

We also give detailed experimental results on three real sequences. The Corridor
sequence (11 images at resolution 512 × 512) has a forward motion along the
scene which does not provide strong geometry, but favors the SPARSE method
as it is a low textured polyhedric scene, points of interest are abundant and well
spread over the scene. The Lady sequence (20 images at 768 × 512) has a more
favorable lateral motion in close-range. The Garden-cage sequence (34 images
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Fig. 4. From left to right: Corridor (11 images at 512×512 resolution), Lady (20 images
at 768× 512), Garden-cage (34 images at 640× 512) sequences.

at 640 × 512) are captured by a hand-held still camera (Olympus C2500L) with
an irregular but complete inward walk around the object.

Table 2. Uncertainty measures for the Corridor sequence: the mean of the uncertainty
bounds of camera centers and the rank-k of the sorted uncertainty bounds of points.

Corridor #3D points σ f σf xci x0 x 1
4

x 1
2

x 3
4

x1

QUASI 16976 0.41 714 4.36 7.0e-4 .014 .070 .13 .38 15700
SPARSE 427 0.52 761 17.3 1.7e-3 .016 .056 .12 .32 106

Corridor. Table 2 shows the comparative uncertainty measures for the Corridor
sequence. With almost 40 times redundancy, camera position (resp. focal length)
uncertainties from QUASI are two times (resp. four times) smaller than those
from SPARSE. However, the point uncertainties for SPARSE are slightly better
than those of QUASI for the majority of points. As the camera direction and
path is almost aligned with the scene points, the points on the far background of
the corridor are almost at infinity. Not surprisingly with the actual fixing rules
of the coordinate choice, they have extremely high uncertainty bound along the
camera direction for both methods. Figure 5 shows the reconstruction results
in which each 3D points is displayed as a small texture square around it, and
illustrates a plane view of the 90% confidence ellipsoids.

Lady. For the Lady sequence, we show the results obtained from SPARSE and
QUASI methods in Table 3 and Figure 6. The uncertainties for QUASI are
smaller than for SPARSE, 6 times smaller for focal length and camera positions.
We have noticed that the very small number of 3D points makes the SPARSE
method fragile.

Garden-cage. The Garden-cage sequence is particularly difficult as it is con-
sisting of a close-up bird cage and background houses and trees. The viewing
field is therefore very profound. SPARSE methods failed because some triplets of
consecutive images do not have sufficient matched interest points. The QUASI
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Fig. 5. QUASI (left) and SPARSE (right) reconstructions for Corridor and their 90%
confidence ellipsoids viewed on a horizontal plane. Only 1 out of 10 ellipsoids for QUASI
is displayed.

Fig. 6. QUASI (left) and SPARSE (right) reconstruction of the Lady sequence. The
90% ellipsoids for final Euclidian bundle adjustment are enlarged 4 times on the top.
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Table 3. Uncertainties for the Lady sequence.

Lady #3D points σ f σf xci x0 x 1
4

x 1
2

x 3
4

x1

QUASI 26823 .53 849 2.26 6.1e-4 1.2e-3 4.2e-3 5.4e-3 6.1e-3 1.9e-2
SPARSE 383 .54 866 13.6 3.8e-3 5.2e-3 9.8e-3 1.1e-2 1.3e-2 2.6e-2

method gives the uncertainties in Table 4 and 90% ellipsoids in Figure 7. As the
images have been captured with the smallest focal length available, the camera
non-linear distortion is becoming not negligible. After a first round of Euclid-
ian bundle adjustment, a second adjustment by adding one radial distortion
parameter ρ for all cameras is carried out.

Let u0, x and u be respectively the image center, undistorted and distorted
points for an image, the first order radial distortion parameter ρ is defined as:

u = u0 + (1 + ρ(r/2v0)2)(x− u0),

where r =
√||x− u0||2 and (u0, v0)� = u0.

We have estimated ρ = −0.086 with our method. This estimate is similar to
that obtained with a very different method proposed in [4] for the same camera
but different images: ρ = −0.084.

Computation times in minutes for the QUASI method are given in Table 5
for all sequences using a Pentium III 500 Mhz processor.

8.3 Robustness

The robustness of the methods can be measured by the success rate of recon-
struction for a given sequence. The QUASI method is clearly more robust for all
sequences we have tested: whenever a sequence is successful for SPARSE, it is
equally for QUASI, while SPARSE fails for many other sequences (not shown in
this paper) including the Garden-cage sequence in which QUASI succeeds. Fur-
thermore in all our test, the SPARSE method was defined at the very beginning
of this Section as the best result between a pure sparse and a mixed sparse-quasi
methods, where the mixed one is sometimes the only one which succeed.

Table 4. Uncertainties for the Garden-cage sequence.

Garden-cage #3D points σ f σf ρ σρ xci x0 x 1
4

x 1
2

x 3
4

x1

QUASI 50161 .46 732 0.27 -0.086 1.1e-4 3.8e-4 5.2e-4 1.9e-2 4.4e-2 0.12 2.6

9 Conclusion

In this paper, we have proposed a general quasi-dense 3D reconstruction from
uncalibrated sequences. The main innovative idea is that all geometry is com-
puted based on re-sampled quasi-dense correspondences rather than only stan-
dard sparse points of interest. Experiments demonstrate its superior performance



Quasi-Dense Reconstruction from Image Sequence 137

Fig. 7. Top view of the 90% confidence ellipsoids and 3 re-projected views of QUASI
reconstruction. The small square shaped connected component at the center is the
reconstructed bird cage while the visible crosses forming a circle are camera positions.

Table 5. Computation times (min.) for the QUASI method with a PIII 500 Mhz.

#cameras #3D points matching and 2-views 3-views and merge
Corridor 11 16976 6 11
Lady 20 26823 13 16

Garden-cage 34 50161 25 27
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both in accuracy and robustness due to highly redundant and well spread input
data. Quasi-dense reconstruction has also more visualization related application
than sparse reconstruction. Future research directions include time reduction for
longer sequences by intelligent decimation of reconstructed points in the hier-
archical bundle, and all rendering related topics such as meshing and texture
merging for a full 3D surface models.
Acknowledgments. We would like to thanks A. Zisserman for the “Corridor”
sequence, D. Taylor for the “Lady” sequences, Jerome Blanc for the synthetic
data, and Bill Triggs for discussions.
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Abstract. The geometry of two uncalibrated views obtained with a
parabolic catadioptric device is the subject of this paper. We introduce
the notion of circle space, a natural representation of line images, and
the set of incidence preserving transformations on this circle space which
happens to equal the Lorentz group. In this space, there is a bilinear con-
straint on transformed image coordinates in two parabolic catadioptric
views involving what we call the catadioptric fundamental matrix. We
prove that the angle between corresponding epipolar curves is preserved
and that the transformed image of the absolute conic is in the kernel of
that matrix, thus enabling a Euclidean reconstruction from two views.
We establish the necessary and sufficient conditions for a matrix to be a
catadioptric fundamental matrix.

1 Introduction

The geometry of perspective views has been extensively studied in the past
decade. Two books [6] and [2] contain comprehensive treatments of the subject.
At the same time, the need for a larger field of view in surveillance, robotics,
and image based rendering motivated the design of omnidirectional cameras.
Among several designs, the catadioptric systems with a single effective viewpoint,
called central catadioptric [10], attracted special attention due to their elegant
and useful geometric properties (see the collection [1]). Structure from motion
given omnidirectional views is an evolving research area. Gluckman and Nayar
[5] studied ego-motion estimation by mapping the catadioptric image to the
sphere. Svoboda et al [14] first established the epipolar geometry for all central
catadioptric systems. Kang [8] proposed a direct self-calibration by minimizing
the epipolar constraint.

In this paper we study the geometry of two uncalibrated views obtained
with a parabolic catadioptric device. We assume that the optical axes of the
lens and the mirror are parallel and that the aspect ratio and skew parameter
are known leaving only the focal length (combined scaling factor of mirror, lens,
and CCD-chip) and the image center (intersection of the optical axis with the
� The authors are grateful for support through the following grants: NSF-IIS-0083209,
SNF-EIA-0120565, NSF-IIS-0121293, NSF-EIA-9703220, a DARPA/ITO/NGI sub-
contract to UNC, and a Penn Research Foundation grant.

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 140–154, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



Properties of the Catadioptric Fundamental Matrix 141

image plane) as unknown. The parabolic projection x = (u, v, 1)T of a point
X = (x, y, z, w)T ∈ P

3 incorporates two steps: 1. intersecting the paraboloid
and the ray from the paraboloid’s focus through X; and 2. orthographically
projecting this intersection to the image plane. It reads [10,14,3] as follows

u = cx +
2fx

−z +
√
x2 + y2 + z2

and v = cy +
2fy

−z +
√
x2 + y2 + z2

, (1)

where (cx, cy, 1) is the intersection of the optical axis with the image plane and f
is the projected focal length of the mirror, and where it is also assumed that the
focus is O = (0, 0, 0, 1), the origin, and the z-axis is parallel to the optical axis (1
left). The circle centered at (cx, cy, 1) and whose imaginary radius is 2f will be
named ω′ and is called the calibrating conic because it gives the three intrinsics
cx, cy and f . Every image of a line is a circle which intersects ω′ antipodally [3].

Fig. 1. The projection on a paraboloidal mirror with subsequent orthographic projec-
tion (left) and the equivalent model: spherical projection with subsequent stereographic
projection (right).

It was shown in [3] that the parabolic projection described above is equivalent
to another two step projection: project the point in space to the sphere and
then project this point from the north pole to the plane of the equator; see
figure 1 (right). This type of projection is equivalent to a parabolic projection
in which the calibrating conic ω′ is identical to the projection of the equator.
The second step in the two step projection is stereographic projection which
has two properties which will be relevant to us: 1. it projects any circle on the
sphere great or small to a circle in the plane; and 2. stereographic projection is
conformal in that locally it preserves angles [11].

In [4] an extra coordinate is added to the image coordinates so that a general
perspective projection becomes proportional to a linear transformation of the
new image coordinates. The mechanism is achieved by “lifting” a point in the
image plane to the surface of a paraboloid that is not necessarily equal to the
physical paraboloid being used as the mirror. Once lifted to the paraboloid, a
special class of linear transformations preserves the surface of the parabola while
inducing translation and scaling in the image points. An appropriate transfor-
mation exists which maps lifted image points into rays which are calibrated and
are collinear with the space point and the focus. This lifting space also has the
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advantage of being able to represent the images of lines (circles) in the image
plane.

In this paper we combine the lifting idea, which has the effect of factoring out
some portion of the non-linearity of the problem, with the use of stereographic
projection. Thus instead of using the paraboloid as a lifting surface, we intend
to use the sphere, where we will apply the inverse of stereographic projection to
lift image points to the sphere. Though this can be seen to be the same as using
the paraboloid, using the sphere has the advantage of being more symmetric and
drastically simplifies our derivations.

We summarize here the original contributions of this paper:

1. A new representation of image points and line images for parabolic cata-
dioptric images is defined using inverse stereographic projection.

2. The equivalent class of linear transformations of this space is shown to pre-
serve angles and is equal to the Lorentz group.

3. A projection formula analogous to the perspective projection formula is de-
rived. Using this projection formula we reformulate the multiple view matrix
and the rank deficiency condition remains from the perspective case. Mixed
sensor types can be included in the multiple view matrix.

4. From this catadioptric multiple view matrix the catadioptric fundamental
matrix is derived. We prove that the lifted images of the absolute conic of
the left (right) camera belong to the two-dimensional left (right) null-space
of the catadioptric fundamental matrix. Self-calibration becomes, thus, the
intersection of two null-spaces. It is possible with two parabolic views as
opposed to three views required in the perspective case (even with known
aspect ratio and skew).

5. Because of the stereographic projection involved in the parabolic projection,
angles between epipolar circles are preserved. We prove the equivalent al-
gebraic condition on the singular vectors of the catadioptric fundamental
matrix.

6. Based on the last two facts, we derive the necessary and sufficient conditions
for a given matrix to be a catadioptric fundamental matrix.

2 The Spherical Representation of Points and Circles:
Circle Space

A unit sphere centered at the origin has the quadratic form

Q =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1


 . (2)

Given a point x = (u, v, 0, 1) we wish to find the point x̃ on the sphere which
when stereographically1 projected from N = (0, 0, 1, 1) would give x. It is easy
to verify that the point
1 This is not necessarily the same stereographic projection which was used to generate
the image point from a point in space.
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x̃ =
(
2u, 2v, u2 + v2 − 1, u2 + v2 + 1

)T
(3)

lies on the sphere and is collinear with N and x. The point p̃ will be called the
“lifting” of the point x, whereas x is the stereographic projection of x̃.

Circles can also be represented in this framework due to the following fact.
Stereographic projection maps points on the sphere to co-circular points in the
plane if and only if the points on the sphere also lie on a plane. We represent a
circle in the image plane with the polar point of the plane containing the lifted
image points lying on the circle. Recall from projective geometry that the polar
point of a plane is the vertex of the cone tangent to the sphere (or any quadric
surface) at the intersection of the plane with the sphere. The polar plane of a
point has the reverse relationship.

Let γ be a circle centered in the image plane at (cx, cy, 1) with radius r. We
claim that the plane containing the lifted points of γ is

π =
(
2cx, 2cy, c2x + c2y − r2 − 1,−c2x − c2y + r2 − 1

)T
.

The polar point of this plane π will be the point representation γ̃ (Fig. 2 (left))
of the circle γ, where

γ̃ = Qπ =
(
2cx, 2cy, c2x + c2y − r2 − 1, c2x + c2y − r2 + 1

)
. (4)

As a result it can be shown that p ∈ γ if and only if p̃TQγ̃ = 0. This has dual
interpretations: 1. the set of points p lying on γ have liftings lying on the plane
Qγ̃; and 2. the set of circles γ containing a point p have point representations
lying on the plane Qp̃. We claim that definition (4) also applies when r is
imaginary.

The value of ρ = xTQx determines whether x lies inside (ρ < 0), outside
(ρ > 0), or on the surface of the sphere (ρ = 0). We find that under the condition
that γ̃ have not been scaled from their definition in (4)2 then ρ = γ̃TQγ̃ = 4r2,
implying that if γ̃ lies inside the sphere then it represents a circle with imaginary
radius since ρ must be negative; if γ̃ lies on the sphere then ρ = 0 which implies
that γ is a circle of zero radius or a point, which we already knew since it is
then of the form (3); otherwise γ̃ lies outside the sphere and represents a circle
with real radius. Hence ω̃, representing an imaginary circle, must lie inside the
sphere and ω̃ must lie outside the sphere because it represents a real circle.

In particular from the definition in (4) we determine that

ω̃′ =
(
2cx, 2cy, c2x + c2y − 4f2 − 1, c2x + c2y − 4f2 + 1

)T
(5)

is the point representation of the calibrating conic. Similarly ω, the image of the
absolute conic [13], has point representation

ω̃ =
(
2cx, 2cy, c2x + c2y + 4f2 − 1, c2x + c2y + 4f2 + 1

)T
. (6)

2 The circle space representation lies in P
3 and so is a homogeneous space, but in some

rare instances like this one we will require that γ̃ is exactly of the form in (4).
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Their geometric interpretation will be elucidated in Proposition 2.
We now state without proof some miscellaneous facts. We define πx = Qx to

be the polar plane of the point x with respect to Q. The first fact is that a circle
on the sphere projects to a line if and only if the circle containsN . All points on
πN , in this case the plane tangent to the sphere at N , are points whose polar
planes must containN . Therefore πN contains the point representations of lines
in the image plane.

The second fact is that points on π∞ have polar planes going through the ori-
gin and therefore yield great circles. Thus the points at infinity represent exactly
the lines of P

2 as they are represented on the sphere. Is there a linear transfor-
mation of circle space which maps the point representations of line images to
π∞ so that they represent line images in P

2?
The third fact is a cautionary note. Unlike in perspective geometry where

the line image between two image points is uniquely defined, this is not the case
in circle space. For any two image points there is a one parameter family of
circles, a line in circle space, going through them. The correct circle for a given
parabolic catadioptric image is the one which intersects ω̃′ antipodally.

Since we will be dealing with the angle of intersection of two circles we need
a well-defined way to determine this angle. If two circles γ and η are centered
respectively at g and h, have radii r1 and r2, and intersect at p1 and p2, we
define the angle between them to be the angle ∠gp1h. This angle is the same
as π minus the angle between the tangent vectors as can be seen from Figure 2
(right). Let 〈x,y〉Q = xTQy and ‖x‖Q =

√〈x,x〉Q
3.

Fig. 2. On the left, the lifting of a circle γ to the point γ̃ in spherical circle space.
On the right, the angle of intersection of two circles γ and η is defined to be the angle
∠gp1h since this is the same as at least one of the two angles between the tangent
vectors.

Proposition 1. The angle θ between two circles γ and η can be obtained from
the “dot product” in circle space:

3 〈·, ·〉Q is not a real dot product nor is ‖·‖Q a real norm. 〈·, ·〉Q is a symmetric bilinear
form but since Q is not positive definite it does not officially qualify as a dot product.
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cos2 θ =
〈γ̃, η̃〉2

Q

‖γ̃‖2
Q‖η̃‖2

Q

. (7)

Proof: As shown in Fig. 2 let g be the center and r1 the radius of the circle γ,
and let h be the center and r2 the radius of η. Let p1 be one of the intersections
of the two circles. By solving for cos θ in the law of cosines the angle θ = ∠gp1h
satisfies

cos2 θ =

(
r2
1 + r2

2 − ‖g − h‖2
)2

4r2
1r

2
2

=

(
r2
1 + r2

2 − gTg − hTh+ 2gTh
)2

4r2
1r

2
2

.

According to the assumptions we must have

γ̃ = λ
(
2gT , gTg − r2

1 − 1, gTg − r2
1 + 1

)T

η̃ = µ
(
2hT ,hTh− r2

2 − 1,hTh− r2
2 + 1

)T
. (8)

First notice that by calculating γ̃TQη̃ one finds that

gTh = gTg + hTh− r2
1 − r2

2 +
〈γ̃, η̃〉Q

2λµ
, (9)

and also that r2
1 = ‖γ̃‖2

Q/4λ
2 and r2

2 = ‖η̃‖2
Q/4µ

2. Substituting (9) into (8) and
then substitutions for r2

1 and r2
2 yields (7). ��

The square in cos2 θ is necessary because γ̃ and η̃ are homogeneous and the
scale factors λ and µ could be negative. The corollary follows immediately from
the proposition.
Corollary 1. Two circles γ and η are orthogonal if and only if γ̃TQη̃ = 0.
Lemma 1. Two circles γ and η are centered at the same point and have a ratio
of radii equal to i (one is imaginary, the other is real, but excluding complex
circles) if and only if they are orthogonal and their polar planes intersect in a
line on πN .
Proof: The forward and reverse directions can be verified by direct calculation.
Verify that the first conditions imply γ̃Qη̃ = 0 and that the three planes are
linearly dependent (the 3×3 sub-determinants of the matrix (Qγ̃, Qη̃,πN )T are
zero). The converse can be shown by solving for the center and radius of η in
terms of γ. ��
Lemma 2. A set of circles {γλ}λ∈Λ are coaxal if and only if their point repre-
sentations {γ̃λ}λ∈Λ are collinear.

See [12] for a proof when Q is the parabola instead of the sphere. The same
reasoning applies.
Proposition 2. Let ω′ be a circle representing the calibrating conic. The set
of circles intersecting ω′ antipodally, i.e. the set of line images, lie on a plane
whose polar point with respect to Q is ω.
Proof: All lines through the center of ω′ intersect ω′ antipodally and are also
orthogonal to ω′, therefore these lines’ point representations lie on the line 
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which is the intersection of the plane πN (containing all point representations of
lines) and the plane πω̃′ = Qω̃′ (containing all point representations of circles or
lines orthogonal to ω′). Any circle γ intersecting ω′ antipodally in points p1 and
p2 is coaxal with ω and the line through p1 and p2, which also goes through the
center of ω′. Thus by Lemma 2 their point representations are collinear. Hence
γ̃, the representation of an arbitrary circle antipodal to ω̃′, lies on the plane π
through 
 and ω̃′.

Now we show that the polar point of π must equal ω̃. Let A = Q−1π to be
the polar point of π. The circle represented by A is orthogonal to ω′ since

ATQω̃′ = πTQ−TQω̃′ = πT ω̃′ = 0 ,

the last equality following by the definition of π. Since they are orthogonal and
their polar planes intersect in the line � on πN , by Lemma 1, ω̃′ and the circle
represented by A must have the same center and have a ratio of radii equal to i.
Therefore A = ω̃. ��
2.1 The Lorentz Group and Plane Preserving Subgroups

In a perspective image a natural class of transformations on image points is the
set of collineations, projective transformations specified by non-singular 3 × 3
matrices. We would like to find an equivalent structure for parabolic catadiop-
tric images under the requirement that the transformation operate linearly on
the circle space. Therefore this class must consist of some subset of 4 × 4 ma-
trices. These transformations also should not act in a way which happens to
transform a point into a circle or vice versa, for this would inviolate incidence
relationships in the image plane. Thus the surface of the sphere must remain
invariant under any such transformation. This is the barest of conditions neces-
sary to determine the set of transformations and we therefore investigate the set
L = {A : ATQA = Q}. This is a group since it is closed under multiplication
and inversion and contains the identity. As it turns out this is a well known
six dimensional4 Lie group from the study of physics called the Lorentz group
[7]. Any transformation from this group preserves angles between circles, for if
A ∈ L then 〈x,y〉Q = 〈Ax,Ay〉Q. Since two circles can be constructed to form
any angle, these transformations must preserve all angles when they transform
the image plane. Angles replace the cross ratio as the invariance under these
transformations. It also implies that general projective transformations applied
to image points that do not preserve angles, such as shearing or change of aspect
ratio, can not be represented as a linear transformation of circle space, at least
not in a way which preserves incidence relationships.

In the previous section it was said that the set of line images of a given
parabolic projection have point representations lying on a plane in circle space.
The plane on which they lie is polar to the point representation of the image of
the absolute conic, ω̃. What is the set of transformations preserving this plane
and what meaning does this have? In order that a transformation preserve the

4 The inclusion of scale yields an additional dimension, and then AT QA = λQ.
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plane it must preserve ω̃. Therefore ω̃ must be an eigenvector of the transfor-
mation for any eigenvalue (since ω̃ is homogeneous). Let

Lω̃ = {A : ATQA = Q and Aω̃ = λω̃ for some λ} .
This is a group since it is also closed under multiplication and inversion.

We examine two subcases, ω̃ = (0, 0, 0, 1) and ω̃ = N . We will calculate
the Lie algebra for the connected component containing the identity. If A(t) is
a continuous parameterization of matrices in Lω̃ such that A(0) = I, then the
first condition gives

d

dt
A(t)TQA(t)

∣∣∣∣
t=0

=
d

dt
Q

∣∣∣∣
t=0

and A′(0)TQ+QA′(0) = 0 .

The second condition is equivalent to the 2 × 2 sub-determinants of the matrix
(ω̃,A(t)ω̃)T being zero. Each of the six equations for the sub-determinants can
be differentiated with respect to t and evaluated at t = 0 and then one can solve
for the entries A′(0). When ω̃ = (0, 0, 0, 1), this yields

A′(0) =




0 a12 a13 0
−a12 0 a23 0
−a13 −a23 0 0
0 0 0 0


 ,

which is just the set of matrices which are skew symmetric in the first three
rows and columns and zero elsewhere. Therefore L(0,0,0,1) is the set of rotations
in P

3.
If ω̃ =N , the north pole, then A′(0) must be of the form

A′(0) =



0 −a12 −a13 a13

a12 0 −a23 a23

a13 a23 0 a34

a13 a23 a34 0


 .

The Lie group generated by this Lie algebra preserves N and therefore it pre-
serves the plane tangent to N on which lie the point representations of lines.
They therefore sends lines to lines while also by default preserving angles. There-
fore this subgroup corresponds to affine transformations in the plane. An im-
portant subcase and reparameterization of LN is defined under the following
substitutions, a12 = 0, a34 = − log 2f, a13 = −cx log 2f

2f−1 , a23 = −cy log 2f
2f−1 . Upon

exponentiation we have the following matrix dependent on ω̃,

Kω̃ =




1 0 cx −cx

0 1 cy −cy

− cx
2f

− cy

2f

1−c2x−c2y+4f2

2f

1+c2x+c2y−4f2

2f

− cx
2f

− cy

2f

1−c2x−c2y−4f2

2f

1+c2x+c2y+4f2

2f


 . (10)

This has the effect on the image points of translating by (−cx,−cy) and then
scaling by 1

2f . Also notice that Kω̃ω̃ = λO and Kω̃ω̃
′ = (0, 0, λ, 0). We will use

this matrix in the next section.
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In general when ω̃ does not lie on the sphere, the dimension of Lω̃ is three
because the sub-determinants give three independent constraints; this Lie group
corresponds to rotations about the viewpoint. When ω̃ lies on the sphere an addi-
tional dimension arises because the number of independent constraints decreases
by one; this Lie group leaves the image point corresponding to ω̃ invariant. One
additional comment, since expAT = (expA)T , and since the Lie algebra of L
can be seen to contain A if and only if it contains AT , then B ∈ L if and only
if BT ∈ L.

3 Multiple Parabolic Views

We now wish to find a parabolic projection equation more closely resembling
the perspective projection formula ΠX = λx, where x ∈ P

2 is the image of
X ∈ P

3, Π is the 4 × 3 camera matrix, and λ is the projective depth depending
on Π, X and x. As it stands, because of the non-linearity of the definition in
(1) it is not trivial to apply the multiview results found for perspective cameras
to the parabolic catadioptric case.

First we apply Kω̃ to the lifting of point x in (1), obtaining
4f

r−z (x, y, z, 4fr)T , where r =
√
x2 + y2 + z2. This is a point collinear with

O (the origin) and X = (x, y, z, w). Hence for some λ and µ, λO+µKω̃x̃ =X .
Because one of the four equations in this vector equation are redundant we can
multiply on both sides by

P =


1 0 0 00 1 0 0
0 0 1 0




from which we find that µPKω̃x̃ = PX .. Upon performing the multiplication
on the left hand side, one finds that in fact

PKω̃x̃ =


 1 0 0

0 1 0
− cx

2f
− cy

2f
1
2f


 (P x̃ − Pω̃) = J ω̃ (P x̃ − Pω̃) ,

but this is satisfied only under the condition that x̃ and ω̃ have not been
arbitrarily scaled from their respective definitions in (3) and (6).

Now assume that X lies in a coordinate system translated by t and rotated
by R. Introduce a projection matrix Π = J−1

ω̃ (R, t) similar to the standard
perspective projection matrix and define x̌ = P x̃, then equation (3) becomes

λ(x̌− ω̌) =ΠX . (11)

The vector ω̌ can not be incorporated into the projection matrixΠ because the
subtraction is dependent on the non-homogeneity of x̌. It is interesting to note
that the matrix J−1

ω̃ which fills the role of a calibration matrix is lower triangular
as opposed to the perspective calibration matrix which is upper triangular. With
equation (11) we can now reformulate the multiple view matrix.

Assume that n parabolic catadioptric cameras image the same point X ∈ P
3

so that there are n equations of the form (11). This implies that each of the
n matrices (Πi, x̌i − ω̌i) is rank deficient because within each nullspace must
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respectively lie the vector (X, λi)
T . We can combine all of these matrices into

the single matrix

M =




Π1 x̌1 − ω̌1 0 · · · 0
Π2 0 x̌2 − ω̌2 · · · 0
...

...
...

. . .
...

Πn 0 0 · · · x̌n − ω̌n


 (12)

which again must be rank deficient because within its nullspace lies the vec-
tor (X,−λ1,−λ2, . . . ,−λn)T . In the perspective formulation M is known as
the multiple view matrix [6]. By manipulating its columns and rows its rank
deficiency has been used by [9] to show that the only independent constraints
between multiple views are at most trilinear, all others are redundant. The same
method can be applied to this parabolic catadioptric multiple view matrix to
show that the only independent constraints among multiple parabolic catadiop-
tric views are trilinear. In the next section we derive the bilinear constraints and
find a form of the parabolic catadioptric fundamental matrix.

Notice that it is possible to mix different point features from different camera
types. This only changes the form of one triplet of rows of the matrix M . In
each row the difference will be in the form of Πi, the presence or absence of an
ω̌i as well as lifting or not of x. If all sensors image the same point in space, the
multiple view matrix will be rank deficient regardless of the type of sensors.

3.1 Deriving the Catadioptric Fundamental Matrix

We now derive the constraint on two parabolic catadioptric views. For two views
M becomes

M =
(
Π1 x̌1 − ω̌1 0
Π2 0 x̌2 − ω̌2

)
,

where we assume Π1 = J−1
ω̃1

(I, 0) and Π2 = J−1
ω̃2

(R, t). This a square matrix
and its rank deficiency implies that its determinant is zero:

0 = detM = (x̌1 − ω̌1)T
G (x̌2 − ω̌2) =

(
x̌T

1 1
) (

G −Gω̌2

−ω̌T
1G ω̌T

1Gω̌2

) (
x̌2
1

)
,

(13)

where we know from previous results for perspective cameras [6] that G =
JT

ω̃1
EJ ω̃2 for the essential matrix E = [t]×R. Unfortunately expression (13)

is a constraint on x̌1 and x̌2 and not x̃1 and x̃2, however note that

x̌ =



1 0 0 0
0 1 0 0
0 0 1 0
0 0 − 1

2
1
2


 x̃ = Hx̃

Thus we can rewrite equation (13) as

x̃T
1 F x̃2 = 0 where F =HT

(
G −Gω̌2

−ω̌T
1G ω̌T

1Gω̌2

)
H . (14)
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Equation (14) is the parabolic catadioptric epipolar constraint. It can be verified
that

F =KT
ω̃1

(
E 0
0 0

)
Kω̃2 . (15)

A matrix expressed in this way will be called a catadioptric fundamental matrix.
The first thing to note about this new F is that since Hω̃ = ω̌, we must have

F ω̃2 = 0 and F T ω̃1 = 0 .

Hence, the lifted left and right images of the absolute conic belong to the left
and right nullspace of F , respectively. Also since G is rank 2, F will remain rank
2 because

(−ω̌T
1G, ω̌

T
1Gω̌2

)
is linearly dependent on the first three rows.

Note that the expression x̃T
1 F x̃2 is linear in the entries of the matrix F .

Hence just like in the perspective case, given a set of correspondences a matrix
whose entries are the coefficients in the epipolar equation of each entry of F can
be constructed whose nullspace contains the matrix F flattened into a single
vector in R

16. The nullspace can be calculated using singular value decomposition
by selecting the vector with the smallest singular value.

4 The Space of Catadioptric Fundamental Matrices

In the previous section we found that there is a bilinear constraint on the liftings
of corresponding image points in the form of a 4 × 4 matrix analogous to the
fundamental matrix for perspective cameras. It would be nice to find the neces-
sary and sufficient conditions that a given matrix be a catadioptric fundamental
matrix, that is, of the form (15). We will show that the condition that F be rank
2 is necessary but not sufficient.

Fig. 3. Left: If two epipolar planes intersect two spheres representing two views at
an angle θ, then the angle of intersection of the epipolar great circles is also θ. Right:
By the angle preserving property of stereographic projection, the epipolar circles also
must intersect at an angle θ.

The condition that we describe is based on the fact that F must preserve
angles between epipolar circles. In Figure 3 (left) notice that two epipolar planes
with a dihedral angle of θ intersect two spheres, representing two catadioptric
views, in two pairs of great circles, both of which pairs have an angle of inter-
section of θ. Because stereographic projection preserves angles, the projections
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of the great circles, two pairs of line images must also intersect at an angle θ
as shown in Figure 3 (right). The fundamental matrix is a rank 2 space correla-
tion [13] meaning that it maps points to planes, polar planes actually, on which
corresponding points must lie.

Assume that points p and q respectively lie on epipolar circles γ and η
and satisfy p̃TF q̃ = 0. The epipolar circle η can be determined from F since
η̃ = Q−1F T p̃. Can γ̃ also be determined from F ? If we knew q̃ we would
have γ̃ = Q−1F q̃. Let us assume we do not know q. But clearly γ̃ is in the
range of Q−1F . So assume that F = λ1u1v

T
1 + λ2u2v

T
2 is the singular value

decomposition of F which is rank 2. Thus γ̃ = Q−1(αu1+βu2) for some α and β.
Since γ̃TQp̃ = 0, solutions unique up to scale are α = p̃Tu2 and β = −p̃Tu1.
Then γ̃ = Q−1Wp̃ where W = u1u

T
2 − u2u

T
1 . In summary, corresponding

epipolar circles as a function of the point p in one image are γ̃ = Q−1Wp̃ and
η̃ = Q−1F T p̃. Note that these two definitions do not depend on any component
in p̃ orthogonal to u1 and u2, we may therefore rewrite them as

γ̃ = Q−1(βu1 − αu2) and η̃ = Q−1(λ1αv1 + λ2βv2) , (16)

hence parameterizing all corresponding epipolar circles.
The sets {γ̃} and {η̃} generated by all choices of α and β are two lines in circle

space. They therefore represent coaxal circles, whose respective intersections
have to be the epipoles. In order for the coaxal circles to have real intersection
points the line in circle space ought not to intersect the sphere. For some coaxal
system a+ λb this is the case if and only if

‖a+ λb‖2
Q = (a+ λb)T

Q (a+ λb) > 0 (17)

for all λ which is the case if and only if the discriminant of the left hand side as
a polynomial in λ is negative. The discriminant being negative gives

〈a, b〉2
Q < ‖a‖2

Q‖b‖2
Q . (18)

Lemma 3. If (18) is satisfied then for any two circles α1a+ β1b and α2a+ β2b
in the coaxal space,

0 ≤ 〈α1a+ β1b, α2a+ β2b〉2
Q

‖α1a+ β1b‖2
Q‖α2a+ β2b‖2

Q

≤ 1 ,

in which case the angle between them is well-defined.
Proof: From (17) and from the fact that (β1α2−α1β2)2

(〈a, b〉2
Q − ‖a‖2

Q‖b‖2
Q

)
=

〈α1a+ β1b, α2a+ β2b〉2
Q − ‖α1a+ β1b‖2

Q‖α2a+ β2b‖2
Q. ��

Definition. When we say that a rank 2 space correlation F preserves epipolar
angles (i.e. angles between epipolar circles) we mean that for all p̃,

〈Wp̃1,Wp̃2〉2
Q

‖Wp̃1‖2
Q‖Wp̃2‖2

Q

=
〈F T p̃1,F

T p̃2〉2
Q

‖F T p̃1‖2
Q‖F T p̃2‖2

Q

. (19)

Equation (19) is obtained by substituting definitions of γ̃i and η̃i from (16)
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into (7) while noticing that the Q−1’s cancel. This definition skirts the issue
of whether this formula actually implies angles are preserved, but if angles are
preserved then this formula must be true. Whether the converse is true turns
out to be irrelevant.
Proposition 3. If (18) is satisfied by left and right singular vectors of a rank 2
space correlation F having SVD λ1u1v

T
1 +λ2u2v

T
2 then the following statement

is true. F preserves angles between epipolar circles if and only if
(

‖u1‖2
Q‖u2‖2

Q〈v1, v2〉2Q = 〈u1, u2〉2Q‖v1‖2
Q‖v2‖2

Q

and λ1〈u1, u2〉Q‖v1‖2
Q = −λ2‖u2‖2

Q〈v1, v2〉Q

)

or
(

λ2
1‖u1‖2

Q‖v1‖2
Q = λ2

2‖u2‖2
Q‖v2‖2

Q, 〈u1, u2〉Q = 0and 〈v1, v2〉Q = 0
)

.(20)

Proof: See appendix for (−→).
Corollary 2. A matrix E is an essential matrix if and only if the matrix E(4)

satisfies (20), where we define E(4) =
(
E 0
0 0

)
.

Proof: A matrix E(4) has SVD λ1u1v
T
1 + λ2u2v

T
2 where ui,vi ∈ π∞. Because

they lie on π∞, the dot product reduces to the Euclidean dot product and
therefore (18) is just the Schwartz inequality satisfied by any vectors, and also
by the properties of the SVD, 〈u1,u2〉Q = 〈v1,v2〉Q = 0, ‖ui‖Q = ‖vi‖Q = 1.

If E is an essential matrix then λ1 = λ2 and then the second clause of (20)
is satisfied. Therefore E(4) is angle preserving.

If E(4) is angle preserving then since 〈u1,u2〉Q = 〈v1,v2〉Q = 0, the second
clause applies and λ2

1 = λ2
2, thus E is an essential matrix. ��

Lemma 4. If a rank 2 space correlation F preserves angles and the transfor-
mation K ∈ L then FK preserves angles between epipolar circles. Similarly for
KTF .
Proof: 〈KTF T p̃1,K

TF T p̃2〉Q = 〈F T p̃1,F
T q̃2〉Q sinceKQKT = λQ. For the

other notice by relabeling the SVD, Proposition 3 implies that if F is angle
preserving then F T is too. ��
Lemma 5. If a and b satisfy (18) then the nullspace of (aT , bT ) intersects Q.
Proof: Q−1a and Q−1b also satisfy (18) and their span is a line not intersecting
the sphere. Let π1 and π2 be two lines through the span and tangent to the
sphere at points p1 and p2. Both pi are orthogonal to a and b because they
lie on the polar planes of Q−1a and Q−1b and therefore satisfy pT

i QQ
−1a =

pT
i QQ

−1b = 0. The pi’s are therefore a basis of the nullspace which obviously
intersects the sphere. ��
Theorem. A rank 2 space correlation F can be decomposed as KT

1E
(4)K2

where Ki ∈ LN and E is an essential matrix if and only if (20) and (18) are
satisfied by the vectors of its singular value decomposition.
Proof: Assume F is a rank 2 space correlation for which there exists Ki=1,2 ∈
LN and an essential matrix E such that F =KT

1E
(4)K2. First, in Corollary 2

we saw that E(4)’s singular vectors satisfy (18), sinceKi=1,2 ∈ L, the inequality
is preserved by the pre- and post-multiplication of these matrices, implying (18)
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is satisfied by F as well (even though the singular vectors change the spans
are equal). By Corollary 2, E(4) preserves angles between epipolar circles, and
therefore by Lemma 4, EK2 and then KT

1E
(4)K2 also preserve angles between

epipolar circles. By Proposition 3, KT
1E

(4)K2, a rank 2 space correlation pre-
serving epipolar angles and satisfying (18) must satisfy condition (20).

Now assume that F is an angle preserving, rank 2 space correlation satisfying
(18), show that it is decomposable. Since it is rank 2 and satisfies (17), by Lemma
5 there is some ω̃1 inside the sphere such that F T ω̃ = 0 and some ω̃2 inside
the sphere such that F ω̃ = 0. If we calculate K−1

ω̃1
we find that for some a, b

that K−1
ω̃1

=
(
a, b, αω̃′, βω̃

)
. The important point is that if the singular value

decomposition of F = λ1u1v
T
1 +λ2u2v

T
2 , then because u1 and u2 are orthogonal

to ω̃1 which is the last column of Kω̃1 , K−T
ω̃1
ui ∈ π∞. Kω̃2 has the same effect

on vi. Therefore

K−T
ω̃1
FK−1

ω̃2
=

(
E 0
0 0

)
.

We now show that E is an essential matrix. Since F preserves angles between
epipolar circles, so does K−T

ω̃1
FK−1

ω̃2
. Since it preserves angles, by Corollary 2,

it must be an essential matrix with equal non-null singular values. Thus F =
KT

ω̃1
EKω̃2 for some Kω̃i

∈ LN and some essential matrix E. ��

5 Conclusion

In this paper we introduced the spherical circle space to describe points and
line images in parabolic catadioptric views. We described the class of linear
transformations in that space which turned out to be the Lorentz group. We
derived the catadioptric fundamental matrix and proved that the lifted image of
the absolute conic belongs to its nullspace. Based on the fact that angles between
epipolar circles are preserved we proved necessary and sufficient conditions for
a matrix to be a catadioptric fundamental matrix.

Appendix (Proof of Proposition 3)

(=⇒) Since (18) is true, (19) is well-defined for all p̃1 and p̃2. It is therefore true
when p̃1 = u1 and p̃2 = αu1 + u2. Substitute these definitions into (19) and
cross-multiply the denominators. If the both sides are equal for all α then for all
α the polynomial

f(α) ≡ 〈−u2,u1 − αu2〉2
Q‖αλ1v1‖2

Q‖αλ1v1 + λ2v2‖2
Q−

〈λ1v1, αλ1v1 + λ2v2〉2
Q‖ − u2‖2

Q‖u1 − αu2‖2
Q = 0 . (21)

In order that this polynomial be zero everywhere all its coefficients must be zero.
Then the coefficients of α0, α1, and α2 generate the three equations below which
have been divided by λi

1λ
j
2 where appropriate (λi > 0 by assumption):
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〈u1,u1〉Q〈u2,u2〉Q〈v1,v2〉2
Q = 〈u1,u2〉2

Q〈v1,v1〉Q〈v2,v2〉Q , (22)

λ1‖v1‖2
Q〈v1,v2〉Q

(〈u1,u2〉2
Q − ‖u1‖2

Q‖u2‖2
Q

)
= −λ2〈u1,u2〉Q‖u2‖2

Q

(〈v1,v2〉2
Q − ‖v1‖2

Q‖v2‖2
Q

)
, (23)

λ2
1‖v1‖4

Q

(〈u1,u2〉2
Q − ‖u1‖2

Q‖u2‖2
Q

)
= −λ2

2‖u2‖4
Q

(〈v1,v2〉2
Q − ‖v1‖2

Q‖v2‖2
Q

)
. (24)

Condition (18) and hence (17) implies that ‖ui‖2
Q > 0 and ‖vi‖2

Q > 0. Thus if
neither 〈u1,u2〉Q = 0 nor 〈v1,v2〉Q = 0, then we can solve for ‖v1‖2

Q in equation
(22), and substitute into (23) and (24); then both reduce to λ1〈u1,u2〉Q‖v1‖2

Q =
−λ2‖u2‖2

Q〈v1,v2〉Q. This satisfies the first clause of (20).
Otherwise if 〈v1,v2〉Q = 0, then (22) implies that 〈u1,u2〉Q = 0; the con-

verse is true as well by (22). Substituting 〈u1,u2〉Q = 0 and 〈v1,v2〉Q = 0 into
equation (23) gives no constraint and into equation (24) yields λ2

1‖u1‖2
Q‖v1‖2

Q =
λ2

2‖u2‖2
Q‖v2‖2

Q. Then the second clause of (20) is satisfied. Therefore if F pre-
serves the angles between epipolar circles according to the definition given above
and has left and right singular vectors satisfying (18), then one of the conditions
in (20) is true.

��
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Abstract. This paper describes an interactive system for creating ge-
ometric models from many uncalibrated images of architectural scenes.
In this context, we must solve the structure from motion problem given
only few and noisy feature correspondences in non-sequential views. By
exploiting the strong constraints obtained by modelling a map as a sin-
gle affine view of the scene, we are able to compute all 3D points and
camera positions simultaneously as the solution of a set of linear equa-
tions. Reconstruction is achieved without making restrictive assumptions
about the scene (such as that reference points or planes are visible in all
views). We have implemented a practical interactive system, which has
been used to make large-scale models of a variety of architectural scenes.
We present quantitative and qualitative results obtained by this system.

1 Introduction

Despite much progress [1,15,21] in the development of completely automatic
techniques for obtaining geometric models from images, the best-looking archi-
tectural models are still produced interactively [6,5,17]. Interactive approaches
exploit the user’s higher-level knowledge to solve the difficult problems of iden-
tifying geometrically important features and wide-baseline matching. Existing
interactive approaches have used one or relatively few calibrated or uncalibrated
views in order to build models of a few buildings. In this paper, we address some
of the problems associated with making much larger models from an arbitrarily
large number of uncalibrated views of many buildings.

1.1 Previous Work

Given feature correspondences, the optimal solution for camera parameters and
structure may be determined using bundle adjustment [18], which is used to dis-
tribute back projection error optimally across all feature measurements. In the
context of an interactive system, we must solve the structure from motion prob-
lem given only few and noisy feature correspondences defined in images obtained
from sparse viewpoints. This presents two problems: (i) bundle adjustment will
only succeed provided a sufficiently good initial guess can be obtained and (ii)

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 155–169, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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even an ‘optimal’ reconstruction is no guarantee of a subjectively good-looking
model.

One solution to the problem of obtaining an initial guess is to estimate cam-
era parameters and structure simultaneously as the solution of a linear equation.
Although image coordinates have a non-linear relationship with 3D coordinates
under perspective projection, it is well known [6,17,16] that feature correspon-
dences allow a linear solution for structure and camera positions if camera cal-
ibration and orientation are known. In [6] and [17] camera orientation is deter-
mined for calibrated cameras from prior knowledge of line directions. In [12] and
[5] camera calibration and orientation are determined simultaneously from three
vanishing points corresponding with three orthogonal directions. This approach
allows a two-view initialisation of a Euclidean frame but does not address the
problem of how extra views should be registered in that frame, unless we make
the restrictive assumption that three vanishing points corresponding with known
and orthogonal directions are visible in all images. Furthermore, this approach
has the disadvantage that camera calibration cannot be determined for the de-
generate (but very common) case of vanishing points lying at (or near) infinity
in the image plane, e.g. in a photograph of a wall parallel to the image plane. [16]
generalises the concept in [5,12] to any three points lying on a reference plane
but relies on the almost equally restrictive assumption that four points on the
reference plane are visible in all images (or at least that the reference plane is
visible in all images).

Another solution is to register uncalibrated cameras sequentially [1]. A two-
view initialisation defines a projective frame via the fundamental matrix. A
partial reconstruction may be computed within this frame using feature corre-
spondences. Then additional views are registered one at a time using the Discrete
Linear Transformation [20]. Having determined the projection matrix for an ad-
ditional view, structure may be computed for all correspondences defined in two
or more views and the partial reconstruction is extended.

Whilst this approach is effective in the context of tracked features in video
frames [1,8], it has severe limitations in the context of interactive systems:

1. Given only a few noisy feature correspondences partial reconstructions are
likely to be quite inaccurate. Bundle adjustment may be used to improve
estimated camera parameters and structure but this approach often fails in
practice due to convergence to a local minima. In any case, carrying out
bundle adjustment after the addition of each subsequent viewpoint is very
computationally expensive.

2. Accurate camera registration by DLT depends on the accuracy of the partial
reconstruction. Some reconstructed points may be quite degenerate with
respect to included views and therefore inaccurate. Such points may severely
compromise the accuracy of the DLT.

3. Some viewpoints may be degenerate with respect to the partial reconstruc-
tion. DLT requires at least 6 points, two of which must be non-coplanar with
the remainder.
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4. It is difficult to adapt the sequential approach to non-sequential image data.
Given the likely inaccuracy of the partial solution and possible degeneracy
of successive viewpoints with respect to that partial reconstruction, it is not
clear in which order successive viewpoints should be registered within our
euclidean (or projective) frame.

The second problem associated with few and noisy feature correspondences
is that of obtaining a sufficiently accurate reconstruction. Architectural scenes
typically contain a large number of parallel and perpendicular elements and it is
subjectively very important that these relationships should be preserved as far as
possible in the final model. However, small errors associated with the registration
of nearby viewpoints may accumulate throughout a large set of images such that
absolute errors become large. This problem may be particularly severe in cases
where it is impossible to obtain images from a suitably wide range of viewpoints,
e.g. a city street.

In order to address this problem, some interactive systems constrain the re-
construction process by exploiting the user’s higher-level knowledge about par-
allelism and orthogonality. In [17] for example, scene structure is determined
subject to constraints on (known) line directions and plane normals. This type
of approach has the considerable disadvantage that it is not directly extensible
to data sets comprising images of buildings with unknown and different orienta-
tions. Debevec et al [6] describe a system that allows the user to parameterise the
scene in terms of primitives: simple geometric building blocks such as cuboids
and prisms that can be combined to make more complex models. Such systems
may produce excellent results but not all scenes can be expressed so simply in
terms of a few geometric building blocks. Furthermore it is not always possible
to find viewpoints such that a sufficiently large proportion of each primitive is
visible in any one image.

1.2 Approach

We are concerned with modelling large architectural scenes. In this context, it is
not always possible to assume that all buildings have known or at least similar
orientation or that a single plane will be visible in all views. Nor will it always be
possible to obtain photographs containing three vanishing points associated with
non-degenerate orthogonal directions. We proceed by making only the following
assumptions: firstly that the vertical direction can be identified in all views and
secondly that we have a map of the scene.

Whilst a number of previous works have explored the possibility of using a
map as an affine view of a scene in combination with one [22] or two [13] per-
spective views (and additional scene constraints [3]), using a map in combination
with many perspective views has not been considered.

We use a map along with the user’s prior knowledge of parallelism in order
to determine camera orientation and calibration. This allows us to formulate the
uncalibrated structure from motion problem as a simple linear equation without
the problem of a possibly degenerate approach to calibration or the need for
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restrictive assumptions about the scene (such as that reference points are visible
in all images). In addition the map provides a strong global constraint on struc-
ture from motion, allowing high quality reconstruction from a few, noisy feature
correspondences.

We describe a complete interactive system for architectural modelling. In
comparison with existing systems, our system allows us to build much larger-
scale models more quickly.

1.3 Structure of This Paper

This paper is arranged as follows. Section 2 reviews briefly the theory of per-
spective and affine projection. Section 3 describes how parallelism and map con-
straints may be used to determine camera calibration and camera registration in
the map-based frame. Section 4 explains how these techniques are implemented
in a working system. Finally Section 5 presents some experiments to demonstrate
the efficacy of these ideas when applied to building large-scale architectural mod-
els.

2 Theory and Notation

A 3D point Xj = [X Y Z 1 ]t projects into an image plane according to a
general 3 × 4 projection matrix Pi:

xij ∼ PiXj (1)

where xij = [u v 1 ]t is an image coordinate and ∼ means equality up to
scale.

A projection matrix corresponding with a perspective camera may be de-
composed as:

Pi = Ki [Ri −Rt
iTi ] (2)

where Ri is the 3 × 3 rotation matrix describing the orientation of the camera
and Ti is the position of the camera. Camera calibration matrix Ki is of the
form:

Ki =


αu s u0

0 αv v0
0 0 1


 (3)

where αu and αv are scale factors, s is skew, and [u0 v0 1 ]t is the principal
point.

The map coordinate of a 3D point is dependent on scene X, Y position but
not on Z-axis height. Thus, a map may be modelled as an affine (or orthographic)
view of the scene with projection matrix:

Pmap ∼

σ 0 0 X0
0 σ 0 Y0
0 0 0 1


 (4)

where σ is the map’s scale and [X0 Y0 ]
t is the world X, Y coordinate of the

map’s origin.
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3 Map Constraints

3.1 Single View Constraints

The image coordinate ei of the vertical vanishing point in image i may be deter-
mined from the image of two or more vertical lines. This vanishing point is the
projection of the point [ 0 0 1 0 ]t at infinity and is the epipole corresponding
with the affine map camera.

We begin by rectifying our images such that vertical lines in the world map
to vertical lines in the image plane. We seek a 3 × 3 homography such that:

Hi [ e1 e2 e3 ]
t = [ 0 1 0 ]t (5)

where ei = [ e1 e2 e3 ]
t is the image coordinate of the vanishing point corre-

sponding with the vertical direction in the world and |ei| = 1. It is convenient
to choose Hi such that Hi is a rotation matrix and:

Hi [ e2 −e1 0 ]t = [ 1 0 0 ]t (6)

This transformation preserves scale along the line in the image plane that is
parallel with the image of the horizon and passes through the point [ 0 0 1 ]t.
Figure 1 illustrates transformation of an image plane by such a homography.

(i) (ii)

Fig. 1. (i) Vertical lines marked in an image. (ii) The image warped by a homography
H such that vertical lines project to vertical lines in the transformed image plane

3D points Xj project into our transformed image plane according to the
following equation:

x′
ij ∼ HiKi [Ri −Rt

iTi ]Xj ∼ P̂iXj (7)
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where x′
ij = [u′ v′ 1 ] and P̂i has the general form:

P̂i =


 p11 p12 p13 p14

p21 p22 p23 p24
p31 p32 p33 p34


 (8)

In the rectified image, u′ coordinates depend only on world X, Y coordinates
and are independent of world Z coordinates. Thus p13 = p33 = 0 and transformed
image coordinates X′ are related to map X, Y coordinates by the simple 1D
projection relationship:

[
u′

1

]
∼

[
p11 p12 p14
p31 p32 p34

]
X

Y
1


 = pi


X

Y
1


 (9)

where pi is a 1D projection matrix. Given five or more correspondences between
map X, Y coordinates and image u′ coordinates (for points or vertical lines), it
is possible to solve for all the elements of pi as the solution of a linear equation.
We can also use as correspondences horizontal vanishing points in the image
corresponding with known directions dk on the map. Map directions can be
estimated from a single line or two or more parallel lines. Thus, we may solve
for pi given five point correspondences or four point correspondences plus one
horizontal vanishing point or three point correspondences plus two horizontal
vanishing points.

In a similar manner to the 3 × 4 projection matrix in equation (1), the
projection matrix pi for a 1D camera may be decomposed as:

pi = [kiri −rtiti ] (10)

where ki is upper triangular, ri is 2 × 2 rotation matrix describing the 1D
camera’s orientation about the vertical axis, and ti is the camera’s X, Y map
position. Note that there is an ambiguity associated with our solution for the
elements of pi relating to whether 3D points are in front of or behind the camera.
If ri is such that X, Y coordinates are behind the 1D camera then we should
replace it with −ri.

The 1D projection matrix pi describes vertical axis orientation, map position,
and calibration for the 1D camera. Figure (2) illustrates the registration of 1D
cameras on the map using five map coordinates, four map coordinates plus one
map direction, and three map coordinates plus two map directions.

Given the 1D projection matrix pi, we may determine Ki and Ri for the
original view. From (7), and considering only the first 3 × 3 sub matrix:

HiKiRi ∼ P̂i (11)

Since Ri is a rotation matrix, RiRt
i = I. Thus:

HiKiKt
iH

t
i = λP̂iP̂t

i (12)
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where λ is an unkown scale factor. This relationship contains three equations
in the known elements of P̂i and the unknown elements of KiKt

i and λ. By
assuming that pixels are square (s = 0 and αu = αv) and that the principal
point [u0 v0 1 ]t lies at the image centre, we are able to solve this equation
for α2 (= α2

u = α2
v). This set of assumptions is at least sufficiently good to allow

the approach to succeed for a wide range of cameras. In any case they may be
relaxed during the subsequent multi-camera bundle adjustment stage.

Finally we determine Ri. The epipole ei is the projection of the point
[ 0 0 1 0 ]t:

ei ∼ KiRi [ 0 0 1 0 ]t (13)

Thus the third column of Ri is simply ±K−1
i ei. This sign ambiguity arises be-

cause the epipole may correspond with the projection of the ’up’ or the ’down’
direction. We resolve this ambiguity by assuming that photographs are incorpo-
rated into our system ’right way up’, i.e. the sign of v coordinate of ei indicates
whether the epipole is ’up’ or ’down’. Equation (13) provides two constraints
on the three parameters of Ri. Equation (11) allows us to fix the remaining
parameter.

3.2 Multiple View Constraints

Using the single view constraints described in the previous section, we can de-
termine camera calibration, orientation, and map X, Y position. However, the
Z coordinate of each camera (height) and 3D structure is unknown.

Having determined camera calibration and orientation, we exploit the linear
constraint provided by the following equation (as in [6,17]):

K−1
i xij ∼ [Ri −Rt

iTi ]Xj (14)

This relationship provides two independent linear equations in the elements of
unknown structure Xj and 3D camera positions Ti.

Optionally, we may wish to employ the constraint that some lines have a
known direction dk:

dk × Ll = 0 (15)

where × denotes the cross product, Ll = Xt −Xu, and Xt and Xu are two 3D
points connected by a line. We set d0 = [ 0 0 1 ]t for the vertical direction
and dk = [x y 0 ]t for horizontal directions estimated from the map.

We may assemble all such equations (as 14 and 15) into a matrix equation
of the form:

AX = 0 (16)

where X comprises all unknown structure Xj and camera positions Ti.
This equation can be solved easily for hundreds of vertices using the singular

value decomposition. For more vertices, we should resort to an appropriate sparse
matrix technique.

Note that there is a sign ambiguity associated with the solution forX in (16).
This ambiguity may be resolved by ensuring all points (or at least the majority
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(i) (ii)

(ii)(i)(iii)

(iii) (iv)

Fig. 2. A view is registered in the map coordinate frame using the vertical vanishing
point plus (i) five correspondences between points or vertical lines in the image and
points on the map, or (ii) four correspondences plus one horizontal direction, or (iii)
three correspondences plus two horizontal directions.

of points in case of noisy data) are reconstructed in front of the cameras in which
they are visible. In addition, we must fix the height of one point, e.g. the height
of the first camera can be set to 0.

3.3 Optimization

From an initial guess at projection matrices and structure we can optimise cam-
era parameters and structure by bundle adjustment (see Section 4.2).

4 Implementation

4.1 Algorithm

Our approach to modelling is as follows:
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1. We transform each image by a homography such that vertical lines in the
world project to vertical lines in the image plane

2. For each camera we estimate absolute orientation and camera calibration
using the single-view constraints described in Section 3.1.

3. Given camera calibration and orientation and (optionally) extra scene con-
straints, we compute camera positions and scene structure as the solution of
a linear equation as described in Section 3.2.

4. We optimise scene structure and camera parameters using bundle adjust-
ment.

4.2 Bundle Adjustment

We wish to optimise camera parameters and structure subject to the constraint
that parallel lines are parallel (both vertical and horizontal) and our knowledge
of the affine projection matrix for the map.

We adjust the parameters of projection matrices Pi, structure Xj and direc-
tions dk in order to minimise back-projection error ε:

ε =
∑
ij

|PiXj −Xij |2 +
∑
lk

|dk × Ll|2 (17)

An initial guess at horizontal directions is obtained from the map. The affine
projection matrix for the map camera and the vertical direction are fixed.

We have implemented the fast bundle adjustment algorithm in [18]. We ex-
tend this algorithm by including extra parameters corresponding with the un-
known focal length of each camera and line directions dk. In addition we provide
the facility to incorporate a (fixed) affine camera (the map).

This algorithm allows us to introduce covariance matrices describing the error
p.d.f. associated with feature coordinate measurements. In practice, this allows
us to account for the fact that map data may be substantially less accurate than
image data.

5 Results

5.1 Camera Registration

Figures 3(i, ii, iii) show representative images from a 16-image sequence. This
sequence was obtained on level ground using a digital camera mounted on a
tripod, which was positioned at regular intervals along a straight line. Using a
1:500 scale Ordnance Survey map, camera registration was determined by the
approach described in this paper.

Figure 3(iv) compares estimated camera X, Y positions with ground truth
data. Most of the errors associated with estimated camera positions are in the di-
rection parallel to the viewing direction. This is due to the inevitable ambiguity
between depth and focal length in views of scenes that do not occupy a sub-
stantial range of depth (RMS error associated with estimated focal lengths was
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12.7% of the true value). Recovered camera heights are much more consistent
because there is no such ambiguity in the estimate (see Figure 3(v)).

Note that in this sequence the sequential approach to camera registration
failed after incorporating only the first few images due to the failure of bundle
adjustment to converge to the global minimum. Defining only 10 feature corre-
spondences on the map has allowed registration of all images simultaneously and
accurately as the solution of a linear equation. The map-based approach obtains
a good reconstruction more quickly with fewer feature correspondences - this is
important for an interactive system.

5.2 Large-Scale Models

Using the approach described in this paper, we have been able quickly to create
large-scale models of a variety of city scenes. Figure 4, for example, shows a view
of part of a model of Downing College (before optimisation). Note that since
projection matrices are obtained as well as structure, we can also reconstruct
features that are not visible on the map.

Compared with existing interactive modelling strategies, the use of the map
as an affine view means that more accurate models can be produced more quickly
using fewer feature correspondences. Because all camera positions and scene
structure are determined simultaneously as the solution of a linear equation,
failure of the algorithm is far less common and time-consuming than in systems
relying on a sequential DLT plus bundle adjustment approach (like that in [1]).
Where the sequential approach fails it is necessary to repeat multiple time-
consuming bundle adjustment steps.

5.3 Plane Rectification

Many indoor scenes have planar ceilings and floors, and walls arranged at right
angles to each other. This allows us to use the plane rectification technique in
[12] to obtain a plan view from photographs of a floor or ceiling such as Figure
5(i). The ceiling plan in Figure 5(ii) is obtained (up to scale) from three rectified
photographs without any knowledge of camera focal length. This plan is used
like a map view in order to obtain the reconstruction in Figure 5(iii, iv) by the
approach described in this paper.

In general modelling indoor scenes is extremely difficult without calibrated
wide-angle (or panoramic) cameras. This difficulty arises because only narrow
baseline views can be obtained in cramped indoor conditions and degenerate
points are common (so that sequential camera registration approaches often
fail). By first obtaining a ceiling (or floor) plan we are able to model indoor
scenes with ease using a camera with unknown and varying focal length. Our
results are comparable with those produced using calibrated panoramas in [17].
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(i) (ii) (iii)

(iv)

(v)

Fig. 3. (i, ii, iii) Three representative images from a sequence of 16. (iv) X, Y compo-
nent of recovered camera positions using the sequential approach compared with ground
truth. (v) A synthesised view showing camera image planes at consistent height.
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Fig. 4. Part of a large model of Downing College obtained using the approach presented
in this paper (before optimisation). This model was reconstructed from 30 photographs
obtained from sparse viewpoints using a camera with unknown and varying focal length
and a readily available 1:500 scale Ordnance Survey map. Projection matrices were
obtained as well as structure allowing reconstruction of points not shown on the map
(camera image planes are shown in black).

6 Conclusion

We have developed a practical system for making large-scale architectural models
from many uncalibrated images. By using a map along with prior knowledge of
which lines are vertical, we have shown that the uncalibrated structure from
motion problem can be formulated as a simple linear equation. In the context of
an interactive system, this reconstruction approach succeeds where the sequential
approach fails and does not rely on overly restrictive assumptions about the
scene.

Although map information may be locally much less accurate than image
data (e.g. on the scale of a single building), it does provide a strong constraint
on absolute geometry. Thus, map information may be used in combination with
image data interactively to build much larger models than can be obtained using
images alone. This approach makes possible to build models of whole city streets
rather than simply a few buildings. An additional benefit is that models are
registered in an absolute (map) coordinate system.

The principal limitation of all interactive approaches to model building is the
amount of time required of the user. However, a number of techniques may be
used automatically to improve coarse models produced interactively (e.g. voxel
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(i) (ii)

(iii) (iv)

Fig. 5. (i) One of three rectified photographs of the ceiling from which a complete map
(ii) was assembled. The map allows recovery of structure and camera position as the
solution of a linear equation. (iii) A synthesised novel view. (iv) Recovered structure
and camera positions (before optimisation).

carving [15] and template-based model fitting [7]). Critical to the success of
these techniques is a good initial guess at camera registration and structure.
Present work concerns supplementing fast interactive modelling techniques with
automatic ones.
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Abstract. Depth extraction with a mobile stereo system is described.
The stereo setup is precalibrated, but the system extracts its own mo-
tion. Emphasis lies on the integration of the motion and stereo cues. It
is guided by the relative confidence that the system has in these cues.
This weighing is fine-grained in that it is determined for every pixel
at every iteration. Reliable information spreads fast at the expense of
less reliable data, both in terms of spatial communication and in terms
of exchange between cues. The resulting system can handle large dis-
placements, depth discontinuities and occlusions. Experimental results
corroborate the viability of the approach.

1 Introduction

Stereo and shape-from-motion are among the dominant methods for 3D shape re-
construction. Both have been studied extensively in computer vision, but mostly
separately. Nevertheless, the two methods have much in common and an inte-
gration could follow rather naturally while bringing added value, such as less
sensitivity to occlusions and more robust convergence.

Similar as in the case of separate stereo or motion analysis, integrated ap-
proaches have used discrete features (e.g. points [1,2] or line segments [3]) or
dense correspondences (e.g. based on correlation windows [4], spatio-temporal
image gradients [5] or MRFs [6]). The method proposed here belongs to the lat-
ter category, as our extension to the PDE approach for optic flow by Proesmans
et al. [7] yields dense correspondences. This approach was an interesting point
of departure as it can handle large disparities and as it detects occlusions and
flow discontinuities. ‘Large disparities’ may also be relatively small in absolute
terms in that traditional optic flow methods tend to fail as soon as motions
are large compared to the granularity of scene texture. Our integrated approach
reinforces these advantages further, in contrast to earlier integrated approaches
which either neglect the detection of occlusions or are limited to small motion
displacements.

In our approach the occlusion detection is in fact part of a correspondence
quality estimation scheme, that determines the relative influences of the stereo
and motion cues. For instance, in cases where one but not the other suffers from
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occlusion, the one least affected will take the upper hand. But this weighing
scheme is reaches farther than depth discontinuity and occlusion detection, in
that it guides the relative influences of both cues at every iteration and at every
pixel during the evolution towards the solution. This sets our approach apart
from earlier motion-stereo integration work.

Our method assumes a calibrated stereo rig (both the relative position of the
cameras and their internal parameters are known beforehand), that is moved
around with an unknown motion in a static environment. This motion is deter-
mined by the system. The parameters of the stereo rig are assumed to remain
known during the motion. In our experiments, they have been kept fixed. If
needed, one can do away with the rig calibration by using self-calibration meth-
ods for mobile stereo rigs [8]. The paper describes the basic integration proce-
dure, where two subsequent stereo views are taken, i.e. four images in total. The
extension to a whole stereo video can easily be made.

Of course, the combined use of multiple views for 3D reconstruction is not
new. Bundle adjustment is a well-established technique to achieve exactly that. It
improves both the 3D reconstruction and the camera calibration by exploiting
the data provided by multiple cameras. However, whereas bundle adjustment
basically takes the given feature correspondences for granted and tries to explain
away visible deviations through adaptations to both camera parameters and 3D
structure, the proposed approach is geared towards updating and coupling the
correspondences themselves based on all the image data. It therefore plays a
complementary role and acts at an earlier stage of the 3D reconstruction process.

The paper is organized as follows. Section 2 introduces some notations and
explain the calibration of the stereo rig. Section 3 describes preparatory steps
for the search of corresponding points within the single cues. Emphasis is on the
introduction of a depth related parameterisation that facilitates the combination
of information over multiple images and between cues. Section 4 discusses the
integration of stereo and motion into a single scheme to extract depth and rig
motion. Section 5 gives experimental results. Finally, section 6 concludes the
paper.

2 The Stereo Setup

Our experimental setting consists of two video cameras mounted on a stereo rig
at a distance of approximately 0.2 m. We choose the left camera center to be
the Euclidean coordinate center. A 3D point denoted by X = (X, Y, Z, 1)T is
projected to left image coordinates xl = (xl, yl, 1)T and right image coordinates
xr = (xr, yr, 1)T through1 :

λlxl = Kl[I|0]X (1)
λrxr = Kr[RT | −RT t]X (2)

1 In the following we will use the vector sign to describe non-homogeneous pixel co-
ordinates xl,r = (xl,r, yl,r)
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where Kl and Kr denote the left and right camera matrices, R is the 3×3 rota-
tion matrix specifying the relative orientation of the cameras and t = (tx, ty, tz)T

is the translation vector between the two cameras. The camera calibration ma-
trices K are described by:

K =


f s x0

0 af y0
0 0 1


 (3)

where f denotes the focal length, (x0, y0) is the principal point, s is related to
the pixel skew and a is the aspect ratio. When dealing with real cameras the
above projection equation (1) will be perturbed by radial distortion of the lens.
This can be modeled by the following equation [9]:

xu = xd + x́d(k1||x́d||2 + k2||x́d||4)
x́d = xd − c (4)

where xu is the unmeasurable undisturbed 2D point on the image plane and xd

the measured distorted point. We allow in this model the center of distortion c
to be different from the image center. In our experiments the radial distortion
was estimated and corrected (x = xu).

Calibrating our system consists of extracting the internal camera parame-
ters for each camera and the geometric relation between the two cameras. For
the calibration we used a calibration box with 140 circles with known relative
3D coordinates. The center of each circle was computed by an ellipse fit to the
Canny edge map. Assuming ellipses and using their centers is reasonable, since
the circles are small compared to the image size (so that the ellipse centers
correspond well to the projected circle centers and the radial distortion can be
neglected). We used a stereo pair of the calibration box as well as one image of
the box for each camera separately, with the box completely filling the whole
image in the latter case. The last two images were added to get a better re-
sult for the radial distortion. For these calibration images we have 42 unknown
parameters: the rotation and translation of the calibration box with respect to
the first camera and the rotation + translation between the two cameras (12),
the rotations and translations of the box when taking the separate, per camera
images (12), 4 λ parameters, one calibration matrix per camera (10), and finally
2 radial distortion parameters per camera (4). We solve this nonlinear system
by a Levenberg-Marquardt minimization.

3 Single Cue Correspondence Search

PDE based methods have been shown to give good results for stereo and optical
flow correspondence search [10,7,11,12,13]. They are in general not dependent
on preprocessing stages (feature point or line segment extraction) and provide
directly a dense correspondence map. We use the PDE based approach proposed
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by Proesmans et al. [7]. They propose a system of 6 coupled, non-linear diffu-
sion equations that in effect yield not only the disparities but also discontinuity
maps indicating depth discontinuities as well as parts visible to only one of the
cameras (occlusions). The high number of equations is due to the symmetric ex-
ploitation of the two images: the system embarks on a simultaneous 1st-to-2nd
and 2nd-to-1st image correspondence search (in the sequel referred to as forward
and backward schemes). Another feature is the ‘bi-local’ nature of the differen-
tial computations, i.e. spatial and temporal derivatives at two different positions
in the two images are combined. This has to do with the division of the disparity
or motion displacement into a current estimate plus a residue, which gradually
declines during subsequent iterations. The current estimate yields an offset be-
tween the points at which derivatives are taken in the two images. Working with
residues allows to better linearize the problem for large disparities, an argument
with the assumptions underlying the optical flow constraint equation. A similar
strategy is followed here. In that respect our approach differs from others [5,6].

PDE methods often are expensive in terms of computation time, and may
get stuck in some local minimum. Both problems can be reduced. Weickert et
al. [14] used semi-implicit discretisation schemes to lower the computational ef-
fort. Multi-resolution techniques can help to find the global optimum [15,14].
The change to a semi-implicit and multi-resolution implementation of the origi-
nal equations by Proesmans et al. [7] is a first modification to their system that
we propose. A second is the use of epipolar geometry. In the original system
epipolar geometry was not used. It is only along these lines that correspondence
search proceeds, reducing the number of PDE’s for correspondence search be-
tween single image pairs from 6 to 4.

The choice of a common parameter value for all corresponding points in the
four images, where the paramtererisation runs along the epipolar lines and is
directly related to depth, facilitates our integration of stereo and motion.

Depth parameterisation for stereo related views. We assume that the
translation and rotation between the stereo cameras is known from precalibra-
tion. From eqs. (1, 2) the epipolar lines for the two cameras can be derived. It
follows for corresponding image points xl = (xl, yl, 1)T and xr = (xr, yr, 1)T :

λr

Z
xr = KrR̃K−1

l xl +
Kr t̃
Z

, (5)

with t̃ = −RT t and R̃ = RT . The stereo correspondence is divided into a
component that depends on the rotation and pixel coordinate (according to the
homography H = KrR̃K−1

l ) and a depth dependent part that scales with the
amount of translation between the cameras. For the left image the parameter-
isation of the corresponding point along the epipolar line in the right image is
realized by lr(xl, d) starting from the point Z = ∞ and going in the direction of
the epipole Kr t̃ (see fig. 1). Points along the epipolar lines will be parameterised
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matching point

inverse depth (d) 

Epipolar lines

corresponding point for d = 0

 Stereo

Motion

parameterised with

Fig. 1. Parameterisation of the correspondence for a point xl in the left image at the
first time instance for stereo and motion related views

with d = 1
Z , i.e. a depth related parameter. In pixel coordinates this gives:

lr(xl, d) =

(
H[1]xl

H[2]xl

)
+ d

(
Kr[1]̃t
Kr[2]̃t

)
H[3]xl + dtz

(6)

H[i] is the 3-vector for the i th row of the homography H and similarly for
Kr[i]. This parameterisation differs from the one advocated by Alvarez et al.
[12], which is less directly coupled to depth.

Depth parameterisation for motion related views. To make use of the
epipolar constraint that is also present in motion related views (we assume a
static environment) the rig motion has to be estimated. For that purpose we
have extended the instantaneous motion model described in [16,17] to the gen-
eral case of non-square and skewed pixels. Similar calculations provide us with
the 6 motion parameters p = (Ω, t)T = (Ωx, Ωy, Ωz, tx, ty, tz)T where the first
3 represent the rotation angles about the corresponding axes and the last 3 the
translation components along these axes. The extraction of these motion pa-
rameters from motion correspondences is discussed in the next paragraph. The
displacement for each pixel can then be expressed as a function of the depth
related parameter d and the motion parameters:

u = QΩΩ+ dQtt = Qp (7)

QΩ =

(
x̃ỹ
af + s −f − x̃2

f + sx̃ỹ
af2

ỹ
a − sx̃

f + s2ỹ
af2

af + ỹ2

af − x̃ỹ
f + sỹ2

af2 −x̃ + sỹ
f

)
,Qt =

(−f −s x̃
0 −af ỹ

)
(8)

where x̃ = x−x0 and ỹ = y−y0 are the centered image coordinates. Fig. 1 shows
this parameterisation, which is very similar to that of stereo. In the following
we describe the motion correspondence by m(x, d). For a pixel xl ∈ I l

1 the
corresponding pixel in image I l

2 (see fig. 1,2) parameterised by d is:

ml
2(xl, d) = xl +QΩΩ+ dQtt (9)



Motion – Stereo Integration for Depth Estimation 175

Camera motion estimation. Following eq. (7), the motion displacements
(correspondences) of the pixels and the motion parameters p can be extracted
by an iterative process. Suppose we already have an estimate of the displacement
vector u0. In the same vein as the offset + residual description of optical flow
by Proesmans et al. [7], we split the displacement in a current estimate and a
residual ur = u − u0. The introduction of u0 is especially important for large
displacements, for which we could not otherwise truncate the O(u2) terms from
the Taylor expansion of u. Assuming Lambertian surfaces and hence identical
intensities for corresponding pixels, we have

I1(x) = I2(x + u0 + ur) = I2(x + u0) +
∂I2(x + u0)

∂x
ur (10)

Setting ur = Qpr = Qp− u0 and assuming that Q is known (it is because the
depths at each pixel (d0) obtain a value at each iteration in our final system),
we look for those p that minimize the integral:

∫
x∈Ω

(
I1(x) − I2(x + u0) − ∂I2(x + u0)

∂x
(Qp− u0)

)2

dx

This yields

Ap = b (11)

A =
∑
x∈Ω

QT IT
2xI2xQ, b =

∑
x∈Ω

QT IT
2x (I1(x) − I2(x + u0) + I2xu0)

where

I2x =
∂I2(x + u0)

∂x
(12)

and where we sum over some image domain Ω. This will later include all pixels
with sufficiently good confidence scores for their correspondences.

4 Integration of Motion and Stereo

Our integration of stereo and motion takes the form of a single system of equa-
tions. This system yields dense scene depths, their discontinuities and occlusions,
and the motion of the stereo rig. The evolving functions for inverse depth and
motion are initialized to zero.

For the given image configuration (see figure 2) pixels in an image can typ-
ically obtain a depth through both stereo and motion based reconstruction.
Exceptions are those that fall victim to occlusions in one or both of these cues.
These two depths ought to be the same, and hence corresponding pixels in the
two other images are expected to obtain equal epipolar parameter values (d for
stereo = d for motion). Armed with these expected equalities (see fig 2) and
exploiting the stereo and the motion companion views, the inverse depth d is
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Fig. 2. Stereo disparity relations: l(d), m(d) are the stereo and motion correspondences
eq. 6 and 9

solved through the iteration of a system of coupled, non-linear diffusion equa-
tions, à la Proesmans et al. [7]. As a matter of fact, such a system is solved for
each of the four images, but their systems are coupled. In the case of image I l

1
the system takes the following form (at each pixel):

∂dl
1

∂t
= div(δ(cs,m)∇dl

1)

− γ(cs)
γ(cs) + γ(cm)

λIs
x(Is

x(dl
1 − dl

10) + Is
t )

− γ(cm)
γ(cs) + γ(cm)

λIm
x (Im

x (dl
1 − dl

10) + Im
t )

∂cs

∂t
= ρ∇2cs + 2α(1 − cs)|Cs|

∂cm

∂t
= ρ∇2cm + 2α(1 − cm)|Cm|

(13)

As mentioned, these are variations on Proesmans et al.’s [7] equations and the
reader is referred to that reference for a detailed description. The superscripts
()m,s are related to the motion or stereo pair, resp. The expressions Im

t , Is
t replace

the temporal derivative of intensity in the traditional optical flow constraint, an
adaptation due to the formulation in terms of residual motions, Im

x , Is
x are spatial

derivatives of intensity, taken here along the epipolar lines. The definitions for
xl ∈ I l

1 are:

Im
t = I l

1(xl) − I l
2(ml

2(xl, d
l
10)), Is

t = I l
1(xl) − Ir

1 (lr1(xl, d
l
10))

Im
x =

∂I l
2(ml

2(xl, d
l
10))

∂d
, Is

x =
∂Ir

1 (lr1(xl, d
l
10))

∂d
, (14)
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Fig. 3. Two stereo pairs (left and right images) at the first (bottom (Il
1, Ir

1 )) and the
second (top (Il

2, Ir
2 )) time instance

where lr1(xl, d
l
10) and ml

2(xl, d
l
10) are the positions of the corresponding points

for stereo and motion using the previous estimate dl
10 of the parameter value.

Every pixel in image I l
1 also has confidence measures cs and cm for its stereo and

motion correspondences, resp.. Values close to 0 mean high confidence, values
close to 1 low confidence.

The first equation governs the evolution of the depth related parameter dl
1.

The first term is an anisotropic diffusion term. It blocks diffusion (smoothing)
from places with a lower confidence in their correspondences. In a typical it-
eration process most places start out with low confidences, but at the end low
confidence values (cs close to 1) tend to cluster near discontinuities and oc-
clusions. More explanation is given later. The second and third terms impose
optical flow constraints on the stereo and motion correspondences, resp. Simi-
larly as with Proesmans et al.’s system, the formulation is in terms of residual
displacements rather than complete displacements. The rationale is as said: the
correspondence search becomes more amenable to linearization. The two terms
are weighted with factors. The weight of the second term increases with the
confidence in the stereo correspondence of that pixel, giving more importance to
the depth (1/d) suggested by the stereo cue. The third term acts similarly, but
for the motion cue. The function γ in these weighting factors is given by:

γ(c) = exp
(

− c

k

2
)

. (15)
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They are high for high confidences (i.e. low cm,s). The relative confidences put
in the stereo vs. the motion correspondence guide the relative influence that
these cues get in the correspondence search. These relative values can change
over time (over iterations) and from one pixel to the next.

The evolution of the confidence measures cm,s in the second and third equa-
tions is driven by the vectors Cm and Cs. They measure the difference between
forward and backward flow in the stereo and motion direction, respectively. In
the normal case of a pair of corresponding points, the extracted displacements
for the first with respect to the second – forward flow – and the second with
respect to the first – backward flow – are equal but of opposite sign. Hence,
when summed the two displacements will cancel each other out. The C’s rep-
resent these vector sums. Large |C| yield values of c that are close to one – its
maximal value – whereas at other places c tends to zero. Hence, c actually quan-
tifies the inconsistency between the forward and backward flows. Its restriction
to the interval c ∈ [0, 1] is realized by the factor (1 − c). The interested reader
may note that we actually simplified the 2nd and 3rd equation with respect to
those proposed by Proesmans et al. [7] without loss of performance. A sepa-
rate inconsistency measure cm and cs is extracted for the motion and the stereo
pair, resp. The use of this forward-backward regularization scheme is - different
from usual optical flow techniques - important here. Since it is not only used to
block smoothing but also to weight stereo and motion according to it’s ability
to extract depth especially near occlusion. However, other regularizers could be
added with small contribution.

Although inconsistency values are calculated for all pixels separately, their
surroundings matter as the 2nd and 3rd equations also contain a diffusion term.
Referring to the first equation, its anisotropic diffusion coefficient δ(cm,s) is con-
trolled by the inconsistencies (cm, cs). The role of this coefficient is to prevent
smoothing across depth edges or incorrect displacements being spread towards
neighbouring pixels. Since the corresponding pixel can be occluded in one neigh-
boring image but not in the other, information exchange for the image pair with
good correspondences should persist. This is realized by taking the maximum
of γ(cm) and γ(cs). Subsequently, these maximal values are normalized as to
sum to one over the 4 neighbors of a pixel and the result is called δ(cs,m). The
reason behind this normalization is to make sure that diffusion does not stop
completely in all directions simultaneously, as this can keep the system from
evolving towards the solution at the early stages.

The overall system of equations that is solved, consists of the forementioned 3
equations for each of the four images. Additional to this an update of the motion
parameters pl,r for the left and right camera is done after each iteration. For
the calculation we combine forward and backward motion since they are related
by (R12, t12) = (R21T

,−R21T

t21). This is reflected by the following relation
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Fig. 4. Left: Depth map (black pixels on the edge of the little wall indicate sharp
discontinuities); Right: Inconsistency, hight confidence pixels in black, low confidence
pixels in white (discontinuities). Dark gray corresponds to low confidence regions for
stereo only (occlusions), light gray for motion only

between the instantaneous motion vectors:


Ω12
x

Ω12
y

Ω12
z

t12x

t12y

t12z




= G




Ω21
x

Ω21
y

Ω21
z

t21x

t21y

t21z




, G =




−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 −Ω12

z Ω12
y

0 0 0 Ω12
z −1 −Ω12

x

0 0 0 −Ω12
y Ω12

x −1




. (16)

Using eq. (11), the common motion vector p12 is estimated from:[
A12

A21G

]
6×12

p12 =
[
b12

b21

]
1×12

(17)

The input to this (remember eq. 12 and eq. 8) contains the current estimate of the
inverse depth. As described by eq. 11 we sum over appropriate domains. These
contain all pixels with confidence values cs and cm that are below some threshold
(0.15 in our experiments). In other words, only pixels with high confidence for
both (motion and stereo) correspondences contribute to the extraction of the
rig’s motion.

A coupling between the left and right motion parameters is therefor realised
by the coupling of the depth values. Additional constraints between left and
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Fig. 5. Pure stereo results; Left: depth map for the dynamic path algorithm; Right:
depth map for left the algorithm described in section 3, black pixels have low confidence
(e.q. occlusion).

right camera motions can be imposed in the case of a fixed stereo rig. We intend
to relax the condition that the stereo rig has to be fixed, only requiring it to be
calibrated at the start and, hence, have not used this additional constraint at this
point. The total system consists of 14 equations. First, for the four images the 3
equations (13) yielding the depths and inconsistency measures (discontinuities
and occlusions) are iterated one in turn (12 equation). Then, with the resulting
update for the depth values, a new estimate of the cameras motion is calculated(2
equations of type 17). This results in new epipolar constraints, that are fed back
to the 12 equations for the next iteration. As mentioned we used Weickert’s [14]
semi-implicit discretisation for the sake of fast convergence.

5 Experimental Results

We tested the method on real images taken by two Sony DCR-TRV900E cameras
with an image size of (360 × 288). We discovered a serious radial distortion and
corrected for it in a preprocessing stage. The inverse depths and the motion
vector (d and p) were initialized with zero and estimated in a coarse-to-fine
manner over 6 pyramid levels. Figure 3 shows the 4 input images.

For the sake of comparison, fig 5 gives the results for the determination of
depth based solely on the initial stereo pair. The image on the left is the depth
map obtained from correspondences obtained with our dynamic path search
algorithm [18]. The middle and right images show the results of the forward
and backward schemes of our modified Proesmans et al. [7] algorithm. It yields
better results than the other method, but still shows some gaps and part of the
depth discontinuities remain undetected.

The results for the left and right cameras of the integrated system are shown
in figure 4. One can see on the left the inverse depth maps (dl

1 (top), dr
1 (bottom))

for the images I l
1 and Ir

1 and on the right the corresponding inconsistency maps
cs, cm for these images (confidences, with bright meaning low and dark high).
Comparing these results with the results from single stereo (see figure 5), we can
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Fig. 6. 3D model from image Il
1; left: model right with added texture

conclude that the system is better able to assign good depth values to pixels
that have no correspondence in the stereo partner image. The left part of the
scene and the occluding parts behind the wall got their depth from the upward
motion of the left camera. The occlusions to the motion / stereo partner are
marked (light gray / dark gray) in the inconsistency maps of fig. 4. The same
can be seen in the depth map for the right image Ir

1 : the occluded part on the
right of fig. 3 got its depths from the motion system. In conclusion, depth is
recovered of more points than in the single stereo case. This is not surprising as
we used more images. Nevertheless, this result shows the success of this motion-
stereo integration scheme, as a system that is able to decide whether stereo or
motion cues should be used for 3D estimation.

A second observation is that the integrated system yields better defined depth
discontinuities (bright values in the inconsistency map on the right). Moreover,
where disparities get large, pure stereo (fig. 5) had problems with local minima.
This can be seen at the lower left part of the image, where the recurrent stone
texture contains a lot of possibilities for wrong matches, and also near the top
right part of the wall, with hardly any texture in the direction of the epipolar lines
(nearly horizontal). These problems are alleviated by the integrated approach
since the epipolar lines for both cues are typically not parallel and therefore
contain complementary information. Pixels in white in fig. 4 are those where we
have discontinuities with respect to both (stereo and motion) correspondences.
These points form the anisotropic diffusion coefficient δ(cm,s).

Fig. 6 and 7 show views of the 3D model. In the last figures we added the
simplified ground truth for the scene (measured with a ruler). The depth dis-
continuities in the 3D model correspond to the discontinuities δ(cm,s). The dis-
continuities are an explicit part of the output and are not extracted post factum
through edge detection in the depth map, as e.g. in [5]. They are of a better
quality that way, certainly in scenes like this one with several planes almost or-
thogonal to the image planes. All these planes yield high gradients in the depth
map and tend to yield many spurious ‘discontinuities’ through depth edge detec-
tion. The 3D reconstruction is quite precise. For instance, the stone structures
of the small wall close to the cameras come out well. This precision points at
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Fig. 7. Views of the 3D model from image Il
1; ground truth top view, model top view,

combined ground truth and data; right: zoom on the wall in front with added ground
truth

the subpixel accuracy of the correspondences. For this stereo rig at a distance of
2m a match ± one pixel corresponds to a depth change of ± 2.5cm. We did not
retrieve such detail when all correspondences were retrieved with our dynamic
path search algorithm [18] The whole scene also lines up well with the ground
truth. However, there are still some mistakes in the reconstruction. Some pixels
at the back wall appear to be more to the front than they should. These pix-
els didn’t have a correspondence in the stereo partner. Another mistake is the
connection between the wall on the right and the back wall. There the motion
inconsistency measure cm was not able to find the discontinuity (see also fig. 4).
The result was obtained after 10 minutes (image size 360 × 288, PC 700 MHz).

In fig. 8 we show the result for an indoor scene. By comparing the result with
the result from single stereo in fig. 8(bottom) for both time instances one can
see that it would not be possible to achieve the result of the combined approach
by combining the two depth maps from single stereo. Especially the part behind
the table is wrong in both single stereo depth maps. This said, in this case also
the combined approach could not prevent that some errors occur. The depth
discontinuity between the table cloth and the floor remains largely undetected.
This is due to the fundamental problem that the floor is essentially untextured.

The computation time for this example was less than 4 minutes. This time
again included the computation on all pyramid levels and the extraction of the
full depth, inconsistencies and motion parameters for all 4 images up to image
size 160 × 120.

6 Summary and Conclusions

We have proposed a scheme to integrate depth extraction from stereo and mo-
tion. A precalibrated stereo rig was moved with an unknown motion. The point
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Fig. 8. Top right: Depth map with the proposed approach; Bottom: Depth maps for
the indoor scene from single stereo at first (left) and second (right) time instance

of departure of our integration was a PDE scheme for the extraction of corre-
spondence between pairs of images, as introduced by Proesmans et al. [7]. It has
the advantage that it detects discontinuities in the disparities or motion fields as
well as occlusions. It can also deal with large displacements and it yields good
precision.

We have modified this scheme in a number of important ways. First, we
have shortened the processing time substantially by using Weickert et al.’s [14]
semi-implicit discretisation, by restricting the search along epipolar lines, and
by applying a multi-resolution approach. This reduces the time from hours to
minutes. The latter alteration also resulted in higher robustness, e.g. against am-
biguities in the case of periodic textures. Secondly, we have adapted this scheme
for the integration of motion and stereo. On the one hand, we have introduced a
very direct coupling that was guided by the dynamic, relative weighing of both
schemes at every pixel and at every iteration. This allows our method to really
get the best from both cues. On the other hand, we have used inverse depth as a
common parameter for all correspondences, which facilitated the direct combi-
nation of matches coming from the different cues and which directly yields the
valuable depth of points.

We plan to extend this work in a number of directions. Stereo videos rather
than two subsequent stereo pairs will be processed. Static scenes will be replaced
by scenes with independently moving objects. It is there that having stereo vision
really pays off, as the scene is always static as far as the stereo image pairs are
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concerned (one moment in time). The stereo rig will be made variable, so that
the vergence and focal lengths can be changed. Finally, we plan to improve the
correspondence search under variable lighting conditions and in the presence of
specular reflections.
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Abstract. Lens distortions in off-the-shelf or wide-angle cameras block
the road to high accuracy Structure and Motion Recovery (SMR) from
video sequences. Neglecting lens distortions introduces a systematic
error buildup which causes recovered structure and motion to bend and
inhibits turntable or other loop sequences to close perfectly. Locking
back onto previously reconstructed structure can become impossible
due to the large drift caused by the error buildup. Bundle adjustments
are widely used to perform an ultimate post-minimization of the total
reprojection error. However, the initial recovered structure and motion
needs to be close to optimal to avoid local minima. We found that
bundle adjustments cannot remedy the error buildup caused by ignoring
lens distortions. The classical approach to distortion removal involves
a preliminary distortion estimation using a calibration pattern, known
geometric properties of perspective projections or only 2D feature
correspondences. Often the distortion is assumed constant during
camera usage and removed from the images before applying SMR
algorithms. However, lens distortions can change by zooming, focusing
and temperature variations. Moreover, when only the video sequence
is available preliminary calibration is often not an option. This paper
addresses all fore-mentioned problems by sequentially recovering lens
distortions together with structure and motion from video sequences
without tedious pre-calibrations and allowing lens distortions to change
over time. The devised algorithms are fairly simple as they only use
linear least squares techniques. The unprocessed video sequence forms
the only input and no severe restrictions are placed on viewed scene
geometry. Therefore, the accurate recovery of structure and motion is
fully automated and widely applicable. The experiments demonstrate
the necessity of modeling lens distortions to achieve high accuracy in
recovered structure and motion.
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1 Introduction

1.1 Previous Work

Much research exists that acknowledges the importance of modeling lens distor-
tions. Most papers determine lens distortions using calibration patterns [2,3,7,
13,14,15], known geometric properties of perspective projections [2,4,8,9,11,12]
or 2D feature correspondences [5,9,10,17]. After this pre-calibration, the distor-
tions are often assumed constant during the remainder of the camera usage, a
valid assumption if no zooming or focusing is performed. However, when only
the video sequence is available a preliminary calibration is often impossible and
other ways to recover lens distortions are needed.

Lens distortions are mostly considered after the application of an ideal pin-
hole projection model. Some work also exists to include distortions implicitly in
projection equations using intermediate parameters without physical meaning
[14]. The extraction of the distortion parameters from the latter, e.g. to undo
or add the same distortion to computer generated graphics which need to be
incorporated in Augmented Reality, is often difficult and not well conditioned.
This is due to the strong coupling between intrinsic, extrinsic and distortion
parameters. As several authors [2,9,10,15] stated, this coupling can result in
unacceptable variance of the recovered parameters. Therefore, a decoupling of
the projection equations in a part modeling ideal pinhole projection and a part
modeling lens distortions is used by [4,15].

This paper is most closely related to [15] but presents a new way to sequen-
tially determine lens distortions together with structure and motion from a video
sequence without preliminary calibration using calibration patterns or specific
geometric scene properties. Due to this sequential nature, the lens distortions
are also allowed to change over time as can happen in reality.

1.2 Overview

A first section will describe the camera projection model. Subsequently, the esti-
mation of all parameters given 3D-2D correspondences is explained. The model
consists of a pinhole projection part and a lens distortion part. The estima-
tion of both are realized iteratively, each described in a separate section. This
estimation needs initialization which is considered in a following section. Ex-
periments demonstrate the importance of modeling distortions, we finish with a
short summary and propose future research topics.

2 The Camera Model

The model describing the projection process from 3D scene points to 2D im-
age coordinates consists of several sequential steps, shown in Figure 1. First, a
projection takes place according to the classical pinhole model.

mp ∼ PpMr (1)
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Fig. 1. The camera model from left to right: First, the 3D space is projected onto an
image plane Πp with a pinhole camera. Next, this plane is transformed with K−1

d to
yield the ideal image plane Πi. In the ideal image plane the radial distortion factor
is applied to give coordinates in the distorted image plane Πd. Finally, this plane is
transformed back using Kd to end up in the real image plane Πr.

Pp = Kp[RT | −RT t]

Kp =




fp sp up

0 rpfp vp

0 0 1




in which Mr = (Xr, Yr, Zr, Wr)T and mp = (xp, yp, wp)T are the homogeneous
coordinates of the 3D point and its projection onto the pinhole image plane Πp.
Pp is a 3 × 4 matrix and ‘∼’ denotes that (1) is valid up to a scale factor. Pp

can be decomposed in internal and external calibration parameters. Kp is called
the calibration matrix which contains the focal length fp, the pixel aspect ratio
rp, the skew sp and the principal point (up, vp). R and t determine the rotation
and translation in world coordinates.

Next, the distortions transforming the ideal pinhole image into an image
that conforms more to real images are modeled. Various distortions exist [16]
but radial distortion, described by the following model, is the most prominent.

1. Using a distortion calibration matrix similar to Kp transform the pinhole
image coordinates mp to the ideal image plane Πi where the radial distortion
center equals (0, 0).

mi = K−1
d mp (2)

Kd =




fd sd ud

0 rdfd vd

0 0 1




Kd can differ fromKp as cameras can be recovered in a projective framework
in which Kp has no physical meaning. While radial distortions take place
around the physical optical axis, the principal point (up, vp) cannot be used
as the distortion center. Kd is therefore considered the Euclidean version
of Kp. As in modern cameras the skew is negligible and aspect ratio is
practically 1, we can fix sd and rd to 0 and 1 respectively while keeping
the distortion center (ud, vd) and focal length fd variable. As shown in [4,
9], the latter allows to model de-centering distortions together with radial
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distortions. Note, however, that all parameters could be made variable if
desired.

2. Next, a radial distortion is applied to mi to yield the distorted image coor-
dinates md in the distorted image plane Πd.

md = mi × radfactor

radfactor =
n∑

j=0

kjr
2j
i

with ri =
√

x2
i + y2

i (3)

where kj are the radial parameters. The model for radfactor is common
in literature except that we take k0 not to equal 1 but make it act as a
parameter for a reason later explained. A decreasing radfactor for increasing
ri introduces barrel distortion; otherwise it introduces pincushion distortion.

3. Finally, the distorted coordinates md are transformed with Kd to yield the
final real image coordinates mr in the real image plane Πr.

mr = Kdmd (4)

An ambiguity exists between the radial parameters kj andKd. Scaling fd and
sd with sc results in scaling the ideal image plane Πi around the distortion center
with sc−1. Therefore, radfactor has to remain unchanged to obtain identical mr

after distortion. In equation (3) only ri is scaled, but an appropriate change of
kj can compensate this, hence the ambiguity. To resolve the ambiguity fd and
sd will be scaled such that every mi will lie in the range [−1, 1] in Πi. This will
condition algorithms for numerical stability.

Above we stated that strong parameter coupling can result in unacceptable
variance of the recovered parameters. This has to be clarified as an ambiguity is a
perfect coupling. Suppose two parameters describe an ambiguity, as in a × b = c
where c is a constant an increase in a can be compensated by a decrease in
b. The camera model estimation, explained in the following sections, consists
of separate steps in which some parameters are held constant at each step.
Therefore, fixing one parameter during a step automatically determines the value
of the other parameter with which it forms the ambiguity, avoiding any danger
of large parameter variances.

3 Camera Model Estimation

During sequential Structure and Motion Recovery from video sequences we ad-
vance each time by calculating the camera pose for the current frame given
3D-2D correspondences (Mr, mr), as explained in [1]. Given the 3D-2D corre-
spondences, we wish to minimize the following error:

min
Pp,Kd,kj

∑
l

(ml
r − proj(M l

r))
2
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in which proj() denotes the total projection, described in section 2, and Pp,Kd

and kj are the parameters to be optimized. The error is the residual reprojection
error in the real image which forms the natural goal for minimization as this is
the only error visible to human observers.

The camera model consists of two parts; a first part models a pinhole projec-
tion; a second part describes lens distortions. We therefore opted to perform the
error minimization as an iterative process where each part is minimized while the
other is kept constant. As stated above, the coupling between all parameters is
strong if solved for in a single global optimization. The decoupling in this multi-
step iterative procedure reduces this problem and allows to use simple linear
least squares techniques. The iterative procedure has the following lay-out:

1. Initialize the distortion parameters Kd and kj .
2. Given the distortion parameters and mr, one can compute mp. In Figure 1

this corresponds to a motion from right to left towards the plane Πp.
3. Given (Mr, mp) correspondences estimate Pp minimizing the residual repro-

jection error.
4. Given the projection matrix Pp and Mr, one can compute mp. In Figure 1

this corresponds to a motion from left to right towards the plane Πp.
5. Given (mp, mr) correspondences determine Kd and kj minimizing the resid-

ual reprojection error.
6. Return to step 2 until convergence.

The initialization step 1 will be explained in section 4. The following sections
clarify step 5 and step 3 respectively.

3.1 Lens Distortion Estimation

At this point a previous best pinhole camera matrix Pp has been determined.
Given (mp, mr) correspondences, we look for the distortion parameters Kd and
kj minimizing the following residual reprojection error:

min
Kd,kj

∑
l

(ml
r − distort(ml

p))
2 (5)

in which distort() determines the second part (lens distortions) of the camera
model. The residual is expressed in the real image plane Πr, the only plane in
which we can finally see the errors as all other image planes Πp, Πi and Πd are
virtual. Substituting equations (2) and (3) in (4) we get nonlinear equations in
the distortion parameters. However, given constant mi, we note that fixing Kd

gives linear equations in kj . Vice versa, taking kj constant yields linear equations
in the elements of Kd. Therefore, another iterative solution surfaces:

1. Use the current Kd and Pp to form a compound camera matrix which
projects a 3D point Mr directly onto the ideal image plane Πi: Pi = K−1

d Pp.
Use Pi to project all Mr to their corresponding mi which from now on are
assumed constant. Note that assuming mi constant is equal to fixing Pi.
In the following steps Kd will change, requiring Pp to compensate for this
change to keep Pi constant. The altered Pp will be determined in step 6.
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2. Given Kd and equations (3) and (4) we can determine kj minimizing (5)
with linear least squares techniques.

3. Using kj and equation (3) we can distort all mi to their corresponding md

in the distorted image plane Πd.
4. Given md and equation (4) we can determine Kd minimizing (5) with linear

least squares techniques.
5. Return to step 2 until convergence.
6. Because mi and therefore Pi were assumed constant and Kd changed during

iteration, we update Pp by extracting the new Kd from Pi: Pp = KdPi

The use of parameter k0, in conventional radial distortion modeling taken to be
1, will now be explained. The camera matrix Pp used in step 1 will have been
estimated before the lens distortions are updated in step 2−5. Therefore, Pp will
have been estimated based on an image where radial distortion can be under-
or overestimated. This leads to a Pp predicting well the 3D-2D correspondences
(Mr, mr) on a certain circle around the distortion center in Πr. But for barrel
lens distortions it will overestimate the predicted positions of mr outside this
circle and underestimate them inside it and vice versa for pincushion distortions,
as shown in Figure 2. These over- and underestimations will be compensated for
by the estimation of the distortion parameters in steps 2−5. However, note that
the estimated radfactor should almost equal 1 on the circle for which Pp already
fits best. By fixing k0 to 1 we also demand radfactor to equal 1 at the distortion
center. As Figure 2 shows, this constrains radfactor (3) to be a non-monotone
function. However, we know that radial distortions in real lenses have a more
or less monotone function. Therefore, it is better to allow k0 to be a parameter,
representing a scaling of the pinhole image plane Πp and the camera matrix Pp

around the distortion center to achieve a monotone radfactor function as shown
in Figure 3.

3.2 Pinhole Camera Estimation

In this section the distortion parameters Kd and kj are kept constant and the
estimation of camera matrix Pp using 3D-2D correspondences (Mr, mp) is con-
sidered. Given mr and the estimated distortion parameters we can undo the
distortion to calculate their corresponding mp. The camera matrix Pp which
minimizes

min
Pp

∑
l

(ml
p − pinhole(M l

r))
2 (6)

can be found by iteratively re-weighted least squares minimization [6] given the
previously estimated camera matrix Pp as initialization. pinhole() represents
the pinhole projection model, described in (1), and the residual error (6) is an
error living in the pinhole image plane Πp. Since the only image plane visible to
human observers is the real image plane Πr, the residuals should be transferred
to the latter as also noted by [12]. Equation (3) shows that in the neighbor-
hood of mp the ideal image plane and the pinhole image plane is scaled with
radfactor

∑n
j=0 kjr

2j
i to get to the real image plane. Therefore the residual of
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radius r

perfect fit
pinhole

1.001 1 0.99radial factor k0

pinhole
perfect fit

radial factor

radius r

1.001 1 0.99 k0

Fig. 2. Left: If the barrel distortion is underestimated the pinhole camera model fits
perfectly on a certain circle (thick) around the distortion center but underestimates
the distortion outside this circle (dark gray) and overestimates it inside the circle (light
gray). The dotted circles are predicted by the pinhole model, the solid circles are the
real distorted ones. The estimated radial factor will try to compensate these over- and
underestimations. Right: Same but now for pincushion distortion. In both examples
the radial factor is forced to create a bump in its curvature (solid curve) while the best
match would be the dash-dotted radial factor curve.

barrel
distortion

0.99

radius r

radial factor

1.001 1

radial factor

radius r

pincushion
distortion

11.001 0.99

Fig. 3. Left: Same situation as in Figure 2 but now the circles predicted by the pinhole
model are up-scaled in the image plane Πp so that the distortion is an overestimation
everywhere. This makes it possible for the radial factor to be a monotone function of
the radius which is more natural for real lenses. Right: The same but now the dotted
circles predicted by the pinhole camera model are down-scaled.

mp is scaled with exactly this factor to calculate its counterpart in the real image
plane. The new error measure then becomes:

min
Pp

∑
l

[radfactor(ml
p) ∗

(ml
p − pinhole(M l

r))]
2 (7)



Lens Distortion Recovery 193

4 Initialization

The iterative multi-step estimation of all projection parameters needs an initial
starting point. Using a sequential Structure and Motion Recovery methodology
the projection parameters of each frame are estimated while running through
the video. Considering the time-continuity, we can take the previous frame’s dis-
tortion parameters as a starting point for the current frame. To initialize the
sequential recovery of structure, motion and distortion we use the same method
as described in [1] where two initial camera matrices Pp are determined by
decomposing a Fundamental Matrix. This decomposition assumed the Funda-
mental Matrix to be estimated between two images with zero lens distortion and
therefore the initial distortion parameters for these cameras can be taken as:

Kd =




fd 0 ud

0 fd vd

0 0 1


 (8)

k0 = 1 and ∀j �= 0 : kj = 0 (9)

The initial aspect ratio rd and skew sd are respectively taken 1 and 0 which
is reasonable for real cameras. The initial distortion center (ud, vd) equals the
image center and the initial focal length fd is chosen such that the image corners
form a bounding box in the ideal image plane Πi which lies in the [−1, 1] range
for conditioning numerical algorithms.

Given a real camera with lens distortions, we therefore start from an initial-
ization which is not correct as both initial cameras are distortion free. However,
minimizing the reprojection error for each frame using the supplied distortion
parameters to remove any systematic error, the distortion parameters will most
often converge to the real ones. At this point we cannot provide any mathemati-
cal proof but the statement is backed up with extensive simulations on artificial
and real video sequences which show the relevance of modeling lens distortions.
When we dispose of the video camera we could use any available off-line tech-
nique that uses calibration patterns to find better initial values for the distortion
parameters.

5 Experimental Results

We conducted experiments on artificial and real-life video sequences to test the
usefulness of sequential modeling lens distortions during Structure and Motion
Recovery. First, an artificial sequence (500 frames, image resolution 720 × 576)
without lens distortions was created. The scene consisted of boxes positioned at
different depths. Figure 4 shows the recovered Structure and Motion when no
radial distortion was estimated. It corresponds very well with the ground truth.
Next, we artificially added barrel lens distortions, which moved points in the
image corners with 25 pixels from their original position. At first we did not
try to recover the distortion which introduced a systematic error buildup in the
recovered Structure and Motion. Figure 5 shows how the unmodeled radial dis-
tortion bends the recovered structure and motion. When we also tried to recover
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Fig. 4. Left: Top view of the scene structure. Several boxes are placed at different
depths. Right: The recovered structure (upper dots) and motion (lower line) from an
artificial video sequence without radial distortions.

Fig. 5. Left: The recovered structure and scene when radial distortion was present but
not modeled by the program. Right: The recovered structure and motion when the
radial distortion was also modeled as described in this paper. The camera moved from
right to left. As the system only converged after 200 frames the part of the structure
on the far right still shows some residual bending.

the lens distortions the distortion parameters converged after approximately 200
frames (Figure 6) and the recovered structure and motion resembles more the
ground truth as also shown in Figure 5.

Next, a second artificial sequence (image resolution 720 × 576) was made
to investigate the error buildup with or without modeling lens distortions. It
consisted of a turntable sequence of a teapot. Figure 7 shows the first frame of
the original and radial distorted versions. A single round trip counts 100 frames.
We performed ten round trips and therefore the total sequence consisted of 1000
frames. Due to periodicity the frames whose frame number are equal modulo
100 are the same. The error buildup during sequential Structure and Motion
Recovery is measured as the projection errors in cameras that are supposed to
be the same due to this periodicity. Equal cameras are supposed to project 3D
scene points onto the same image locations. However, this is not the case when
error buildup is present which can therefore be measured as the average projec-
tion error between ‘equal’ cameras. This projection error, expressed in pixels, is
calculated between cameras separated by one round trip (relative error buildup).
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Fig. 6. From left to right [frames 0,10,50,100,150 and 200]: The convergence of the
estimated radial factor (solid curve) towards the ground truth (dash-dot). The abscissa
represents the radius in the ideal image plane Πi. The ordinate represents the radial
distortion factor radfactor.

Artificial sequences were made having no distortion, barrel distortion and pin-
cushion distortion. For each different kind of distortion the influence of the num-
ber of estimated radial distortion parameters was investigated (the number of
parameters are counted excluding parameter k0 to correspond to more common
conventions). Table 1 displays the results from which several conclusions can be
drawn. First, when radial distortion (barrel or pincushion) is present, not mod-
eling it leads to a large error buildup. When modeling the radial distortion it
converges except when 1 or 3 parameters are used to model the lens distortions.
Next, when no radial distortion was present the results also show that the best
error buildup was obtained if no radial distortion was modeled. However, mod-
eling it anyway the results did not completely deteriorate. Another important
conclusion is that two radial parameters are often sufficient for convergence as
the higher order terms only have a small contribution but using a higher number,
e.g. 6, does not necessarily introduce divergence. Actually, we suspect a trade-off
to exist. The exact ground truth radial distortion might be sufficiently modeled
using only a few parameters. In this framework, however, the radial distortion
needs to converge from an initial erroneous estimate to its final correct value.
This convergence is a dynamic event in which more degrees of freedom increase
the convergence rate. Once converged, a high number of parameters might lead
to modeling the residual noise instead of the physical underlying lens distor-
tions. The strange phenomenon that odd number of parameters 1 and 3 do not
converge still has to be investigated. Because of the complex interactions that
are involved in this sequential structure, motion and lens distortion recovery a
theoretical proof of convergence is very difficult. From the results, however, it
is clear that not modeling present lens distortions always leads to bad results
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Table 1. relative error buildup in pixels: frame 100x(i-1) - frame 100xi Radial calibra-
tion matrix Kd with fd = 461.025, rd = 1, sd = 0 and (ud, vd) = (360, 288) on images
of resolution 720× 576. The number of radial parameters are counted excluding k0.

Scenario rad. param i = 1 2 3 4 5 6 7 8 9
barrel 0 16.55 16.91 16.87 17.13 17.49 17.47 18.15 18.57 18.62
ground truth 1 12.09 12.87 13.87 14.83 15.66 16.95 18.71 20.76 22.19

2 6.55 4.05 2.56 0.28 0.08 0.08 0.07 0.07 0.06
k0 = 1. 3 26.73 46.34 54.46 87.63 130.52 197.76 242.24 79.49 35.18
k1 = -0.01 4 6.86 5.67 5.85 5.42 3.52 3.57 4.67 5.06 7.45
k2 = -0.01 6 3.04 0.90 0.12 0.11 0.08 0.06 0.09 0.07 0.07
k3 = -0.01 8 5.03 4.58 3.79 1.30 0.18 0.08 0.08 0.08 0.08

0 0.63 0.06 0.05 0.05 0.05 0.04 0.03 0.05 0.05
1 5.92 8.59 10.52 12.09 13.39 13.06 10.64 10.21 8.93
2 1.15 0.14 0.07 0.09 0.08 0.06 0.06 0.05 0.05

no radial 3 5.23 11.92 24.28 37.68 36.70 42.63 57.89 61.17 69.63
4 1.18 0.30 0.08 0.08 0.08 0.06 0.09 0.11 0.09
6 0.50 0.07 0.07 0.05 0.06 0.06 0.06 0.07 0.07
8 3.86 1.63 0.08 0.07 0.07 0.08 0.06 0.07 0.06

pincushion 0 17.69 17.02 16.63 15.97 15.73 15.48 15.27 14.85 15.18
ground truth 1 15.92 15.24 14.88 15.29 16.38 19.41 21.24 20.63 19.41

2 4.46 1.62 0.56 0.08 0.08 0.07 0.07 0.07 0.06
k0 = 1. 3 13.33 21.10 34.93 45.30 42.28 47.66 51.76 54.16 56.45
k1 = 0.01 4 3.05 0.79 0.10 0.09 0.08 0.08 0.06 0.07 0.07
k2 = 0.01 6 3.30 4.60 2.56 1.03 0.14 0.12 0.09 0.08 0.07
k3 = 0.01 8 5.00 4.88 6.16 6.11 6.30 6.05 6.07 7.18 6.31

while better outcomes can be achieved by modeling the lens distortions. Figure
7 shows the difference in recovered camera positions of the turntable sequence
with and without modeling of lens distortions. Without the consideration of
distortions a systematic error is incorporated, clearly shown by the diverging
camera path. When lens distortions are considered, they are captured and after
an initial transient behavior the camera follows a periodic cyclic path as was the
case in reality.

Figure 8 shows real-life footage (1200 frames, image resolution 720 × 576)
representing the roof of an ancient fountain. The reconstruction without modeled
lens distortions is shown in Figure 9. Clearly the roof which in reality is straight
bends backwards in the reconstruction because of the present barrel distortion.
When lens distortions were considered, modeling six radial parameters kj , the
reconstructions as shown in Figure 10 could be achieved. The first reconstruction
in Figure 10 took two frames with zero radial distortion as a starting point. The
second reconstruction took the final radial distortion values obtained by the
previous run as a starting point and therefore could achieve a structure which
closely resembles the real structure as no initial transients were present.

Because the strategy of sequentially modeling lens distortions allows for vary-
ing distortions, we tested another artificial video sequence similar to the teapot
sequence. A round trip of the turntable sequence consists of 100 frames. We var-
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Fig. 7. Top: First frame of the original turntable sequence, the barrel distorted version
and the pincushion distorted version respectively. Bottom Left: Divergence of the es-
timated camera path due to lack of radial distortion modeling when a barrel distorted
version of the original turntable sequence was used. Bottom Right: Convergence of the
camera path when the actual radial distortion is modeled. The camera path does not
diverge but converges onto a circular path.

ied the radial distortion from one extreme at frame 0 to another extreme at frame
50, returning to the first extreme at frame 100. Again ten round trips were made
and the error buildup assessed as shown in Table 2. Figure 11 shows how the
estimated radial distortion moves between the two ground truth extreme radial
distortions, proving that variable distortions pose no immediate problems.

Table 2. relative error buildup in pixels: frame 100x(i-1) - frame 100xi radial calibration
matrix Kd with fd = 461.025, rd = 1, sd = 0 and (ud, vd) = (360, 288) on images of
resolution 720×576. Variation of radial distortion parameters between (k0, k1, k2, k3) =
(1., −0.01, −0.01, −0.01) and (k0, k1, k2, k3) = (1., −0.03, −0.03, −0.03)

Scenario rad. param i = 1 2 3 4 5 6 7 8 9
barrel 6 3.05 0.83 0.08 0.07 0.08 0.08 0.08 0.07 0.08

6 Summary

In this paper we described how lens distortions could be recovered sequentially
from a video sequence together with structure and motion without the need for
preliminary distortion calibration or specific scene geometry. In a first section
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Fig. 8. A couple of frames from a video sequence showing an ancient fountain roof.
When pasted together, these give an idea of what the real roof looks like.

Fig. 9. Top view of the reconstruction of the fountain roof without modeling radial
distortions. While the roof is straight in real life the curvature of the scene structure
is clearly visible.

Fig. 10. Left: Top view of the reconstruction if the radial distortion was modeled with
an initialization of 2 frames without radial distortion. Right: Result if the final radial
distortion of a first run was taken as initialization for the program.
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Fig. 11. From left to right [frames 300,325,355,375]: The variation of the estimated
radial factor (solid curve) between the two ground truth extremes(dash-dot). The ab-
scissa represents the radius in the ideal image plane Πi. The ordinate represents the
radial distortion factor radfactor.

the camera model that approximates the real projection process was discussed.
It consisted of two parts, an ideal pinhole camera model and a subsequent dis-
tortion model which could model radial and de-centering distortions. In a fol-
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lowing section it was shown how the parameters of this camera model could
be estimated in a multi-step iterative way given 3D-2D correspondences. The
multi-step algorithm consisted of a separate estimation of the ideal pinhole cam-
era model and the distortion parameters. This separation diminished the strong
coupling between all the camera parameters which exists in a single global min-
imization formulation. The following sections explained how the pinhole camera
parameters and the distortion parameters could be estimated by applying only
linear least squares techniques. Subsequently, as the sequential nature of Struc-
ture, Motion and Distortion Recovery needs initialization it was shown that
this consisted of 2 cameras with zero distortion or any off-line pre-calibration of
the distortion if the video camera was still available. Experiments identified the
advantages of taking lens distortions into account by demonstrating results on
artificial and real video sequences. It showed that modeling lens distortion was
crucial to the minimization of the error buildup. The negligence of lens distor-
tions would introduce a systematic error which causes severe error buildup in
recovered scene structure and cameras which could inhibit loop video sequences
to close perfectly. Accurate camera retrieval enables the recognition and track-
ing of 3D scene points which were reconstructed at an earlier stage of the video
processing. As demonstrated in [1] this recovery of scene points reduces drift in
sequential algorithms by a large amount. This benefit would be lost if camera
retrieval suffers from error buildup due to unmodeled lens distortions.

7 Future Work

This work introduced the modeling of lens distortions in a sequential Structure
and Motion Recovery framework. The lens distortions were modeled using the
radial distortion formulation with a moving distortion center so that de-centering
distortions could also be modeled. In [15] tangential and thin prism distortions
are also modeled and these formulations could be used to even further optimize
the camera model to best fit reality. However, too many free parameters could
turn the process unstable and unreliable as one may be modeling noise instead
of the physical projection process. This has to be investigated.
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Abstract. In this paper, the geometry of a general class of projections from R
n

to R
k (k < n) is examined, as a generalization of classic multiple view geometry

in computer vision. It is shown that geometric constraints that govern multiple
images of hyperplanes in R

n, as well as any incidence conditions among these
hyperplanes (such as inclusion, intersection, and restriction), can be systematically
captured through certain rank conditions on the so-called multiple view matrix.
All constraints known or unknown in computer vision for the projection from R

3

to R
2 are simply instances of this result. It certainly simplifies current efforts to

extending classic multiple view geometry to dynamical scenes. It also reveals that
since most new constraints in spaces of higher dimension are nonlinear, the rank
conditions are a natural replacement for the traditional multilinear analysis. We
also demonstrate that the rank conditions encode extremely rich information about
dynamical scenes and they give rise to fundamental criteria for purposes such as
stereopsis in n-dimensional space, segmentation of dynamical features, detection
of spatial and temporal formations, and rejection of occluding T-junctions.
Keywords: multiple view geometry, rank condition, multiple view matrix, dynam-
ical scenes, segmentation, formation detection, occlusion, structure from motion.

1 Introduction

Conventional multiple view geometry typically applies to the case that the scene is
static and only the camera is allowed to move. Nonetheless, it is easy to show that, if
a scene contains independently moving objects – referred to as a dynamical scene,
we usually can embed (by a certain formal process) the problem into a space of
higher dimension, with a point in the high-dimensional space now representing such
as the location and velocity of a moving point in the physical three-dimensional world
[13]. However, results and understanding regarding multiple view geometry in such
high dimensional spaces are rather sporadic or incomplete at best. This motivates us
to seek a systematic generalization of multiple view geometry to higher dimensional
spaces.
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In the computer vision literature, geometric relationships between image features and
camera displacements are traditionally described by the so-called multilinear matching
constraints [8,7,11]. Most of the work since has focused on the algebraic aspects of
these multilinear constraints, along with the algorithms which followed from the same
formulation. In this framework, different geometric primitives, i.e. points, lines, and
planes are treated separately, and analysis of multiple views must rely on a reduction
to pairwise [8], triple-wise [11,4,1,6] or quadruple-wise views [12].1 This line of work
culminated in the publication of two monographs on this topic [5,2]. However, it has
recently been discovered that a unifying and yet simplifying tool for characterizing ge-
ometric relationships among multiple views is a so-called rank condition [10]. It gives
rise to a global constraint for multiple images of multiple features and incidence rela-
tions among them. Consequently, certain nonlinear relationships among multiple (up
to four) images are revealed. As we will also see in this paper, in fact the majority of
constraints among multiple images in high dimensional spaces are going to be nonlin-
ear. Therefore, the rank condition currently seems to be a reasonable tool left which
allows us to systematically generalize multiple view geometry to higher dimensional
spaces.

In this paper, our focus is on a complete characterization of intrinsic algebraic and
geometric constraints that govern multiple k-dimensional images of hyperplanes in an
n-dimensional space. We show that these constraints can be uniformly expressed in terms
of certain rank conditions, which also simultaneously capture geometric relationships
among the hyperplanes themselves, such as inclusion, intersection, and restriction. The
importance of this study is at least two-fold: 1. In many applications, objects involved are
indeed multi-faceted (polygonal) and their shape can be well modeled (or approximated)
as a combination of hyperplanes;2 2. In some cases, there is not enough information or
it is not necessary to locate the exact location of points in a high-dimensional space and
instead, we may still be interested in identifying them up to some hyperplane (e.g., in the
case of segmentation).As we will point out later, for the special casen = 3 andk = 2, our
results naturally reduce to what is known in computer vision for points, lines, and planes.
For the cases n > 3 and k = 2, our results provide a simpler explanation to extant study
on dynamical scenes (e.g., [13]) based on tensor algebra. Since reconstruction is not the
main focus of this paper, the reader is referred to [10] for how to use such constraints
to develop algorithms for various reconstruction purposes. Nonetheless, since the rank
conditions encode extremely rich information about dynamical scenes, we will show
how to use it as a basic tool to conduct multiple view analysis in high dimensional
spaces, including stereopsis in n-dimensional spaces, segmentation of independently
moving feature points, detection of spatial and temporal formations, and rejection of
occluding T-junctions.

Outline of this paper. Section 2 provides a general formulation of multiple view geom-
etry from R

n to R
k, including the concepts of camera, camera motion, image, coimage,

and preimage. Section 3 fully generalizes classical rank conditions to hyperplanes of
arbitrary dimension in R

n. Rank conditions for various incidence conditions (i.e. inclu-

1 Although we now know quadruple wise constraints are completely redundant in the point case.
2 In case the object consists of smooth curves and surfaces, it is not hard to show that the rank

conditions can be easily generalized (see [9]).
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sion, intersection, and restriction) among hyperplanes are presented. In Section 4, we
discuss numerous potential applications of the rank conditions through a few concrete
examples and simulation results.

2 Problem Formulation

2.1 Euclidean Embedding of Dynamical Scenes

In classic multiple view geometry, we typically consider projecting a three-dimensional
static scene onto a two-dimensional image plane with respect to multiple camera frames.
The standard mathematical model for such a projection is

λ(t)x(t) = Π(t)X, (1)

where X ∈ R
4 is the homogeneous representation of the 3-D coordinates of a feature

point p (relative to a world coordinate frame), x(t) ∈ R
3 is its image at time t (also

in homogeneous coordinates), Π(t) ∈ R
3×4 is the projection matrix, and λ(t) is the

depth scale of the point p with respect to the current camera frame. Typically Π(t) =
[R(t), T (t)] where R ∈ R

3×3, T ∈ R
3 respectively are the rotation and translation of

the camera frame relative to a pre-fixed world frame.3.
Now suppose the scene contains independently moving (relative to the world frame)

feature points. Then the above equation must be modified to

λ(t)x(t) = Π(t)X(t). (2)

Since now X(t) is time-dependent, methods from classic multiple view geometry no
longer apply. However, suppose we can find a time-base for X(t), i.e. we can express
the 3-D coordinates X(t) of p in terms of a linear combination of some time-varying
functions bi(t) ∈ R

4 of time t

X(t) = [b1(t), b2(t), . . . , bk(t)]X̄ ∈ R
4, (3)

where X̄ ∈ R
n+1 is a time-independent vector of coefficients.As an important example,

X(t) is described by linear dynamics. Substitute this back to the above equation, to get

λ(t)x(t) = Π̄(t)X̄, (4)

where Π̄(t) .= Π(t)[b1(t), b2(t), . . . , bk(t)] ∈ R
3×(n+1). This equation is of the same

form as (1) except that it represents a (perspective) projection from the space R
n to R

2. It
is then natural to expect that results in classic multiple view geometry should generalize
to this class of projections as well.

If a dynamical scene allows such a time-base, we say that the scene allows a Euclidean
embedding. To avoid redundancy, the time-base functions bi(·) should be chosen to be
independent functions. The two examples shown by Figure 1 are scenes which do allow
such an embedding. In the first case, since the coordinates of all points in the scene can

3 In case the camera is not calibrated, simply pre-multiply R and T by a calibration matrix
A ∈ R

3×3



204 K. Huang, R. Fossum, and Y. Ma

X + vt + at2

X + v(t + γt2)

X + vt

X Xo

l1

l2

x

y

u
θ1

θ2

Fig. 1. a) Independent moving features; b) Two resolute joints.

be uniformly described byX(t) = X + vt+ at2 for someX, v, a ∈ R
3, we can simply

choose the embedded coordinates of a point to be X̄ = [XT , vT , aT , 1]T ∈ R
10. Then

we have the following projection equation

λ(t)x(t) = [R(t), R(t)t, R(t)t2, T (t)]X̄. (5)

Such an embedding would allow us to consider points with trajectories such as parabolic
curves. In general, using similar techniques, one may also embed points on any rigid
body as shown in Figure 1 b) of multiple links and joints (maybe of other types) into a
high dimensional Euclidean space [3].

The above examples have shown the need for generalizing classic multiple view
geometry to higher dimensional spaces. Although they both fall into the category of
projection from R

n to R
2 for some n, we will try to bring multiple view geometry into

its full potential. That is, we will study the most general case by considering projections
from R

n to R
k with arbitrary k < n.

2.2 Generalized Multiple View Geometry Formulation

Homogeneous coordinates. In this paper we will use homogeneous coordinates for
both points in R

n and its image in R
k. Hence X = [X1, X2, . . . , Xn, 1] ∈ R

n+1 is
the coordinate for a point p ∈ R

n and x = [x1, x2, . . . , xk, 1] ∈ R
k+1 is its image.

However by abuse of language, we usually use x to denote as well the entire ray (1-
dimensional subspace) spanned by x, since any vector on this ray gives an equivalent
(homogeneous) representation for the image of p.

Image formation in high dimensional space. As a natural generalization of the per-
spective projection from R

3 to R
2, a perspective projection from R

n to R
k (with k < n)

is described by the equation

λ(t)x(t) = Π(t)X, (6)

where x(t) ∈ R
k+1 is the (homogeneous) image at time t of the point X , λ(t) ∈ R is

the missing depth scale and Π(t) ∈ R
(k+1)×(n+1) is the projection matrix of full rank
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k + 1. 4 For a dynamical scene, Π(t) may depend on both the (relative) motion of the
camera and the scene dynamics. Suppose multiple views of the same point (now in the
high-dimensional space) are captured at time t1, . . . , tm. The images of X then satisfy
the equations

λixi = ΠiX, i = 1, . . . ,m, (7)

where λi
.= λ(ti), xi

.= x(ti), and Πi
.= Π(ti) ∈ R

(k+1)×(n+1).5 For the rest of the
paper, we typically splitΠi

.=
[
R̄i T̄i

]
with R̄i ∈ R

(k+1)×(k+1) and T̄i ∈ R
(k+1)×(n−k).

Note that here R̄i, T̄i are not necessarily the motion (rotation and translation) of the
moving camera, although they do depend on the motion.

Since Π is full rank, there always exists a matrix g ∈ R
(n+1)×(n+1) in the general

linear group GL(n+ 1,R) such that Π1g is in the standard form

Π1g =
[
I(k+1)×(k+1) 0(k+1)×(n−k)

]
, (8)

hence for simplicity, we will always assumeΠ1 is itself in the above form already.6 The
reader should be aware that algebraically we do not lose any generality in doing so.

The following two assumptions make the future study well conditioned:

1. Motion of the camera is generic, i.e. for any p-dimensional hyperplane in R
n, the

its image in R
k is a hyperplane whose dimension is q = min{p, k}.

2. Any hyperplane in R
n whose image is to be studied has a dimension p < k. If p ≥ k,

then its image will occupy the whole image plane for a generic motion and hence
does not provide any useful information.)

The two assumptions above guarantee that we always have q = p in this paper.

Remark 1 (Degenerate motions). Note that motions which violate the first assumption
correspond to degenerate configurations which comprises just a zero-measure set of the
overall configuration space of the camera and object. In addition, they would only induce
minor changes in the results of this paper. A detailed analysis for these degenerate cases
can be found in [3] and is omitted here.

Image, coimage, and preimage. For a p-dimensional hyperplane Hp ⊆ R
n whose

points satisfy the equation ΛX = 0 (where Λ ∈ R
(n−p)×(n+1) is of rank n − p), it

corresponds to a (p + 1)-dimensional subspace (i.e. a hyperplane passing through the
origin)Gp+1 ⊆ R

n+1 w.r.t. the camera frame. The image ofHp is then a p-dimensional
hyperplane Sp in the image space R

k (since p < k), it corresponds to a (p + 1)-
dimensional subspace Up+1 ⊂ R

k+1. Hence the image can be described by the span of
a matrix s = [u1, u2, . . . , up+1] ∈ R

(k+1)×(p+1) or by its maximum complementary

4 if rank(Π) = k′ < k+1, then the problem simply becomes the projection from R
n to R

k′−1.
5 Usually for a static scene with a moving camera, we have Πi = Π1gi = Π1

[
Ri Ti
0 1

]
, where

Ri ∈ R
n×n and Ti ∈ R

n are usually the rotation and translation of the camera in R
n.

6 If g is an affine transformation, it simply corresponds to a different choice of the world reference
frame. If g has to be a projective transformation, then it distinguishes the perspective and
orthographic projections. For details, see [3].
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orthogonal space (with respect to R
k+1), which is spanned by s⊥ = [v1, v2, . . . , vk−p] ∈

R
(k+1)×(k−p) such that (s⊥)T

s = 0. For clarity, we then call s the image of the
hyperplane and call s⊥ its coimage. The reader must notice that they are equivalent
ways of expressing the same geometric entity on the image plane. In the rest of this

R
3

o

o′

K

I

p

F

x

Fig. 2. An image x of a point p ∈ R
3 under a perspective projection from R

3 to R
1( .= I). K

is the subspace orthogonal to the subspace spanned by o and the image plane I . The plane F
corresponds to the preimage of x which is the subspace spanned by p and K.

paper, we will use Hp ⊆ R
n and Gp+1 ⊆ R

n+1 interchangeably to refer to the same
object in R

n and use Sp ⊆ R
k and Up+1 ⊆ R

k+1 for the same image entity in R
k.

One difference between the image formation in high dimensional space with the
classical 3-D case is that the difference between the dimension of the ambient space and
that of the image space might be larger than one. This leads to the notion of preimage.
For any subspace Up+1 ⊆ R

k+1 in the image space, if its equation is (s⊥)T x = 0, then
define its preimage to be the set F = {X ∈ R

n+1 : (s⊥)TΠX = 0}, where Π is
the corresponding projection matrix. Geometrically, the preimage F is the largest set in
R

n+1 that can give rise to the same image Up+1. Its dimension is

dim(F ) = dim(F ∩ R
k+1) + dim(F + R

k+1) − dim(Rk+1) = (n− k) + p+ 1.

It corresponds to a (n− k + p)-dimensional subspace F in R
n. Figure 2 illustrates the

notions of image and preimage for a special case when n = 3, k = 1 and p = q = 0.
The dimension of F is 3 − 1 + 0 = 2.

3 Generalized Rank Conditions on Multiple View Matrix

A typical problem in multiple view geometry is to systematically express all intrinsic
constraints among multiple images of an object (in R

n). By intrinsic we mean that such
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constraints should not explicitly depend on the location (or structure) of the object in
R

n. In this section, we will give a complete description of such constraints including
those for various incidence relations among different objects. We will only present the
theorems without giving proof. For the complete proof please refer to [10,3].

With the notation introduced in the preceding section, we may formally define a
so-called multiple view matrix as following:

Definition 1 (Formal multiple view matrix). We define a multiple view matrixM as

M
.=




(D⊥
2 )T R̄2D1 (D⊥

2 )T T̄2
(D⊥

3 )T R̄3D1 (D⊥
3 )T T̄3

...
...

(D⊥
m)T R̄mD1 (D⊥

m)T T̄m


 (9)

where the Di’s and D⊥
i ’s stand for images and coimages of some hyperplanes respec-

tively. The actual values of Di’s and D⊥
i ’s are to be determined in context.

Theorem 1 (Rank condition for multiple images of one hyperplane). Given m im-
ages s1, . . . , sm and coimages s⊥

1 , . . . , s
⊥
m of a p-dimensional hyperplane Hp in R

n,
choose in the above multiple view matrix D1 = s1 and Di

⊥ = s⊥
i , i = 2, . . . ,m, then

the resulting matrixM satisfies

0 ≤ rank(M) ≤ (n− k). (10)

If the hyperplane happens to be a point (i.e. p = 0), the theorem easily implies the
following result:

Corollary 1 (Multilinear constraints for R
n → R

k). For multiple (k-D) images of a
point in R

n, non-trivial algebraic constraints involve up to (n−k+2)-wise views. These
constraints happen to be multilinear and the tensor associated to the (n− k + 2)-view
relationship in fact induces all the other types of tensors associated to smaller numbers
of views.

In the classic case n = 3, k = 2, this corollary reduces to the well-known fact in
computer vision that irreducible constraints exist up to triple-wise views, and furthermore
the associated (tri-focal) tensor induces all (bi-focal) tensors (i.e. the essential matrix)
associated to pairwise views. Of course, besides the examples given in Section 2.1, extra
knowledge on the motion of features sometime allows us to embed the problem in a lower
dimensional space. These special motions have been studied in [13], but only incomplete
lists of constraints among multiple images were given. Our results here clearly complete
such efforts and imply a much richer set of constraints, not just for point features but also
for hyperplanes of any dimension. One must notice that for hyperplanes with dimension
higher than 0, most algebraic constraints (as result of the above theorem) will be however
nonlinear, especially when n > 3. Hence traditional multilinear analysis will no longer
apply. Our approach can also be applied to much more general scenarios and capture all
kinds of incidence relations among objects in a high dimensional spaces.

If there are two hyperplanes with one including the other, they give rise to the
following theorem which further generalizes Theorem 1:
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Theorem 2 (Rank condition with inclusion). Consider a p2-dimensional hyper-
plane Hp2 belonging to a p1-dimensional hyperplane Hp1 in R

n. m images xi ∈
R

(k+1)×(p2+1) of theHp2 andm images si ∈ R
(k+1)×(p1+1) of theHp1 relative to the

ith camera frame are given (i = 1, . . . ,m). Let theDi’s andD⊥
i ’s in the multiple view

matrixM have the following values
{
D⊥

i
.= x⊥

i ∈ R
(k+1)×(k−p2) or s⊥

i ∈ R
(k+1)×(k−p1),

Di
.= xi ∈ R

(k+1)×(p2+1) or si ∈ R
(k+1)×(p1+1).

(11)

Then for all possible instances of the matrixM , we have the two cases:

1. case one: If D1 = s1 and D⊥
i = x⊥

i for some i ≥ 2, then

rank(M) ≤ (n− k) + (p1 − p2),

2. case two: Otherwise,
0 ≤ rank(M) ≤ n− k.

Since rank(AB) ≥ (rank(A) + rank(B) − n) for all A ∈ R
m×n, B ∈ R

n×k, we have
rank[(D⊥

i )T R̄iD1] ≥ (p1 − p2) if the matrix R̄i ∈ R
(k+1)×(k+1) is full rank for some

i ≥ 2. So the rank condition for the case one can be improved with a tight lower bound

(p1 − p2) ≤ rank(M) ≤ (n− k) + (p1 − p2).

This theorem can be easily generalized to any set of cascading hyperplanes

Hpl ⊆ Hpl−1 ⊆ · · · ⊆ Hp1 ,

for some l ∈ Z+. We omit the details for simplicity.
For two hyperplanes intersecting at a third, we have

Theorem 3 (Rank condition with intersection). Consider hyperplanesHp1 ,Hp2 , and
Hp3 with Hp3 ⊆ Hp1 ∩ Hp2 . Given their m images relative to m camera frames as
above, let the Di’s and D⊥

i ’s in the multiple view matrixM have the following values:
D1

.= x1, and D⊥
i
.= x⊥

i , r
⊥
i , s

⊥
i being the coimages of Hp3 , Hp1 , Hp2 respectively.

Then we have
0 ≤ rank(M) ≤ (n− k).

This theorem can be easily generalized to a family of intersecting hyperplanes

Hp ⊆ Hpl ∩Hpl−1 ∩ . . . ∩Hp1 , (12)

for some l ∈ Z+. We here omit the details for simplicity.
In practice, there are situations when all hyperplanes being observed belong to a

p-dimensional ambient hyperplane in R
n,7 and the location of this ambient hyperplane

7 Here we no longer require that p is less than k since the image of this ambient hyperplane is
not of interest.
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relative to the world reference frame is fixed. In general, a p-dimensional hyperplane
Hp in R

n can be described by a full-rank (n− p) × (n+ 1) matrix Λ ∈ R
(n−p)×(n+1)

such that any point p ∈ Hp satisfies: ΛX = 0, where X ∈ R
n+1 is the homogeneous

coordinate of the point p. We call the matrix Λ the homogeneous representation forHp.
Of course, such a representation is not unique – any two matrices Λ1 and Λ2 with the
same kernel give rise to the same hyperplane. For convenience, we usually divide the
(n− k) × (n+ 1) matrix Λ into two parts

Λ = [Λ1, Λ2], with Λ1 ∈ R
(n−p)×(k+1), Λ2 ∈ R

(n−p)×(n−k). (13)

Then we have

Theorem 4 (Rank condition with restriction). If all the feature hyperplanes belong
to an ambient hyperplane homogeneously described by the matrix Λ ∈ R

(n−p)×(n+1),
then by appending a block of rows

[
Λ1D1 Λ

2
]

to the multiple view matrix M , all the
rank conditions in the above three theorems remain the same for the new matrix.

Example 1 (Multiple views of a cube). The above theorems allow us to express all incidental
constraints associated to a particular object. For instance, as shown in Figure 3, there are three
edges L1, L2 and L3 intersecting at each vertex p of a cube. Then from three images of the cube
from three vantage points, we get the following multiple view matrix M (see Figure 3) associated
to the vertex p, where xi ∈ R

3 is the image of the vertex p in the ith view, and lj
i ∈ R

3×2 is the
image of the jth edge Lj in the ith view.8

p
L1

L2

L3

o1 o2

o3

M =




(x⊥
2 )TR2x1 (x⊥

2 )TT2

(l1⊥
2 )TR2x1 (l1⊥

2 )TT2

(l2⊥
2 )TR2x1 (l2⊥

2 )TT2

(l3⊥
2 )TR2x1 (l3⊥

2 )TT2

(x⊥
3 )TR3x1 (x⊥

3 )TT3

(l1⊥
3 )TR3x1 (l1⊥

3 )TT3

(l2⊥
3 )TR3x1 (l2⊥

3 )TT3

(l3⊥
3 )TR3x1 (l3⊥

3 )TT3




∈ R
10×2

Fig. 3. Images of a standard cube from three vantage points.

The condition rank(M) ≤ 1 then expresses the incidence condition among the vertex and three
edges in terms of their three images, without explicitly referring to their 3-D location. However
still more can be said. The above matrix M only captures the fact that the edges all pass the vertex
in all views, it does not captures the incidence condition for the edges themselves and also not
capture the fact that the four vertices are on the same plane. These constraints can be described
by other (types of) multiple view matrices which are also just instances of above theorems.

8 Traditionally the symbol l is used to describe the coimage of a line. In our case, that becomes
l⊥, which is indeed a three dimensional vector.



210 K. Huang, R. Fossum, and Y. Ma

Remark 2 (Rank values). In the above rank conditions, the highest rank value typically
corresponds to a generic configuration, every value in between the highest and lowest
corresponds to a different class (or type) of degenerate configurations of the object w.r.t.
the camera positions (see [3]).

Remark 3 (Fixed camera). Note that in many practical situations, as we will see from
examples in the following section, one typically has a fixed camera recording a dynamical
scene. In this case, the projection matrix Π might have a column with all zeros for all
views/time. Then in above theorems, the rank of the multiple view matrix should drop
1.

4 Applications and Examples

In classic multiple view geometry, a primary purpose of deriving the above rank con-
ditions or the constraints among multiple images is for a full reconstruction of camera
motion as well as the location of the objects being observed. Technical conditions and
algorithms for similar purposes in higher dimensional spaces are however still largely
unknown. Nonetheless, in this section, we demonstrate through a few examples how
information about the camera motion and scene structure is extensively encoded by the
multiple view matrix and its associated rank conditions.

4.1 Multiple View Stereopsis in n-Dimensional Space

For a p-dimensional hyperplane Hp in R
n, if we can obtain its coimages s⊥

i ’s, with
known projection matrices Πi =

[
R̄i, T̄i

]
, the question is “What is the least number of

images we need in order to determineHp?” In the classical 3-D space, this is known as
stereopsis. To this end, we need to introduce another matrix

C =




(
s⊥
1

)T
R̄1

(
s⊥
1

)T
T̄1(

s⊥
2

)T
R̄2

(
s⊥
2

)T
T̄2

...
...(

s⊥
m

)T
R̄m

(
s⊥

m

)T
T̄m




∈ R
[m(k−p)]×(n+1),

which is related toM by

rank(C) = rank(M) + (k − p). (14)

If Gp+1 is the corresponding subspace in R
n+1 for Hp, then Gp+1 ⊆ ker(C). Hence

when the rank ofM reaches its upper bound n−k, the rank ofC reaches its upper bound
n− p, which means that the kernel of C has dimension p+ 1. This further implies that
Gp+1 = ker(C) and we can reconstruct Hp uniquely by calculating the kernel of C.
On the other hand, if rank(C) = l < n− p, then we can only recover the hyperplane up
to an (n− l)-dimensional hyperplane in R

n.
Note that C is a stack of m (k − p) × (n + 1) matrices

[
(s⊥

i )T R̄i (s⊥
i )T T̄i

]
, i =

1, . . . ,m. The kernel of the ith block is the preimage F i of si. Hence, each view actually
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contributes to a reduction in the dimension of the kernel of C and ker(C) = ∩m
i=1F i.

In order to reconstruct the original subspace Gp+1, the dimension of the kernel should
be reduced from dim(F 1) = n − k + p + 1 to p + 1. The reduction in dimension is
then n− k. IfK is the kernel of matrix C composed of i− 1 views, then the dimension
reduction of the kernel contributed by the ith view is

dim(K) − dim(K ∩ F i) = dim(K + F i) − dim(F i)
≤ (n+ 1) − (n− k + p+ 1) = k − p. (15)

Thus, in order to uniquely determine Hp, we need at least m = 
n−k
k−p � + 1 views

under general configuration. However, this is the “optimal” case such that each view can
contribute maximum dimension reduction of the kernel of C. The maximum number of
general views required ism = (n−k+1) in which case each view only contributes to a
one-dimensional reduction of the kernel of C. For example, in the special case for point
features, we have p = 0. Hence the minimum number of independent views required is
then 
n−k

k � + 1. When n = 3, k = 2, this number reduces to 2 which is well-known for
3-D stereopsis. For the dynamical scene problem with n = 6, k = 2 studied in [13], in
general we need 5 views to reconstruct the point unless we have an optimal configuration
for which 3 views suffice.

4.2 Segmentation and Formation Detection

Segmentation by the rank. Now we consider the dynamical scene example we
introduced in the beginning of this paper. For any point moving with up to con-
stant acceleration, it can be described by a homogeneous coordinate in the R

10:

X =
[
XT , vT , aT , 1

]T ∈ R
10, where X ∈ R

3, v ∈ R
3, and a ∈ R

3 are the point’s
initial location, velocity, and acceleration, respectively. With respect to a fixed camera,
its image xi at time ti then satisfies: λixi = ΠiX , where λi ∈ R and

Πi =
[
R̄i T̄i

] ∈ R
3×10, R̄i = I ∈ R

3×3, T̄i =
[
Iti It

2
i /2 0

] ∈ R
3×7. (16)

Hence the associated multiple view matrix is

M =




(
x⊥

2
)T

x1 t2
(
x⊥

2
)T t22

2

(
x⊥

2
)T 0(

x⊥
3

)T
x1 t3

(
x⊥

3
)T t23

2

(
x⊥

3
)T 0

...
...

...
...(

x⊥
m

)T
x1 tm

(
x⊥

m

)T t2m
2

(
x⊥

m

)T 0


 ∈ R

[2(m−1)]×8.

From the rank condition and remark 2 we know that rank(M) < 9 − 2 = 7.
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By randomly choosing values forX, v, and a for numerous points, simulation results
showed that we always have:

1. rank(M) = 4, if the point is static, i.e. a = 0, v = 0.
2. rank(M) = 5, if the point is moving with constant velocity, i.e. a = 0.
3. rank(M) = 6, if the point is moving with constant acceleration, i.e. a �= 0.

These results can be explained by studying the kernel of M . Note that the kernel of

M always contains a trivial vector l =
[
0 03×1 03×1 1

]T
. For the case that v = 0 and

a = 0, we have xi=x1. So the first column of M is always 0. A basis of the kernel of

M is then l,
[
1 03×1 03×1 0

]T
,
[
0 xT

1 03×1 0
]T

and
[
0 03×1 xT

1 0
]T

.9 If we only have

a = 0, then a basis for the kernel of M is l,
[
0 λ1x

T
1 2vT 0

]T
, and

[
λ1 v

T 03×1 0
]T

.

Finally for the most general case, the basis for the kernel is l and
[
λ1 v

T aT 0
]T

. The
upper bound 7 for the rank is never achieved because the camera location is fixed. There
will always be a one-parameter family of ambiguity for the location of a point in R

10.
Hence rank conditions provide a simple method for doing segmentation or grouping

of feature points in a dynamical scene. Given the correspondences of the images points
at different time, we can easily differentiate background (static) points, points moving on
a straight line with constant velocity and points moving with parabolic trajectory. Since
we approximate the motion up to the second order, most practical scenarios studied in
the literature so far [13] fall into this case.

Formation detection by the rank. Given the image correspondences for a set of points,
sometimes we want to detect whether they move (relative to each other) in a similar fash-
ion. If so, we say they move in a formation. As we will see, this is a more general notion
than grouping of static points. In practice, moving together in “formation” often implies
that features considered are more likely from the same object. Here we demonstrate a
special case: images of four points with constant 3-D velocities, and show how the for-
mation information can be encoded in the rank conditions. Denote the four points as p1,
p2, p3 and p4, and their velocities as v1,v2,v3 and v4, respectively. The corresponding
images in the ith frame are x1

i , x2
i , x3

i and x4
i . In general, the four image points can be

linked to generate six virtual lines. Intersections of these lines give three virtual points
on the image plane, as shown in Figure 4, which are labeled by x5

i , x6
i and x7

i . Then
we can associate multiple view matrices M5, M6 and M7 to these (virtual) images
of points and lines. However, since these image points may not necessarily correspond
to physical points (moving or not) in 3-D space, the rank of the corresponding matrix
may vary according to the relative motion among the four points. Table 1 summarizes
results from simulation performed in various cases. In the table, it is clear that when
the four points are coplanar and moving in that plane with the same velocity, then the

9 The kernel can be calculated in the following way, let the vector be V =[
u0, u

T
1 , u

T
2 , 0

]T ∈ R
8 where u0 ∈ R and u1, u2 ∈ R

3. If V ∈ ker(M), then[(
x⊥

i

)T
x1

(
tix

⊥
i

)T (
t2i x

⊥
i /2

)T
0
]
V = 0 for all i = 2, . . . ,m. Combined with the fact

that λixi = λ1x1 + tiv + t2i
2 a, we can write this into a “polynomial” of ti. By setting the

coefficients to zeros we can solve for u0, u1 and u2.
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x1
i

x2
i

x3
i

x4
i

x5
i

x6
i

x7
i

Fig. 4. Three apparent “intersections” (x5
i , x6

i and x7
i ) generated by the four image points.

Table 1. Relationship between the rank of the multiple view matrices associated with the virtual
image points and the spatial & motion formations of the four points in 3-D space.

Motion formations Spatial formations rank(M5) rank(M6) rank(M7)
v1 = v2 = v3 = v4 Coplanar 5 5 5

v1 = v3, v2 = v4 = kv1 Coplanar 5 6 6
k ∈ R and k �= 1
v1 = v2 = v3 Coplanar 6 6 6

v1 = v2 = v3 = v4 Not coplanar 6 6 6

additional intersection points correspond to physical points in 3-D space which are just
intersections of the lines connecting the four points in 3-D. They should move with the
same velocity, which is why we always obtain rank 5 for the three matrices. For the
other cases, virtual images typically do not correspond to any physical points. Still the
rank of associated matrices can tell us information about the formation of the feature
points under different scenarios. These results give us simply a glimpse of how rich 3-D
information we may gain by merely playing with the rank of the multiple view matrix.
Although our current results do not provide an analytical explanation to the relationship
between the formation and the rank conditions, at least they give some necessary con-
ditions which can be used at early stage of establishing correspondence, grouping, or
segmentation. We believe a thorough study will lead to fruitful theoretical results.

4.3 Distinguish Corners and Occluding T-Junctions by the Rank

A fundamental problem which troubles structure from motion is that feature points, as
“corners” or “T-junctions”, extracted from the image do not necessarily correspond to
physical points in the 3-D world. For example, in Figure 5, three blocks are on a table.
Blocks 1 and 2 are adjacent to each other hence the corner p can be treated as a real
3-D point. However, the “point” q appears in the image as the occluding T-junction of
the two edges L1 and L2. It does not correspond to any physical point in 3-D space.
The question is: “Can we extract some visual information from a moving scene so that
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these two types of feature points can be distinguished?” Suppose that the table is rotating
around its normal, denoted as the X-axis, with angular velocity ω. The axis intersects
the table at a point [0, Y0, Z0]T (where Y0 andZ0 are unknown). Then for any point with

1

2

3 p

q

L1
L2

ω

Fig. 5. Three rectangular blocks on a table with blocks 1 and 2 adjacent to each other. Point p is
the conner formed by blocks 1 and 2. Point q appears on image as the occluding T-junction of
lines L1 and L2. In 3-D space these two lines do not intersect.

initial coordinate [X,Y, Z]T , its image x(t) at any time t satisfies

λ(t)x(t) = Π(t)X̄ =


1 0 0 0 0 0

0 1 0 cos(ωt) − sin(ωt) 0
0 0 1 sin(ωt) cos(ωt) 0


 X̄, (17)

where X̄ =
[
X,Y0, Z0, Ỹ , Z̃, 1

]T

∈ R
6 with Ỹ = Y −Y0, and Z̃ = Z−Z0. Under this

setup, the image can be viewed as a projection from R
5 to R

2. Since the projection matrix
always has the last column being 0, the rank for the multiple view matrix associated to
any point (in R

5) should be strictly less than 3 (again, because the camera is not moving).
Simulation results demonstrate that for a sufficient number of images we have:10

1. rank(M) = 2 < 3 for images of the point p,
2. rank(M) = 3 for virtual images of the T-junction q.

This example shows that at least in some cases the rank condition can serve as a criterion
for determining whether or not a “feature point” in the image actually corresponds to
some physical point in 3-D (from their motion). It may provide a means to reject T-
junctions which are the result of occlusion, like the point q in Figure 5.

10 Note that at time t = 0, the projection matrix is not in the standard form [I, 0], so we need to
multiply another matrix to each Π(t) to obtain this form, and the multiple view matrix is also
modified accordingly.



Generalized Rank Conditions in Multiple View Geometry 215

5 Summary

The main result in this paper is the presentation of generalized rank conditions associated
to the multiple view matrix for perspective projection from R

n to R
k. These conditions

provide a complete set of intrinsic constraints that govern multiple images of objects in
high dimensional spaces. The theory is general enough to enable geometric analysis for
many dynamical scenes (after embedded into a higher dimensional Euclidean space), as
an extension to classic multiple view geometry. In addition to its potential for purposes
such as recovering camera motion and scene structure and dynamics, many new problems
and phenomena arise in the setting of dynamical scenes from broad applications of
the multiple view matrix and its rank conditions. They include (but not limited to):
stereopsis, segmentation and grouping, formation detection, and occlusion detection. A
full geometric and algebraic characterization for these problems and phenomena remains
largely open.

In this paper we did not address at all how to use such rank conditions to facilitate
the recovery of camera motion and scene dynamics. But it provides a systematic way
to eliminate redundant parameters and reduce constraints among image sequences to
its (almost) minimum. Further estimation of unknown parameters using either tensorial
techniques or direct minimization is a matter of algorithm design. In addition to such
theoretical endeavor, we are currently conducting experiments on videos of multiple
moving objects (mobile robots) as well as for the purpose of tracking and estimating
human body movement.
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Abstract. For 3-D video applications, dense depth maps are required.
We present a segment-based structure-from-motion technique. After im-
age segmentation, we estimate the motion of each segment. With knowl-
edge of the camera motion, this can be translated into depth. The optimal
depth is found by minimizing a suitable error norm, which can handle
occlusions as well. This method combines the advantages of motion es-
timation on the one hand, and structure-from-motion algorithms on the
other hand. The resulting depth maps are pixel-accurate due to the seg-
mentation, and have a high accuracy: depth differences corresponding to
motion differences of 1/8th of a pixel can be recovered.

1 Introduction

Video technology at the turn of the century is facing the dilemma of finding
features which increase product competitiveness. The third dimension has the
potential of revolutionizing future video and TV products. Recent progress in
computer vision brings closer the possibility of extracting depth information
from video sequences. For many 3-D video applications, this depth information
should be dense, i.e., every pixel should have depth information.

Several methods to extract depth out of video exist. Structure-from-motion
(SFM) techniques are based on the extraction of structure from apparent motion.
Two kinds of motion can be found in video sequences. The first one is due to
camera motion: Objects at different depths have different apparent motion. The
second one is independent motion of the objects. Handling independent motion of
the objects requires handling of static scenes as a necessary first step. Therefore
we assume for the time being that our scenes are static. Alternatively, we can
extract depth from stereo sequences, allowing us to apply the same algorithm
for all kinds of dynamic and static scenes.

SFM techniques have a long history in computer vision, and several overviews
of techniques are available (for instance [9]). Feature-based algorithms [3] first
extract predefined features, such as corners, and then match these. The dif-
ficulty in correspondence estimation lies in the size of the search space, and
the presence of ‘false correspondences’. Also features may disappear, or change
their characteristics. Furthermore, the accuracy of feature estimation in images
is often limited. The accuracy of the structure estimation can be improved us-
ing multiple frames, for instance through dynamic models [15]. Since the use of
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feature points is limited to regions in the image where enough information is
contained, they are, in general, of limited use for direct dense matching.

A possibility to obtain dense depth maps is to use a feature-based technique
as a starting point, and subsequently to generate a dense depth map [11]. Dense
stereo matching methods [12] are commonly devised specifically for horizontal
motions. Optical flow techniques are useful for obtaining dense depth maps in
the presence of small displacements, but require regularization to obtain smooth
depth maps [2]. This problem is avoided when we compare small regions of
the image with corresponding regions in the following images [1,16]. For each
region in the first image, the region in the second image is sought which is
most similar to it according to a certain criterium (the match penalty). For
depth reconstruction, we need additionally an (assumed) camera transformation,
that converts a motion vector into a depth value. We assume that this camera
transformation is available or can be estimated using calibration algorithms.

Generally, all pixels within a given region are assumed to move uniformly,
and hence have the same depth. Square blocks of pixels are most common, and
have been used with success in video coding applications [8] for displacement
estimation and motion compensation. However, with a fixed given region shape
(such as a block), within one region several objects with different depth values
could be present, which leads to artifacts. Dividing the blocks into smaller en-
tities can avoid this [13]; however, regions of constant depth in an image are
commonly (much) larger than blocks. Hence, we propose to create segments cor-
responding to underlying objects, or more accurate, to segment the image in
regions containing only a single depth. This leads to a chicken-and-egg problem
(for the segmentation we need the depth; however, for depth estimation we use
the segments). For foreground-background segmentation or scenes containing a
small number of well-defined objects, one could iteratively solve for scene struc-
ture and segmentation [22]. For general video scenes, we have to make a key
assumption (which is valid for a large amount of video footage, but of course
fails in some situations): Discontinuities in depth coincide with discontinuities
in color.

In the remainder of this paper we discuss our dense structure-from-motion
algorithm (DSFM), which is based on segment matching. In section 2, we discuss
the choice of our error norm and how to minimize it in order to find the depth
per segment. We also shortly explain the segmentation algorithm. Due to the
presence of noise and regions with low texture, the depth map may contain
artifacts. We apply a post-processing procedure for smoothing depth artifacts,
taking into account depth uncertainty intervals. Results are shown in section 3.
To improve the matching, we introduce a way of handling occlusions in section 4.

2 Dense Structure-from-Motion

2.1 General Overview

Our dense SFM algorithm consists of the following key components:
Camera calibration. We have to determine the internal geometric and optical
characteristics of the camera (intrinsic parameters) and the 3-D position and



Dense Structure-from-Motion 219

orientation of the camera”s frame relative to a certain world coordinate system
(extrinsic parameters). This is required to enable the conversion of an apparent
motion to a depth value. For instance, if the camera motion consists of horizontal
translation, the parallax is inversely proportional to depth. Several calibration
methods have been described in the literature [4,18]. An overview of general
algorithms is given in [6]. Camera calibration is not discussed in this paper.
Image segmentation. We assume that depth discontinuities coincide with color
discontinuities. Segmentation divides the image into regions of more or less con-
stant color, and hence, depth. The segmentation algorithm is discussed in sec-
tion 2.4.
Segment matching. This is the key element of this paper and is discussed in
sections 2.2 and 2.3. It results in a pixel-wise depth map, annotated with depth
uncertainty intervals.
Postprocessing. This relaxation algorithm is discussed in section 2.5 and allows
to improve the accuracy of the depth maps with information from neighboring
segments.

2.2 Segment Matching

The core of our dense structure-from-motion algorithm (DSFM) is the matching
of segments in the first image I0 to find their location in the next image I1. To
each segment S, a depth d̂ is assigned which minimizes the following error norm,
the so-called match penalty [5]:

E(d) =
∑
x∈S

|I1(x + ∆x(d))− I0(x)|, (1)

i.e., we estimate for all pixels x in a segment S their location in I1 based on
the proposed depth, and compute the absolute difference between the colors at
their positions in I0. The camera transformation relates the depth value d to
a motion vector ∆x. Note that we do not match a segment with a segment of
frame I1, since this would put high requirements on the time-consistency of the
segmentation.

This matching approach comes from the domain of motion estimation, for in-
stance for scan-rate conversion [5] or MPEG compression [7]. The key difference
between our method and existing matching approaches is that in our case the
region S is an arbitrarily shaped segment, instead of a square region. Another
difference is that the minimization is 1-D (over depths d), instead of 2-D (the
two components (∆x, ∆y) of a motion vector). In case of non-integer pixel dis-
placements, we use bilinear interpolation to estimate color values at inter-pixel
positions.

Solving equation (1) not only results in a depth per segment, but can give
us also information on its accuracy by considering the error curve: the error as
function of the depth (see figure 1 for an illustration). We define the boundaries
of the depth uncertainty interval as:

dl = max{d : d < d̂ ∧ E(d) > E(d̂) + ∆E}, (2)

du = min{d : d > d̂ ∧ E(d) > E(d̂) + ∆E}, (3)
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i.e., the depth values closest to d̂ for which the match penalty is still above a
predefined threshold.

E(d)

✻

d ✲

✟✟✟✟✟✟✟✟✟

❆
❆

❆
❆

❆❆

❄
d̂

❄
dl

❄
du

❄
✻∆E

Fig. 1. Illustration of the depth accuracy. The error as function of depth has a global
minimum in d̂. The lower and upper depth bounds are given by dl and du according
to expressions (2) and (3).

2.3 Solving the Minimization Problem: The “Candidates” Concept

A naive version of matching would do a full search over all possible depths d.
For applications requiring real-time performance, full search is computationally
too expensive. Hence the number of depths to be evaluated has to be reduced,
however, without affecting the quality of the result. For block-based motion es-
timation, a fast method for solving minimization problem (1) has been proposed
[5] which uses for each block only motion vectors ∆xi coming from a small can-
didate set (CS). This CS is composed of motion vectors of some well-selected
neighbors of the block under consideration, and some random vectors. We use a
modified version of this algorithm by assigning a depth value d to a segment as a
result of minimizing the match error E(d) over a limited set of candidate depth
values. It is assumed that the candidates sample the function E(d) sufficiently
dense. Since we deal with arbitrarily shaped segments, the number of neigh-
boring segments is a priori unknown and might be different for each segment.
To keep the notion of a small CS, we might reduce the number of candidates
by taking only neighboring segments into account with similar color or reliable
depth.

Before the first iteration the depth values are initialized in a random way.
During the iterations the candidate depth with the minimal value of the match
penalty is taken as the new estimate. The iteration procedure is halted as soon as
all the depths of the segments have converged to their final value; this typically
takes about four iterations. An estimate of the depth accuracy (expressions (2)
and (3)) is obtained by storing the results for the tested depth candidates.

2.4 Segmentation

Segmentation groups pixels into a number of (4-connected) segments, such that
every pixel is part of exactly one segment. For our DSFM algorithm, membership
of a pixel to a segment should be decided based on depth. However, before the
matching we do not know the depth yet, but we assume that depth discontinuities
coincide with color discontinuities. Since depth discontinuities can only occur at
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segment boundaries (because of the matching process), our main requirement is
that color discontinuities should coincide with segment boundaries, and that the
positioning of these boundaries is pixel-accurate. Image segmentation methods
can be in general divided in feature-based and region-based methods (see [14] for
an overview of state-of-the-art techniques). The aim of feature-based methods is
to detect and then combine features (edges, gradients, . . .), to obtain structures.
Region-based methods use region measures (texture, color, . . .) to find zones
where certain properties are (nearly) constant. In this paper, we use for stability
reasons a region-based method, similar to a watershed method [20,21].
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Fig. 2. Illustration of the hierarchical segmentation. (a),(b),(c): The resulting cores
at three different levels of p: p0, p1, p2. (d) The tree structure arising from the core
segments. (e) The pruned tree. Note that different parts of the tree have a different
value for p. (f) The final cores. (g) The segmentation after growing the cores.

Many segmentation techniques suffer from the fact that there is no clear
connection between the parameters specified by the user (commonly some kind
of threshold p on the level of homogeneity) and the final segmentation. For our
application, a priori we do not know the complexity nor content of the scene,
and it is hard to specify this threshold p in advance. Furthermore, to accommo-
date for variations in the image, the threshold should be region-dependent. This
would increase the amount of freedom in the choice of the parameters, which
is undesired. Therefore we study the behavior of the segmentation when p is
increased continuously. For a given value of p, let us denote a segmentation by
S(p), where

S(p) = {Si(p), i = 1, . . . , S} . (4)

Si is the ith segment in the image and S is the number of segments. The param-
eter p can be any kind of threshold. We define Ci as the core of segment i, such
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that Ci(p) ⊂ Si(p). For our hierarchical approach we now require that

∀i ∀q ≥ p ∃j such that Ci(p) ⊂ Cj(q). (5)

This requirement means that we can build a tree structure for the cores. If we
take the cores as homogeneous regions in the image, they form the inner parts
of the final segments (hence the name ‘core’).

Our segmentation algorithm now consists of the following steps:

1. A homogeneity criterium satisfying expression (5) is defined to decide
whether a pixel should be part of a core at homogeneity level (threshold) p.

2. We generate a family of cores by letting this threshold vary (p =
p0, p1, . . . , pN ). For each value of p, we compute the resulting cores.

3. A tree structure can be built for the cores, due to requirement (5). If p
increases, cores grow larger, and cores which are separated for a low value
for p might merge at a higher level of p (see figure 2).

4. To create a segmentation, the tree is pruned. We define a binary validity
constraint V (Ci, m), which indicates whether a core Ci satisfies some desired
property. It has one free parameter m. For instance, V (Ci, m) may check
whether core Ci has a color variance smaller than m. The tree is pruned
such that every core satisfies the validity constraint. Note that we have in
this manner replaced the original threshold p with an alternative threshold
m. Pruning the tree such that each core satisfies V (Ci, m) is equivalent to
setting p differently in different regions of the image. However, where in
general a region-dependent threshold increases the amount of freedom in
the parameter choice, here it is a result of a fixed requirement. Moreover, a
clear requirement on the segmentation (such as, say, the color variance of
a segment) can not be expressed directly in terms of an initial threshold p,
but can now be specified through V (Ci, m).

5. The segments are grown from the cores by assigning non-core pixels to a
core. The growing is based on the color gradient. The distance within the
cores is zero by definition, for a non-assigned pixel the distance to the cores is
calculated as the sum of the absolute value of the color difference on any path
connecting the pixel with the core, using a distance transform algorithm. The
pixel is then assigned to the core for which this distance is minimal. This
means that if there is a color discontinuity between two cores, the segment
border is coincident with this discontinuity.

A simple illustration of this concept is shown in figure 2.

2.5 Relaxation: Using Depth Accuracy for Post Processing

The accuracy of the depth estimate depends on the amount of information avail-
able in the region of interest, and as a result noisy depth values may occur in
places of low texture. The accuracy also depends on the camera motion: for
instance, in two images with purely horizontal camera displacement, a texture
consisting of horizontal stripes gives a large depth uncertainty.

In this section, we present a method to improve the quality for depth maps.
The method is designed to correct outliers and other noise, but to preserve
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(a) (b) (c) (d)

Fig. 3. Illustration of the relaxation algorithm for a 1-D signal. (a) The initial signal
{di} (black circles). (b) The smooth signal d̃ is given by the solid line and the black
circles; the original signal di is drawn as open circles. Since the error bounds are large,
the final d̃i can deviate arbitrarily far from the initial di. (c) Now some dj have small
error bounds. (d) In regions with large depth uncertainties, the resulting d̃i values are
smooth; however, if the error intervals are small the smoothing is restricted by the
error bounds and depth discontinuities are preserved.

real depth discontinuities. Conventional regularization methods typically add a
term λEs to the match penalty which accounts for smoothness. If λ = 0, a
rather instable solution results; for larger λ the depth map is smoother but it
may deviate more from the actual values. Also, depth discontinuities may get
washed out. Anisotropic operators Es do not smooth across discontinuities, so
that edges are preserved. However, their computation is expensive. Moreover,
anisotropic smoothing suffers from a chicken-and-egg problem: The smoothing
operator assumes to have detected a large gradient, and preserves this large
gradient. So effectively, it only smoothes those areas that already are in some
sense ‘smooth’ (i.e., have low gradient values). But if a noise feature happens
to have a (locally) coherent nature, it may get mistaken for a gradient by the
anisotropic smoother, and hence it is not removed.

If there is no further information available, it is not clear how to do better
than anisotropic smoothing. But in the case of segment-based depth estimation,
there are two additional information channels: the depth uncertainty (expres-
sions (2) and (3)), and the assumption that depth discontinuities coincide with
color discontinuities. Here we discuss a smoothing algorithm for depth maps that
takes advantage of these two additional sources of information. It is based on an
extension of an iterative relaxation method, which has been studied earlier in
computer vision [17,10]. Applications and the study of some special cases have
been published in [19]. Let Ni be the set of indices j of di’s neighbors. Then we
set

d̃i ← d̃i + α
|Ni|
|Ni|+ 1

((
1
|Ni|

∑
j∈Ni

d̃j)− d̃i), for all i; (6)

d̃j ← d̃j − α
1

|Ni|+ 1
((

1
|Ni|

∑
j∈Ni

d̃j)− d̃i), for j ∈ Ni, (7)

where all assignments occur simultaneously.
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Consider the case (figure 3c) where for some indices j, the initial signal dj

has a small error interval. Then, clearly, the value of d̃ should not be allowed
outside this interval. This can be achieved during the iteration by clamping any
new value d̃j against the borders of its error interval. Given for each pixel its
estimated depth d(x) and associated uncertainty (dl(x), du(x)), we search for a
smooth function d̃(x) such that

dl(x) ≤ d̃(x) ≤ du(x), ∀x. (8)

In this way, depth discontinuities survive smoothing if there is sufficient evidence
for a discontinuity in terms of the uncertainties. For clarity, we show the concept
of the relaxation algorithm on a 1-D signal in figure 3.

For a regular 2-D grid (blocks), where |Ni| = 4 for all i, it can be verified
that the process converges (if it converges) to a state where the resulting 2-
D arrangement of samples lies on a bi-cubic polynomial surface, and hence is
optimally smooth, provided that no clamping against error intervals occurs. For
an arbitrary topology we cannot give an analytic description for the converged
state. Still, since the filter is a direct generalization of the 2-D regular tesselation-
case, we may expect that again a smooth surface results.

The second information channel to constrain the relaxation is the color. Con-
sistent with the earlier assumption that depth discontinuities and color discon-
tinuities coincide, we propose to take only neighboring segments into account in
equations (6) and (7) with small color differences with the actual segment. This
preserves discontinuities even at places where the error bounds are too large to
clamp the new d-values.

This entire procedure is iterated over all segments until the updates are
sufficiently small. This typically takes 3-4 iterations.

3 Results

We have applied our algorithm to numerous different scenes. In this section we
show some typical results, and highlight some of the characteristics of the dense
structure-from-motion algorithm.

The first example applies DSFM to a scene depicting a doll house. In this
case, the camera trajectory was known, and consisted of a horizontal translation.
The typical parallax between subsequent images in the sequence is of the order
of 5 pixels. In figure 4a-b we show the images for which we do DSFM. The
segmentation is shown in figure 4c. All pixels which satisfy

max(|C(x′, y′)− C(x, y)|, |x− x′| ≤ 1, |y − y′| ≤ 1) ≤ p (9)

are taken as core pixels on level p. Here, C is the color of a pixel. For noise reduc-
tion reasons, in the segmentation step a low-pass filtered version of the image is
used. It can easily be seen that cores based on equation (9) satisfy the tree cri-
terium specified in equation (5), since pixels which are core pixels at level p are
also core pixels at all higher levels. As a validity constraint, we require that the
color variation in a core should be smaller than 8% of the dynamic color range.



Dense Structure-from-Motion 225

(a)

(b) (c)

Fig. 4. (a), (b) Two subsequent frames from the doll house sequence. The parallax
between the frames is on the order of 5 pixels. (c) The segmentation of the frame in
(a). There are segment boundaries at all depth discontinuities; some oversegmentation
is visible.

(a) (b)

Fig. 5. (a) Raw depth map for the doll house. Bright color means small depth, dark
color means large depth. Some outliers are visible, for instance near the middle of the
upper boundary, and below the doll. (b) Depth map after the relaxation procedure.
The depth map is smoothed at the location of the discontinuities, but the depth dis-
continuities between doll and background and between the legs of the chair are not
affected. The color scale is the same as in (a).

We have pruned the tree by removing all cores with a higher color variation.
It can be clearly seen that there is some form of oversegmentation. However,
for depth recovery this is not a problem: an object which is split into multiple
segments can still have a single depth. After applying the DSFM algorithm, the
raw depth map is shown in figure 5a. The overall quality is quite good, however,
some depth outliers are present at the top of the image in the middle, and below
the doll. Depth discontinuities around the doll and on the edge of the piano
are recovered well. The resulting depth map after application of the relaxation
algorithm is shown in figure 5b. The ‘real’ depth discontinuities have not been
affected by the smoothing, whereas the outliers have been removed. The depth
discontinuities around the tea pot on the table have even been sharpened, be-
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cause the uncertainty of those segments allows an assignment of the background
depth to those segments. To indicate the accuracy of the matching, we show er-
ror curves for segments containing the head of the doll and the curtain adjacent
to it in figure 6. Here, the value of the match penalty as a function of segment
displacement (parallax, and thus depth) is displayed. There is a clear and pro-
nounced global minimum for both segments, and the depth difference between
the two segments is clearly visible. Note that it is very well possible to find the
parallax with a subpixel accuracy. This error curve is typical for pairs of images
containing sufficient texture and having a good camera calibration. From our
experience, parallax differences up to 1/8th of a pixel can be detected reliably.
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Fig. 6. (a) Screen shot from the 3-D reconstruction of the doll house, where the
viewpoint has been moved to the lower left. (b) Error curve for the doll’s head (solid
line) and the right curtain of the right window (dashed line) as a function of the parallax
(in this case corresponding to reciprocal depth). The optimal value and error bounds
surrounding it are denoted by the vertical bars. A pronounced global minimum can be
discerned, and it can be estimated to high sub-pixel accuracy (up to 1/8th of a pixel).

(a) (b) (c)

Fig. 7. (a), (b) Frames of the Dionysos sequence. (c) The resulting depth map after
applying the DSFM algorithm. A pixel-accurate distinction between foreground and
background is made; however, also depth differences within the statue are reconstructed
(see also figure 8).

The second example is based on a hand-held video sequence of a statue of
Dionysos (see figure 7a-b). In this case, the camera position and orientation
were not known, but have been estimated with a camera calibration algorithm.
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In this case, the camera motion consisted of both a rotation and a translation.
The final depth map is shown in figure 7c. We see a pixel-accurate distinction
between foreground and background. However, to show that also details in the
face can be recovered, we have plotted error curves of the segments containing
the nose and the eyes in figure 8. The very small parallax difference (of the order
of 0.25 pixels) has been recovered; for comparison, the background is at a depth
of 3.4 units, and maximal parallax differences are on the order of 7 pixels. This
means that DSFM does not only have a high accuracy, but also a high dynamic
range.
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Fig. 8. Error curve for the nose of Dionysos (solid line) and the right eye (dashed
line). The optimum values and its error bounds are denoted by the vertical bars. Even
the small depth difference between eyes and nose (corresponding to a difference in
segment motion of approximately 0.25 pixels) can be discerned. For comparison, the
background has a reciprocal depth of approximately 3.4 units.

4 Handling Occlusions in Depth Estimation

In the computation of the match penalty (1), we estimate for all pixels in a
segment their location in the next image, based on the proposed depth, and
compute the absolute difference between the colors at the positions in the first
(I0) and second (I1) image. However, it may occur that the point X correspond-
ing to a pixel x which is visible in the first image, is not visible in the second
image, because another part of the scene occludes it (for instance due to camera
movement, see figure 9). In that case, the contribution of this pixel to the match
penalty has no relation to the depth of the segment. Therefore, we propose a
modification of the match penalty, where we only sum over those pixels of a
segment which are also visible in the second image:

E(d) =
∑
x∈S

v(x)|I1(x + ∆x(d))− I0(x)|, (10)

where v(x) is defined as

v(x) =
{

1, if X, corresponding to x in I0, is visible in I1
0, if X, corresponding to x in I0, is not visible in I1

(11)

The function v(x) is called the visibility map. In order to compute the visibility
map, the following steps have to be carried out for each pixel x:
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1. Set v(x) = 1 everywhere.
2. Estimation of the depth for the segment containing x in I0 using expres-

sion (10).
3. Computation of the point X in 3-D space which projects onto x.
4. Computation of the resulting location and depth of X in I1.
5. Set v(x) = 1 if this is either the only pixel at that location in I1, or the pixel

with the smallest depth of all pixels which end up at that location. Else set
v(x) = 0.

6. If the process has not converged yet, go to step 2.

The correct handling of occlusion removes a source of distortion in the compu-
tation of the match penalty, resulting in a more accurate depth estimate.

✟✟✟✟✟✟✟✟✟✟✟✟

❍❍❍❍❍❍❍❍❍❍❍❍
X1 X2

X3

� �
p1 p2 I0 I1

v(p1) = 1

v(p2) = 0

Fig. 9. Illustration of the visibility map concept. The location X1, corresponding to p1,
is visible in the first (left) and second (right) image. The location X2, however, is only
visible in the first image (as pixel p2), but not in the right image, since it is occluded
by the shape containing X3.

To show the effect of occlusion handling, we have applied DSFM to a stereo
sequence depicting a farm scene. Due to the large camera baseline, there are
large occlusion areas. We focus especially at the area around the child’s head,
where parts of the fence are occluded (see figure 10). The segmentation of that
area is shown in figure 11a. Figure 11b shows the error curve for the shaded
segment (one of the posts of the fence). Without taking occlusion into account,
there are two pronounced minima, of which - of course - only one corresponds
to the real depth. The other minimum corresponds to a parallax where this post
is mapped onto another post, resulting in a wrong depth (see figure 12a). With
the visibility map, the adapted error curve still has two minima, but the global
minimum is now much lower (see figure 11b). The final depth map is shown in
figure 12b.

5 Conclusion and Discussion

We have presented a dense structure-from-motion algorithm (DSFM) based on
segment matching. Its major advantage is its robustness in providing dense depth
maps, since region instead of point correspondences are found between images.
After segmentation, the depth and depth accuracy of each segment is estimated
by minimizing a match penalty. Post processing removes outliers and does a
depth-discontinuity preserving smoothing of the depth field. Occlusions are ex-
plicitly taken into account through an adaptation of the match penalty. In con-
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⇓ ⇓

Fig. 10. Part of the left and right image of a frame of the ‘Farm’ stereo sequence. Parts
of the posts of the fence in the left image are occluded by the child’s head in the right
image, which may hamper the depth estimation.
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Fig. 11. (a) Segmentation of the left image of figure 10. The shaded segment is
partly occluded in the right image. (b) Error curves for the shaded segment. The solid
curve is the error curve for the basic match penalty (1). The minimum corresponding
to an incorrect depth is lower than the correct minimum due to occlusion effects. If
the occlusion effect is taken into account with expression (10) (the dashed line), the
minimum corresponding to the correct depth is lower and hence taken.

trast to stereovision methods, this method can be used for arbitrary camera
motions (not only horizontal translation).

In the examples, we have demonstrated the robustness and accuracy of the
algorithm. A depth accuracy corresponding to motion differences of 1/8th of a
pixel is obtainable, also in low-textured regions. DSFM is especially suited for the
case of small motions and small motion differences. Because regions are matched,
the correspondence problem typically encountered in feature-based methods can
to a large extent be avoided. Since segments are relatively large and hence con-
tain more information, DSFM is more robust than feature-based approaches.
Increasing the segment size does not decrease the resolution, however, since the
segment borders are aligned with color, and hence depth, discontinuities.

Although the DSFM algorithm gives a quite satisfactory depth estimation
for (static or stereo) video sequences, there is still some room for improvement,
e.g. in the parameterization of the depth within a segment. A challenging re-
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(a) (b)

Fig. 12. (a) Depth map without taking occlusion into account. Parts of the fence are
too close to us. (b) Depth map when the visibility is taken into account. The fence
now has the correct depth.

search subject is still the estimation of depth from dynamic video sequences
(the “independent motion” problem).

DSFM has several possible applications, from scene modeling to object ex-
traction and tracking. In the domain of digital television, 3-D reconstruction is a
necessary element to convert existing 2-D video for future 3D TV applications.
Depth reconstruction algorithms, if implemented in hardware, may be efficient
enough to do the computation in real time. The present algorithm is very regu-
lar, and due to the candidate-based minimization algorithm also very efficient.
A slight change of the algorithm allows for segment-based motion estimation,
which has prominent applications in scan-rate conversion and MPEG encoding.
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Abstract. Establishing point correspondences between images is a key
step for 3D-shape computation. Nevertheless, shape extraction and point
correspondence are treated, usually, as two different computational pro-
cesses. We propose a new method for solving the correspondence prob-
lem between points of a fully uncalibrated scaled-orthographic image
sequence. Among all possible point selections and permutations, our
method chooses the one that minimizes the fourth singular value of the
observation matrix in the factorization method. This way, correspon-
dences are set such that shape and motion computation are optimal.
Furthermore, we show this is an optimal criterion under bounded noise
conditions.
Also, our formulation takes feature selection and outlier rejection into
account, in a compact and integrated way. The resulting combinatorial
problem is cast as a concave minimization problem that can be efficiently
solved. Experiments show the practical validity of the assumptions and
the overall performance of the method.

1 Introduction

Extracting 3D-shape information from images is one of the most important ca-
pabilities of computer vision systems. In general, computing 3D coordinates from
2D images requires that projections of the same physical world point in two or
more images are put to correspondence.

Shape extraction and point correspondence are treated, usually, as two dif-
ferent computational processes. Quite often, the assumptions and models used
to match image points are unrelated to those used to estimate their 3D coordi-
nates. On one hand, shape estimation algorithms usually require known corre-
spondences [21], solving for the unknown shape and motion. On the other hand,
image feature matching algorithms often disregard the 3D estimation process,
requiring knowledge of camera parameters [15] or use other specific assump-
tions [18]. Furthermore, while matching algorithms tend to rely on local infor-
mation — e.g. brightness [10,18] — shape computation algorithms [23,20,21,
19] rely on rigidity as a global scene attribute. These methods recover the rigid
camera motion and object shape that best fit the data.

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 232–246, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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We present a new method that links shape computation to image feature
matching by choosing the point correspondences that maximize a single global
criterion — rigidity. In other words, correspondences are set such that they
optimize one criterion for which we know how to compute the optimal solution
for shape and motion. Also, our formulation takes feature selection and outlier
rejection into account, in a compact and integrated way. This is made possible
by formulating the matching process as an integer programming problem where
a polynomial function — representing rigidity deviation — is minimized over the
whole set of possible point correspondences. Combinatorial explosion is avoided
by relaxing to continuous domain.

1.1 Previous Work

Rigidity has been used before in the correspondence framework [1,20,15,18],
though used in conjunction with other assumptions about the scene or camera.
The work of [22] is an example of a successful use of global geometrical reasoning
to devise a pruning mechanism that is able to perform outlier rejection in sets
of previously matched features. Optimality is guaranteed in a statistical sense.

Other approaches use a minimal set of correspondences which help comput-
ing the correspondences for the complete set of features [19]. This is related
to using prior knowledge about camera geometry in order to impose epipolar
constraints [24] or multi-view motion constraints.

Finally the approach of [4] is an example where matching and 3D reconstruc-
tion are deeply related. Correspondences, shape and motion are simultaneously
optimized by an Expectation Maximization algorithm. Spurious features are not
explicitly taken into account.

2 Maximizing Rigidity: Problem Statement

Consider the images of a static scene shown in Figure 11. Segment p1 feature-

Fig. 1. Two images from the Hotel sequence, with extracted corners.

1 Data was provided by the Modeling by Video group in the Robotics Institute, CMU
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points on the first image and p2 > p1 on the second — the white dots — arrange
their image coordinates up and vp in two matrices X and Y :

X =




u1
1 v1

1
...

...
u1

p1
v1

p1


 , Y =




u2
1 v2

1
...

...
u2

p2
v2

p2


 (1)

Some of these features are projections of the same 3D points. We wish to recover
their 3D coordinates assuming no prior knowledge except that the object is rigid
and the camera is scaled-orthographic. To do so a selection mechanism should
arrange some of the observed features in a matrix of centered measurements
W, as in [21]2. Matched features must lie in the same row of W. Note that no
local image assumptions are made, no calibration information is known and no
constraints in the disparity field are used.

Without noise, matrix W is, at most, rank 3, even with scale changes. We
propose to solve this problem by searching for the correspondences that best
generate a rank-three W matrix. This is only a necessary condition for rigidity, so
multiple solutions minimize this criterion3. Within the optimization framework
used — Section 4 — retrieving solutions of similar cost is trivial. The number of
solutions decreases dramatically with increasing number of frames, or decreasing
number of rejections. In any case, for orthographic cameras we can choose the
only solution leading to an orthonormal motion matrix — the rigid solution.

With noisy measurements, W is allways full-rank, so we must be able to
answer the following questions:

1. Is it possible to generalize the rank criterion in the presence of noise?
2. Is there any procedure to search for the best solution of this problem with

reasonable time complexity?

This paper tries to give a positive answer to these questions, by formulating
the correspondence problem as an optimization problem with polynomial cost
function.

3 Optimal Matching

For the sake of simplicity, we start with the two-image case. Our goal is to
determine a special permutation matrix P∗ ∈ Pc

p(p1, p2), such that X and P∗Y
have corresponding features in the same rows. P is constrained to Pc

p(p1, p2),
the set of p1 × p2 columnwise partial permutation matrices (pp-matrices). A pp-
matrix is a permutation matrix with added columns of zeros. The optimal P∗

is a zero-one variable that selects and sorts some rows of Y, putting them to
correspondence with the rows of X. Each entry Pi,j when set to 1 indicates
that features Xi· (row i of X) and Yj· (row j of Y) are put to correspondence.
Figure 2 shows an example. Such a matrix guarantees robustness in the presence
2 Our W corresponds to their W�
3 Without noise, any object deforming according to a linear transformation in 3D

space generates rank-3 projections.
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Fig. 2. A partial permutation matrix representing a particular selection and permuta-
tion of rows of Y.

of outliers by allowing some features to be ”unmatched”. It encodes one way of
grouping the measurements in a matrix of centered observations

WP = W (P) = [CX | CPY][p1×4] (2)

Matrix C[p1×p1] = I − 1
p1
1[p1×p1] normalizes the columns of the observation

matrices to zero mean. The correct pp-matrix P∗ generates W∗ which is the
measurement matrix of Tomasi-Kanade [21]. With noise-free measurements, non-
degenerate full 3D objects produce rank-3 observation matrices W� = W (P∗)
whenever P∗ is the correct partial permutation. A single mismatched point will
generate two columns of WP that are outside the original 3-dimensional column-
space — also called the shape-space. This makes WP full-rank even in the ab-
sence of noise. In conclusion, the noise-free correspondence problem can be stated
as Problem 1

Problem 1 P∗ = arg min
P

rank (WP)

s.t. P ∈ Pc
p(p1, p2)

3.1 Approximate Rank

Consider now the case of noisy measurements. The observation matrix includes
two additive noise terms EX and EY

W′
P =

[
C

(
X + EX

) | CP
(
Y + EY

)]
(3)

The factorization method [21] provides an efficient way of finding the best rigid
interpretation of the observations. It deals with noise by disregarding all but
the largest 3 singular values of W′

P. The approximation error is measured by
λ4 (W′

P), the fourth singular value of W′
P. If we use λ4 (W′

P) as the generaliza-
tion of the criterion of Problem 1, then we should search for the correspondence
that minimizes the approximation error made by the factorization method. When
noise is present, we formulate the correspondence problem as follows

Problem 2 P∗ = arg min
P

λ4 (W′
P)

s.t. P ∈ Pc
p(p1, p2)
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In fact, for bounded noise, the solution to Problem 2 is again P∗, which is
the solution to Problem 1 when no noise is present. This is precisely stated in
Proposition 1

Proposition 1 For every nondegenerate rigid object observed by a scaled or-
thographic camera it is possible to find a scalar ε > 0 such that if

∣∣∣EX
(i,j)

∣∣∣ <

ε and
∣∣∣EY

(i,j)

∣∣∣ < ε ∀ i, j then the solution of Problem 2 is exactly P∗, which is the
solution of Problem 1 in the absence of noise.

Proof: In the absence of noise, the correct P∗ matrix generates W′∗, and
rank

(
W′∗) = 3 ⇔ λ4 (W∗) = 0. Assuming that Problem 2 has a single

nondegenerate solution in the absence of noise, then there is a nonzero dif-
ference between the best and second best values of its cost. That is to say

∃ δ > 0 : λ4(W′∗) + δ < λ4(W′
P) , ∀ P 	=P∗ (4)

Since λ4(W′
P) is a continuous function of the entries of W′

P then this is
also a continuous function of the entries of EX and EY . By definition of
continuity, ∃ ε > 0 such that if |EX

(i,j)| < ε and |EY
(i,j)| < ε ∀ i, j then

Equation 4 still holds. This guarantees that, under these noise constraints,
P∗ is still the optimal solution to Problem 2.

Our proof for Proposition 1 does not present a constructive way to compute ε, so
we did an empirical evaluation about the practical validity of this noise bound.

We segmented a set of points on two images. For each number of wrong
matches, a set of randomly generated P matrices were used to compute λ4(W′

P).
Figure 3 shows its statistics. The global minimum is reached for the correct corre-
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Fig. 3. Minimum, maximum and average of λ4(W′
P) as functions of the number of

mismatches.

spondence P∗, even with noisy feature locations. This shows that the bound ε is
realistic. It also validates λ4(W′

P) as a practical criterion. Finally note that the
average values of λ4(W′

P) increase monotonously with number of mismatches.
This means that suboptimal solutions with objective values close to optimal will,
on average, have a small number of mismatches. This is most useful to devise a
stoping criterion for our search algorithm (section 4).
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3.2 Explicit Polynomial Cost Function

We show here that the 4th singular value of W (cost in Problem 2) has an
equivalent explicit fourth-order polynomial cost function:

J(P) = ω�q[4] (5)

Here, ω is a vector independent of q = vec(P), vec() is the vectorization op-
erator4 and q[4] = q ⊗ q ⊗ q ⊗ q (symbol ⊗ stands for Kronecker product).
Considering the bounded noise assumption once more, we can use the same sort
of reasoning used to prove Proposition 1 and show that the original cost function
of Problem 2 can be changed to

J(P) = det
(
W′�

PW
′
P

)
(6)

In the absence of noise the result is immediate (they are both zero). The full
proof of this result can be found in Appendix 1 (also in [12]). Figure 4 shows
statistics of det(W′�

PW
′
P) computed for different matches of points that were

segmented from real images. Once again, the global minimum is reached for the
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correct correspondence P∗, so we conclude that our new noise bound is also valid
in practice. Furthermore, the global minimum is even steeper — note that the
plot is shown in logarithmic scale.

Finally, keeping in mind that C is symmetrical and idempotent and that CX
is full rank, the determinant cost function of Equation 6 can be transformed into
the polynomial form of Equation 5 (see appendix 2):

J(P) = ω�q[4]

ω =
[(

vec(∆)�Y[4]�
)

⊗
(

vec(Ξ)[2]�Ip14

)]
Π

Ξ = C − CX(X�CX)
−1

X�C
4 Stacks the columns of a matrix as a single column vector
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∆ =
1
2

[
0 −1
1 0

][2]

Π is a fixed (p1p2)4 × (p1p2)4 permutation such that vec
(
P[4]

)
= Πvec(P)[4].

The important fact is that J(P) has a simple biquadratic structure, depending
only on data matrices X and Y.

3.3 Outline of the Complete Algorithm

The cost function of Equation 5 is ready to be formated in a global optimiza-
tion framework, where the correct permutation is the solution to the following
problem:

Problem 3 P∗ = arg min
P

J(X,PY) (7)

s.t.

P ∈ Pc
p(p1, p2) ⇐⇒




Pi,j ∈ {0, 1} , ∀i = 1...p1 , ∀j = 1...p2 .1∑p1
i=1 Pi,j ≤ 1 , ∀j = 1 . . . p2 .2∑p2
j=1 Pi,j = 1 , ∀i = 1 . . . p1 .3

(8)

3.4 Reformulation with a Compact Convex Domain

Problem 3 is a brute force NP-hard integer minimization problem. In general,
there is no efficient way of (optimally) solving such type of problems. Nonetheless
there is a related class of optimization problems for which there are efficient,
optimal algorithms. Such a class can be defined as Problem 4.

Problem 4 P∗ = arg min
P

Jε(X,PY)

s.t. P ∈ DSs(p1, p2)

where Jε is a concave version of J — to be def. later, equation 10— and
DSs(p1, p2) is the set of real p1 × p2 columnwise doubly sub-stochastic matrices.
This set is the convex hull of Pc

p(p1, p2), constructed by dropping the zero-one
condition (8.1), and replacing it with

Pi,j ≥ 0 , ∀i = 1 . . . p1 , ∀j = 1 . . . p2 (9)

Problems 3 and 4 can be made equivalent — same global optimal — by
finding an adequate concave objective function Jε. Also we must be sure that
the vertices of DSs(p1, p2) are the elements of Pp(p1, p2). Figure 5 summarizes
the whole process.

The main idea is to transform the integer optimization problem into a global
continuous problem, having exactly the same solution as the original, which
minimum can be found efficiently. The full process is outlined as follows:
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Fig. 5. Efficient solution of the combinatorial problem.

1. Extract interest points and build X, Y — Equa-
tion 1.

2. Use X, Y to build the cost J(P) — Equation 5.
3. Build a concave equivalent Jε(P) — Equation

10,11.
4. Write Sc

s (p1, p2) in canonical form — see section
3.6.

5. Build Problem 5 and solve it using a concave min-
imization algorithm — Section 4.

3.5 Equivalence of Problems 3 and 4

Theorem 1 states the fundamental reason for the equivalence. [7] contains its
proof.

Theorem 1 A strictly concave function J : C → IR attains its global minimum
over a compact convex set C ⊂ IRn at an extreme point of C.
The constraining set of a minimization problem with concave objective function
can be changed to its convex-hull, provided that all the points in the original set
are extreme points of the new compact set.

The problem now is how to find a concave function Jε : DSs(p1, p2) → IR
having the same values as J at every point of Pp(p1, p2). Furthermore, we must
be sure that the convex-hull of Pc

p(p1, p2) is DSs(p1, p2), and that all pp-matrices
are vertices of DSs(p1, p2), even in the presence of the rank-fixing constraint.

Consider Problem 3, where J(q) is a class C2 scalar function. Each entry
of its Hessian is a continuous function Hij(q). J can be changed to its concave
version Jε by

Jε(q) = J(q) +
∑n

i=1 εiq
2
i − ∑n

i=1 εiqi (10)

Note that the constraints of Problem 3 include qi ∈ {0, 1}, ∀i. This means that
Jε(q) = J(q), ∀q. On the other hand Pp(p1, p2) is bounded by a hypercube
B = {q ∈ IRn : 0 ≤ qi ≤ 1, ∀i}. All Hij(q) are continuous functions so they are
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bounded for q ∈ B — Weierstrass’ theorem. This means that we can always
choose a set of finite values εr, defined by

εr ≤ − 1
2

(
maxq

∑n
s=1,s�=r

∣∣∣ ∂2J(q)
∂qr∂qs

∣∣∣ − minq
∂2J
∂q2

r

)
(11)

which impose a negative stricly dominant diagonal to the Hessian of Jε, that
is to say, |Hii| >

∑n
j=1,j�=i |Hij | , ∀i. A strictly diagonally dominant matrix

having only negative elements on its diagonal is strictly negative definite [6], so
these values of εr will guaranty that Jε(q) is concave for q ∈ B and, therefore,
also for q ∈ DSs(p1, p2).

Finally, note that problem 4 is constrained to the set of doubly sub-stochastic
matrices, defined by conditions 8.2, 8.3 and 9 This set has the structure of a
compact convex set in IRp1×p2 . Its extreme points are the elements of Pc

p(p1, p2)
— see [12] for greater details. This fact together with Theorem 1 proves that
the continuous Problem 4 is equivalent to the original discrete Problem 3, since
we’re assuming that Jε was conveniently made concave.

3.6 Constraints in Canonical Form

Most concave and linear programming algorithms assume that the problems have
their constraints in canonical form. We now show how to put the constraints that
define DSs(p1, p2) in canonical form, that is, how to state Problem 4 as

Problem 5 P∗ = arg min
q

Jε(X,Y,q)

s.t. Aq ≤ b , q ≥ 0

where A[m×n] and b[m×1] define the intersection of m left half-planes in IRn.
The natural layout for our variables is a matrix P, so we use q = vec(P),

where vec() stacks the columns of its operand into a column vector. Condition 8.2
is equivalent to P.1[p2×1] ≤ 1[p1×1]. Applying the vec operator [11] to both

sides of this inequality we obtain
(
1�
[1×p2] ⊗ I[p1]

)
q ≤ 1[p1×1], where ⊗ is the

Kronecker product, so set

A1 = 1�
[1×p2] ⊗ I[p1] ; b1 = 1[p1×1] (12)

By the same token we express condition 8.3 as

1T
[p1×1].P ≤ 1[p1×1] ∧ 1T

[p1×1].P ≥ 1[p1×1] (13)

A2 = I[p2] ⊗ 1�
[1×p1] ; b2 = 1[p2×1] (14)

The intersection of conditions 8.2 and 8.3 results on the constraints of Problem 5
with

A =


 A1

A2
−A2


 ; b =


 b1

b2
−b2


 (15)
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3.7 Image Sequences

With F frames, the observation matrix is

W = [CX1 | · · · | CPF−1XF ][p1×2F ] (16)

The original Problem 1 must be extended to the F − 1 variables P1 to PF−1.
The obvious consequence is an increase of the dimensionality and number of con-
straints. Furthermore putting the cost function in explicit polynomial form is not
trivial. However, det

(
W�W

)
is still a good criterion, as Figure 6 demonstrates.
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Fig. 6. Minimum, maximum and average of det(W′�
PW′

P) as functions of the number
of forced mismatches, in a 3 image example.

A slight modification in the formalism [12] makes possible to impose rejection
mechanism in all images. In other words, it is possible to choose the best pt < p1
matches among all possible.

4 Minimizing Linearly Constrained Concave Functions

To minimize nonlinear concave cost functions constrained to convex sets we
cannot rely on local methods, because many local minima may occur. Instead
we apply global optimization algorithms that exploit both the concavity of the
cost function and the convexity of the constraining set.

Concave programming is the best studied class of problems in global op-
timization [7,17], so our formulation has the advantage that several efficient
and practical algorithms are available for its resolution. Among existing optimal
methods, cutting-plane and cone-covering [14] provide the most efficient algo-
rithms, but these are usually hard to implement. Enumerative techniques [16]
are the most popular, mainly because their implementation is straightforward.
We implemented the method of [3]. As iterations run, the current best solution
follows an ever improving sequence of extreme points of the constraining poly-
tope. On each iteration, global optimality is tested and a pair of upper and lower
bounds are updated. Also, we use a threshold on the difference between bounds
as stoping criterion. Since cost grows fast with the number of mismatches —
Section 3.2 — this suboptimal strategy returns close to optimal solutions —



242 J. Maciel and J. Costeira

optimal most of the times — and dramatically reduces the number of iterations.
Worst case complexity is non-polynomial but, like the simplex algorithm, it typ-
ically visits only a fraction of the extreme points. Our implementation takes
advantage of the sparse structure of the constraints, and deals with redundancy
and degeneracy using the techniques of [9].

Recently, special attention has been paid to sub-optimal concave minimiza-
tion algorithms. [8] describes implementations of Frank and Wolfe [5] and
Keller [8] algorithms and claims good performances in large-scale sparse prob-
lems. Simulated Annealing [2] is also having growing popularity.

5 Results

5.1 Experiment 1

Figure 7 shows two images of the Hotel sequence, with large disparity. No prior
knowledge was used neither local image assumptions. Points were manually se-

Fig. 7. Two images from the Hotel sequence, with manually segmented points.

lected in both images. In the second image, the number of points is double. The
wireframe is shown just for a better perception of the object’s shape. It is shown
in the plot but was never used in the matching process.

The method was applied exactly as described before, using rigidity as the only
criterion. Figure 8 shows the reconstruction of the matched points. The solution
was found using an implementation of the optimal method of [3]. As expected,
all matches are correct, corresponding to the global minimum of det

(
W′�W′

)
.

5.2 Experiment 2

In this experiment we show how this optimal method can be used to match large
points sets in a fully automatic way. At a first stage a corner detector selected
a small number of points in each of 8 images from the Hotel sequence. Motion
between each pair of images was then computed using the same procedure of
experiment 1. An edge detector was then used to extract larger sets of points
in each image. With known motion, the epipolar constraint could be used to
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Fig. 8. Views of a reconstruction of the Hotel.

eliminate most of the matching candidates, so another global criterion — that
of [13] — could be optimized with feasible computation. At the end a total
of 1000 points were put into correspondence in all 8 images. Less than 10 were
wrong matches, and all these were rejected by thresholding the distance between
the observations and the rank-3 column space of W. The set of remaining points
was reconstructed using the factorization method. Figure 9 shows some views of
the generated reconstruction.
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Fig. 9. Some views of an automatically generated 3D could of 900 points.

6 Conclusion

The described method solves the correspondence problem between points of a
fully uncalibrated scaled-orthographic image sequence. Correspondences are set
so that the shape and motion computation is optimal, by minimizing the fourth
singular value of the observation matrix. We have shown that this is an optimal
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criterion under bounded noise assumption. The method is also applicable to other
problems where the rigidity assumption can be used, like 3D-to-3D matching,
image-to-model matching and multibody factorization.

The most important limitation is the dimensionality of the resulting opti-
mization problems. One practical way of handling this issue is the inclusion of
additional a priori constraints — see [13] — with minor changes to the under-
lying problem formulation. Ongoing work is being conducted on experimenting
different optimal and suboptimal algorithms, and testing their efficiency. Also,
we are currently formulating and testing different ways of building explicit poly-
nomial cost functions for multi-image matching problems.
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and Technology Program of the 2nd EC Board of Support.
João Costeira was partially supported by FCT Project 3DVideo funded by pro-
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Appendix 1: Optimality of Rigidity Cost Functions

If Problem 1 is not degenerate, then both λ4 (W′
P) and det

(
W′�

PW
′
P

)
are, in

some sense, optimal criteria. This is stated in the following proposition:

Proposition 2 If there is one single non-degenerate solution to Problem 1, it is
possible to find a scalar ε > 0 such that if

∣∣∣EX
(i,j)

∣∣∣ < ε and
∣∣∣EY

(i,j)

∣∣∣ < ε ∀ i, j then

the solution to Problem 2 is exactly the same P∗ if J(W′
P) = det

(
W′�

PW
′
P

)
.

Furthermore, this is the solution to Problem 1 without noise.

Proof: Without noise, a unique P∗ is also solution to Problem 1 with J() = λ4()
or J() = det() because

rank (W∗) = 3 ⇔ λ4 (W∗) = 0 ⇔ det
(
W∗�W∗) = 0 (17)

Non-degeneracy means that there is a nonzero difference between the best
and second best cost values if J() = λ4() or J() = det(). This is to say that

∃ δ1 > 0 : λ4(W∗) + δ1 < λ4(WP) , ∀ P 	=P∗ (18)
∃ δ2 > 0 : det

(
W∗�W∗) + δ2 < det

(
W�

PWP
)

, ∀ P 	=P∗ (19)

λ4(W′
P) and det

(
W′�

PW
′
P

)
are continuous functions of the entries of W′

P

so they are also continuous functions of the entries of EX and EY . By def-
inition of continuity, ∃ ε > 0 such that if |EX

(i,j)| < ε and |EY
(i,j)| < ε ∀ i, j

then equations (18) and (19) still hold for W′. This guarantees that, under
these noise constraints, P∗ is still the optimal solution to Problem 1 with
any of the two cost function.
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Appendix 2: Writing the Determinant as a Polynomial
Function
We will show here how to express the determinant cost function ( 6) as a bi-
quadratic polynomial cost function

Jrig(P) =
(
q�B1q

) (
q�B2q

) − (
q�B3q

)2
(20)

where Bi are matrices independent of q = vec(P).
Start by using the fact that for any two matrices M[l×m] and N[l×n], if

L[l×(m+n)] = [M | N] and N is full-rank — see [6,11] — then

det
(
L�L

)
= det

(
M�M

)
det

{
M�

[
I[m] − N

(
N�N

)−1
N�

]
M

}
(21)

With L = W′
P = [CX′ | CPY′] and since C is symmetrical and idempotent,

then
det

(
W′�

PW
′
P

)
= det

(
X′�CX′

)
det

(
Y′�P�Π⊥PY′

)
(22)

with Π⊥ = C − CX′
(
X′�CX′

)−1
X′�C. Since the first determinant in equa-

tion (22) is positive and independent of P, we can simplify the cost function,
stating

arg min
P

det
(
W′�

PW
′
P

)
= arg min

P
det

(
Y′�P�Π⊥PY′

)
(23)

Now define Y′ = [u′
2 | v′

2], where u′
2 and v′

2 are respectively the row and
column coordinates of points on the second image. This leads to

det
(
W′�

PW
′
P

)
= det

[
u′�

2 P
�Π⊥Pu′

2 u′�
2 P

�Π⊥Pv′
2

v′�
2 P

�Π⊥Pu′
2 v′�

2 P
�Π⊥Pv′

2

]
(24)

For any two matrices L[l×m] and M[m×n]

vec(LM) =
(
M� ⊗ I[m]

)
vec(L) (25)

The observations u′
2 and v′

2 are vectors so, using equation (25), we obtain

u′�
2 P

�Π⊥Pv′
2 = vec(Pu′

2)�
Π⊥vec(Pv′

2)

= q� (
u′

2 ⊗ I[p2]
)
Π⊥

(
v′�

2 ⊗ I[p2]

)
q (26)

There are similar expressions for the other combinations of u′ and v′, so

arg min
P

det
(
W′�

PW
′
P

)
= arg min

P

[(
q�B1q

) (
q�B2q

) − (
q�B3q

)2]
(27)

with q = vec(P) and

B1 =
(
u′

2 ⊗ I[p2]
)
Π⊥

(
u′�

2 ⊗ I[p2]

)
(28)

B2 =
(
v′

2 ⊗ I[p2]
)
Π⊥

(
v′�

2 ⊗ I[p2]

)
(29)

B3 =
(
u′

2 ⊗ I[p2]
)
Π⊥

(
v′�

2 ⊗ I[p2]

)
(30)
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Motion Curves for Parametric Shape and Motion
Estimation

Pierre-Louis Bazin and Jean-Marc Vézien

INRIA Rocquencourt,
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78153 Le Chesnay Cedex, France

Abstract. This paper presents a novel approach to camera motion parametrization
for the structure and motion problem. In a model-based framework, the hypothesis
of (relatively) continuous and smooth sensor motion enables to reformulate the
motion recovery problem as a global curve estimation problem on the camera
path. Curves of incremental complexity are fitted using model selection to take
into account incoming image data. No first estimate guess is needed. The use of
modeling curves lead to a meaningful description of the camera trajectories, with a
drastic reduction in the number of degrees of freedom. In order to characterize the
behaviour and performances of the approach, experiments with various long video
sequences, both synthetic and real, are undertaken. Several candidate curve models
for motion estimation are presented and compared, and the results validate the
work in terms of reconstruction accuracy, noise robustness and model compacity.
Keywords: Structure from motion, camera modeling, model selection, motion
curves, model-based estimation.

1 Introduction

The structure and motion estimation problem is one of the central concerns of computer
vision. It can be formulated in several ways, depending on the requirements of the
underlying applications. Real-time constraint, stereo imaging, availability of a complete
image sequence or of a human operator are important elements that can make some
solutions better than others. In our primary application, i.e. video post-production, fast
and precise algorithms dedicated to camera motion recovery and 3D reconstruction are
key tools for tasks such as special effects generation and augmented reality. Here, the
visual quality of the result and the ease of use are important constraints but an operator
can feed the algorithm with high level a priori knowledge of the scene described in the
images.

Camera motion is very constrained in professional video imaging: the motion is
generally very fluid, even for highly composite motions. Some sequences can be very
complex, including various compositions of translations and rotations, while others are
pure translations along a line or panoramic-like rotations. Curiously, most of the current
algorithms for shape and motion recovery do not take advantage of such constraints.
Some approaches based on filtering have also suggested the use of motion models to
predict the camera position at one frame from previous ones [6] [4] [7]. Model selection
between motion models have been proposed in [9] [10] [11]. In these approaches, the

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 262–276, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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different models to choose from describe the motion between two images. Regular
video sequences in post-production may span several seconds, with 25 or 30 frames per
second, and the number of motion parameters to be estimated would remain very high,
even with the simplest motion models. A better solution in such cases would be to model
the complete motion of the camera, in the entire sequence, regardless of the number of
images.

A natural way of modeling such motion is to represent the camera trajectory as a
3D curve. Translation and rotation can be separated and modeled independently. The
remaining problem is to fix the curve complexity: a parametric curve with many pa-
rameters will properly fit very complex motions, but will overfit simpler motions. On
the other side, simple curves will perform well only for simple motions, so we need
to estimate the real complexity of the unknown camera motion and the corresponding
motion parameters simultaneously. An alternative modeling strategy would be to clas-
sify the most usual types of motion, such as uniform camera traveling or panoramic
motion, then model each of them separately and test every hypothetic motion model.
This approach has two disadvantages: it requires the estimation of all different models,
and remains highly irrelevant for unusual, erratic or noisy motion.

Both aspects of modeling the trajectories and estimating the motion complexity are
addressed in the present work. With a parametric estimation viewpoint, we can describe
the shape and motion problem using models, linear or not, that make a direct link between
observed data in the images, the underlying scene structure and the camera motion. The
structure and motion problem then becomes a parametric estimation problem, in which
the free parameters of the models have to be estimated to optimally fit the observed data.
In this framework, we have designed a sequential estimation procedure and coupled it
with a model selection step to compute the optimal complexity for the estimated motion.
Different kinds of motion curves can be integrated in the procedure, and we present
several general models based on polynomials.

The motions we consider are supposed to be smooth camera motions, and we show
that the approach allows in that case an impressive reduction of the number of free
parameters in the system, as well as accurate motion recovery. Under the term smooth
motion, we do not consider C∞ functions but only continuous motions with reasonable
acceleration. The technique can handle some trembling and fast changes in the camera
motion.

In section 2, we briefly outline the estimation procedure allowing the computation of
the trajectory models. A Bayesian selection procedure is proposed in section 3 to set the
complexity of the curves. Section 4 reviews the motion curves we have tested. Finally,
section 5 presents estimation results on both simulated and real sequences and section 6
discuss them.

2 Overview of the Method

The problem of shape and motion recovery we address can be summarized as follows: we
observe K geometric primitives of dimension d in each of T images, through primitive
tracking. Different parametric models are proposed to recover structure and motion,
sharing the same shape model but with more or less complex motion models. With a
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Bayesian estimator coupled with an adapted model selection criterion, we proceed to
compute the optimal model and associated parameters that best interpret the data.

2.1 Scene Description

Our applicative context has led us to consider as primitive features points, segments and
rectangles. Moreover, we allow the user to define additional relations of parallelism,
orthogonality, collinearity and coplanarity (see Fig.1).

primitives:
11 segments,
10 rectangles.

relations:
6,7,11,20 : coplanar,

2,3,4,5 : coplanar,
17,18,19 : orthogonal,

9,13 : orthogonal,
2,20 : orthogonal,

13,15,19 : parallel,
11,12,17 : parallel.

Fig. 1. A scene, as described by the user. The primitives are drawn on a key frame and relations
are specified beside.

Geometric reduction. These constraints, along with inner constraints of specific prim-
itives like rectangles or corners, make the raw description of the scene in terms of points
or separate shapes over-determined. To cope with it, a specific geometric reduction al-
gorithm is used to derive the minimal set of unconstrained parameters from the initial
primitives and their relationships (see [1] for a detailed explanation). This reduction
procedure is complementary to the motion modeling scheme we develop in the present
work.

2.2 The Projection Model

In video imaging, a pinhole camera model gives a generally good approximation of the
real camera. It performs the following perspective projection for a 3D point P :

u = f(x + u0)
v = f(y + v0)/r

with
x = (R·(P−T))X

(R·(P−T))Z

y = (R·(P−T))Y

(R·(P−T))Z

We will assume that intrinsic parameters are known and constant, with the exception of
the focal length. This assumption is reasonable, as the parameters can be either obtained
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in camera specs, or computed through off-line calibration. The center of projection
(u0, v0) and the aspect ratio r are fixed by the user and a rough approximation of the
focal length value f is supposed known. The remaining parameters are the translation
vector T and the rotation matrix R, that represent the change of coordinates from a
reference coordinate system to the camera coordinate system.

Independently from the projection model, the camera moves at each frame t, so the
translation vectorTt and the three pose angles θt that determine the rotationRt = R(θt)
are changing through time. (Tt,θt) reflect the camera motion from one frame to the next:
they are directly used as motion parameters in most structure and motion algorithms. In
the present approach, Tt and θt are modeled with the 3D curves proposed in Sect.4.

2.3 Primitive Tracking

The primitives specified in the first image frame are tracked in the images of the sequence,
with a correlation and matching procedure (see Fig.2). Some of them are lost due to

Fig. 2. Tracking for the House Sequence: frames 1, 8, 15, 21.

occlusion, loss of track or when they get out of the camera field of view. The relationships
between primitives are not enforced in that step, but the inner shape of rectangles is
preserved. The 2D tracks obtained are not complete, and are corrupted by noise. This
step will be avoided (i.e. simulated) in the synthetic experiments. Details on the actual
algorithm dedicated to the tracking step can be found in [2].

2.4 Bayesian Estimation

In order to compute the parameters of the scene and the camera motion from noisy 2D
tracks, the problem is formulated in a Bayesian estimation framework [5].

Maximum a posteriori. We use the Maximum a Posteriori estimator (MAP):

Θ̂MAP
�
= arg maxΘ p(Θ|{Xk,t}MI)
= arg minΘ [− log p({Xk,t}|ΘMI) − log p(Θ|MI)]

to obtain the set of shape and motion parameters Θ that best explains the observed data
{Xk,t}, where Xk,t are the coordinates of the primitive k in the image frame t. The prior
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information I represents the context of the problem and the model M represents the
final parametric model for both shape and motion, that depends on the set of parameters
Θ to be estimated.

We set p({Xk,t}|ΘMI) to be a Gaussian distribution centered on the true primitive
coordinates with covariance matrices {Λk,t}, and the prior p(Θ|MI) is supposed to be
a uniform distribution p(Θ|MI) =

∏
i

1
ri

on a bounded domain. The final function to
minimize is a non-linear weighted least-square function:

J(Θ) =
∑

k,t

(Xk,t − X̂k,t(Θ))TΛ−1
k,t(Xk,t − X̂k,t(Θ))

where X̂k,t(Θ) represents the non-linear models for the primitive k projected in the
image t. To find the parameters Θ̂ that minimize J(Θ), we use the Levenberg-Marquardt
minimization algorithm, which has fast convergence with such non-linear least-square
functions. Like all local minimization algorithms, it needs a good first estimate of the
parameters, which can be problematic to provide.

Frame-by-frame minimization. To overcome the initial estimate problem, we proceed
on a frame-by-frame basis. The following relation holds:

p(Θ|{Xk,t}t=0...T0+1MI) ∼ p({Xk,t}t=0...T0+1|ΘMI)
p({Xk,t}t=0...T0 |ΘMI)

p(Θ|{Xk,t}t=0...T0MI)

Thus, if we take the negative log of the formula, the function to minimize for data in the
frames 0 to T0 + 1 is the sum of the function already minimized for frames 0 to T0 and
the least square error on the new data at frame T0 + 1, so the MAP estimate Θ̂T0 is an
efficient first guess for Θ̂T0+1.

An initial guess for the parameters must be computed for t = 0, when there is no
camera motion: the scene can be derived from an arbitrary flat reconstruction of the
projected points. The camera motion is then recovered gradually, and the procedure for
optimally adjusting the motion complexity will be naturally integrated in this sequential
framework.

3 Selection of the Complexity

The MAP estimator gives, at every frame, the optimal parameter set for a given model.
To properly model camera motion, motion curves of different complexity must be tested
and the best one should be selected. Thanks to the frame-by-frame estimation, we can
start using the simplest curve model, then test more complex models while adding data
from new frames.

3.1 Model Selection Criteria

To select the best model, we need a selection criterion that ranks the concurrent models. In
statistical modeling, different kinds of criteria are used, relying on different information
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theories. The global idea is to choose the simplest model M that represents the relevant
data but not the noise. The criterion gives a quantitative balanced value of both the model
complexity and the error on the data D.

Ad hoc criteria can be employed, usually a simple function of the number p of
parameters Θ in the model M , but such methods must be tuned and tested extensively.
From considerations on the likelihood, the Akaike Information Criterion AIC = L+2p
has been derived, whereL = −2 log p(D|ΘMI) is the inverse log-likelihood. Minimum
Description Length (MDL) is another well-known criterion, based on algorithmic theory
of information. The MDL criterion computes the code length necessary to describe the
model and the code length necessary to describe the remaining stochastic complexity
of the data [12]. The Bayesian Information Criterion BIC = L + p logN , with N
the number of data measurements, is used for Bayesian inference and maximizes the
evidence p(D|MI).

All these criteria are very similar, and the distinctions between them on a practical
point of view is often subtle [3]. In statistical modeling, these criteria are asymptotic and
may differ for geometric problems [8]. A transposition in the geometric context makes
different approximations related to the models in use, that can lead to slightly different
criteria [9] [11]. For parameters estimation, we used a Bayesian formalism. To maintain
coherence, we choose to use the evidence maximization for model selection as well.

3.2 Bayesian Evidence Criterion

The geometric BIC criterion is not directly adapted here and we must compute a
new approximating criterion for evidence. The outline of the computation is similar
to BIC derivation from evidence in [11], but asymptotic approximations are avoided
here. The evidence is p(D|MI) =

∫
Θ

p(D|ΘMI)p(Θ|MI)dΘ. Stating Φ(Θ) =
− log(p(D|ΘMI)p(Θ|MI)), p(D|MI) =

∫
Θ

exp−Φ(Θ)dΘ. As Θ̂ is the minimum

of Φ(Θ) and ∇∇Φ(Θ̂) = Λ̂−1
Θ̂

, a second order Taylor approximation of the function

Φ(Θ) at Θ̂ gives:

p(D|MI) ≈ ∫
Θ

exp−Φ(Θ̂) − 1
2 (Θ − Θ̂)T Λ̂Θ̂(Θ − Θ̂)dΘ

= (2π)p/2|Λ̂Θ̂|1/2 exp−Φ(Θ̂)

The expression of Φ(Θ) specific to our problem is given by Φ(Θ) = 1
2J(Θ)

+NdT
2 log(2π)+1

2

∑
k,t log |Λk,t|+

∑
i log ri, where NdT represents the total number

of data coordinates over the T frames of the sequence, and finally:

BEC = −2 log p(D|MI) ≈ J(Θ̂) + (NdT − p) log(2π) +
∑

k,t log |Λk,t|
+ log |Λ̂−1

Θ | + 2
∑

i log ri

The quantities in the criterion are all set a priori or evaluated in the MAP estimation of
parameters, thus no further approximation is needed.
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3.3 Complete Procedure

To integrate the model selection step in the sequential estimation procedure, we have
to estimate all possible models, then compare them with the criterion. If the number
of possible models is important, the computational effort becomes rapidly untractable.
To avoid such problem, the models must be nested, in the sense that models of lower
complexity must be contained in models of higher complexity. Therefore, more complex
models are initialized from simpler models. At each frame, only the currently selected
model is memorized and more complex models can be computed from it. The motion
complexity is supposed to stay unchanged or increase from one frame to the next,
independently for translation and rotation parameters. Three different estimations are
then necessary to select the optimal model (see Fig.3).

MAP
^

t
Θ

k,t+1

Θ MAP
^

t+1

EstimationConcurrent
Models Model selection

X

MAP BEC

MC

Mθ

MAP BEC

MAP

MT

Fig. 3. The current model MC and more complex models for translation MT and rotation Mθ are
estimated and compared at each frame.

4 Motion Curves

The sequential estimation and selection algorithm proposed here impose constraints on
the motion model we can consider: the motion curves must be nested, and more or less
complex curves should share parameters close together. Three families of curves are
proposed: a polynomial of high degree representing the complete motion, linear splines
that model the motion more locally, and a hybrid model made of piecewise polynomials
of various possible degrees.

4.1 Chebyshev Polynomials

In the first model, the parameters T(t),θ(t) are functions of a single polynomial of
degree K, L:

T(t) =
∑N

n=0 anPn(t)

θ(t) =
∑M

m=0 bmPm(t)
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wherePn(t) is the Chebyshev polynomial of degree n. Therefore, the motion parameters
become {an,bm}, reducing the degrees of freedom from 6T to 3N+3M+6 parameters.

Chebyshev polynomials are preferred for several reasons. First, they are known to be
close to the minimax approximation polynomial for general functions. Next, Chebyshev
coefficients an smoothly decrease to zero when the degree n increases. The polynomials
values range from -1 to +1, so the coefficients are homogeneous to the approximated
values. Finally, the polynomial curve changes gradually when high order coefficients
are set to zero.

The complexity of the motion is represented by the degree of polynomials, and the
concurrent motion models to choose from in the model selection phase are simply poly-
nomials of higher or lower degree. The models are nested and the polynomial coefficients
common to simple and complex models are close together, the coefficients of simple
models directly giving a good first estimate for models of higher complexity.

4.2 Linear Splines

Camera motions can be viewed as a sequence of simple moves, and it is reasonable to hope
that changes on the motion estimation on one of the last frames should not induce changes
on the motion corresponding to the first frames. For such motion, piecewise polynomials
can be preferred to a global high degree polynomial. As the simplest piecewise models,
we use the linear spline:

T(t) = an(1 − τn) + an+1τn if t ∈ [tn, tn+1]
θ(t) = bm(1 − τm) + bm+1τm if t ∈ [tm, tm+1]

where τn = t−tn

tn+1−tn
. The definition is identical for τm. The motion parameters are

{an,bm} along with the two series of time intervals {[tn, tn+1]}, {[tm, tm+1]}. The
selection problem is not to find the proper degrees, that are fixed, but to determine how
many pieces to make and where to place them on the time interval of the sequence.

In the model selection procedure, concurrent models will be models with more or
less pieces. More complex curves are obtained by adding a new interval when adding
a new frame, whereas the intervals for simpler models remain unchanged. This model
family is nested, like Chebyshev polynomials: models of higher complexity just have
additional polynomial pieces. Intervals with the same pieces have the same coefficients,
regardless of the rest of the curve and polynomials of lower complexity are a good first
estimate for polynomials of higher complexity.

4.3 Piecewise Chebyshev Polynomials

Finally, a hybrid model between Chebyshev and piecewise curves has been tested. This
model is a disjoint succession of Chebyshev polynomials:

T(t) =
∑Ni

n=0 an,iPn(τi) if t ∈ [ti, ti+1[,

θ(t) =
∑Mj

m=0 bm,jPm(τj) if t ∈ [tj , tj+1[,
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This model has the smoothness of Chebyshev polynomials on regular parts, and can
accommodate for composite motions. It is nested, and simple curves are good initial-
izations for more complex ones. For this family of models, there are two possibilities to
increase the complexity: we can add a degree to the last polynomial which describes the
current motion, or we can create a new polynomial to fit the motion independently of
the past frames. Therefore, this model necessitates to perform two additional estimation
and selection steps.

4.4 Other Curve Models

Other curve models could come to mind to describe the motion, like Bernstein polyno-
mials or cubic splines. However, these are generally suited for interpolation purposes,
and the modeling procedure proposed here is more related to approximation problems.
Some experiments with such interpolation curves led to poor results, mainly due to
instabilities of the curve coefficients when the complexity is modified.

5 Experiments

The technique proposed in this paper has been tested on both synthetic and real video
sequences, in order to characterize its performances. Cramer-Rao lower bounds for
accuracy have been computed on the simulated experiments. Finally, classical estimation
without motion model have also been performed.

5.1 Simulated Data

To perform the synthetic experiments, a 3D scene was created. The scene consists in two
sides of a Rubik’s cube, and the camera orbits the cube for 20 frames, then goes backward
along a straight line for 10 frames (see Fig.4). The scene description is composed of 2

Fig. 4. Simulation settings: left: the scene observed at t = 0; right: the camera path.
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rectangles, 8 segments as well as geometric constraints. The tracking part is completely
simulated by exact projection of the true 3D points and addition of Gaussian noise of
increasing magnitude.

Experiments have been performed with a Gaussian noise of zero mean and standard
deviation of 0, 1, 2, 3, 5, 7 and 10 pixels. For each configuration and each noise level,
three instances of synthetic data were generated for estimation and the results were
averaged. Errors in 3D shape, translation and rotation are computed with respect to
the true values, after an appropriate transformation that makes the scenes suitable for
comparison. This transformation places the origin of space at the center of the 3D scene,
rotates the coordinate system to match the scene eigenvectors and normalizes the standard
deviation of scene points from the origin. The final error curves have been obtained by
averaging the results with the three noisy sets. The complexity of the optimal curves are
defined as the total number of 3D parameter vectors needed to describe them. Theoretical
Cramer-Rao lower bounds (CRLB) have also been computed from the original scene.

The error curves in Fig.5 show that the results are similar with the different models
and without model. The optimization procedure has always properly converged, as the
2D residual errors are very close to their theoretical bounds. Reconstruction errors are
also close to the Cramer-Rao bounds, especially for the motion.

The big difference here lie in the complexity of the motion models needed to achieve
such accuracy. The complexity of Chebyshev polynomials is the lowest, and remains
extremely stable as noise increase. The linear spline model is not very efficient, as its com-
plexity remains very high, but is also stable. Piecewise polynomials are in-between, with
larger complexity fluctuations: in practice, they often hesitate between a long Chebyshev
curve of high degree and numerous curves of degree 1 or 2. This stability is remarkable,
as it shows that the estimated complexity is really related to the complexity of the motion
itself and not to the noise. The corresponding motion curves are not an approximation,
as they manage to reach the same accuracy levels as model-free estimation.

5.2 Real Sequences

The capabilities on real video sequences of the algorithm has also been tested. The
following videos, borrowed from various laboratories, have been used:

– the "Sport" sequence (from Inria Syntim): the camera motion is a slow translation
in straight line,

– the "House" sequence (from Inria Movi): the camera undergoes a fast circular motion
around a model house,

– the "StainX" sequence (from Alias|Wavefront): the camera is moving towards the
scene in a translation/rotation motion,

– the "Begijnhof" sequence (from K. U. Leuven Visics): the camera is hand-held and
moving backward almost linearly, but not smoothly.

For every sequence, 10 to 20 features (points, lines and rectangles) have been tracked,
some of them only on a limited part of the sequence (see the features on the first images
on Tab.1). The structure of the scene and the camera motion have been computed with
the three motion models, and with the model-free algorithm. Reconstruction results are
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Fig. 5. Error and complexity results in the synthetic experiments, for increasing noise levels.

more or less subjective for real sequences, and error curves cannot be drawn. We can
still compare the visual 3D reconstruction obtained with the different motion curves
(see Fig.7), but the only reliable metric is the 2D residual error. Its mean and standard
deviation values are given on Tab.1, along with the complexities for the three models.
The visual correctness of the reconstruction can be assessed by mean of augmented
reality (addition of synthetic elements), as presented on Fig.6.

In all cases, the 3D structure reconstructions are visually correct and seem identical.
The camera motion also correspond to the qualitative descriptions given above. The
residual errors are low, and both mean and standard deviation values are very close
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Table 1. Residuals and complexity on the real sequences.

Sport House StainX Begijnhof
Number of frames: 90 20 70 42

2D residual error
no model: 3.438 3.394 4.357 2.783
Chebyshev: 3.470 3.412 4.579 2.778
linear: 3.490 3.547 4.392 2.732
piecewise: 3.464 3.546 4.371 2.643

2D standard deviation
no model: 2.972 3.367 2.461 2.159
Chebyshev: 3.095 3.429 2.570 2.202
linear: 3.376 3.469 2.527 2.198
piecewise: 3.056 3.478 2.498 2.219

translation complexity
Chebyshev: 6 5 9 6
linear: 4 13 4 11
piecewise: 7 16 10 27

rotation complexity
Chebyshev: 5 4 9 24
linear: 3 12 9 21
piecewise: 7 17 12 27

for any given sequence: in terms of the reprojection error, the results are all identically
optimal.

The first important difference is the reduction of the motion complexity when we
use motion curves. Even with the longest sequences, the complexity remains very low,
and the accuracy is not jeopardized by the reduction. Moreover, the motion curves
provide a better robustness: in Fig.7, the reconstructed path for the camera without
model is strongly perturbated by noise, whereas the visual motion in the video sequence
is perfectly smooth. These perturbations are removed with any of the motion models.

As in the synthetic experiments, Chebyshev polynomials have proven to give a very
compact motion model without loss of accuracy. Their approximation properties allow
very stable computations, and changes in the trajectory are correctly handled.

Linear splines perform better here. On almost linear motions, they go below Cheby-
shev polynomials (cf. the Sport sequence), but become limited for curved motions like
the orbit motion of the simulations or the House sequence.

Piecewise Chebyshev polynomials still suffer from their flexibility: they perform
well, but always with an increased complexity. It is hard to discriminate between the two
possible ways to grow in complexity here, and the final models will involve long pieces
of Chebyshev curves and small line segments or even points on the less regular parts.
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Fig. 6. Augmented reality with virtual penguins on the House sequence: images 1, 5, 9, 13 (top),
17, 21, 25, 30 (bottom).

Finally, the smoothness assumption shared by the three models is not a strong con-
straint. In the Begijnhof sequence, the camera motion is not smooth, as the camera oscil-
lates when the cameraman moves. The related motion models capture this phenomenon
with an increased complexity of the orientation curve, and the results are comparable in
2D and in 3D with an unconstrained structure and motion recovery.

6 Conclusions

We presented here an estimation framework for shape and motion recovery from video
sequences. The technique takes into account the continuity and smoothness of the camera
motion, through motion curves. The curves are optimally fitted to more or less complex
motions thanks to a sequential estimation and selection procedure.

As the motion curves drastically reduce the number of parameters to estimate, the
computations are greatly simplified and the estimation is more robust to tracking noise.
The accuracy of reconstruction is not decreased by the approximation introduced by the
curves. The two major roles of the introduced curves are to reduce the complexity of the
problem through a limited and relevant set of parameters and to factor out the tracking
noise from the recovery by imposing some regularity.

The polynomial functions proposed as curve models can describe any kind of motion.
Chebyshev polynomials are near optimal in the sense of function approximation, and
always perform well in practice for this problem. Their only weakness is for describing
sharp changes in the motion, generally related to a change in the nature of the motion
itself. We plan to investigate more subtle models to get over this limitation. Studying
descriptions of different kinds of camera motions could also help to refine even more the
models, particularly for erratic and trembling motions like hand-held camera motions.
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Chebyshev Linear

Piecewise None

Fig. 7. Reconstructed scene from the StainX sequence, with the proposed motion models. The
spheres indicate the camera position at each frame.

References

1. P. L. Bazin. A parametric scene reduction algorithm from geometric relations. In Proc. Vision
Geometry IX, SPIE’s 45th annual meeting, San Diego, 2000.
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Abstract. In this paper, a Bayesian self-calibration approach is pro-
posed using sequential importance sampling (SIS). Given a set of feature
correspondences tracked through an image sequence, the joint posterior
distributions of both camera extrinsic and intrinsic parameters as well
as the scene structure are approximated by a set of samples and their
corresponding weights. The critical motion sequences are explicitly con-
sidered in the design of the algorithm. The probability of the existence of
the critical motion sequence is inferred from the sample and weight set
obtained from the SIS procedure. No initial guess for the calibration pa-
rameters is required. The proposed approach has been extensively tested
on both synthetic and real image sequences and satisfactory performance
has been observed.

1 Introduction

Automatic retrieval of the intrinsic parameters of a (relatively) moving camera
from an observed image sequence has been of great interest to researchers in com-
puter vision since the early 1990s. Subsequent to the pioneering work on camera
self-calibration reported by Maybank and Faugeras [1,2], numerous algorithms
have been proposed to calibrate cameras with constant (see [3] for a review)
or varying intrinsic parameters [4,5,6,7]. Although significant efforts have been
made to solve the self-calibration problem, several challenges still remain: sen-
sitivity to observation noise, initialization of the algorithms, and processing of
critical motion sequences (CMS) [8,9,10,11]. The first two challenges are common
difficulties arising in nonlinear problems such as the camera self-calibration prob-
lem. In some situations, these two factors interact with each other and make the
problem more complex. For example, large observation noise might create more
local minima (or maxima) and can easily trap iterative optimization methods
such as Levenberg-Marquardt and steepest-descent algorithms in local minima,
preventing them from converging to the global optimal solution. Hence a good
initial guess of the calibration parameters is needed.
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In addition to the difficulties due to noise sensitivity and initialization, the
existence of CMSs makes camera self-calibration even more difficult in prac-
tice. CMSs are sequences of camera motions resulting in inherent ambiguities
in camera self-calibration and therefore ambiguities in uncalibrated Euclidean
reconstruction [8]. Any practical self-calibration method must take into account
the processing of CMSs since CMSs frequently occur in applications. Previous
research [9] has shown that ambiguous Euclidean reconstructions from a CMS
are conjugated and hypothesis verification can be used to detect and determine
the type of CMS. Nevertheless, in the presence of noise, some camera motion
sequences which are not CMSs can also result in ambiguous Euclidean recon-
struction. Moreover, it has been recently reported in [12] that camera motion
sequences “close” to CMSs in the sense of producing ambiguous Euclidean re-
constructions can be far away from any type of CMSs in the motion sequence
space in the sense of L2 norm. If hypothesis verification is applied to this kind
of sequence, it will be classified as one type of CMSs, and the true solution of
the motion sequence, which is actually outside of CMSs, will be lost. Therefore,
hypothesis verification is not sufficient in these circumstances.

In this paper, we focus on the main problem of self-calibration: estimation of
the field of view (FOV) with all the other intrinsic parameters known. The un-
known FOV can be either constant or varying throughout the image sequence.
We develop a self-calibration algorithm, which is capable of processing CMS
and yielding reasonable calibration estimates without any specific requirements
of initialization. The new approach is developed based on the sequential impor-
tance sampling (SIS) technique. The SIS procedure is recently introduced by [13]
to estimate the state parameters of a non-linear/non-Gaussian dynamic system.
In SIS, the joint posterior distribution of the state parameters given the obser-
vations is approximated by a set of samples and their related weights. The SIS
procedure has been used for solving the structure from motion (SfM) problem.
An SIS-based SfM algorithm has been developed in [14] and it was shown to
be robust to feature tracking errors and to be able to handle motion/structure
ambiguities. However, in that case, all the intrinsic parameters of the camera
are assumed to be given. In the paper, we still use the SIS method to attack
the camera self-calibration problem because of its capability of solving problems
involving non-linear systems.

2 Theoretical Background

2.1 Self-Calibration of a Moving Camera

In many practical situations, the calibration of the camera used to capture the
sequences is not available, i.e. the intrinsic parameters of the camera such as the
field of view (or the focal length relative to the film size), the position of principal
point, skew factor and lens distortion are not known beforehand. To reconstruct
accurate 3D Euclidean structure and motion, these intrinsic parameters have to
be found.

Assume that a perspective projection camera model is considered and the
lens distortion can be ignored or is already known, the following calibration
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matrix is of interest:

A =


fku fku cot θ u0

0 fkv

sin θ v0
0 0 1


 (1)

where f is the focal length of the camera in world coordinate units. ku and
kv are the lengths in pixels of the unit length of the world coordinate system
in the vertical and horizontal directions, respectively. u0 and v0 are the pixel
coordinates of the principal point in the image plane. θ is the angle between the
vertical and horizontal axes in the image plane. Usually it is very close to π/2.
Note that by writing the calibration matrix in the above form, we have moved
the image plane to the front of the lens and have aligned the coordinate axes in
the image plane with those in the world coordinate system.

A 3D point W has projection m in the image plane. Following the notation
of Faugeras in [15], let w = [X,Y, Z]T be the world coordinates of W and
m = [u, v]t be the pixel coordinates of its projection m. Let the homogeneous
coordinates of any vector v = [v1, v2, · · · , vn]T be ṽ = [v1, v2, · · · , vn, 1]T . Hence,
in the homogeneous coordinate system, we have w̃ = [X,Y, Z, 1]T and m̃ =
[u, v, 1]T . m̃ and w̃ are related by a 3 × 4 projection matrix P̃

λm̃ = P̃w̃ (2)

where λ is called projective depth and does not play any role in the location of
m in the image plane. Hence (2) is often rewritten as

m̃ � P̃w̃ (3)

by ignoring λ, where the symbol � means that the two quantities are equal up
to a scale factor. The projection matrix P̃ can be decomposed as

P̃ = A[R| −Rt] (4)

where A is the calibration matrix and (R, t) is the displacement of the camera,
containing both rotation and translation.

The problem of self-calibration is to estimate the calibration matrixA purely
from an observed image sequence without any knowledge or control of the motion
of the camera. In this paper, we will focus on the estimation of an unknown
constant or varying FOV when all the other intrinsic parameters are given.
We also assume that the camera moves continuously and takes many camera
positions.

2.2 Critical Motion Sequences

In the research on solving the camera self-calibration problem, it has been ob-
served that not all camera motion sequences lead to unique camera intrinsic
parameters and 3D Euclidean scene reconstruction. Camera motion sequences
that produce ambiguous calibrations are called critical motion sequences.

Identification of CMSs with various assumptions on the calibration has been
systematically investigated in the literature. In [7], Sturm listed all CMSs when
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the calibration parameters are constant. The CMSs for known calibration pa-
rameters, except for a varying FOV, can be found in [11]. Kahl also discussed
CMSs when some intrinsic parameters can vary [10]. Other references on iden-
tification of CMSs can been found in [16,17,18]. Recall that we assume that the
camera moves continuously and takes many camera positions. According to [10,
11], there are three types of CMSs for varying FOV that contain many camera
positions:

– arbitrary translation with arbitrary rotation only about the optical axis
– translation along an ellipse or a hyperbola with the optical axis tangent to

the ellipse or hyperbola
– translation along the optical axis with arbitrary rotation about the camera

centers (at most two)

When the FOV is constant, only the first type of motion in the above CMS
list is critical when many camera positions are present [8,11]. When the camera
motion is not continuous, there are more critical motion sequences existing for
the self-calibration of a camera with only an unknown FOV. Analyzing CMSs
related to discontinuously moving cameras is beyond the scope this paper.

We mainly deal with the self-calibration ambiguities caused by the first kind
of CMSs, since this kind of motion sequences are frequently encountered in prac-
tice. Because camera motion includes translation and rotation, the assumption
of continuous camera motion implies that the rotation of the camera is also
continuous if the camera rotates. Since the third type of CMSs contain at most
two rotations about the camera centers, it rarely happens to a continuously ro-
tating camera. Although the second type of CMSs is not explicitly considered
in this paper, we have shown by experiments that it is possible to remove the
self-calibration ambiguities caused by the type of CMSs if we assume that the
3D scene is rigid and non-planar.

To handle the first type of CMSs, we need to find out the transformations
between true and false Euclidean reconstructions. Since the false Euclidean re-
construction is actually a projective reconstruction, it is different from the true
Euclidean reconstruction by a projective transformation, TΦ [19].

Assume that a false Euclidean reconstruction has been found. Let ∆f (0)

be the ratio of the focal lengths of true and false Euclidean reconstructions
in the initial time instant, i.e. ∆f (0) = f(0)

e

f
(0)
Φ

where f (0)
e and f

(0)
Φ are the true

and false focal lengths at the initial time instant, respectively. Let tΦ and te
be the translation vectors associated with the false and true reconstructions,
respectively. Let (αe, βe) and (αΦ, βΦ) be the translation direction angles as-
sociated with te and tΦ. The unit vector in the translation direction is given
by (sin(α) cos(β), sin(α) sin(β), cos(α))T . At any time instant, the true and false
projection matrices are related by

P̃e = P̃ΦTΦ = AΦ[R| −RtΦ]
[
T11 03

0T3 κ

]
= AΦ[RT11| − κRtΦ] (5)
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where

T11 =


∆f (0) 0 0

0 ∆f (0) 0
0 0 1


 and R =


 cos θ − sin θ 0
sin θ cos θ 0
0 0 1


 (6)

and θ is the rotation angle about the optical axis. Hence RT11 = T11R and (5)
can be written as

P̃e = AΦ[T11R| − κRtΦ] = AΦT11[R| −R(κRTT−1
11 RtΦ)] (7)

Hence,
te = κRTT−1

11 RtΦ = κT−1
11 tΦ (8)

After some straightforward algebra, we have

αe = arccos
∆f cosαΦ√

(∆f cosαΦ)2 + sin2 αΦ

, βe = βΦ (9)

Furthermore, the resulting rotation angles are all the same for different am-
biguous reconstructions since the rotation matrix does not change when the
false focal length is replaced by the true one. If the focal length is free to vary,
the relationship between the true and false focal lengths at time i is given by
f
(i)
e = ∆f (0)f

(i)
Φ .

Regarding the transformations among the 3D structures, we have the follow-
ing relationship.

w̃e = T−1
Φ w̃Φ =

[
T−1

11 03

0T
3 κ−1

] [
SΦ

1

]
=
[
T−1

11 wΦ

κ−1

]
and we = κT−1

11 wΦ (10)

The transformations of motion and scene structure reconstructions reveal the
relationships among different reconstructions. It will be employed in the design
of a novel self-calibration algorithm in the next section.

2.3 Sequential Importance Sampling

The SIS method has been recently proposed for approximating the posterior
distribution of the state parameters of a dynamic system [13]. Usually, the state
space model of a dynamic system is described by observation and state equa-
tions. Denote the measurement by yt and the state parameter by xt. The ob-
servation equation essentially provides ft(yt|xt), the conditional distribution of
the observation given the state. Similarly, the state equation gives qt(xt+1|xt),
the Markov transition distribution from time t to time t + 1. Let Xt = {xi}ti=1
and Yt = {yi}ti=1. Samples drawn from πt(Xt) = P (Xt|Yt), the posterior distri-
bution of the states given all the available observations up to t, are needed to
compute the ensemble statistics such as mean or modes. However, to directly
draw samples from a complex, high-dimensional distribution is very difficult in
practice. An alternative way to the approximation of the posterior distribution
is by a set of samples called properly weighted samples and their corresponding
weights [13].
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Suppose {X (j)
t }mj=1 is a set of random samples properly weighted by the set of

weights {w(j)
t }mj=1 with respect to πt and let gt+1 be a trial distribution. Then the

recursive SIS procedure to obtain the samples and weights properly weighting
πt+1 is as follows.

SIS steps: for j = 1, · · · ,m,
(A) Draw Xt+1 = x(j)

t+1 from gt+1(xt+1|X (j)
t ). Attach x(j)

t+1 to form X (j)
t+1 =

(X (j)
t ,x(j)

t+1).
(B) Compute the “incremental weight” ut+1 by

u
(j)
t+1 =

πt+1(X (j)
t+1)

πt(X (j)
t )gt+1(xt+1|X (j)

t )

and let w(j)
t+1 = u

(j)
t+1w

(j)
t .

It can be shown [13] that {X (j)
t+1, w

(j)
t+1}mj=1 is properly weighted with respect

to πt+1. Hence, the above SIS steps can be applied recursively to get the properly
weighted set for any future time instant when the corresponding observations
are available. The choice of the trial distribution gt+1 is very crucial in the SIS
procedure since it directly affects the efficiency of the proposed SIS method.
In our approach, we used gt+1(xt+1|Xt) = qt+1(xt+1|xt). It can be shown that
in this case ut+1 ∝ f(yt+1|xt+1), which is the conditional probability density
function of the observations at t + 1 given the state sample xt+1 and it is also
known as the likelihood function of xt+1 since the observations are fixed.

3 Bayesian Self-Calibration Using Sequential Importance
Sampling

In this section, we design a camera self-calibration algorithm assuming that the
camera has an unknown constant or varying focal length or equivalently FOV
with all the other parameters given. Our goal is to find an algorithm that does not
have any specific requirement for initialization and is able to detect and handle
the CMSs. The performance of the algorithm should degrade gracefully as the
noise level in the observations increases. SIS is used as the main computational
framework because of its capability for solving problems involving non-linear
systems.

3.1 Parameterization of the Camera Motion

Before discussing the parameterization of sensor motion, we introduce two 3D
Euclidean coordinate systems used in our research. One coordinate system is
attached to the camera and uses the center of projection of the camera as its
origin. It is denoted by C. The Z axis of C is along the optical axis of the camera,
with the positive half-axis in the camera looking direction. The X-Y plane of
C is perpendicular to the Z axis with the X and Y axes parallel to the borders
of the image plane. Also, the X-Y -Z axes of C satisfy the right-hand rule. The
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other coordinate system is a world inertial frame, denoted by I. I is fixed on the
ground. The coordinate axes of I are configured in such a way that initially, I
and C coincide. When the camera moves, C travels with the camera and I stays
at the initial position.

Ψ

ZC

CX

YCΨ
X

Y

x

y

C

C

CZ

O

Ψz
O

( α , β )

γ

γ 0

Fig. 1. Imaging model of a moving camera with an unknown FOV

Since the focal length (or FOV) is unknown, γ is used to represent the un-
known focal length (or FOV). It is noted that the ranges of focal length and
FOV are [0,∞] and [0, π], respectively. Since a sampling based procedure is to
be used, a naturally bounded variable is preferred. Hence, instead of focal length,
the vertical FOV of the camera is to be estimated in the algorithm. Let γ denote
the unknown FOV. Based on the above discussion, the state vector describing
both extrinsic (motion) and intrinsic (FOV) parameters could be defined as

x = (ψx, ψy, ψz, α, β, γ). (11)

Here (ψx, ψy, ψz) are the rotation angles of the camera about the coordinate axes
of the inertial frame I and (α, β) are the elevation and azimuth angles of the
camera translation direction, measured in the world system I. γ is the FOV of
the camera. For simplicity, we still call x, the motion parameter: remember that
the FOV is now included in x. If the FOV is free to change, one more component
is added to the motion parameters.

x = (ψx, ψy, ψz, α, β, γ0, γ) (12)

where γ0 represents the FOV of the camera at the initial time instant and γ
denotes the FOV at other time instants.

State space model. Given the above motion parameterization, a state space
model can be used to describe the behavior of a moving camera.

xt+1 = xt + nx and yt = Proj(xt,St) + ny (13)

where xt is the state vector and yt is the observation at time t. Proj(·) denotes
the perspective projection, a function of camera motion xt and scene structure
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St. nx denotes the dynamic noise in the system, describing the time-varying
property of the state vector. If no prior knowledge about motion is available, a
random walk will be a suitable alternative for modeling the camera motion.

3.2 Processing Critical Motion Sequences

If a motion sequence is critical, the self-calibration algorithm should be able to
detect the presence of CMSs. In our approach, CMS detection can be modeled as
a hypothesis testing problem and the posterior probability of the non-criticalness
of the motion sequence can be estimated. In the hypothesis testing problem, a
binary variable IC is introduced to indicate the presence of a CMS:

IC =
{
1, the motion sequence is critical
0, the motion sequence is not critical (14)

This hypothesis testing problem can be naturally embedded in the SIS pro-
cedure. In the current case of interest, only one class of CMS exists: motion
sequences that do not contain any rotation about an axis parallel to the image
plane. Therefore, if the motion sequence is critical, motion samples with rotation
only about the optical axis are enough to interpret the trajectories of the feature
points. On the other hand, if the motion sequence is not critical, motion samples
with rotation about axes parallel to the image plane have to be used to interpret
the feature trajectories. Hence, two sets of samples are involved in the SIS proce-
dure. The set of samples with only rotation about the optical axis is denoted by
XC since it can explain the feature trajectories in the image plane introduced by
the CMS. The other set of samples is denoted by XG because it will be used to
explain the feature trajectories caused by general motion sequences other than
CMSs. In the initialization stage of SIS, samples are generated in these two sets.
Because no knowledge of the criticalness of the motion sequence is available at
the beginning, equal numbers of samples are used in the two sets. The weights
of the samples can be computed directly using the formula derived in [14].

During the motion of the camera, the criticalness of the motion sequence
can change. A critical motion sequence up to time t can become non-critical
at time t + 1 if rotation about axes parallel to the image plane is present at
time t + 1. However, a non-critical motion sequence can never become critical.
If the indicator IC is viewed as the state of a dynamic system, this dynamic
system can be characterized by a Markov chain. If the probability that a critical
motion sequence becomes non-critical at time t is PC→G(t), the state transition
probabilities of the Markov chain are:


P (IC(t+ 1) = 0|IC(t) = 1) = PC→G(t)
P (IC(t+ 1) = 1|IC(t) = 1) = 1 − PC→G(t)
P (IC(t+ 1) = 0|IC(t) = 0) = 1
P (IC(t+ 1) = 1|IC(t) = 0) = 0

(15)

To take this fact into account in SIS, when drawing new samples for time t+ 1
from samples for time t, the samples in XC need to be transferred to XG with
probability PC→G(t). This can be done by adding rotation components about
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axes parallel to the image plane, which can be drawn from a trial distribution.
PC→G(t) is unknown and no knowledge about it is available. Intuitively, 0.5 could
be a good value for PC→G(t) for all t since it gives the maximum uncertainty
to the occurrence of the transformation of the motion sequence from critical to
non-critical.

In the SIS procedure, the sample-weight set describes the posterior distribu-
tion of the motion parameters:

P (Xt|Yt) =
∑
IC

P (Xt, IC |Yt)

= P (Xt|IC = 1,Yt)P (IC = 1|Yt) + P (Xt|IC = 0,Yt)P (IC = 0|Yt)
The samples in XG are properly weighted by their corresponding weights with
respect to P (Xt|IC = 0,Yt), the posterior distribution of the motion parameters
conditional on the motion sequence is not critical. The posterior probability of
the presence of the critical motion sequence, πt(IC = 1) = P (IC = 1|Yt), can be
obtained using the following theorem.

Theorem 1. Assume that {XC ,XG} is properly weighted by {WC ,WG} with re-
spect to P (Xt|Yt). XC is the sample set related to the hypothesis that a critical
motion sequence is present and WC is the associated weight set. Then πt(IC = 1),
the posterior probability of criticalness of the given motion sequence, is given by

πt(IC = 1) = lim
m→∞

∑
wc∈WC wc∑

wc∈WC wc +
∑
wg∈WG wg

(16)

where m is the number of samples.

The proof of the theorem is very straightforward and it is omitted due to the
page limitation.

3.3 The Algorithm

Based on the discussion in the last section, a Bayesian camera self-calibration
algorithm using SIS can be designed. Before the algorithm is presented, one more
issue needs to be addressed.

Samples in XC are to be transferred to XG with a certain probability. Let the
sample-weight pairs before this transfer be SC = (XC ,WC) and SG = (XG ,WG).
The transfer is done by reducing the weights of the samples in SC to half of the
original values such that the number of samples belonging to SC after resampling
has been decreased by half . Then, the samples of SC are put into SG with the
remaining half weights. Therefore, the new sample-weight sets after the transfer
step become

S̃C = (XC ,
WC
2

) , S̃G = ({XC ,XG}, {WC
2
,WG}) (17)

After the transfer of samples, resampling is done to the samples in S̃C to prepare
samples for the next time instant. For samples in S̃G , two procedures will be
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utilized. Resampling is applied to the samples from SG . A crucial procedure,
called uniforming, is applied to the samples transferred from SC to S̃G . As we
mentioned in the last section, due to the fact that only a finite number of samples
are used to describe the posterior distribution of the parameters, the empirical
distribution of the FOV is not uniform. Uniforming is used to explore the fact
that the posterior distribution of the FOV should be uniform in [0, π] if the
motion sequence is critical no matter how the FOV is distributed according
to the empirical samples and weights. Let XC→G = {x(j)}kj=1 be the samples

transferred with weights WC→G = {w(j)

2 }kj=1 in S̃G . These sample-weight pairs
are denoted by SC→G = (XC→G ,WC→G) = (XC , WC

2 ). Assume that m samples
are used in the SIS procedure. Uniforming applied to SC→G can be done in the
following way:

Uniforming. For j = 1, · · · , k,
(A) Uniformly draw Γ = {γ(i)}nj

i=1, samples of FOV from [0, π] where

nj =
mw(j)

2(
∑
wc∈WC wc +

∑
wg∈WG wg)

For i = 1, · · · nj
(B) Compute the associated focal length in units of the height of the film:

f (i) = (2 tan γ(i)

2 )−1. Motion sample x(j) is used as a seed to produce more
samples. Let the focal length associated with the FOV in x(j) be f (0). By using
the transformation among ambiguous motion estimates derived in section 2, the
camera motion parameters related to the current focal length f (i) can be found
directly using (9). A new motion sample can be formed as

x(i)
j = (0, 0, Ψz, α

(i)
j , β, γ(i)) (18)

where Ψz and β are the corresponding components in x(j). Hence, X (j)
U =

{x(i)
j }nj

i=1 are the new samples obtained from seed x(j).
If the focal length is free to vary, the associated sample value of γ0 needs to

be changed properly. The new samples can be written as

x(i)
j = (0, 0, Ψz, α

(i)
j , β, γ

(i)
0 , γ(i)) (19)

where

γ
(i)
0 = 2arctan

f
(0)
0 f (0)

f (i) , f (0)
0 =

(
2 tan

γ
(0)
0

2

)−1

(20)

and γ(0)
0 is the value of FOV in the seed sample x(j).

(C) {X (j)
U }kj=1 contains the samples by uniforming the sample-weight pair

SC→G .
Based on the above discussion, the SIS procedure for Bayesian self-calibration

proceeds as follows.
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Bayesian Camera Self-Calibration Using SIS

1. Initialization. Draw samples of the motion parameters {x(j)
0 }mj=1 from the

initial distribution π0. π0 describes the distribution of the motion parameters
x0 before the camera moves. The absence of camera motion does not imply
that x0 = 0. Although the rotation angle vector ψ and the translational
vector are zero, the translational angles can be uniformly distributed. Hence,
in {x(j)

0 }, the components of the rotation angles are all set to zero and the
samples of α, β and γ (and γ0 if the focal length is free to change) are drawn
from the uniform distribution in [0, π], [0, 2π] and [0, π], respectively. Since all
the samples are drawn from the exact posterior distributions, equal weights
are assigned to these samples. Since at the moment, rotation angles are all
zeros, all the current samples belong to XC and XG contains no samples.
For t = 1, · · · , τ :

2. Sample transfer. Two pairs of sample-weight sets are available: (XC ,WC)
and (XG ,WG). Transfer all samples in XC to XG , and assign half weight to
each sample. Denote the sample-weight pair transferred from SC to SG by
SC→G = (XC , WC

2 ). The new sample-weight pairs after sample transfer are
S̃C = (XC , 2WC

2 ) and S̃G = {SC→G ,SG} = ({XC ,XG}, {WC
2 ,WG}).

3. Resampling and uniforming. Resample the samples in S̃C according to
their associated weights. X̂C is used to represent the set containing the re-
sulting samples. For samples in S̃G , uniforming and resampling are applied to
samples belonging to different sets. Uniforming is performed on the samples
in SC→G . The samples originally in XG are then resampled. The sample set
produced by these two procedures is denoted by X̂G . Since resampling and
uniforming have been executed, all the samples in X̂C and X̂G have equal
weights. Let {x̂(j)

t−1}mj=1 denote the current samples.
4. Sample generation.

For j = 1, · · · ,m:
Draw x(j)

t from the distributions of x̂jt−1 + nx. The following distributions
can be used for the dynamic noises in the translation direction angles. nκ ∼
U(−δκ, δκ), κ ∈ {α, β} where δα and δβ can be chosen as positive numbers.
The distributions of the dynamic noises in the rotation angles depend on
x̂jt−1. If x̂

j
t−1 is in X̂C , disturbances are only added to the Z component of

the rotation angles with nψz ∼ N (0, σz). Otherwise, dynamic disturbances
can be added to all the three components of the rotation angles and the
associated distributions can be nψι ∼ N (0, σι), ι ∈ {x, y, z} where δx, δy and
δz can also be chosen as some small positive numbers.

5. Weight computation. Compute the weights of the samples,{w(j)
t } using

the weight computation formulas derived in [14] (See equations (5), (6) and
(7) in [14] for details). Notice that in this case, the computation of the posi-
tions of terminal points of the epipolar line l involves not only the extrinsic
parameters of the camera motion, but also γ, the field of view. The resulting
samples and their corresponding weights (X (j)

t , w
(j)
t ) are properly weighted

with respect to πt(Xt). If more image frames are available, go back to step 2.
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Inference of Depth Distribution. By using the SIS procedure proposed above,
the posterior distribution of the camera extrinsic and intrinsic parameters can
be approximately described by the resulting samples and their corresponding
weights. The inference of the posterior distribution of the depths, πt(zt), can be
accomplished as follows. In [14], two algorithms are presented to find the poste-
rior distribution of feature depths when all the camera calibration parameters are
known. The discussion about the inference of πt(zt) based on the results obtained
on πt(Xt) is still valid here since nothing has changed except that the unknown
FOV γ is included in the motion vector x. Hence, the posterior distribution
of the depths can be directly inferred using the samples and weights properly
weighted with respect to the posterior motion (both extrinsic and intrinsic) dis-
tribution. Both algorithms developed in [14] can be used to find samples and
weights properly weighted with respect to the posterior distribution of feature
depths in this case except that the known constant value focal length used in
[14] needs to be replaced by the values of FOV in motion samples.

4 Experimental Results and Performance Analysis

By using the proposed algorithm for Bayesian self-calibration, constant or vary-
ing FOV can be recovered and furthermore, the motion of the camera and the
scene structure can be reconstructed.

4.1 Constant Field of View

Two experimental results using synthetic image sequences are presented first.
The synthetic feature trajectories are corrupted by additive white Gaussian noise
(AWGN). In the first experiment, the standard deviation (STD) of the AWGN
is 0.5 pixel. We consider this case as a nominal case.

A Nominal Case Study. In this case, rotation about the X axis is present, hence
the motion sequence is not critical.
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Fig. 2. (a) shows the probability of non-criticalness of the motion sequence in the
nominal case and (b) shows the MMSE estimates of the feature depths.

Figure 2 (a) shows the probability of the non-criticalness of the motion se-
quence. The horizontal axis of Figure 2 (a) is the time axis and the corresponding
value on the vertical axis indicates the probability of the non-criticalness of the
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motion sequence up to that time. It can be seen that this probability starts with
a relatively low value at the beginning of the sequence. The reason is as follows.
At the beginning of the sequence, the rotation about the X axis is small. Due to
the observation noise in feature correspondences, the sequence looks like a criti-
cal motion sequence. Along with the increase in the rotation angle about the X
axis, the probability of non-criticalness of the sequence approaches 1 eventually.
This indicates that this motion sequence is not critical.
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Fig. 3. Camera motion and calibration distributions in the nominal case

The motion distributions are shown in Figure 3. The ground-truths (including
FOV) are indicated by the bold solid lines in Figure 3. Figures (a,b,c) show the
distributions of the rotational angles ψx, ψy and ψz, respectively. The following
two figures give the distributions of the translational angles α and β. In each
figure, the distribution of the corresponding motion parameter at each time
instant is shown from the top of the figure to the bottom. (ψx, ψy, ψz) are in the
range [−π, π]. α is in [0, π] and β in [0, 2π]. All the other motion distribution
results in this paper can be interpreted in the same way. We can see that the
resulting posterior distributions of motion parameters have peaks very close
to the ground-truths. Figure 3(f) shows the ground-truths and the posterior
distributions of the field of view. Figure 2 (b) shows the ground-truths and the
minimum mean square error (MMSE) estimates of the depths of the feature
points. Since they are very close, it is difficult to distinguish one from the other.

A Critical Motion Sequence. Critical motion sequences were also generated to
test the proposed algorithm. One example is included here. In this example, the
virtual camera only translates along the horizontal axis without any rotation.

Figure 4 (a) shows the probability of non-criticalness of this motion sequence.
It can be seen that the probability of non-criticalness of the camera stays at zero
throughout the sequence, indicating that this motion sequence is critical. The
ground-truth and posterior distribution of the FOV are shown in Figure 4 (b)
and it can be seen that the FOV is nearly uniformly distributed.
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Fig. 4. (a) shows the posterior probability of non-criticalness of the motion sequence.
Since in the experiment the motion is pure translation, it can be seen that this prob-
ability is very close to zero, indicating that the motion sequence is critical. and (b)
is the distribution of the FOV and it can be seen that the FOV is nearly uniformly
distributed.

4.2 Freely Varying Field of View

Now let us look at examples when the FOV of the camera can freely vary.

Circular Camera Motion. We let the virtual camera move along a circle. At the
same time, the field of view of the camera is enlarged.

Figure 5 (a) - (g) shows the ground-truths and posterior distributions of the
motion parameters. Figure 5 (h) shows the probability of non-criticalness of the
motion sequence. It can be seen that this probability increases to 1 when more
image frames are used and the rotation angles about the X axis increases. The
MMSE estimates of depths are shown in Figure 5 (i).

Elliptical Camera Motion. In this example, we tested the proposed algorithm
using an image sequence produced by a virtual camera moving along an ellipse
with the optical axis of the camera tangent to the ellipse. Recall that this type
of motion sequence was found critical [10,11], when the FOV can varying. The
feature points are spread randomly in the 3D space and they are not on a plane.
The feature correspondences are corrupted by AWGN with one-pixel of STD. By
using the proposed approach, the posterior motion distribution of the camera
can be approximated by a set of samples and their weights.

Figure 6 shows the refined estimates after applying the Levenberg-Marquardt
non-linear optimization, using the result from the SIS algorithm as an initial
guess. In Figure 6, the horizontal axis of each plot is the time axis. The solid
lines show the ground-truths of the motion and calibration parameters of the
camera and the dashed lines are the estimates of the parameters. It can be seen
that the final results are very close to the ground-truths. Hence, it has been
experimentally shown that it is possible to remove the calibration ambiguity
introduced by the motion along an ellipse, which is the second type of CMS
mentioned in Section 2.2.

3D Face Modeling Using Uncalibrated Camera. In this example, an image se-
quence containing 17 frames was captured using SunCamera II, which is an
adjustable CCD color camera. The vertical FOV of SunCamera II is 33 degrees,
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Fig. 5. The ground-truths and the posterior distributions of the camera motion and
calibration parameters in the case of circular motion with varying focal length. (a)-(c)
are the plots for camera rotation angles. (d) and (e) are the plots for camera translation
direction angles. (f) is for the FOV of the camera at the initial time instance. (g)
is for the varying FOV at different time instances. (h) shows the probability of non-
criticalness of the motion sequence and (i) is the MMSE estimate of the feature depths.

which is equal to 0.576 radian. By using the proposed Bayesian self-calibration
algorithm, the FOV of the camera can be accurately estimated and a 3D face
model can be reconstructed. The MMSE estimate of the vertical fov is 0.5804
radian, which is very close to the ground-truth.

In Figure 7, (a) shows the texture map of this face sequence and (b)-(d) are
the reconstructed 3D face model viewed from different angles.

5 Conclusions

In this paper, we have presented an algorithm for camera self-calibration using
SIS. Our efforts have concentrated on the main problem of self-calibration: es-
timation of the FOV with all the other intrinsic parameters known, where the
unknown FOV can be either constant or varying throughout the image sequence.
The proposed algorithm is capable of processing the CMSs and quasi-CMSs
and it does not have any specific requirements for initialization. The proposed
method has also been tested extensively and satisfactory experimental results
are obtained. A future research direction could be the extension of the algorithm
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Fig. 6. The ground-truths and the estimates of the camera motion, calibration and
structure parameters after non-linear optimization in the case of elliptical motion. (a)-
(c) are the plots for camera rotation angles. (d)-(f) are the plots for camera translations.
(g) shows ground-truth and estimate of the field of view of the camera. (h) is depth
estimate.

Fig. 7. The texture map and reconstructed 3D model from an uncalibrated face se-
quence

to self-calibration with more unknown camera intrinsic parameters such as the
position of the principle point and the aspect ratio.
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Abstract. Metric reconstruction of a scene viewed by an uncalibrated camera
undergoing an unknown motion is a fundamental task in computer vision. To
obtain accurate results all the methods rely on bundle adjustment, a nonlinear
optimization technique which minimizes the reprojection error over the structural
and camera parameters. Bundle adjustment is optimal for normally distributed
measurement noise, however, its performance depends on the starting point. The
initial solution is usually obtained by solving a linearized constraint through a
total least squares procedure, which yields a biased estimate. We present a more
balanced approach where in main computational modules of an uncalibrated re-
construction system, the initial solution is obtained from a statistically justified
estimator which assures its unbiasedness. Since the quality of the new initial solu-
tion is already comparable with that of the result of bundle adjustment, the burden
on the latter is drastically reduced while its reliability is significantly increased.
The performance of our system was assessed for both synthetic data and standard
image sequences.

1 Introduction

Reliable analysis of image sequences captured by uncalibrated cameras is arguably
the most significant progress in the recent years in computer vision. As the result of
the analysis a 3D representation of the scene is obtained, which then can be used to
acquire 3D models, generate new viewpoints, insert and delete objects, or determine
the ego-motion for visual navigation. The technology became mature enough to support
successful commercial ventures, such as REALVIZ or 2D3.

We follow a feature based approach toward uncalibrated image sequence analysis, in
contrast with the brightness-based direct methods which consider the information from
all the pixels in the image. Given an image sequence, first salient features are extracted
from each frame and tracked across frames to establish correspondences. The analysis
itself is a hierarchical process starting from groups of two or three images. Four main
processing modules can be distinguished (Fig. 1).
1. Projective structure recovery from the key frames.
2. Insertion of the intermediate frames through camera resectioning.
3. Alignment of the independently processed subsequences.
4. Autocalibration and metric upgrade of the global reconstruction.

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 294–308, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Fig. 1. The computational modules of an uncalibrated image sequence analysis system.
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There is a large variety of methods proposed for each processing step. This paper
will consider the most widely used techniques, described in [1], [4], [13], [14]. A non-
linear minimization problem has to be solved in each of the four modules, and most
often bundle adjustment, e.g. [5], [21], is employed. Bundle adjustment is based on a
sparse Levenberg-Marquardt procedure and minimizes the reprojection error over the
whole set of unknown parameters, i.e., the camera matrices and the 3D structure. When
the reprojection errors are normally distributed, bundle adjustment yields the optimal,
maximum likelihood estimates.

The performance of any nonlinear optimization depends on the quality of the initial
solution. Should this solution be too far from the true value, satisfactory convergence of
the nonlinear procedure is no longer guaranteed. The traditional way to obtain the initial
solution in the vision problems discussed here, is to apply a total least squares (TLS)
procedure to a linearized constraint. It is well known, however, that this simple solution
is biased since it fails to correctly account for the noise process that affects the linearized
measurements, e.g. [8, p.77]. An empirical technique to improve the reliability of the
linear solution is to first perform a normalizing transformation of the data [6].

In a more theoretical approach, the linearization process is analyzed and the esti-
mation problem is put on solid theoretical foundations. The estimates obtained at the
output of such methods are unbiased up to first order approximation. Kanatani’s renor-
malization [10, pp.267–294] was the first technique from this class and was applied to a
large variety of computer vision tasks. The heteroscedastic errors-in-variables (HEIV)
model based estimation [11], defines the estimation problem somewhat differently than
renormalization and has better numerical behavior. In this paper we show that by replac-
ing the initial TLS based estimation step with a statistically more rigorous technique is
advantageous and does not increase the amount of total computations. In fact, in some
of the cases it can eliminate the need for bundle adjustment.

In Section 2 the different approaches toward solving the minimization problems aris-
ing in uncalibrated image sequence analysis are discussed. In Section 3 the performance
of the four main modules are examined under two different initialization strategies:
TLS and HEIV. The performance is assessed for synthetic data, while in Section 4 two
standard image sequences are processed.

2 Nonlinear and Linear Minimization Techniques

Let mj , j = 1, ..., n, be the available measurements, i.e., assumed to be the unknown true
values additively corrupted with normal noise having covariance Cmj . In the estimation
process the true values are replaced with the corrected measurementsm̂j , and the optimal
(maximum likelihood) estimates can be obtained by minimizing

JM =
1
2

n∑
j=1

(mj − m̂j)�C +
mj

(mj − m̂j) (1)

where C +
mj

is the pseudoinverse.
In the most straightforward approach, the dependence of the corrected measurements

m̂j on the parameter estimates β̂ is considered explicitly through a nonlinear vector
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valued function, i.e., m̂j = f j(β̂). The resulting unconstrained nonlinear optimization
problem is called bundle adjustment, and it is solved using the Levenberg-Marquardt
method taking also into account the sparseness of the problem [21]. For example, if the
m̂j-s are the measured image points corresponding to the unknown 3D points, projected
with cameras whose parameters are also unknown, the criterion (1) represents the sum
of squared geometric distances under the suitable Mahalanobis metric.

An alternative way of capturing the a priori geometrical information is to consider an
implicit relation (constraint), between m̂j and β̂, i.e., h(m̂j , β̂) = 0. The minimization
criterion (1) becomes

JM =
1
2

n∑
j=1

(mj − m̂j)�C +
mj

(mj − m̂j) +
n∑

j=1

η�
j h(m̂j , β̂) (2)

where ηj are the Lagrange multipliers. In most of the problems which arise in uncali-
brated image sequence analysis, this constraint can be written as

h(m̂j , β̂) = Φ (m̂j) θ(β̂) = 0, j = 1, ..., n . (3)

The data enters through the carrier matrix Φ, while the parameters are mapped through
the vector valued linearized parameter function θ. The linear manifold structure of (3) is
a consequence of the underlying projective geometry. Note that without loss of generality
we can have ‖θ‖ = 1.

The existence of (3) motivated the use of a simple linear approximation to obtain
θ̂, the estimate of the linearized parameters. This estimate can then be used as initial
solution for bundle adjustment. The total least squares (TLS) technique minimizing

JTLS =
n∑

j=1

∥∥∥Φ(mj)θ̂
∥∥∥2

(4)

i.e., the algebraic distance from the hyperplane with unit normal θ̂, is most often em-
ployed. The TLS estimator, however, is optimal only when all the rows φk of the carrier
matrix are corrupted with the same noise process, which must have covariance σ2I [22,
Sec. 8.2]. This is not true for the estimation problems under consideration even when
all Cmj = σ2I , since the elements of the carrier matrix are nonlinear functions in the
measurements mj .

Analyzing the structure of the carrier matrix Φ reveals that the noise process which
has to be considered when (2) is minimized, is point dependent, i.e., heteroscedastic.
The heteroscedastic errors-in-variables (HEIV) estimator described in [11] takes into
account the nature of the noise process and finds θ̂ by solving iteratively the generalized
eigenproblem

∇
θ̂
JM = [S(θ̂) − C(θ̂)]θ̂ = 0 subject to ‖θ̂‖ = 1 (5)

where

S(θ̂) =
n∑

j=1

Φ(mj)�Σ̂
+
j Φ(mj) Σ̂j = θ̂

�
J�

Φ|m̂j
Cmj JΦ|m̂j

θ̂ (6)
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is the scatter matrix. The Jacobian matrices JΦ|m̂j
= ∂Φ(m̂j)/∂m̂j can be easily

computed since most of the elements of the carrier matrix have a multilinear structure.
The expression of the weighted covariance matrix is

C(θ̂) =
n∑

j=1

∑
k,l

ηkjηlj

[
∂φk(m̂j)

∂m̂j

]�
Cmj

[
∂φl(m̂j)

∂m̂j

]
ηj = Σ̂

+
j Φ(mj)θ̂

(7)

where φk is the kth row of Φ. The corrected measurements are

m̂j = mj − Cmj JΦ|m̂j
θ̂Σ̂

+
j Φ(mj)θ̂ (8)

and analytical expressions for the covariances of the estimated parameters C θ̂ and the
corrected measurements Cm̂j are also available [11, Sec. 5.2].

In spite of being computed iteratively, the performance of the HEIV estimation is
not critically dependent of the initial choice of θ̂ in (5). Indeed, in most of the cases
using a random initial θ̂ suffices. A more accurate starting value can be obtained by
approximating the initial S(θ̂) and C(θ̂) from the available measurements mj and
their covariances Cmj (usually taken as σ2I) [11, Sec. 5.6]. After each iteration the
measurements are corrected (8) and the Jacobian matrices are updated followed by
S(θ̂) and C(θ̂). Convergence is usually reached after 3-4 iterations. It can be shown
that θ̂ is an unbiased estimate at the first order approximation [11, Sec. 5.2].

The minimization criterion solved by the HEIV estimator is similar to that of the
Sampson distance [8, Sec. 15.4.3]. However, traditionally when the Sampson distance
is used, the solution is still obtained through the Levenberg Marquardt algorithm and
the Jacobian matrices are not updated at each step [8, pp. 387–388].

The parameter of interest in the optimization is β and not θ. Since at each iteration
of the HEIV estimation procedure the covariance of the current linearized parameter
estimates C θ̂ is available, θ̂ can be further refined by imposing the constraint of its
nonlinear dependence on β (3). This is achieved by projecting θ̂ under the metric induced
by C θ̂ on the nonlinear manifold in the space of β

β̂ = argmin
β

∥∥∥θ̂ − θ(β)
∥∥∥2

C θ̂

(9)

which is solved by linearization [11, Sec. 5.10]. The parameter estimate θ̂ can now be

updated as θ̂
(u)

= θ(β̂) and this value is used in the next iteration of the HEIV estimator.

3 Uncalibrated Image Sequence Analysis System

The reconstruction of the 3D scene in the system described in this paper is based on point
features detected in the images. The Harris corner detector was used, since it provides
the most stable features under a wide range of operating conditions [16]. The correspon-
dences across frames are established by the traditional normalized cross-correlation
technique.
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The first step in the analysis is to break down the sequence into several small groups of
key frames. Since the “local” estimation of the projective structure employs the trifocal
tensor, each group has three key frames. Given the first frame, the second and third
frames are chosen to satisfy the trade-off between increasing the baseline of the group
and having enough reliably tracked features. Adjacent key frames triplets have two
frames in common (Fig. 1).

The three key frames delimit sets of contiguous intermediate frames in the sequence.
Because the salient points were tracked also through these frames, the projection matri-
ces for each intermediate frame can be computed by camera resectioning. The projective
structure is then refined for the entire subsequence. The same process is applied inde-
pendently to the next triplet of key frames, and the two subsequences are aligned by
bringing them into the same projective basis.

After the entire available image sequence was processed and aligned, given that the
camera motion is not degenerate, the metric structure of the 3D scene is recovered by
imposing additional constraints on the internal camera parameters.

Fig. 2. Synthetic data. Two views of the typical configuration.

The role of the two initialization methods in the four computational modules will
be assessed using synthetic data. Thirty 3D points were uniformly distributed in a cube
and kept in the field of view in each of the 7 frames of size 512x512. The projected
points were corrupted by normal noise with standard deviation σ = 0.5 pixel units.
Every second frame was taken as a key frame, thus having two subsequences of five
frames each. The performance of the four modules was recorded in 100 trials. Between
the trials the measurement noise is changed, and the position of the cameras was slightly
perturbed by a random displacement. Two views of a typical experimental configuration
is shown is Fig. 2. Note the small baseline of the camera movement which increases
the difficulty of the processing. To assess the performance of an individual module, the
output of bundle adjustment from the previous module was used.

3.1 Projective Structure Recovery from the Key Frames

The first computational module of the uncalibrated image sequence analysis system re-
covers the projective structure defined by triplets of key frames. The employed geometric
constraint is based on the trifocal tensor which describes, independently of the scene
structure, the intrinsic properties of the group of three images [17].
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The incidence relation between the three point projections {x,x′,x′′} corresponding
to the same 3D point can be written using the estimated 3 × 3 × 3 trifocal tensor T as

[x′]×

(
3∑

i=1

xiT i

)
[x′′]× = 03×3 (10)

where [v]× is the skew-symmetric matrix such that v×u = [v]×u and the 3×3 matrices
T i are the correlation slices of the trifocal tensor [2]. The trifocal tensor is related to the
projection matrices of the three frames P = [I|0], P ′ = [A|e′] and P ′′ = [B|e′′] by

T i = aie
′′� − e′b�

i . (11)

The constraint is satisfied by the true values of the quantities involved. For the estimation
the relation (10) can be easily rewritten under the from (3)

Φt(m̂t)θt(β̂t) = 09 ‖θt‖ = 1 (12)

where the elements of the carrier matrix are products of the corrected image coordi-
nates m̂t = [x̂1, x̂2, x̂

′
1, x̂

′
2, x̂

′′
1 , x̂′′

2 ]� ∈ R
6 and the components of the unconstrained

parameter vector θt ∈ R
27 are the estimates of the trifocal tensor elements. Each point

correspondence contributes with 4 independent constraints [8, pp.417–421].
It can be shown that the trifocal tensor has only 18 degrees of freedom [2], and

different parametrizations can be employed to constrain the 27 values of θt to represent
a tensor [18]. We have used the 24 parameters of the projection matrices P ′ and P ′′ for
parametrization, thus βt ∈ R

24. Note that only 22 parameters are significant due to the
scale ambiguity of the projection matrices.

Since not all point correspondences are correct, the estimation process must be
implemented robustly. Instead of the traditional RANSAC approach we have used one
of its variants MLESAC [19], and minimized the transfer error, i.e., the robust sum
of squared distances between the measurements and the corrected points. Subsequent
computations were based only on the inliers. We have found that when the percentage of
erroneous matches is small (say under 20%) a global M-estimation procedure is already
satisfactory. This condition can be assured by using a high correlation score threshold.

The optimal, Gold Standard method for the recovery of the projective structure from
a triplet of the key frames, is to apply bundle adjustment over the camera parameters and
the 3D position of each feature [3], [18]. The initial solution is computed by recovering
the camera matrices from the tensor (11), and using this information to obtain the 3D
coordinates of each point by triangulation. The initial solution was computed with either
TLS using normalized image coordinates [6] or HEIV. In the latter case, the corrected
measurements m̂t are also available (8) and the camera parameters are obtained using
the estimation process (9).

The performance was assessed through the reprojection error, i.e., the root-mean-
squared (RMS) residual error which is proportional to the square root of the optimization
criterion value (1). In Fig. 3 the histograms of the reprojection errors are shown for the
different processing methods. As expected, the linear TLS solution is of poor quality
being strongly biased (Fig. 3a), though bundle adjustment succeeds to eliminate this
bias (Fig. 3b). The HEIV solution (Fig. 3c), on the other hand, already returns the same
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Fig. 3. Reprojection errors for the trifocal tensor estimation from the key frames. (a) TLS initial
solution. Note the different scale from HEIV. (b) Bundle adjustment initiated with TLS. (c) HEIV
initial solution. (d) Bundle adjustment initiated with HEIV.

estimate as the Gold Standard method, subsequent bundle adjustment is not necessary
since it will not yield any improvement (Fig. 3d). The number of bundle adjustment
iterations for the TLS initialization was on average 5.3 but with high variation (σit =
6.5) while using the HEIV initialization no additional iterations were needed. See [12]
for a detailed discussion about using HEIV method for the trifocal tensor estimation.

3.2 Insertion of the Intermediate Frames

To complete the projective structure estimation for the entire subsequence defined by
the three selected key frames, the information provided by the intermediate frames must
be also integrated. Will denote with X the projective coordinates of the 3D points,
whose image was tracked through all the intermediate frames. From the processing
of the key frames, the estimates of these 3D points are already available. Thus, using
camera resectioning [8, pp. 166–170] the initial solution for the camera matrices of the
intermediate frames can be determined.

The projective image formation relation x ∼ PX can be rewritten as
 0�

4 −x3X
� x2X

�

x3X
� 0�

4 −x1X
�

−x2X
� x1X

� 0�
4




p(1)

p(2)

p(3)


 = 03 (13)

where we denote by p(k)� the kth row of the camera matrix P . Each measurement
contributes with two linear independent equations, and thus the images of at least six
3D points must be available. From the constraint (13), for the estimation we obtain an
expression which has the form (3)

Φr (m̂r) θ̂r = 03 (14)

where the carrier matrix Φr has as elements products between the corrected projective

image and 3D coordinates, m̂r = [x̂�, X̂
�

]�, and θ̂r = vec[P̂
�

] are the elements of
the projection matrix to be estimated.
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The projection matrices are estimated for each of the intermediate frames initially
by TLS and HEIV. Note that the HEIV based estimation takes into account that the
“measurements” of the 3D points Xi (estimated in the first module) have covariances
CXi . The entire subsequence, defined by the key frames and the intermediate frames, is
passed to the bundle adjustment which refines globally the camera parameters and the
3D points coordinates.
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Fig. 4. Reprojection errors for the entire subsequence. (a) TLS initial solutions, large errors. (b)
Bundle adjustment initiated with the estimates in (a). (c) TLS initial solution. Note the different
scale from HEIV. (d) Bundle adjustment initiated with TLS. (e) HEIV initial solution. (f) Bundle
adjustment initiated with HEIV.

Results obtained with TLS initialization are presented in Figs. 4a and 4c, while the
output of the corresponding bundle adjustment is shown in Figs. 4b and 4d. A few of the
TLS initializations fail yielding RMS errors larger that 2 (Fig. 4a). Bundle adjustment
did not succeed to recover from all of these cases (Fig. 4b). The bias of the TLS initial
solution is also visible in Fig. 4c but it is removed after bundle adjustment (Fig. 4d).
The HEIV initial solution is unbiased and yields smaller errors than the TLS (Fig. 4e).
Since bundle adjustment is a global procedure, the errors are further reduced (Fig. 4f).
It should be emphasized that after bundle adjustment both initializations give the same
results (except the few failures of TLS) but fewer iterations were needed for bundle
adjustment to converge for the HEIV initialization (average 3.5 with σit = 0.8) than
using the TLS initialization (average 5.1 but with large σit = 6.1).

In the same framework we can also approach the triangulation procedure, i.e. finding
the location of the 3D projective coordinates of a point knowing its projection in several
images and the camera matrices. While it was not used in the performance comparisons
with synthetic data, triangulation is an important step in the analysis of real image
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sequences to obtain additional point correspondences and augment the available structure
[7].

For triangulation, in (13) the parameters become the 3D projective point coordinates,
and the “measurements” are the image points and camera matrices

Φg(mg)θg =
[

x1p
(3)� − x3p

(1)�

x2p
(3)� − x3p

(2)�

]
X = 02 . (15)

The HEIV estimation takes into account the nonliniarities present in the carrier matrix,
i.e., the products of image coordinates and camera matrix elements.

3.3 Alignment of the Independently Processed Subsequences

After a subsequence was processed, the newly obtained structure must be aligned with
the already recovered structure. This can be achieved since there are at least two frames
overlapping with the previous subsequence.

Assume that the frame j is shared by both subsequences and an image point xij

from this frame corresponds to the 3D point having the coordinates Xi and X ′
i in

the projective base of the two subsequences. Then the homography H that aligns the
subsequences must obey

xij ∼ P jXi ∼ P ′
jHH−1X ′

i or P j ∼ P ′
jH Xi ∼ H−1X ′

i (16)

where P j and P ′
j are the projective matrices of the frame j in the two bases.

Different methods allowing linear solutions for H , based on direct 3D point registra-
tion, which is not meaningful in a projective framework, enforcing camera consistency,
or a combination of these two were proposed [4]. We use the reprojection error between
P ′

jHXi and the corresponding image coordinates xij . From (16) this constraint is

xij ∼ P ′
jHXi (17)

which can be expressed for estimation as

Φh (m̂h) θ̂h = 02 (18)

where the elements of the carrier matrix Φh are triple products of the corrected image
coordinates, projection matrix elements and projective coordinates of the 3D points,

m̂�
h = [x̂�, vec[P̂

�
]�, X̂

�
] and θ̂h contains the 16 components of the homography

H to be estimated.
The TLS initialization started from the results of the TLS based bundle adjustment

from the previous module. Thus the few cases yielding large residual errors were also
considered. Some of these cases were successfully processed by alignment, however,
other new ones were introduced (Figs. 5a and 5b). The HEIV initialization used the
estimated covariance matrices CP̂ ′ and CX̂ of the projection matrices and 3D points.
No failures were obtained and its performance (Fig. 5e) is further refined by the global
bundle adjustment (Fig. 5f). The average number of iterations using the TLS initialization
was 6.4 with σit = 9.42 while using the HEIV initialization the average was 3.9 with
σit = 1.6.
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Fig. 5. Reprojection errors for alignment of subsequences. (a) TLS initial solutions, large errors.
(b) Bundle adjustment initiated with the estimates in (a). (c) TLS initial solution. (d) Bundle
adjustment initiated with TLS. (e) HEIV initial solution. (f) Bundle adjustment initiated with
HEIV.

3.4 Autocalibration and Metric Upgrade of the Global Reconstruction

The autocalibration method used in this paper is based on the dual absolute quadric Ω∗

and its relation to the dual image of the absolute conic ω∗
j [20]

ω∗
j ∼ KjK

�
j ∼ P jΩ

∗P �
j (19)

where Kj are the internal camera parameters for frame j. When additional knowledge
about the internal parameters is available, such as no skew, known principal point or
aspect ratio, then relation (19) can be used to obtain constraints on the dual absolute
quadric [9], [14], [15]. If we assume that the aspect ratio is one, the skew is zero and
the principal point is in the center of the image, then (19) yields four linear independent
equations

p
(1)�
j Ω∗p(1)

j = p
(2)�
j Ω∗p(2)

j

p
(i)�
j Ω∗p(k)

j = 0 (i, k) ∈ {(1, 2), (1, 3), (2, 3)} (20)

which can be rearranged for estimation as in (3)

Φa(m̂a)θ̂a = 04 (21)

where the carriers Φ have as elements double products of the projection matrix elements,

m̂a = vec[P̂
�

] ∈ R
12 and θ̂a ∈ R

10 contains the dual absolute quadric elements to be
estimated. Because of the symmetry only 10 such elements are needed.
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If one of the projection matrices is chosen as reference P 0 = [I|03] thenΩ∗ becomes

Ω∗ =
[

K0K
�
0 −K0K

�
0 π∞

−π�
∞K0K

�
0 −π�

∞K0K
�
0 π∞

]
(22)

where π∞ defines the plane at infinity. Thus Ω∗ can be parametrized by maximum 8
parameters (3 from the plane at infinity and the rest from K0). The following transfor-
mation brings the recovered projective structure into a metric reconstruction

H =
[

K0 0
−π∞K�

0 1

]
. (23)

Following [15] the TLS initial solution was further refined by solving with Levenberg-
Marquardt the nonlinear least squares problem

∑
j

∥∥∥∥∥ KjK
�
j

‖KjK
�
j ‖F

− P jΩ
∗P �

j

‖P jΩ
∗P �

j ‖F

∥∥∥∥∥
2

F

(24)

where ‖·‖F is the Frobenius norm of a matrix. The refinement of HEIV initialization was
based on the nonlinear correction (9) which provided the estimates of the parametrization
(22).
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Fig. 6. Reprojection errors for metric upgrade of the entire structure. (a) Refined TLS initial
solutions, large errors. (b) Bundle adjustment initiated with the estimates in (a). (c) Refined TLS
initial solution. (d) Bundle adjustment initiated with refined TLS. (e) HEIV initial solution. (f)
Bundle adjustment initiated with HEIV.

The projective reconstruction is upgraded to a metric reconstruction using the homog-
raphy computed from (23) and bundle adjustment is employed over all the available 3D
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points, internal and external camera parameters. The rotation matrices were parametrized
with quaternions.

The results before and after metric bundle adjustment are presented in Fig. 6. The
HEIV based initial solution (Fig. 6e) has similar performance to the combined TLS and
nonlinear LS solution for the majority of the data (Fig. 6c) while not having the spurious
large residual errors (Fig. 6a).

4 Experimental Results with Image Sequences

The system using the HEIV initialization was run on two well known real image se-
quences. Fig. 7 shows two images from the MOVI house image sequence and two poses
of the reconstructed scene and camera positions. The sequence has 118 frames of a scene
taken by moving the objects on a turntable. Significant illumination changes appear in
the sequence because the objects were moved with respect to the light source. Note also
that the density of the frames is not uniform. The reconstruction was computed automat-
ically and without imposing constraints on the camera motion. After metric upgrade, the
cameras that were close in 3D were used to establish additional correspondences which
helped to improve the alignment of the entire sequence. It can be seen that the camera
positions are lying on a planar circular path while keeping the scene in the field of view.
The reconstructed position in 3D space of the scene features obey the rectangular shape
of the house and lay on circular surfaces for the can and cup.

Fig. 7. Metric reconstruction of the MOVI house sequence.
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Fig. 8. Metric reconstruction of the castle sequence

The second image sequence processed was the castle sequence. In Fig. 8 two im-
ages from the sequence and the reconstructed structure are shown. The sequence is 27
frames long and contains also some small nonrigid elements. The metric reconstruction
successfully recovers the main features of the scene

5 Conclusion

We have presented a detailed investigation of the importance of using a statistically
accurate initialization procedure in all the processing modules of an uncalibrated image
sequence analysis system. The reliability of the system is further increased, and the
failures for difficult data may be avoided.
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edged. We thank Dr. Bogdan Matei from Sarnoff Corporation for insightful discussions.
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Abstract. General multi view reconstruction from affine or projective
cameras has so far been solved most efficiently using methods of
factorizing image data matrices into camera and scene parameters. This
can be done directly for affine cameras [18] and after computing epipolar
geometry for projective cameras [17]. A notorious problem has been the
fact that these factorization methods require all points to be visible in
all views. This paper presents alternative algorithms for general affine
and projective views of multiple points where a) points and camera
centers are computed as the nullspace of one linear system constructed
from all the image data b) only three points have to be visible in all
views. The latter requirement increases the flexibility and usefulness of
3D reconstruction from multiple views. In the case of projective views
and unknown epipolar geometry, an additional algorithm is presented
which initially assumes affine views and compensates iteratively for the
perspective effects. In this paper affine cameras are represented in a
projective framework which is novel and leads to a unified treatment of
parallel and perspective projection in a single framework. The experi-
ments cover a wide range of different camera motions and compare the
presented algorithms to factorization methods, including approaches
which handle missing data.

Keywords: Structure from Motion, Linear Multiple View Recon-
struction, Missing Data, Affine and Projective Cameras.

1 Introduction

Efficient 3D reconstruction from multiple camera views is a problem of great im-
portance in computer vision with far reaching applications. It has also received
considerable attention over the years as seen from the number of publications [2,
5,6,7,9,10,11,12,13,14,15,16,17,18,19,20,21] and books [4,1] devoted to the topic.
It is generally accepted that for parallel projection the factorization method of
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Tomasi-Kanade [18] is numerically the most satisfying. It is optimal under the
assumption of isotropic Gaussian noise in the image data. For perspective projec-
tion, the projective factorization of Sturm-Triggs [17,19] has been demonstrated
to be one of the most numerically efficient methods, see e.g. [5]. This method is
similar to affine factorization but requires known epipolar geometry. Both these
methods have a major disadvantage, however, in the fact that they require all
points to be visible in all views. This of course limits their usefulness in most
common multiple view situations where points eventually will be occluded as
the camera viewpoint changes. Some suggestions to overcome this problem has
been made [9,18], but they require careful analysis and selection of image data
in order to be used. Alternative methods for handling missing data for affine
[10] and projective views [20] use the so-called closure constraints. The idea is
to obtain the camera’s motion linearly and simultaneously from a series of bi-
or tri-focal tensors.

Ideally, an algorithm for multiple view reconstruction should utilize all avail-
able image data directly in an efficient manner. Obviously, a minimum overlap
of views is necessary for the computation of relative camera positions [14].

In [15] a linear algorithm for multi view reconstruction was presented which
requires four coplanar reference points to be visible in all views. All image data,
except for image data from points on this reference plane, is used directly to
recover points and camera centers simultaneously. The key idea is to map the
reference plane to infinity which transforms the projective multi camera situation
to the case of purely translating calibrated cameras. In this paper we will demon-
strate that there are more multiple view situations which can be transformed to
this mathematically simpler structure of translating calibrated cameras. Namely,
these are exactly the cases for which affine and projective factorization can be
applied:

• general affine cameras
• general projective cameras with known relative epipolar geometry.

No assumption about the scene structure is needed. The main differences of our
approach to the bilinear factorization methods are:

• the selection of a finite plane as the plane at infinity
• the allowance of arbitrary missing data, with three points visible in all views
• the computation of the null space of one image data matrix.

The fact that a finite plane will be mapped to infinity is a potential problem
for numerical calculations. However, we will demonstrate practically and experi-
mentally that this problem can be handled. Additionally, we present an iterative
algorithm for the case of projective cameras and unknown epipolar geometry
that initially assumes affine views and compensates iteratively for the perspec-
tive effects. A similar idea has been suggested by [4,6,19] to circumvent the
pre-estimation of the epipolar geometry for projective factorization. In this pa-
per affine cameras are represented in a projective framework. This is novel and
leads to a unified treatment of parallel and perspective projection in a single
framework.
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2 Structure, Motion and the Infinite Homography

General perspective projection of a 3D point Pi onto the 2D image point pij can
be described in homogeneous coordinates as:

pij ∼ Hj ( I | − Q̄j) Pi ∼ Hj (P̄i − Q̄j), (1)

where Hj ( I | − Q̄j) represents the 3 × 4 projection matrix of camera j. Non-
homogeneous coordinates are denoted with a bar, e.g. Q̄j , and homogeneous
coordinates without a bar, e.g. pij . The symbol “∼” means equality up to scale.
Let us consider the homography Hj in more detail. A point P = (X,Y, Z, 0)T ,
which lies on the plane at infinity π∞, is mapped by eqn. (1) onto the image
plane πj as:

pij ∼ Hj



X
Y
Z


 . (2)

Therefore, Hj can be considered as the infinite homography1 between the plane
at infinity π∞ and the image plane πj . From eqn. (1) we see that if Hj is known,
we are left with a linear and symmetric relationship between non-homogeneous
points and camera centers:

p∗
ij ∼ H−1

j pij ∼ P̄i − Q̄j . (3)

This suggests the following approach for structure and motion recovery:

1. Determine the infinite homographies Hj

2. Reconstruct points and camera centers.

Section 3 will discuss several ways to determine Hj for affine views, projective
views and scenes containing a reference plane.

If Hj is known, eqn. (3) can be transformed into three projection relations,
where the unknown scale is eliminated by taking ratios:

− y∗
ij X̄i + x∗

ij Ȳi + y∗
ij Āj − x∗

ij B̄j = 0

−w∗
ij X̄i + x∗

ij Z̄i + w∗
ij Āj − x∗

ij C̄j = 0 (4)

−w∗
ij Ȳi + y∗

ij Z̄i + w∗
ij B̄j − y∗

ij C̄j = 0

with p∗
ij = (x∗

ij , y
∗
ij , w

∗
ij)T , P̄i = (X̄i, Ȳi, Z̄i)T and Q̄j = (Āj , B̄j , C̄j)T . Therefore,

each scene point P̄i visible in view j provides three linear relations of the form
(4) which can be put into a set of linear equations (SLE). For n points and m
views the SLE has the form (explicit in [15]):

L h = 0 with
h = (X̄1, Ȳ1, Z̄1, . . . , X̄n, Ȳn, Z̄n, Ā1, B̄1, C̄1, . . . , Ām, B̄m, C̄m)T . (5)

1 Note, the definition of the infinite homography is slightly different to [4,1].
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The Singular Value Decomposition (SVD) of L shows that L has a four di-
mensional null-space. However, three of the four singular vectors of the null-
space have the trivial form: P̄i = Q̄j = (1, 0, 0)T , P̄i = Q̄j = (0, 1, 0)T and
P̄i = Q̄j = (0, 0, 1)T . Therefore, the summation of all four singular vectors of
the null-space gives the non-trivial solution for all camera centers and points.
However, points on the plane at infinity π∞ increase the dimensionality of the
null-space of L (see [15]). Therefore, the projection relation of those points have
to be excluded from the SLE. Since the infinite homography Hj is known, those
points can be reconstructed directly with eqn. (2). How such points are detected
automatically and how the SLE is formulated in an optimal way will be discussed
in section 4. Let us summarize the main advantages of this approach:

• One linear system containing all image data
• Missing data can be handled
• Points and cameras are determined simultaneously.

3 Determine the Infinite Homographies

It was shown in [15] that the infinite homographies Hj can be determined if the
scene contains a reference plane visible in all views. However, in this section we
will show that Hj can be determined for affine or projective cameras and general
scenes without constraints on the scene structure. Additionally, for projective
cameras the epipolar geometry has to be known. Let us begin with the reference
plane case.

3.1 Reference Plane

In order to determine Hj , it was assumed in [15] that four coplanar scene points
P1, P2, P3, P4 are visible in all views. The coordinates of these reference points
were chosen in a canonical way in the projective space P 3. Furthermore, the
image basis pij was mapped to the normalized projective image basis p∗

ij with
p1j , p2j , p3j , p4j as basis points. This corresponds to the following mapping of
the reference points onto the image plane j:

P1 P2 P3 P4
− − − −
1 0 0 1
0 1 0 1
0 0 1 1
0 0 0 0

−→

p∗
1j p∗

2j p∗
3j p∗

4j

− − − −
1 0 0 1
0 1 0 1
0 0 1 1

. (6)

We see that all the reference points lie on the plane at infinity. This means that
in the particular chosen projective space, the reference plane is the plane at
infinity. This transformation was noted in [21] as a fundamental requirement for
obtaining the linear relationship between points and camera centers (see eqn.
(3)). The infinite homography of each image j can now be derived from eqn. (2)
as Hj = I. Alternatively, Hj could be derived from the inter-image homographies
induced by the reference plane.
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3.2 Affine Cameras
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P3 P4

Affine views
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p4
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p1
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plane
arbitrary

eji
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Fig. 1. Determine a fourth coplanar point for affine (a) and projective (b) views.

affineπ∞

Reference
plane Reference

plane

view

π∞

affine
view

Fig. 2. Moving the plane at infinity π∞ from its “true” location to the reference plane.

Let us assume that three reference points P1, P2, P3 are visible in all views.
These three points uniquely define a reference plane. The basic idea is to deduce
a fourth “virtual” reference point which lies on the reference plane as well. Let
us define the coplanar 3D point P4 as P4 = P3 + P2 − P1 (see fig. 1 (a)). Since
affine cameras perform a parallel projection on scene points, the affine image of
P4 in view j is p4j = p3j + p2j − p1j . Alternatively, the fourth point could be
chosen as the centroid of the three reference points.

However, how are affine cameras embedded in the projective framework de-
rived in the previous section? Let us reconsider the mapping of a general pro-
jective camera as in eqn. (1):

pij ∼


m11 m12 m13 m14
m21 m22 m23 m24
v1 v2 v3 v4


 Pi. (7)

The last row of the camera matrix is the principle plane πprin = (v1, v2, v3, v4)T

of the camera which contains the camera center and is parallel to the image plane.
In a projective space where the plane at infinity is at its true location, the princi-
ple plane of an affine camera is the plane at infinity, i.e. πprin = π∞ = (0, 0, 0, 1)T

(fig. 2 left). However, we have seen in the previous section that in order to de-
termine Hj , the reference plane has to be the plane at infinity in the particular
chosen projective space (fig. 2 right). This means that in this particular projec-
tive space all camera centers lie on a plane πprin which is different to π∞. Eqn.
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(7) can now be transformed into eqn. (1) with non-homogeneous coordinates for
the camera centers and scene points. From the four coplanar reference points, the
infinite homographies Hj can be derived with eqn. (2) and (6). The reconstructed
cameras provide the principle plane πprin, which contains all camera centers. Fi-
nally, by mapping πprin to π∞ the projective reconstruction transforms into an
affine reconstruction.

How does this approach compare to other affine reconstruction methods? In
our approach 6 parameters of each affine camera are determined directly by the
infinite homographies. The remaining 2 unknown parameters, which represent
the direction of an affine camera, are reconstructed simultaneously with the scene
points. In contrast to this, affine factorization [18] determines 2 parameters of
each affine camera in forehand. The remaining 6 parameters of each camera are
determined simultaneously with the scene points. However, this method does not
allow missing data. It has been shown [6,12] that all 8 unknown parameters of
an affine camera could be determined directly by choosing a special affine basis
in the scene and in the image. However, from an numerical point of view this is
less favourable.

3.3 Projective Cameras

Let us assume that the three reference points P1, P2, P3 have canonical coor-
dinates in the projective space and in the image as in eqn. (6). The infinite
homography for each view j is then described as:

Hj =



aj 0 0
0 bj 0
0 0 1


 . (8)

The arbitrary scale of the matrix is fixed by setting Hj(3, 3) = 1. The variables
aj and bj are unknown in each view j and can be considered as the mapping of
point (1, 1, 1, 0)T into view j: Hj (1, 1, 1)T = (aj , bj , 1)T . Let us assume that the
epipolar geometry is known, i.e we have the fundamental matrices between each
pair of views which have at least seven points in common. We denote the epipole
eij = (eijx, eijy, eijw)T as the projection of camera center j into view i (see fig.
1(b)). The inter-image homography from view i to view j via a certain plane is
defined as Hij = H−1

i Hj where Hi, Hj denote the respective homographies as
defined in eqn. (1). Since the epipols between two views are in correspondence
via any plane in the scene (see fig. 1(b)), we may write:

eji ∼ Hij eij ⇔ Hi eji ∼ Hj eij . (9)

Taking equation (8) and (9) we obtain two constraints between views i and j:

ai ejix eijw − aj eijx ejiw = 0
bi ejiy eijw − bj eijy ejiw = 0. (10)

All the ai’s and bi’s may now be determined separately but simultaneously. Each
pair of images i and j, which are linked by a fundamental matrix, gives an linear
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equation in ai, aj and bi, bj respectively. With m images we obtain two sets of
linear equations:

La ha = 0 with ha = (a1, . . . , am)T and
Lb hb = 0 with hb = (b1, . . . , bm)T . (11)

The last singular vector of the SVD of La and Lb gives the solution for ha and
hb respectively. The vector ha and hb have an arbitrary scale which corresponds
to the fact that the fourth unknown reference point on the reference plane has
two degrees of freedom.

The advantage of deriving the infinite homographies in this way is that all
homographies are determined in one step which implies that the complete infor-
mation given by the geometry is used simultaneously.

3.4 Known Structure and Cameras

For an iterative structure and motion algorithm, we would like to update the
infinite homography Hj on the basis of known 3D scene points and cameras.
This means that Pi and Q̄j are known and we obtain:

pij ∼ Hj ( I | − Q̄j) Pi ∼ Hj p
′
ij (12)

where p′
ij is the projection of point Pi by camera ( I | − Q̄j). Since pij and

p′
ij are known, the infinite homography Hj can be determined for each image j

individually with e. g. the normalized 8-point algorithm (see [3]).

3.5 Choice of Reference Points

In practice more than three points might be visible in all views of a multiple view
situation. Naturally the question arises of how to find the optimal three reference
points. Let us consider the criteria for good reference points. Firstly, a camera
center must not lie on the reference plane. This means that the three reference
points must not be collinear in any view. Secondly, in the presence of noise the
infinite homography is determined more accurately if the projected reference
points are far apart in the image. Since the two criteria are not contradictive, we
choose as reference points those three points which are “least collinear”. This is
done by considering the distance between one reference point to the line defined
by the other two reference points.

4 Structure and Motion with Infinite Homographies

We have seen that with the knowledge of Hj the relationship between known
image points p∗

ij and unknown points P̄i and camera centers Q̄j is linear (see
eqn. (3)). Furthermore, eqn. (3) shows that changing the image basis by a ho-
mography B and individually scaling the image points p∗

ij by sij does not alter
this relationship:

p′
ij ∼ sij B p∗

ij ∼ BP̄i − BQ̄j ∼ P̄ ′
i − Q̄′

j . (13)
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How to choose B and sij in an optimal way will be discussed in this section.
If B and sij are known, p′

ij can be derived and we obtain a set of linear
equations (SLE) as in section (2):

L h = 0 with
h = (X̄ ′

1, Ȳ
′
1 , Z̄

′
1, . . . , X̄

′
n, Ȳ

′
n, Z̄

′
n, Ā

′
1, B̄

′
1, C̄

′
1, . . . , Ā

′
m, B̄

′
m, C̄

′
m)T . (14)

Since points which are on or “close” to the reference plane potentially increase
the numerical stability of the reconstruction, the projection relations of such
points have to be excluded from the SLE. However, how can these points be
detected automatically? One idea is to exclude successively points from the SLE
which are close to the reference plane. Therefore, a ranking of all points on the
basis of their distance to the reference plane has to be known.

4.1 Distance between Points and Reference Plane

Q2

H12 p1
v

P

d

1

p1

h

2

reference plane π

baseline affine
camera Q1

reference plane π

P1 P2

h1 h2

v1
camera Q2

affine

v2

(a) (b)

Fig. 3. Parallax geometry for (a) projective and (b) affine cameras.

Let us consider a configuration with two cameras Q1, Q2, a 3D point P and
a reference plane π where P does not lie on π (fig. 3(a) depicts a top view). The
inter-image homography from the first to the second view via the reference is as
defined in the previous section: H12 = H−1

1 H2. The residual parallax vector in
the second view is given as v = p2 − H12 p1. Obviously, v is null if P lies on π.
However, v vanishes as well if P lies on the baseline of the two views. Therefore,
the distance of a point to the reference plane can not be determined directly
from its parallax vector. Let us define γi = hi

di
, where hi is the perpendicular

distance of Pi to the reference plane and di is the depth of Pi with respect to the
first view (see fig. 3(a)). It is known [8] that the relative depth γ1

γ2
of two points

P1 and P2 can be derived directly from their parallax vectors v1, v2. This means
that the relative distance h1

h2
of two points depends on both their parallax vectors

and their depths. However, if we assume parallel projection, di is constant and
we obtain the relative distance of two points as:

γ1
γ2

=
h1

h2
=

v1
v2
. (15)

Fig. 3(b) depicts a configuration with affine cameras where h1 = h2 and therefore
v1 = v2. We will use eqn. (15) as an approximation for projective cameras.
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The original task was to determine a unique function dis(Pi) which represents
the distance between a point Pi and the reference plane. Eqn. (15) supplies a
distance function disj1j2(·) between each pair of views j1, j2, which is unique up
to scale. A unique function dis(·) can be obtained by recursively merging the set
of functions disj1j2(·). Finally, dis(·) is scaled so that the maximal distance of a
point to the reference plane is equal to one, i.e. dis(·) ∈ [0, 1].

4.2 The Choice of the Image Basis

It has been shown in [3] that the normalization of image coordinates can dra-
matically influence the result of a computation based on image coordinates.
Normalization means that the centroid of all image coordinates is at the origin
and the average distance of an image point to the origin is equal to

√
2. If we

consider eqn. (13), normalization would involve to determine for each view j an
individual matrix Bj , which represents the normalization. However, such a Bj

would destroy the linear relationship between points and camera centers. There-
fore, the matrix B has to be determined independently of a certain view j. We
define:

B =
1
m

m∑
j=1

Bj /
∥∥Bj

∥∥
2 , (16)

where
∥∥ · ∥∥

2 is the Frobenius norm of a matrix and m is the number of views.

4.3 Weighting the Set of Equations

Let us consider a point P1 which is closer to the reference plane than another
point P2. Since the reference plane is the plane at infinity in the chosen projective
space, the coordinates of the reconstructed point P̄1 are larger than the ones of
P̄2. This means that in the presence of noise, the point with larger coordinates
is reconstructed more accurately. In order to eliminate this favoring of certain
points we suggest to choose2 the scale factors in eqn. (13) as sij = dis(Pi) where
dis(·) ∈ [0, 1]. This means that points which are closer to the reference plane are
inhibited. The same applies to the equations in the SLE of such a point.

5 Outline of the Algorithms

The different ideas of the previous sections result in three algorithms: A-alg.
(for affine cameras), P-alg. (for projective cameras) and AtoP-alg. (an iterative
version for projective cameras). The AtoP-alg. assumes initially affine cameras
and compensates iteratively for the perspective effects. However, there is no
guarantee that the algorithm will converge to a global minimum. The algorithms
are composed of the following steps:
2 This particular choice of the scale factors sij is motivated by the mapping (0, 1)T →
(1, 0)T and (1, 1)T → (1, 1)T in the projective space P 1.
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1. Detect optimal three reference points (sec. 3.5)
2. Determine Hj (sec. 3)
A-alg, AtoP-alg: assume affine cameras; P-alg: assume projective cameras

3. Determine distances between points and reference plane (sec. 4.1)
4. Exclude iteratively points from the SLE

5. Determine matrix B (sec. 4.2)
7. Determine scales sij and image points p′

ij = sij

∥∥BH−1
j pij

∥∥
2 (sec. 4.3)

8. Obtain P̄ ′
i , Q̄

′
j by SVD (eqn. (14)) and Pi on the ref. plane (eqn. (2))

9. Only AtoP-alg.: Update Hj (sec. 3.4) and go to 3.
Stop if the RMS-error is either unchanged or increases

10. Take the best result on the basis of RMS-error
11. Undo the basis change: P̄i = B−1 P̄ ′

i and Q̄j = B−1 Q̄′
j

The quality of the reconstruction is evaluated in terms of the Root-Means-Square
(RMS) error. However, other criteria could be used.

6 Experiments

12 cameras
800 

Top − view 

800 

sphere of radius 100
with 50 points 

 

(a)

12 cameras

600 400 

300 300 

Side − view 

sphere of radius 100
with 50 points 

(b)

800 

sphere with
50 points 

Top − view 

(c) (d)

Fig. 4. The four different configurations: lateral movement – LAT (a), translational
movement towards the scene – TOW (b), circular movement – CIR (c) and 2 images
of a real sequence – TEA (d).

In order to demonstrate the performance of the algorithms, they were applied
to a wide range of different camera motions and scene settings. Fig. 4 depicts
four of them: three synthetic configurations (a-c) and a real sequence (d). Each
synthetic configuration consists of 50 points distributed uniformly in a sphere
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and 12 cameras pointing towards the center of the sphere. They differ in the
type of camera motion: lateral – LAT (a), circular – CIR (c) and translational
towards the scene – TOW (b). The distances (in units) between cameras and
points are as in fig. 4. Additionally, a real sequence of 8 images (see fig. 4(d)) was
utilized. The camera circled around the teapot, similar to the CIR-configuration.
In order to conduct synthetic experiments on this sequence, a reconstruction of
the cameras and 96 points of the teapot (see fig. 8) served as the basis for
a synthetic configuration (TEA). If not stated explicitly, all the points of the
TEA-configuration are visible in all views, i.e. no missing data.

6.1 Synthetic Data

The synthetic experiments were carried out with respect to different levels of
Gaussian noise: σ = 0, 0.2, . . . , 3.0 (standard deviation). In order to obtain av-
erage performance, the following two steps were conducted 20 times for each
noise level: a) randomly determine 50 scene points b) add Gaussian noise on
the reprojected 3D points. In case of projective cameras, the internal calibration
matrix was chosen as diag(500,500,1). Affine cameras were derived from the pro-
jective cameras by moving the center of projection to infinity where the image
size remained fixed (see [4]).

The computed reconstructions were evaluated in terms of the Root-Mean-
Square (RMS) error between reprojected 3D points and 2D image data (poten-
tially corrupted by noise). The performance of the three algorithms presented in
this paper: A-alg., P-alg. and AtoP-alg. is compared to affine factorization
of Tomasi-Kanade (TK-alg.) [18] and projective factorization of Sturm-Triggs
(ST-alg.) [17,19]. In [17] it is suggested to derive the initial “projective depths”
from epipolar geometry. Other authors, e.g. [6,4,5], have shown that initialising
all the “projective depths” to one and reestimating them by reprojection produce
good results as well. This more simple approach was used in this paper.

Different Configurations. Let us consider the performance of the A-alg. and
TK-alg. for different configurations (fig. 5 (a,b)). In this case, the scene is viewed
by affine cameras. The performance of the TK-alg. is equally good for all config-
urations and close to identical with the theoretical minimum, i.e. Cramer-Rao
lower bound (not shown). The differences between the results of the TK-alg.
and the A-alg. are not large but noticeable. Furthermore, the A-alg. performed
worse for the TOW-configuration than for the other three configurations. Since
the TOW-configuration has the shortest baseline relative to the scene (see fig. 4
(b)) this result can be expected.

Fig. 5 (c,d) shows the results of the P-alg. and ST-alg. with respect to differ-
ent configurations. In contrast to the previous section projective cameras were
used. As in the case of affine factorization, the ST-alg. is equally good for all
configurations and close to the theoretical minimum. The difference between the
results of the ST-alg. and the P-alg. are obvious. However, for practical noise
levels, e.g. σ = 1.0, the results of the P-alg. are still acceptable. A comparison
between the A-alg. (a,b) and P-alg. (c,d) shows that the results of the A-alg.
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Fig. 5. Graphs in respect to different configurations.

are better and the curves for the A-alg. are more linear. The only difference
between the A-alg. and P-alg. is the derivation of the infinite homographies. A
more detailed analyses confirmed that this derivation in the case of projective
cameras is fairly sensitive to noise in the epipols and reference points.

Finally, fig. 5 (e,f) depicts the performance of the AtoP-alg. for different
configurations with projective cameras. Additionally, the results of the A-alg. are
shown, which serve as the initialisation for the iterative AtoP-alg. The theoretical
minimum is displayed as well. The results of the A-alg. on the TEA-configuration
were off the scale (RMS-error between 18.4 and 19.1). It stands out, that for
all configurations the initial reconstruction of the A-alg. can be significantly
improved by the AtoP-alg. Particularly, in the case of no noise, i.e. σ = 0,
the AtoP-alg. converged for all configuration close to the theoretical minimum.
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However, for higher noise levels, e.g. σ = 3.0, the AtoP-alg. did not always
converge close to the theoretical minimum, e.g. TOW-configuration.
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Fig. 6. Graphs for the case of perfect reference points.

Choice of Reference Points. In this section we will repeat some of the ex-
periments of the previous section. However, Gaussian noise will be added to all
image points except for the three reference points. Fig. 6 depicts the results for
the case of affine (a) and projective cameras (b). In contrast to the previous
section, the performance of the A-alg. and TK-alg. (fig. 6 (a)) is close to identi-
cal. The same applies to the performance of the P-alg. and ST-alg. (fig. 6 (b)).
Further experiments on the AtoP-alg. and other configurations confirmed this
performance. This leads to the conclusion that, independent of the configuration,
the choice of reference points is crucial for the three presented algorithms.

Missing Data. In the previous experiments was assumed that all 96 points of
the TEA-configuration are visible in all 8 images, i.e. no missing data. However,
in practice some points might be occluded in several views. Fig. 7 (a) shows the
“true” visibility matrix of the TEA-configuration. An element of this matrix is
set (black dot) if the respective point is visible in the respective view. It turns
out, that 33% of the entries are not set. If the correspondence between successive
frames were obtained by tracking, the final visibility matrix might look like in
fig. 7 (b). Each point, except for the three reference points, is only visible in
three successive views. The amount of missing data increases to 61%.

If all points are visible in all views, the optimal reference points correspond
to points on the body of the teapot (fig. 4 (d)). In the case of missing data (33%
or 61%), points on the rim and handle were detected as the best reference points.

Let us consider the performance of the A-alg. (fig. 7(d)) and the P-alg. (fig.
7 (e)) on these three types of visibility matrices: no missing data, 33% missing
data (fig. 7(a)) and 61% missing data (fig. 7(b)). The first observation is that
the performance of the A-alg. and P-alg. differs only slightly in respect to the
different cases of missing data. Further experiments confirmed the conclusion
that the performance of the three novel algorithms is “fairly” independent to the
amount of missing data. A more detailed analyses shows that both algorithms
performed less stable for the case of 61% missing data (zigzag shape of the
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Fig. 7. Visibility matrices (a,b) and graphs (c-e) for the case of missing data.

curves). This performance can be expected since “only” three successive views
(fig. 7(b)), i.e. short baseline, provide information about the 3D position of a
certain point in the scene.

In the last experiment we compare the A-alg. to two alternative methods
which handle missing data for affine views. Jacobs algorithm [9] fits a matrix of
rank 3 to the data matrix with missing elements (Fit-alg.)3. Kahl and Heyden
[10] use the centred affine tensors between successive two and three views to ob-
tain all camera matrices simultaneously by using the so-called closure constraints
(Closure-alg.). The main advantage of these methods is that the image data is
used in a uniform manner, i.e no selection of specific reference points. In contrast
to our approach, the image data is not used directly to obtain structure and mo-
tion simultaneously. Fig. 7(c) shows the result for a noise level of σ = 2.0. The
visibility matrix in fig. 7(b) was used, where the number of points per view var-
ied. If a point is visible in more than 5 views the alternative methods performed
slightly better, which might be due to noise in the reference points. However,
in the case of more missing data, i.e. only 3 or 4 points per view, the alterna-
tive methods performed worse in this experiment. In case of the Closure-alg. an
explanation might be that the data is not sufficient to obtain good tensors.

6.2 Real Data

The 8 images of the teapot (see fig. 4 (d)) served as a real image sequence. On
the basis of this, 96 corresponding image points were selected manually which
3 We used the code available at http://www.neci.nj.nec.com/homepages/dwj/.
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Fig. 8. Top (a), side (b) and front (c) view of the reconstructed teapot (see fig. 4 (d)).

results in the “true” visibility matrix as in fig. 7 (a). The reconstruction obtained
with the P-alg. had an RMS error of 2.84 between reprojected 3D points and
select image points. Fig. 8 shows the top (a) side (b) and front (c) view of the
reconstruction which was metric rectified. Only those scene points which lie on
the contour in the top, side or front view of the teapot were reconstructed. The
AtoP-alg. performed with an RMS error of 2.06 where the initial reconstruction
determined with the A-alg. had a RMS error of 15.82.

7 Summary and Conclusion

We have presented two linear methods for the simultaneous computation of 3D
points and camera positions from multiple affine and projective views. This is
achieved by computing the nullspace of one linear system constructed from all
image data. In case of affine views the only requirement is that three points are
visible in all views. Additionally, for projective views the epipolar geometry has
to be known. In case of unknown epipolar geometry, a third iterative algorithm
for projective views has been presented. The treatment of affine and projective
cameras in a single, unified projective framework is a further, novel contribution.

The only other methods that use all image data directly are the factorization
algorithms for affine [18] and projective [17,19] views. However, in contrast to our
approach, they require all points to be visible in all views. Since points become
inevitably occluded in practice, we consider the presented methods as a major
and novel contribution to the problem of structure from motion. Alternative
reconstruction methods for handle missing data have been presented [9,10,20],
which have the advantage that data is used in a uniform manner, i.e no selection
of reference points. However, in contrast to our approach the image data is not
used directly to obtain structure and motion simultaneously.

The experiments, which covered a wide range of different camera motions and
scene settings, have shown that the presented algorithms perform very well for
practical noise levels. If the reference points are chosen carefully the performance
of the presented algorithms compared to affine and projective factorization meth-
ods is close to identical. Furthermore, the use of all available image data, which is
not available for factorization methods, is a most important numerical stabilising
factor in this approach.
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Abstract. In this work, we introduce a model-based approach to ex-
tracting the silhouette of people in motion from stereo video sequences.
To this end, we extend a purely stereo-based approach to tracking people
proposed in earlier work. This approach is based on an implicit surface
model of the body. It lets us accurately predict the silhouette’s location
and, therefore, detect them more robustly. In turn these silhouettes allow
us to fit the model more precisely. This allows effective motion recovery,
even when people are filmed against a cluttered unknown background.
This is in contrast to many recent approaches that require silhouette
contours to be readily obtainable using relatively simple methods, such
as background subtraction, that typically require either engineering the
scene or making strong assumptions.
We demonstrate our approach’s effectiveness using complex and fully
three-dimensional motion sequences where the ability to combine stereo
and silhouette information is key to obtaining good results.

1 Introduction

In recent years, much work has been devoted to tracking people from video
sequences. Many of the techniques that have been proposed rely on extract-
ing silhouettes and fitting body models to them. See [1,11,13] for recent reviews.
While this may be practical in some cases—for example, because the background
is both static and known, thus allowing background subtraction—silhouette ex-
traction is in general a difficult task.

Here, we present a model-based approach to silhouette extraction that al-
lows us to overcome this problem and to simultaneously recover 3–D body shape
and motion as well as 2–D outlines. We use the “articulated soft objects” we
proposed in earlier work [14] to represent and track human bodies: We use a
conventional articulated skeleton but replace the simple geometric primitives—
typically, cylinders or ellipsoids—that are usually attached to it by implicit vol-
umetric primitives. Each one defines a field function and the skin is taken to be
a level set of the sum of these fields. This implicit surface formulation has three
key strengths:

– Effective use of stereo and silhouette data: Defining surfaces implicitly
allows us to define a distance function of data points to models that is both
differentiable and computable without search.

� This work was supported in part by the Swiss Federal Office for Education and
Science
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(a) (b) (c)

(d) (e) (f)
Fig. 1. Models and silhouettes. (a) Metaballs attached to an articulated skeleton. (b)
Skin surface computed by ray casting. (c) One image of a stereo pair used to estimate
the parameters of the model in (b). (d) Corresponding disparity map. (e) The real
body outlines overlaid on the skin surface. In this case the model was fitted using
stereo only. As a result, it ends up too far from the actual data points and the system
compensates by incorrectly enlarging the primitives. (f) Using the silhouettes during
the fitting process provides stricter constraints that yield a better result.

– Accurate shape description by a small number of parameters: Vary-
ing a few parameters yields models that can match different body shapes and
allow both shape and motion recovery.

– Explicit modeling of 3–D geometry: Geometry can be taken into ac-
count to predict the expected location of image features and occluded areas,
thereby making the extraction algorithm more robust.

Our model is depicted by Figure 1(a,b). In an earlier publication [14], we used it
to demonstrate robust tracking using stereo only. Here, we show that its quality
and 3-D nature allow us to effectively predict silhouette locations from frame
to frame, constrain the search and, thus, reliably extract them from a cluttered
background without having to make a priori assumptions about it. These sil-
houettes are used in turn to constrain model reconstruction, thereby further
increasing its precision and reliability.

This is in contrast to many recent approaches that rely either on noisy edge
or region information, such as image gradient and optical flow, e.g. [3,9], or on sil-
houette contours that are assumed to be readily available or obtainable through
statistical background subtraction techniques e.g. [12,6,8,7], both of which re-
quire either an engineering of the scene or a static background. Furthermore, as
noted in [9], the simple rigid volumetric primitive-based models that are often
used tend to be a source of inaccuracy. Our approach addresses both of these
issues: Our improved models yield a better accuracy that, in turn, gives us the
predictive power required for effective silhouette extraction.
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Combining stereo and silhouette data is valuable because they are comple-
mentary sources of information. The former works best when a body part faces
the cameras but becomes unreliable when the surface slants away, which is pre-
cisely where silhouettes can be used. Figure 1(e,f) illustrates this complementar-
ity. In this example, we used a single stereo pair. In Figure 1(e) only stereo-data,
in the form of a cloud of 3–D points derived from the disparity map, was used.
The stereo data is too noisy and shallow to sufficiently constrain the model. As a
result, the fitting algorithm tends to move it too far away from the 3–D data and
to compensate by inflating the arms to keep contact with the point cloud. Using
the silhouettes in addition to the stereo data, however, sufficiently constrains the
fitting problem to obtain the much improved result of Figure 1(f).

In the remainder of this paper, we first introduce both our human body model
and the optimization framework we use to instantiate its degrees of freedom
given stereo and silhouette data. We then turn to our model-based automated
silhouette extraction approach and show that it yields precise outlines and that
combining silhouettes and stereo yields much better results than using stereo
alone.

2 Articulated Model and Surfaces

The human body model we use in this work [17] incorporates a highly effective
multi-layered approach for constructing and animating realistic human bodies.
The first layer is a skeleton that is a connected set of segments, corresponding
to limbs and joints. A joint is the intersection of two segments, which means it
is a skeleton point around which the limb linked to that point may move.

Smooth implicit surfaces, also known as metaballs or soft objects, form the
second layer [2]. They are used to simulate the gross behavior of bone, mus-
cle, and fat tissue. The metaballs are attached to the skeleton and arranged
in an anatomically-based approximation. The head, hands and feet are explicit
surfaces that are attached to the body. For display purposes a third layer, a
polygonal skin surface, is constructed by ray casting [17].

The body shape and position are controlled by a state vector Θ, which is
a set of parameters controlling joint locations and limb sizes. In this section,
we first describe this state vector in more detail and, then, our implicit surface
formulation.

2.1 State Vector

Our goal is to use video-sequences to estimate our model’s shape and derive its
position in each frame. Let us therefore assume that we are given N consecutive
video frames and introduce position parameters for each frame.

Let B be the number of body parts in our model. We assign to each body part
a variable length and width coefficient. These dimensions change from person
to person but we take them to be constant within a particular sequence. This
constraint could be relaxed, for example to model muscular contraction.

The model’s shape and position are then described by the combined state
vector
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Θ = {Θw, Θl, Θr, Θg} , (1)

where Θ is broken into sub-vectors that control the following model components:

– Shape
• Θw = {θw

b | b = 1..B}, the width of body parts.
• Θl = {θl

b | b = 1..B}, the length of body parts.
– Motion

• Θr = {θr
j,f | j = 1..J, f = 1..N}, the rotational degree of freedom of joint

j of the articulated skeleton for all frames f
• Θg = {θg

f | f = 1..N}, the six parameters of global position and orienta-
tion of the model in the world frame for all frames f

The size and position of the metaballs is relative to the segment they are attached
to. A length parameter not only specifies the length of a skeleton segment but
also the shape of the attached metaballs in the direction of the segment. Width
parameters only influence the metaballs’ shape in the other directions.

2.2 Metaballs

Metaballs [2] are generalized algebraic surfaces that are defined by a summation
over n 3-dimensional Gaussian density distributions, each called a primitive. The
final surface S is found where the density function F equals a threshold T , taken
to be 0.5 in this work:

S =
{
[x, y, z]T ∈ R

3 | F (x, y, z) = T
}

, (2)

F (x, y, z) =
n∑

i=1

fi(x, y, z) , (3)

fi(x, y, z) = exp(−2di(x, y, z)) , (4)

where di represents the algebraic ellipsoidal distance described below. For sim-
plicity’s sake, in the remainder of the paper, we will omit the i index for specific
metaball sources wherever the context is unambiguous.

2.3 3–D Quadratic Distance Function

We use ellipsoidal primitives because they are simple and, at the same time,
allow accurate modeling of human limbs with relatively few primitives because
metaballs result in a smooth surface, thus keeping the number of parameters low.
To express simply the transformations of these implicit surfaces that is caused
by their attachment to an articulated skeleton, we write the ellipsoidal distance
function d of Eq. 4 in matrix notation as follows. For a specific metaball and a
state vector Θ, we define the 4 × 4 matrix

QΘ = LΘw,l · CΘw,l . (5)
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where L and C are radii and position of the primitive respectively. The skeleton
induced transformation SΘ is introduced as the rotation-translation matrix from
the world frame to the frame to which the metaball is attached. These matrices
will be formally defined in the appendix.
Given the QΘ and SΘ matrices, we combine the quadric and the articulated
skeleton transformations by writing the distance function of Eq. 3 as:

d(x, Θ) = xT · ST
Θ · QT

Θ · QΘ · SΘ · x . (6)

This formulation will prove key to effectively computing the Jacobians re-
quired to implement the optimization scheme of Section 3.

We can now compute the global field function F of Eq. 3 by plugging Eq. 6
into the individual field functions of Eq. 4 and adding up these fields for all prim-
itives. In other words, the field function from which the model surface is derived
can be expressed in terms of the QΘ and SΘ matrices, and so can its derivatives
as will be shown in the appendix. These matrices will therefore constitute the
basic building blocks of our optimization scheme’s implementation.

3 Optimization Framework

Our goal is to instantiate the degrees of freedom of our model so that it conforms
as faithfully as possible to the image data derived from motion sequences such
as the ones shown in Figure 3 and Figure 4. The expected output of our system
is the instantiated state vector Θ of Eq. 1 that describes the model’s shape and
motion. This is a highly non-linear problem: The model consists of an articulated
set of implicit surfaces. As a result it contains rotations in Euclidean space as
well as quadratic and exponential distance functions. Simplifying the volumetric
models, replacing the perspective transform by an orthographic one, and using
a different representation for rotational joints can be used to linearize parts of
the problem [3]. Such approaches, however, tend to lose in generality. Therefore,
we chose to use a non-linear least squares estimator (LSE) to minimize the
distance between the observations and the model. We implemented a variant of
the standard Levenberg-Marquart least-squares solver [15] that can handle large
number of unknowns by using sparse matrices.

In practice, we use the data to write nobs observation equations of the form

F (x, Θ) = T − εi , 1 ≤ i ≤ nobs , (7)

where F is the global field function of Eq. 3, T is the threshold of Eq. 2, x is a data
point, and εi is an error term. We then minimize vT Pv where v = [ε1, . . . , εnobs

]
is the vector of residuals and P is a diagonal weight matrix associated to the ob-
servations. Because F is both well-defined and differentiable, these observations
and their derivatives can be estimated both simply and without search using
the matrix formalism of Section 2.3. This is valuable because our least-squares
solver takes advantage of differential information for faster and more robust op-
timization, as do most powerful optimizers. The computation is outlined briefly
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in the appendix and we refer the interested reader to our earlier publication [14]
for additional details.

We now turn to the detailed implementation of the 3–D point and 2–D silhou-
ette observations which are the main cues we obtain from the image sequences.

3.1 3–D Point Observations
Disparity maps such as those of Figure 1(d) are used to compute clouds of noisy
3–D points. Each one is used to produce one observation of the kind described
by Eq. 7. Minimizing the corresponding residuals tends to force the fitted surface
to be as close as possible to these points.

The properties of the chosen distance function allow the system to naturally
deal with outliers and to converge even from rough initializations or estimates.
The smooth shape of the inverted exponential that is used in our field function
is responsible for both effects. It approaches zero asymptotically and, thus, pro-
vides an upper limit on the error resulting from distance between model and
observation.

3.2 2–D Silhouette Observations
A silhouette point in the image defines a line of sight to which the surface must
be tangential. Let θ ∈ Θ be an element of the state vector. For each value θ, we
define the implicit surface

S(θ) = {[x, y, z]T ∈ R
3, F (x, y, z, θ) = T} . (8)

Assuming that the line of sight is tangential to S(θ), let [x(θ), y(θ), z(θ)] be
the contact point that is both on the line and on the surface. By definition,
[x(θ), y(θ), z(θ)] satisfies two constraints:

1. The point is on the surface, therefore F (x(θ), y(θ), z(θ), θ) = T .
2. The normal to S(θ) is perpendicular to the line of sight at [x(θ), y(θ), z(θ)].

We integrate silhouette observations into our framework by performing an initial
search along the line of sight to find the point x that is closest to the model in its
current configuration. This point is used to add one of the observations described
by Eq. 7. By construction, the point on the ray with the lowest value of field
function F satisfies the second constraint as depicted by Figure 2(a).

In order to keep the second constraint satisfied during the optimization pro-
cess, the Jacobian has to be constructed accordingly. A change in model position
or size induces a motion of x along the ray in order to remain the closest point
on the ray with respect to the model. This involves computing first and second
order derivatives for the Jacobian entries as will be discussed in the appendix.
We have already seen in Figure 1 that silhouettes are crucial to constrain the
search space. In Figure 2(b) we show a similar behavior in a 2–D context.

4 Robust Silhouette Tracker

Because our models are fully three-dimensional, given a position estimate at a
particular time, we can predict where we expect to see silhouettes in a particular
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(a) (b)
Fig. 2. Silhouette constraints. (a) Two lines of sight going through the camera optical
center. In both cases, at the point that minimizes F along the line, the gradient of F
is perpendicular to the line. But only in the case of the dashed line that is actually
tangent to the surface, is this point on the surface and thus satisfies both criteria of
Section 3.2. (b) The top row depicts the results of fitting an ellipse to slightly noisy
2–D points, shown as white crosses. The computed ellipses are much too large. The
bottom row depicts the fit to the same points, but under the constraint that the ellipse
be tangent to the white lines. The results are much improved.

image and we use this prediction to constrain the search for the silhouettes to
restricted areas in the image. In Section 4.1, we discuss this approach when
run a posteriori, that is, by first tracking the person’s body using stereo only,
computing the model’s outline in each frame and using it as an initial guess for
the silhouette’s location. This “naive” approach yields good results if the initial
tracking was accurate enough but fails otherwise. In Section 4.3, we therefore
introduce a more effective approach in which, for each frame, we use the model
derived from the previous frame to estimate the silhouette and immediately use
this silhouette to guide the recovery of the new current model position. We will
show that this increases the tracker’s robustness and prevents it from making
mistakes in ambiguous situations.

4.1 Simple Model-Based Approach for Silhouette Extraction

Given a first fit of the model to the data, one can take advantage of it to ex-
tract additional information from the images. In this case, we can first track
using stereo alone. In the absence of gross tracking errors, the projected model’s
outlines can be used as an initial estimate for the silhouette location. We ran
a number of experiments in which we used this estimate to initialize an active
contour. We found that, in practice, when the background is cluttered, the ac-
tive contour does not in general converge towards the desired outline because it
gets stuck into undesirable local minima. To remedy this situation, instead of
running the snake on the original image, we first filtered it using the technique
described in Section 4.2 and, then, used the result to deform the contour.

Figures 3 and 4 depict the results of running this algorithm on the 600
frames of two different video sequences. For most frames, deforming the predicted
outline using the filtered the image resulted in an outline that was very close
to the true silhouette. We saw errors in only 19 frames. Given the fact that
the motions are complex and that the background is cluttered, this shows the
robustness of our algorithm. Note also, that we did not use an image of the
background without the subject to perform any kind of background subtraction.
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frame 20 40 80 100 110
Fig. 3. Extracting the subject’s silhouette using the simple model-based approach of
Section 4.1. Frames 20, 40, 80, 100 and 110 of the a 300-frame sequence are shown. In
the upper row are the disparity maps, in the second row are the outlines of the projected
model, which is shown in the third row. This outline was fitted to the filtered image
gradient in the last row. The system correctly tracks until frame 100 and then recovers
before frame 110. The more sophisticated approach of Section 4.3 will overcome the
error in the 100th frame.

The result for frame 100 in Figure 3 shows typical problem areas. The errors
around the left arm are most interesting. The model was relatively far away from
the actual position. A second circular silhouette curve at the inside of the model’s
arm was extracted as well. It corresponds to nothing in the original image and
evolves arbitrarily during snake optimization. The problem is compounded by
the fact that the table in the background is very close to the subject. It is not
removed totally by the low level filtering steps but it is considered as foreground
instead.

A different problem occurred around the subject’s right elbow. It is cut be-
cause the model projected slightly inside the real contour so that the smoothness
coefficient of the snake forced it to retract from the sections of high curvature.

Fig. 4. Automatically extracted silhouette contours in a few frames of another 300-
frame sequence.
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Tuning the ratio of the snake parameters can delay the onset of such problems,
but not prevent them altogether.

This particular example clearly demonstrates the problems that arise when
trying to extract higher-level information from image data in an unsupervised
environment. Using the model is a tremendous advantage but, still, it is not
enough to ensure correct behavior. We address this problem in Section 4.3.

4.2 Disparity-Based Gradient Filtering

As discussed above, in the presence of a cluttered and unknown background,
even a good initial body-outline estimate does not guarantee convergence of an
active contour towards the correct solution. To improve the snake algorithm’s
performance, we filter the image to eliminate edges that are unlikely to be sil-
houettes but can still trap the active contour into an undesirable local minimum.
To this end we combine gradient and depth information as follows.

The main input to our system is 3–D data derived from disparity maps. It is
therefore natural to also use those maps to perform a form of background sub-
traction. This, however, is non trivial: Because of noise, absence of texture, spec-
ularities and non fronto-parallel surfaces, these maps are typically neither dense
nor reliable enough to robustly separate foreground and background. Further-
more, objects located at similar distances as the subject may not be eliminated
that way. This is certainly true of the disparity map of Figure 5(b).

(a) (b) (c)

(d) (e) (f)
Fig. 5. Disparity-based gradient filtering. (a) and (d) is a original stereo pair and (b)
is the corresponding disparity map which is binarized and morphologically “cleaned”
in (e). (c) is the gradient magnitude of (a), and (f) the result of filtering (c) with (e).
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We can nevertheless use such disparity maps to find image pixels with a
large probability to correspond to the subject: When computing the map, we
chose a range of disparities that eliminates distances that correspond to the
far background. Those areas for which no acceptable disparity value can be
found appear mostly in black. The correlation-based stereo algorithm we use [10]
can be limited to a specified reconstruction volume and a Right-Left Check
eliminates most erroneous matches. Therefore, by binarizing of the disparity
map and cleaning it up using morphological operators, we obtain binary masks
such as the one shown in Figure 5(e). Disparity computation was done only
on a given volume excluding the far background. However, objects close to the
subject are still included and parts of the subject are missing due to bad texture
or shadows.

Applying the filter to the gradient image eliminates most parts of the back-
ground as shown in Figure 5(f). Finally, we perform a hysteresis thresholding
that is comparable to the one used in Canny’s edge-detector [4]: Only gradi-
ent image pixels are accepted that are above an upper threshold or which are
above a lower threshold and have a point that passes the previous test in their
immediate neighborhood.

4.3 Joint Shape and Silhouette Extraction

To solve problems such as those shown in Figure 3, we take the temporal evolu-
tion of the contour into account, instead of entirely relying on a good fit of the
model. We therefore modify the scheme for silhouette extraction as follows:

1. Silhouette of previous frame serves as initialization for current frame
2. Optimize using active contours on disparity-filtered gradient image
3. Fit body model to stereo data constraint by current silhouette estimate
4. Optimize silhouette of fitted model using again active contours

The initial guess of the silhouette position is now taken to be the result of the
silhouette extraction in the previous frame. Because, at frame rate, differences
between successive images are small the actual silhouette is close to the previous
one. Assuming a correctly recovered position of the silhouette in the previous
frame we can directly feed this silhouette as initialization to an active contour
algorithm for the current frame.

Again, this step alone does not ensure robust silhouette extraction. The active
contour may still miss the silhouette outline of the person. We therefore rerun our
fitting algorithm on the 3–D stereo data augmented by this—possibly incorrect—
silhouette outline. Thanks to correct segments of the new silhouette, the implicit
treatment of outliers, and the strong stereo information, in our experience the
system is able to find the correct pose of the model.

In a last step the model in its correct pose is projected into the camera
frame. Using the model silhouette as input to a second run of an active contour
algorithm results in the final silhouette outline of the person. Results of this
model-based silhouette tracker are shown in Figure 6. The original image to-
gether with the extracted silhouette of the person are shown in the left column.
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The recovered model pose as well as the silhouettes are shown in the right col-
umn. These results show that this new algorithm is able to overcome the errors
that occurred during the simple model-based approach of Section 4.1.

Fig. 6. Tracking results using the model-based silhouette extraction method of Sec-
tion 4.3. Frames 97, 98, 99 and 100 of the sequence in Figure 3 are shown. Snake-
optimized contours are overlaid on the original images on the left as well as the resulting
model on the right.

5 Conclusion
We have presented a model-based technique for robustly extracting silhouette
contours of people in motion. By integrating the model early on in the processing
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pipeline our system overcomes the common pitfalls of low-level image processing.
We do not have to engineer the background and the system could robustly extract
the silhouette of the person even in a dynamic scene. The explicit modeling of 3–
D geometry lets us predict the expected location of image features and occluded
areas, thereby making the extraction algorithm more robust. These silhouettes
are used in turn to constrain model reconstruction, thereby further increasing
its precision and reliability.

A key component of our implementation is our ability to analytically and pre-
cisely compute all required derivatives. This helps the optimizer to accurately
estimate the actual variation of the distance between model and data accord-
ing to parameter change and, thus, to minimize it with a minimal number of
iterations. In contrast to most other work where the derivatives are obtained
by perturbing the parameters and re-evaluating the distance function, comput-
ing the Jacobian analytically necessitates fewer computations. Furthermore, the
derivatives in our modular matrix notation contain many identical parts and
intermediate computation results can be reused to further speed-up the process.

In future work, we intend to test our system on sequences with highly clut-
tered and dynamic background. Our results are promising but more tests have
to be effected to analyze the limits of the system. Currently, no provisions for
occlusion and limb self-occlusion are given. The depth information from the dis-
parity maps was sufficient to successfully track in our test sequences but explicit
occlusion detection would be needed to robustly track more complex motions.

Appendix: Differentiating the Global Field Function

To illustrate the efficient computation of the Jacobian entries for the least squares
estimator we present the computation of the metaball distance function as well as
its first and second order derivatives with respect to a rotational joint paramter.

To express simply the transformations of the implicit surfaces caused by
their attachment to an articulated skeleton, we write the ellipsoidal distance
function d of Eq. 3 in matrix notation as follows. This formulation will prove key
to effectively computing the Jacobians required to implement the optimization
scheme regarding the different data constraints.

Recall that the distance function of Equation 3 can be written as follows:

d(x, Θ) = xT · ST
Θ ·QT

Θ ·QΘ · SΘ · x .

d(x, Θ) defines an ellipsoidal quadratic distance field. For a given primitive and
the state vector Θ, the 4 × 4 matrix QΘ contains the location of the center C
and the scaling L along the principal axes respectively. Figure A.1(a) illustrates
the concept.
LCΘw,l = LΘw,l · CΘw,l is the scaling and translation along the principal axes:

LCΘw,l =




1
θwlx

0 0 −θwcx

0 1
θwly

0 −θwcy

0 0 1
θllz

−θlcz

0 0 0 1


 .
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Fig. A.1. (a) illustrates the definition of quadric Q. The hierarchical skeleton trans-
formation S up to joint j is followed by the centroid transformation C and by L
describing the quadric’s volume. (b) depicts the articulated structure S. The distance
between model surface e and observation x is to be minimized subject to rotation θr

around axis a of joint j.

where L = (lx, ly, lz) are the radii of an ellipsoid, i.e. half the axis length along
the principal directions and C = (cx, cy, cz) is the primitive’s center. Coefficients
θl and θw from the state vector Θ control relative length and width of a metaball.
They are shared among groups of metaballs according to segment assignment.
SΘl,r is the skeleton induced transformation, a 4× 4 rotation-translation matrix
from the world frame to the frame to which the metaball is attached. Given
rotation θr ∈ Θ of a joint J , we write:

SΘ = E · Jθr = E ·Rθr · J0r , (A.1)

where E is the homogenous 4 × 4 transformation from the joint frame to the
metaball frame. Jθr is the transform from world frame to joint frame, including
the rotation parameterized by θr and Rθr is the homogenous rotation matrix
of θr around axis a with J0r = R−1

θr · Jθr . A configuration of an articulated
structure is depicted by Figure A.1(b).

We can now compute the global density function F of Equation 3 by plugging
Equation 6 into the individual field functions of Equation 4 and adding up these
fields for all primitives. In other words, the field function from which the model
surface is derived can be expressed in terms of the QΘ matrices, and so can
its derivatives as will be seen later. These matrices will therefore constitute the
basic building blocks of our optimization scheme’s implementation.

A.1 Derivatives of the Distance Function

The generic derivative of the distance function wrt. to any parameter θ ∈ Θ
from the state vector can be computed as:

∂

∂θ
d(x, Θ) = 2 ∗ xT · ST

Θ ·QT
Θ ·

[
∂

∂θ
QΘ · SΘ

]
· x (A.2)

The computation includes parts of the distance function and intermediate
results can be cached and reused.
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The model pose is exclusively defined by the state of the underlying articu-
lated structure S of Eq. A.1. A rotational parameter θr defines the angle between
two body parts. For differentiation classical robotics methods can be applied,
such as [5]. Combined with the quadric the rotational derivative of Eq. A.2 can
be shown to be:

[
∂

∂θr
QΘ · SΘ

]
· x = Q ·E · a× jx . (A.3)

with rotational axis a and jx = Jθ · x being the vector from joint center to
observation. E is the transformation from the joint frame to the metaball frame.
See Figure A.1(b) for an illustration. Equation A.3 can be efficiently implemented
because it only consists of a simple vector cross-product transformed into the
quadric’s frame. For more details we refer the interested reader to our earlier
publication [14].

A.2 Silhouette Constraint

As introduced in Section 3.2 the motion of the silhouette point x along the ray
has to be taken into account during optimization. For non-articulated implicit
surfaces this has been shown by [16]. This involves computing first and second
order derivatives for the Jacobian entries. This turns out to be prohibitively
expensive when done in a brute force manner. In contrast, our modular matrix
formulation allows an elegant description of these derivatives because they retain
their modularity and can be computed similarily to the first order derivatives.
Again, intermediate results of the function evaluation as well as the computation
of the first order derivatives can be reused to speed up the process.

Second order derivatives with respect to spatial coordinates can be computed
according to Eq. A.4 and those with respect to a spatial coordinate as well as
a parameter of the state vector according to Eq. A.5. Please see our earlier
publication [14] for a full derivation of the Jacobian for the field functions.

∂2d

∂xi∂xj
= 2 ∗ ∂x

∂xi

T

· ST
Θ · QT

Θ · QΘ · SΘ · ∂x
∂xj

, (A.4)

∂2d

∂xi∂θ
= 2 ∗ xT ·

([
∂

∂θ
ST

Θ · QT
Θ

]
· QΘ · SΘ + ST

Θ · QT
Θ ·

[
∂

∂θ
QΘ · SΘ

])
· ∂x
∂xi

.(A.5)

These derivatives are necessary to correctly integrate 2–D silhouette observa-
tions in a 3–D optimization framework. When replacing them with simpler, first
order ones we experienced incorrect estimation of the closest point on the ray
and the optimizer did not converge. Using the complete derivatives allows the
optimizer to more precisely estimate the system’s reaction to paramter change
and, thus, to find the optimal state with a minimal number of iterations.
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Abstract. I address the problem of optimizing projective motion over a minimal
set of parameters. Most of the existing works overparameterize the problem. While
this can simplify the estimation process and may ensure well-conditioning of the
parameters, this also increases the computational cost since more unknowns than
necessary are involved.
I propose a method whose key feature is that the number of parameters employed is
minimal. The method requires singular value decomposition and minor algebraic
manipulations and is therefore straightforward to implement. It can be plugged
into most of the optimization algorithms such as Levenberg-Marquardt as well as
the corresponding sparse versions. The method relies on the orthonormal camera
motion representation that I introduce here. This representation can be locally
updated using minimal parameters.
I give a detailled description for the implementation of the two-view case within
a bundle adjustment framework, which corresponds to the maximum likelihood
estimation of the fundamental matrix and scene structure. Extending the algorithm
to the multiple-view case is straightforward. Experimental results using simulated
and real data show that algorithms based on minimal parameters perform better
than the others in terms of the computational cost, i.e. their convergence is faster,
while achieving comparable results in terms of convergence to a local optimum.
An implementation of the method will be made available.

1 Introduction

The problem of recovering structure and motion from images is one of the central
challenges for computer vision. The use of image feature correspondences (e.g. points,
lines) through different views and the study of geometrical aspects of the image formation
process have led to numerous techniques acting in metric, affine or projective space,
depending on whether camera calibration is fully, partially or not available.

Most of the time, a sub-optimal solution is obtained using linear techniques for
motion then for structure recovery [3] or jointly [16] and subsequently refined. One of
the most efficient techniques for such a structure and motion optimization is bundle
adjustment. It involves minimizing a non-linear cost function based on the discrepancy
between reprojected and original image features [15,17]. The behaviour of such tech-
niques, in terms of convergence properties to a local optimum of the cost function and

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 340–354, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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computational cost, greatly depends on the algebraic representation of the problem, i.e.
of structure and motion, and in particular, numerical conditioning and whether the num-
ber of parameters employed is minimal. For bundle adjustment, preserving the original
noise model on image features is also crucial.

While bundle adjustment is theoretically well-defined (it corresponds to the maxi-
mum likelihood estimator, see e.g. [17]) there are still practical optimization problems
since the employed cost functions have many local minima [13] where optimization
processes may get trapped.

I address the problem of representing motion. The goal is to obtain minimal esti-
mators, i.e. where the number of parameters considered for optimization is minimal. I
focus on the projective case, i.e. when camera calibration is unknown. This topic is of
primary importance since an accurate projective reconstruction is necessary to subse-
quently succeed in self-calibration.

Consider two perspective views of a rigid scene. The image signature of their relative
position is the projective two-view motion or the epipolar geometry, usually described
by the (3 × 3) rank-2 and homogeneous fundamental matrix [10,18]. A fundamental
matrix has 7 degrees of freedom. Therefore, 7 parameters should be enough to optimize
the projective two-view motion.

However, it has been seen that there does not exist a universal parameterization of the
fundamental matrix using 7 parameters. This is due to the non-linear rank-2 constraint
and the free-scale ambiguity. Existing works may fall into the following categories:

– overparameterization, e.g. the 12 entries of a perspective camera matrix [7]. More
unknowns than necessary are involved to simplify the representation;

– multiple minimal parameterizations, 3 in [2] or 36 in [18];
– minimal parameterizations combined to image transformations [2,19] to reduce the

number of parameterizations.

Other techniques optimize over the 9 parameters of the fundamental matrix while adding
the non-linear rank-2 constraint and the normalization constraint as virtual measure-
ments.

This paper makes the following contributions.
Firstly, I address the projective two-view motion case in §2. I introduce what I call

the orthonormal representation of projective two-view motion. Based on this, I show
how one can non-linearly estimate the projective two-view motion using a minimal
number of 7 parameters. An important point is that this method does not depend upon
the optimization technique considered.

Secondly, I illustrate the use of this method in a bundle adjustment framework based
on [8] in §3. The result is a minimal maximum likelihood estimator for the fundamental
matrix as well as scene structure. The reader who is interested into practical issues only
should refer directly to this section.

Thirdly, I extend the framework to multiple views in §4 where I introduce the or-
thonormal representation of projective multiple-view motion. I derive, similarly to the
two-view case, a means to perform optimization over a minimal set of parameters.

Finally, experimental results on simulated and real data are shown in §§5 and 6
respectively. They show that algorithms based on minimal motion parameters, and in
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particular on the orthonormal representation, perform better than the others, in terms of
computational cost, while achieving equivalent performances in terms of convergence
properties. This is followed by my conclusions in §7.

2 The Projective Two-View Motion

2.1 Preliminaries

Let us consider two (3 × 4) uncalibrated perspective camera matrices. Due to homo-
geneity, each one has 11 degrees of freedom. Since there is a 15-degrees of freedom
coordinate frame ambiguity on structure and motion, the projective two-view motion
has 11 · 2− 15 = 7 degrees of freedom.

The corresponding (3 × 3) fundamental matrix F has 9 entries but 7 degrees of
freedom since it is homogeneous and has rank 2. It allows one to extract projection
matrices for the two views while fixing the coordinate frame. These projection matrices
constitute a realization of the fundamental matrix. Among the 15-parameter family of
realizations, a common choice is the canonic projection matrices P and P′ [11]:

P ∼ (I(3×3) 0(3×1)) and P′ ∼ (H� e′), (1)

where e′ is the second epipole defined as the right kernel of F, FTe′ ∼ 0(3×1) and
H� ∼ [e′]×F is the canonic plane homography. This defines the canonic coordinate
frame which is unique, provided normalization constraints for H� and e′. It will be
seen in §2.3 that ||e′||2 = 1 and ||H�||2 = γ, where γ is an unknown constant scalar,
is a convenient choice for my method. Note that ∼ means “equal up to scale” and
[.]× is the cross-product skew-symmetric (3× 3)-matrix. All entities are represented in
homogeneous coordinates, i.e. are defined up to scale.

2.2 Relation to Previous Work

Most of the previous work on minimally parameterizing projective two-view motion
deals with directly parameterizing the epipolar geometry. The fundamental matrix F is
decomposed into the epipoles e and e′ and the epipolar transformation, which is a 1d
projective transformation relating the epipolar pencils, represented by an homogeneous
(2× 2)-matrix g.

Representing these entities with minimal parameters requires eliminating their ho-
mogeneity. This is usually done by normalizing each of them so that their largest entry is
unity, which yields 3 possibilities for each epipole and 4 for the epipolar transformation,
so 3 · 3 · 4 = 36 possible parameterizations.

Obtaining the fundamental matrix |or any other 2d entity such as the extended epipo-
lar transformation [2] or the canonic plane homography H�| from e, e′ and g requires
then the use of 9 distinct parameterizations to model all cases [18]. These cases coincide
with 9 of the 36 previous ones.

In [10], the author proposes to restrict the two-view configurations considered to the
cases where both epipoles are finite and can therefore be expressed in affine coordinates.
Due to the homogeneity of the epipolar transformation, 4 distinct parameterizations are
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still necessary for g.A unique parameterization can then be used to form the fundamental
matrix.

The method has been extended in [18] to the general case, i.e. when the epipoles can
be either finite or infinite. In this case, it is shown that the full 36 distinct parameteriza-
tions are necessary. This leads to a cumbersome and error-prone implementation of the
optimization process.

In [2,19], the method has been revised so as to reduce the number of parameterizations
using image transformations. In [2], the image transformations used are metric and
the number of distinct parameterizations restricted to 3 plus one bilinear constraint on
the entries of g, while in [19], the transformations used are projective, which allows
one to reduce the number of parameterizations to 1. The main drawback is that in the
transformed image space, the original noise model on the image features is not preserved.
A means to preserve it, up to first order approximation, has been proposed in [19] for
the gradient-weighted criterion, which is not the one used for bundle adjustment.

2.3 The Orthonormal Representation

Derivation. I introduce what I call the orthonormal representation of projective two-
view motion. I consider the fundamental matrix representation of the motion.Any (3×3)
rank-2 matrix is a fundamental matrix, i.e. represents a motion. Conversely, a projective
two-view motion is represented by a unique fundamental matrix (up to scale). Therefore,
deriving a minimal representation of projective two-view motion from its fundamental
matrix representation implies considering two constraints; the rank-2 constraint and
a normalization constraint, which fixes the relative scale of the fundamental matrix.
Previous work has shown that these constraints are quite tricky to enforce directly on
the fundamental matrix [2,10,18,19].

To overcome this problem, instead of considering directly the fundamental matrix, I
rather analyze its singular value decomposition F ∼ UΣVT, where U and V are (3× 3)
orthonormal matrices and Σ a diagonal one containing the singular values of F. The
orthonormal representation is then derived while enforcing the constraints:

– rank-2: since F is a rank-2 matrix, Σ ∼ diag(σ1, σ2, 0) where σ1 and σ2 are strictly
positive scalars and σ1 ≥ σ2 > 0;

– normalization: since F is an homogeneous entity, I can scale its singular value
decomposition such that F ∼ U ·diag(1, σ, 0) ·VT where σ = σ2/σ1 and 0 < σ ≤ 1
(σ1 	= 0since F is rank-2).

This decomposition shows that any projective two-view motion can be represented by
two (3× 3) orthonormal matrices and a scalar.

This gives the orthonormal representation of projective two-view motion as:

(U,V, σ) ∈ F where F ≡ O(3)2 × {σ ∣∣ 0 < σ ≤ 1}, (2)

where O(3) is the Lie group of (3 × 3) orthonormal matrices. This representation is
minimal in that it has 3 + 3 + 1 = 7 degrees of freedom. It can easily be computed
from the singular value decomposition of the fundamental matrix. Note that σ = 1 may
correspond to the case of an essential matrix, i.e. when cameras are calibrated.
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Any element of F represents a unique two-view motion since it can be used to
recompose a unique fundamental matrix (see next paragraph), i.e. a (3 × 3) matrix
where both the rank-2 and a normalization constraints have been enforced. However, a
fundamental matrix has more than one orthonormal representations. For instance, given
an orthonormal representation (U,V, σ) ∈ F, one can freely switch the signs of u3 or
v3 while leaving the represented motion invariant. However, the space of fundamental
matrices and the orthonormal representation are both 7-dimensional, which allows for
minimal estimation.

Recovering 2d entities. The fundamental matrix corresponding to an orthonormal rep-
resentation (U,V, σ) ∈ F can be recovered by simply recomposing the singular value
decomposition:

F ∼ u1vT
1 + σu2vT

2 , (3)

whereui andvi are the columns of U andV respectively.Among all potential applications
of the orthonormal representation, I will use it for bundle adjustment. Therefore, I will
need to extract projection matrices from the fundamental matrix. This can be achieved
directly from the orthonormal representation by recovering the second epipole and the
canonic plane homography of [11], equation (1).

The second epipole is the last column of U: e′ ∼ u3, while the canonic plane
homography can be formulated as H� ∼ [e′]×F ∼ [u3]×

(
u1vT

1 + σu2vT
2
)
. Since U is

an O(3) matrix, [u3]×u1 = ±u2 and [u3]×u2 = ∓u1 which yields the canonic plane
homography as H� ∼ u2vT

1 − σu1vT
2 and the second projection matrix as:

P′ ∼ (
u2vT

1 − σu1vT
2 | u3

)
. (4)

Normalization constraints discussed in §2.1 are clearly satisfied. This guarantees that
the same canonic basis will be used through the optimization process.

2.4 Estimation Using Minimal Parameters

In this section, I use the previously described orthonormal representation of projective
two-view motion to locally update a “base” estimate using the minimum 7 parameters.

Update using minimal parameters. Before going further, let us examine the case of 3d
rotations. There does not seem to exist a minimal, complete and non-singular parame-
terization of the 3-dimensional set of rotations in 3d space. For example, consider the
(3×3) rotation matrix R ∈ SO(3). Minimal representations, such as the 3 Euler angles θ
lead to singularities. However, one can find representations that are locally minimal and
non-singular, e.g. in a neighbourhood of R = I(3×3), i.e. θ = 0(3×1). Therefore, most
of the estimation processes of 3d rotations do not minimally parameterize the current
estimate, but rather locally update its overparameterization. A typical example is to use
a (3× 3) rotation matrix representation that is locally updated as R← R · R(θ) where
R(θ) is any minimal and locally non-singular parameterization of 3d rotations, e.g. Euler
angles. This method is used in [6] for the non-linear recovery of metric structure and
motion, where R is updated and θ reset to zero after each iteration of the optimizer.
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The same scenario arises for the projective two-view motion. There does not seem
to exist a minimal, complete and non-singular parameterization of the corresponding
7-dimensional space. Consequently, I propose locally updating a given estimate using
minimal parameters.

Let us consider the orthonormal representation (U,V, σ) ∈ F of a given projective
two-view motion. Each matrix (U,V) ∈ O(3)2 can be locally updated using 3 parameters
by considering the method described above for 3d rotations. The scalar σ ∈ {σ ∣∣ 0 <
σ ≤ 1} is completely included into the parameterization. A means to ensure 0 < σ ≤ 1
is described below.

Completness. A first remark that immediately follows about the above-proposed method
is whether all two-view configurations are covered. This arises from the fact that U
and V are O(3) matrices, which may have positive or negative determinants, and are
updated using SO(3) matrices, R(x) and R(y) respectively, which have only positive
determinants. Therefore, the signs of det(U) and det(V) are not allowed to change during
the optimization process. I claim that this is not a problem and that any fundamental
matrix F can be reached from any initial guess F0, even if sign(det(U0)) 	=sign(det(U)),
sign(det(V0)) 	=sign(det(V)) or both. To prove this claim, I show that any fundamental
matrix F represented by (U,V, σ) has alternative representations where the signs of either
det(U) or det(V), or both, have been switched. This is due to the non-uniqueness of the
singular value decomposition, see e.g. [14]. Consider the recomposition equation (3) and
observe that u3 and v3, the third columns of U and V respectively, do not affect the result.
Therefore, they are only constrained by the orthonormality of U and V. Hence, their signs
can be arbitrarily switched, which accordingly switches the sign of the determinant of
the corresponding matrix. For example, u3 ← −u3 switches the sign of det(U) while
leaving invariant the represented fundamental matrix. This concludes the proof.

Implementation details. Through the iterations, σ may go outside of its boundaries. This
is not a problem since the corresponding motion is still valid.

There are several possibilities to ensure the boundaries of σ such as using linear
constraints. I propose to enforce these boundaries at each iteration while leaving the
current estimate invariant. However, I have found during my experiments of §§5 and 6
that in practice, this does not affect the behaviour of the underlying optimization process.
A way to proceed is:

– if σ < 0 then σ ← −σ, u2 ← −u2, u3 ← −u3;
– if σ > 1 then σ ← 1

σ , swap(u1,u2), u3 ← −u3, swap(v1,v2), v3 ← −v3.

One can easily check that these changes on the orthonormal representation leave the
represented motion invariant.

3 Bundle Adjustment

In this section, I show how the orthonormal representation can be used for bundle adjust-
ment of point features seen in two views. This is summarized in table 1. Similar results
could be derived for other criteria, such as the minimization of the distances between
points and epipolar lines or the gradient-weighted criterion [10,18].
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Table 1. Implementing my minimal estimator within the bundle adjustment Levenberg-Marquardt-
based framework given in [8], p.574 (algorithm A4.1). Note that r is the number of residuals and
that the second projection matrix have to be extracted from the orthonormal representation using
equation (4) (for e.g. computing the error vector).

Two-view projective bundle adjustment expressed within the framework of [8], p.574
(algorithm A4.1). The initial guess of the fundamental matrix is denoted by F0.

Add the following steps:
(i’) Initialize the orthonormal representation (U, V, σ) by a scaled singular value de-

composition of F0:
F0 ∼ U · diag(1, σ, 0) · VT.

(ii’) Turn the full (r × 12) camera Jacobian matrix A = Ā into the minimal (r × 7)
Jacobian matrix of the orthonormal representation:

A← A · Aortho,

where Aortho is given by equations (5,6);

Change the parameter update step as:
(viii) Update the orthonormal representation as:

U← U · R(x) V← V · R(y) σ ← σ + δσ,

where δa
T = (xT yT δσ) are the 7 motion update parameters, update the structure

parameters by adding the incremental vector δb and compute the new error vector;

Add the last step:
(xi) Return the computed F using equation (3) as:

F ∼ u1vT
1 + σu2vT

2 .

Cost function. Bundle adjustment consists in solving the following optimization prob-
lem, see e.g. [12,17,18]:

min
a,b

rTr,

where:

– a and b are respectively motion and structure parameters (or parameters used to
update them);

– r is the vector of residual errors;
– r2

i = d2(qi,PQi) + d2(q′
i,P

′Qi) is the i-th point residual error (d is the 2d Eu-
clidean distance) corresponding to its reprojection error;

– qi and q′
i are corresponding image points for the first and second images;

– Qi are 3d reconstructed points and depend upon b;
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– P and P′ are projection matrices corresponding to the current motion estimate repre-
sented by a. They must correspond to a realization of the fundamental matrix. I have
shown in §2.3, equation (4), how the canonic realization can be directly obtained
from the orthonormal representation.

Analytical differentiation. Newton-type optimization methods, such as the widely used
Levenberg-Marquardt, necessitate computing the Jacobian matrix J = (A | B) of the
residual vector r with respect to motion and structure parameters a and b. While this
can be achieved numerically using e.g. finite differences [14], it may be better to use an
analytical form for both computational efficiency and numerical accuracy. I focus on the
computation of A = ∂r

∂a since B = ∂r
∂b only depends upon structure parameterization. I

decompose it as A(r×7) = Ā(r×12) · Aortho
(12×7) where:

– r is the number of residuals;
– only the 12 entries of P′ are considered since P is fixed in the canonic reconstruction

basis (1);
– Ā = ∂r

∂p′ (p′ = vect(P′) where vect(.) is the row-wise vectorization) depends on
the chosen realization of the fundamental matrices, i.e. on the coordinate frame
employed. I have chosen the canonic projection matrices (1). This Jacobian matrix
is employed directly for the overparameterization of [8]. Deriving its analytical form
is straightforward;

– Aortho = ∂p′

∂a is related to the orthonormal motion representation.

I therefore concentrate on deriving a closed-form expression for Aortho. If the minimal
method of e.g. [18] were used, 36 different Jacobian matrices corresponding to each
parameterization would have to be derived.

One of the advantages of my update scheme shown in table 1 and based on the
orthonormal representation is that there exists a simple closed-form expression for Aortho.

Let us consider the orthonormal representation (U,V, σ). In this case, the motion
update parameters are minimal and defined by a = (x1 x2 x3 y1 y2 y3 σ)T, where
x = (x1 x2 x3)

T and y = (y1 y2 y3)
T are used to update U and V respectively. Since

U and V are updated with respect to the current estimate, Aortho is evaluated at (U,V, σ),
i.e. at a = a0 = (0(6×1) σ)T. Let Ũ = U · R(x) and Ṽ = V · R(y) be the updated U
and V. Equation (4) is used to derive a closed-form expression of the second canonic
projection matrix after updating, i.e. corresponding to the orthonormal representation
(Ũ, Ṽ, σ). By expanding, differentiating and evaluating this expression at a0, I obtain:

Aortho =
∂p′

∂a
=

∂p′

∂(x1 . . . y3 σ)
=

((
∂p′

∂x1

)
. . .

(
∂p′

∂y3

) (
∂p′

∂σ

))
, (5)

where:

∂p′ =




vect(u3v1
T | − u2) · ∂x1

vect(−σu1v3
T | 0) · ∂x2

vect(σu3v2
T | u1) · ∂x3

vect(−u2v3
T | 0) · ∂y1

vect(−u1v1
T − σu2v2

T | 0) · ∂y2
vect(u2v2

T + σu1v1
T | 0) · ∂y3

vect(−u1v2
T | 0) · ∂σ.

(6)
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4 The Multiple-View Case

In this section, I extend my projective two-view motion modelisation to multiple views.
I analyse how to model additional views. I propose the orthonormal representation of
projective multiple-view motion. As in the two-view case, this serves to devise elements
for optimizing projective multiple-view motion over minimal parameters.

4.1 Modeling Additional Views

Once two views have been modeled, the coordinate frame is fixed. Therefore, an addi-
tional view does not have any free gauge and its complete projection matrix has to be
modeled. Let P be such a (3×4) projection matrix. Since it is homogeneous, it has 11 de-
grees of freedom. This can be seen in several other ways. For example, one can consider
the metric decomposition P ∼ K(R t). However, this decomposition is not available
here since I deal with uncalibrated cameras. One may also interpret P ∼ (H αe), where
H is a (3× 3)-matrix, as a plane homography H with respect to the reference view, i.e.
thus for which the projection matrix is (I(3×3) 0(3×1)), e a 3-vector that represents an
epipole with the same view and α a scalar that accounts for the relative scale between
H and e. Therefore, P has 8 + 2 + 1 = 11 degrees of freedom. This interpretation is
related to that of plane+parallax, see e.g. [9].

4.2 Relation to Previous Work

A common strategy for optimizing an homogeneous entity such as P is to overparameter-
ize it by using all its entries. A normalization constraint is then softly imposed by using
an hallucinated measurement, e.g. on the norm of P as ||P||2 − 1 = 0. The drawback of
this method is that more parameters than necessary are estimated, which increases the
computational cost of the estimation process and may cause numerical instabilities. One
could also renormalize P after each iteration as P← P/||P||2. Alternatively, one could
fix one entry of P to a given value, e.g. 1, but this representation would have singularities.

The main drawback of these techniques is that a unique minimal parameterization
does not suffice to express all cases. This leads to the necessity for multiple expres-
sions of e.g. the Jacobian matrix for Newton-type optimizers, which might complexify
implementation issues.

4.3 The Orthonormal Representation

The orthonormal representation of P ∼ (H αe) can be derived as follows. Let s = αe.
This inhomogeneous 3-vector is a scaled version of e which has 3 degrees of freedom
since it also encapsulates the relative scale α between H and e. Therefore, s ∈ R

3 and
it can be directly parameterized by its 3 elements.

Consider now the homogeneous (3×3)-matrix H. As in the case of the fundamental
matrix, see §2.3, I examine its singular value decomposition H ∼ UΣVT where U and V
are (3×3) orthonormal matrices and Σ a diagonal one containing the singular values of
H. Since H may be singular, see e.g. in §2.1 the canonic plane homography of [11], but
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must not be rank-1 or null, Σ ∼ diag(1, σ1, σ2), where 0 < σ1 ≤ 1 and 0 ≤ σ2 ≤ σ1.
Therefore, the orthonormal representation of H writes as:

(U,V, σ1, σ2) ∈ H where H ≡ F× {σ2
∣∣ 0 ≤ σ2 ≤ σ1},

and F ≡ O(3)2×{σ1
∣∣ 0 < σ1 ≤ 1}, see equation (2). As a byproduct, one can observe

that I have derived the orthonormal representation H of 2d homographies which can be
used as a starting point to devise minimal 8-parameter estimators for these transforma-
tions. Finally, I obtain the orthonormal representation of P, denoted by P as:

(U,V, σ1, σ2, s) ∈ P where P ≡ H× R
3.

It is minimal in that it has 3 + 3 + 1 + 1 + 3 = 11 degrees of freedom.

4.4 Optimization With Minimal Parameters

Mimicking the method of §2.4 for the projective two-view motion case, I obtain a way
to minimally estimate projective multiple-view motion. Given a set of camera matrices,
I represent two of them using the orthonormal projective two-view motion of §2.3.
This fixes the coordinate frame. Each other view is then modeled by the orthonormal
representation (U,V, σ1, σ2, s) ∈ P described above. Each O(3) matrix U, V can be
updated using minimal parameters as e.g. U ← U · R(x) whereas σ1, σ2 and s are
directly optimized. As in the two-view case, one can derive algorithms to ensure the
boundaries on σ1 and σ2. A closed-form solution for the Jacobian matrix of the residuals
with respect to the motion parameters can be derived in a manner similar to the two-
view case. Another advantage of this representation is that one can directly compute the
inverse of H, the (3×3) leading part of P, from its orthonormal representation. This may
be useful for e.g. projecting 3d lines or estimating 2d homographies using a symmetric
cost function.

5 Experimental Results Using Simulated Data

In this section, I compare the algorithm using the orthonormal motion representation
(see table 1 and §§2.4 and 4.4) to existing ones using simulated data. I use the Levenberg-
Marquardt method to perform optimization. Points are minimally parameterized as in
[8], p.579. The test bench consists of 50 points lying inside a sphere with a radius of 1
meter observed by cameras with a focal length of 1000 (expressed in number of pixels).
Each of these cameras is looking at the center of the sphere and is situated at a distance
of 10 meters from it. The baseline between two consecutive cameras is 1 meter.

Points are generated in 3d space, projected onto the images and corrupted by an
additive centered gaussian noise with varying standard deviation.

I measure the two quantities characteristic of a bundle adjustment process, computa-
tional cost, i.e. cpu time to convergence and the error at convergence, versus the standard
deviation of added image noise. I also measure the error of the current estimate as a func-
tion of time through the optimization processes. The plots correspond to median values
over 300 trials. The bundle adjustments are initialized by the values obtained using the
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8 point algorithm [4] and the triangulation method described in [5] for two views. Each
other view is then registered in turn by linearly computing its camera matrix. I compare
the following algorithms:

– ortho: uses the minimal methods given in table 1 and §§2.4 and 4.4;
– maps and imrot (Image Rotation): are other minimal methods given in [1], the

associated research report. These methods are equivalent to those described in [18,
19] in the sense that the number of unknowns is minimal;

– free: uses an overparameterization with free gauges, namely all the entries of the
camera matrices are optimized;

– normalized: uses an overparameterization plus hallucinated measurements to pre-
vent the gauge to drift [12];

– parfree (Partially Free): uses a partially free gauge by completely parameterizing
all camera matrices except the first one [7];
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Fig. 1. Comparison of (a): the cpu time to convergence and (b): value of the error at convergence
versus varying image noise for different methods.

I conduct a serie of experiments using two cameras. One can observe on figure 1 (b)
that, roughly speaking, all methods converge to the same minimum of the cost function.
Methods that have a slightly less reliable convergence than the others are free and
parfree.

Figure 1 (a) shows that, for roughly the same convergence properties, there are quite
big discrepancies between the computational cost of each method. The method that has
the highest computational cost is free, followed by normalized and parfree. This can
be explained by the fact that these methods have more unknowns to estimate than the
minimal ones. This requires more computational time for each iteration to be performed.
Finally, methods using the minimal number of parameters, maps, ortho and imrot have
the lowest computational cost, roughly the same.
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In the light of these results, it is clear that methods using minimal parameters should
be preferred for both computational cost and convergence properties. The method or-
tho, relying on the orthonormal representation given in this paper has the advantage of
simplicity. However, in order to understand and explain the behaviour of the different
methods, I have measured the number of iterations and the computational cost of these
iterations. These results are shown on figure 2.
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Fig. 2. Comparison of (a): the number of iterations to convergence versus varying image noise
and (b): the evolution of reprojection errors.

Table 2. cpu time per iteration (second) for each method.

maps ortho imrot free normalized parfree
0.3841 0.3838 0.3864 0.4741 0.7043 0.4717

In more detail, I have found that methods free or parfree, leaving the gauge drift
freely have very bad convergence properties, performing more iterations, roughly twice
more, than the others, see figure 2 (a). Method normalized performs a number of iter-
ations smaller than all the other methods but involves solving a much more costly linear
system at each iteration, see table 2. Methods using the minimal number of parameters
are trade-offs between the number of iterations and their computational cost: each iter-
ation has a low computational cost and the number of iterations needed is in-between
those of free gauge methods and normalized. This explains why these methods achieve
the lowest total computational cost.

Figure 2 (b) shows the evolution of reprojection error for the different optimization
processes. This experiment is useful in the sense that the time to convergence previously
measured is highly dependent on how convergence is determined, e.g. by thresholding



352 A. Bartoli

two consecutive errors, and does not account for the ability of the algorithms to quickly,
or not, reach almost the value of convergence. This experiment has been conducted using
the same test bench as previously with a noise level on image point positions of 0.5 pixel.
One can see on this figure that methods based on a minimal parameterization reach their
value of convergence before the others. The normalized and parfree methods take
roughly twice the same time, while the free method takes three times more.

Finally, I conduct experiments using 10 views. I observe that the differences between
the algorithms observed in the two-view case are decreased while those requiring the
lowest computation time are the same, i.e. maps, ortho and imrot. Other experiments on
the convergence properties of the algorithms in the multiple-view case yield conclusions
similar to the two-view case.

6 Experiments on Real Images

In this section, I validate my algorithms using real images. I first consider the case of
two images. In order to cover all possibilities for the epipoles to be close to the images
or at infinity, I use pairs of the images shown on figure 3. Initial values for structure and
motion are computed as in the case of simulated data.

A B C D

Fig. 3. Real images used to validate the algorithms.

Results are shown in table 3. For each combination of image pair and each algorithm,
I estimate the cpu time to convergence T and the error at convergence E . The last row
of the table show the mean values T̄ and Ē of T and E for each algorithm over the set
of image pairs. These results confirmed those obtained using simulated data.

I have also tested the algorithms on all four images of figure 3. Initial values have been
obtained by registering each view to an initial guess of structure and motion obtained
from the two first ones. The results are the followings: all algorithms converge with a
final error of 0.73 pixels and their relative performances in terms of computation times
to convergence were equivalent to those obtained in the case of two views.

7 Conclusions

I studied the problem of optimizing projective motion over minimal sets of parameters.
I proposed the orthonormal representation of projective two-view motion. I showed
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Table 3. Error at convergence E and time to convergence T obtained when combining pairs of
images from figure 3.

epipoles
views

maps ortho imrot free normalized parfree
e e′ E T E T E T E T E T E T
—∞ ∞ A, B 0.63 2.45 0.63 2.39 0.63 2.47 0.68 3.98 0.63 2.99 0.68 3.02

A, C 0.71 2.38 0.71 2.41 0.71 2.40 0.77 4.01 0.71 3.56 0.71 3.71
—∞ —∞ A, D 0.45 2.03 0.45 1.76 0.45 2.19 0.57 3.13 0.45 3.09 0.45 2.93
∞ ∞ B, C 0.88 3.53 0.88 3.39 0.88 3.55 1.23 6.70 0.88 5.12 0.88 4.63

∞ —∞ B, D 0.59 2.33 0.59 2.10 0.59 2.81 0.59 3.99 0.59 3.41 0.59 3.56
C, B 0.51 1.91 0.51 1.92 0.51 2.02 0.51 3.39 0.51 2.79 0.51 3.04

average Ē and T̄ 0.628 2.430 0.628 2.328 0.628 2.573 0.725 4.200 0.628 3.493 0.637 3.482

how this can be used to locally update projective two-view motion using a minimal
set of 7 parameters. The canonic projection matrices can be directly extracted from
the orthonormal representation. I extent this representation to projective multiple-view
motion. As a byproduct, I derive the orthonormal representation of 2d homographies.
The method can be plugged into most of the (possibly sparse) non-linear optimizers such
as Levenberg-Marquardt. I gave a closed-form expression for the Jacobian matrix of the
residuals with respect to the motion parameters, necessary for Newton-type optimization
techniques.

The introduced orthonormal representation seems to be a powerful tool for minimal
optimization of homogeneous entities in particular.

I conducted experiments on simulated and real data. My conclusions are that methods
based on minimal parameter sets perform better than the others, in terms of computational
cost while achieving equivalent results in terms of convergence properties. The most
interesting results are obtained in the two-view case. Existing algorithms that do not
constrain the gauge by any means perform worse than the others.

I will make an implementation of the method available on my home-page.
In future work, I plan to investigate the use of the orthonormal representation in-

troduced in this paper to model other algebraic entities and devise minimal estimation
techniques for them.
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Abstract. This paper proposes a method for recovery of projective
shape and motion from multiple images by factorization of a matrix
containing the images of all scene points. Compared to previous meth-
ods, this method can handle perspective views and occlusions jointly.
The projective depths of image points are estimated by the method of
Sturm & Triggs [11] using epipolar geometry. Occlusions are solved by
the extension of the method by Jacobs [8] for filling of missing data. This
extension can exploit the geometry of perspective camera so that both
points with known and unknown projective depths are used. Many ways
of combining the two methods exist, and therefore several of them have
been examined and the one with the best results is presented. The new
method gives accurate results in practical situations, as demonstrated
here with a series of experiments on laboratory and outdoor image sets.
It becomes clear that the method is particularly suited for wide base-line
multiple view stereo.
Keywords: projective reconstruction, structure from motion, wide base-
line stereo, factorization

1 Introduction

In the past geometric and algebraic relations among uncalibrated views up to
four in number have been described [5]. Various algorithms for scene reconstruc-
tion with both orthographic and perspective camera have been proposed [5,12,
8,11,6,9,13,3,10]. The reconstruction problem from orthographic camera is con-
ceptually satisfactorily solved but this could not be claimed for the case of a
perspective camera. The biggest problem that remained to be solved was deal-
ing consistently with scene occlusions.
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Table 1. Comparison of some 3D reconstruction methods. Lexicographical ordering
was used so that (i) the importance of a criterion decreases from the first to the last
column and (ii) the quality of the method decreases from top to down

Algorithm views camera occlusions
privileged

data
depends on
im. ordering

the new algorithm N persp. yes no no
Fitzgibbon & Zisserman [3] N persp. yes no yes
Avidan & Shashua [10] N persp. yes no yes
Urban et al. [13] N persp. yes central view no
Heyden [6] N persp. no no no
Mahamud & Hebert [9] N persp. no weak persp. no
Sturm & Triggs [11] N persp. no no yes
Jacobs [8] N orthog. yes no no

Tomasi & Kanade [12] N orthog. yes
initial

submatrix no

Hartley & Zisserman [5] 2,3,4
orthog.
persp. no no no

This paper offers a linear method which extends and suitably combines pre-
vious methods so that the reconstruction in an entirely general situation, i.e.
many images with perspective camera and occlusions, is possible. A review of
previous works follows.

The situation is similar for two, three, and four uncalibrated images. 3D
structure of a scene can be recovered up to an unknown projective transforma-
tion, where the camera geometry can be represented by the fundamental matrix,
the trifocal, and the quadrifocal tensor respectively [5].

For any number of images, image coordinates of the projections of 3D points
can be combined into a so called measurement matrix. Tomasi and Kanade [12]
developed a factorization method of the measurement matrix for scene recon-
struction with an orthographic camera and Sturm and Triggs [11] extended this
method from affine to perspective projections. Heyden’s method [6] uses a dif-
ferent approach. It relies only on subspace methods instead of multilinear con-
straints. Similarly, Mahamud & Hebert proposed a method [9], which computes
projective depths iteratively but it can only be used for weak perspective or for
full perspective with a good initial depth estimate.

Occlusions present a significant problem for reconstruction. The above men-
tioned Tomasi and Kanade’s method solves this problem under the orthographic
projection but the result depends on the choice of some initial submatrix of the
measurement matrix. The method is iterative and errors may increase gradually
with the number of iterations. Jacobs’ method [8] improves the above approach
so that no initial submatrix is needed. He combines constraints on the recon-
struction derived from small submatrices of the full measurement matrix. It
treats all data uniformly and is independent of image ordering.
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Under perspective projection, the occlusion problem has not yet been gener-
ally solved. Method [13] by Urban et al. is dependent on the choice of a central
image, which is combined with other images in a so called “cake” configuration.
Only points whose projections are contained in the central image can be recon-
structed. Method [3] by Fitzgibbon & Zisserman and [10] by Avidan & Shashua
compute reconstruction from a sequence of images using trifocal tensors and
fundamental matrices. Subsequent images are taken one after another and used
to extend and improve actual reconstruction. Table 1 summarizes the differences
among the mentioned methods.

Jacobs [8] solves reconstruction with occlusions for orthographic camera,
Sturm & Triggs [11] solve reconstruction without occlusions for perspective cam-
era. We present a novel method that builds on these two methods so that scene
reconstruction from many perspective images with occlusions is obtained. Our
method is independent of image ordering and treats all data uniformly up to a
certain level of missing data. Above this level, the reconstruction process may
prefer some data depending on the method of computing the projective depths.

The paper is organized as follows. The reconstruction problem is formulated
in Section 2. In Section 3.1 and 3.2, algorithms [11] and [8] are reviewed, respec-
tively. In 3.3, the new filling algorithm is presented. In 3.4, the new reconstruction
method is proposed. Experiments with artificial and real data are presented in
sections 5 and 6. Section 7 gives suggestions for future work.

2 Problem Formulation

Suppose a set of n 3D points and that some of them are visible in m perspec-
tive images. The goal is to recover 3D structure (point locations) and motion
(camera locations) from the image measurements. This recovery will be called
scene reconstruction. No camera calibration or additional 3D information will
be assumed, so it will be possible to reconstruct the scene up to a projective
transformation of the 3D space.

Let Xp be the unknown homogeneous coordinate vectors of the 3D points,
Pi the unknown 3 × 4 projection matrices, and xi

p the measured homogeneous
coordinate vectors of the image points, where i = 1, . . , m labels images and
p = 1, . . , n labels points. Due to occlusions, xi

p are unknown for some i and p.
The basic image projection equation says that xi

p are the projections of Xp

up to unknown scale factors λi
p, which will be called (projective) depths:

λi
px

i
p = PiXp

The complete set of image projections can be gathered into a matrix equation:



λ1
1x

1
1 λ1

2x
1
2 . . . λ1

nx
1
n
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where marks × stand for unknown elements which could not be measured due
to occlusions, X and P stand for structure and motion, respectively. The 3m × n
matrix [xi

p]i=1..m,p=1..n will be called the measurement matrix whereas R will be
called the partially rescaled measurement matrix, shortly PRMM, because R will
be used even with some unknown depths. Both measurement matrix and PRMM
may have (and in most cases do have) some missing elements.

3 The Main Idea of the New Reconstruction Algorithm

A complete rescaled measurement matrix has rank four and therefore a projective
reconstruction can be obtained by its factorization. However, from measurements
in perspective images with occlusions, we can only compose a measurement ma-
trix which is neither complete nor rescaled. When it is at all possible to compute
projective depths of some known points in R, e.g. via multi-view constraints,
some missing elements of R can often be filled using the knowledge that every
five columns of complete rescaled R are linearly dependent.

It would be ideal to first compute the projective depths of all known points
in R and then to fill all the missing elements of R by finding a complete matrix
of rank four that would be equal (or as close as possible) to the rescaled R
in all elements where R is known. Such a two-step algorithm is almost the ideal
linearized reconstruction algorithm, which uses all data and has a good statistical
behavior. We have found that many image sets, in particular those resulting from
wide base-line stereo, can be reconstructed in such two steps.

Of course, there are image sets, e.g. sets with the structure of missing data
on the borderline of reconstructibility or long sequences with very factionalized
tracks, which cannot be solved in the above two steps. Instead, the two steps
have to be repeated while the measurement matrix R is not complete. If the
correspondences between the images are such that the measurement matrix is
large and diagonally dominant, then it is possible to use another reconstruction
technique, e.g. to fuse partial consecutive reconstructions [3,10]. However, if there
is no clear sequence of images or central image like in [13], the proposed algorithm
has a clear advantage. It can handle arbitrary scenes in pseudo-optimal manner
without a priori preferring any particular image. It provides a unique solution
and thus is suited for the initialization of bundle adjustment optimizations.

In what follows, we shall describe the two steps of the algorithm. Let us first
review the two steps we build on and their respective extensions. Later we will
describe how to combine the two steps.

3.1 Estimating the Projective Depths

Many works dealt with estimating the projective depths. In this work, we used
Sturm & Triggs’ method [11] exploiting epipolar geometry but other methods,
e.g. [6,9,5], can be applied also. The method [11] was proposed in two alterna-
tives. The alternative with a central image is more appropriate for wide base-
line stereo while the alternative with a sequence is more appropriate for video-
sequences. The former will be denoted as ωcent,c where c denotes the number
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of a central image while the latter will be denoted as ωseq. Thus, we have alto-
gether the totality Ω = {ωseq, ωcent,1 . . . ωcent,m} of alternatives for computing
the projective depths. Also, the method from [11] has to be furthermore slightly
modified on account of missing data. The complete algorithm is summarized in
Algorithm 1. The p-th track there denotes a subsequence of known points in
sequence x1

p . . .xm
p .

Algorithm: 1. Estimating the depths: alternatives ωseq and ωcent,c

3.2 Filling of Missing Elements in R

Filling of missing data was first realized by Tomasi & Kanade [12] for ortho-
graphic camera. D. Jacobs [8] improved their method and we use our extension
of his method for the perspective case. Often, not all depths can be computed
because of missing data. Therefore, we extend the method from [8] so that also
points with unknown depths are exploited. Moreover, the extension is indepen-
dent of how depths are estimated and thus any method for estimating the depths
could be used. Before describing our modification for the perspective camera, the
original Jacobs’ algorithm for the orthographic case has to be explained.

D. Jacobs treated the problem of missing elements in a matrix as fitting an
unknown matrix of a certain rank to an incomplete noisy matrix resulting from
measurements in images. Assume noiseless measurements for a while to make the
explanation simpler. Assuming perspective images, an unknown complete 3m×n
matrix R̃ of rank 4 is fitted to PRMM R. Technically, a basis of the linear vector
space that is spanned by the columns of R̃ is searched for. Thus, when there are
4 complete linearly independent columns in R, then they form the desired basis.
When no such 4-tuple of columns exists, the basis has to be constructed from
incomplete columns. Fortunately, some 4-tuples of incomplete columns provide
constraints on the basis and a sufficient number of such constraints determine it.



360 D. Martinec and T. Pajdla

Example: R =


 4 6

2 ×
× 3


 , for rank R = 1 instead of rank R = 4


 4

2
×


 . . . B1 = Span(


 4 0

2 0
0 1


),


 6
×
3


 . . . B2 = Span(


 6 0

0 1
3 0


)

Fig. 1. Forming constraints on the basis and filling the matrix. For R is of rank 1,
constraints on B are formed by single columns

Let us explain what we mean by saying that an incomplete column c of
R spans (generates) a subspace. Every complete column of R generates a one-
dimensional subspace of R

3m. Thus, an incomplete c generates a subspace V ,
as the smallest linear space containing all one-dimensional subspaces generated
by c after replacing unknown elements by some arbitrary real numbers. Linear
subspaces form a complete lattice [2] and therefore such smallest linear space V
exists. It is a subspace of R

3m and equals the linear hull of all one-dimensional
subspaces. The generators of V can be obtained by constructing the column
containing the known elements of c and zeros instead of the unknown ones and
augmenting it with the standard basis spanning the dimensions of the unknown
elements (see Fig. 1 and the example in Section 3.3).

Let the space generated by the columns of R̃ be denoted by B. Let Bt denotes
the span of the t-th 4-tuple of columns of R which are linearly independent in
coordinates known in all four columns. B is included in each Bt and thus also
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in their intersection i.e. B ⊆ ⋂
t∈T Bt, where T is some set of indices. When the

intersection is 4D, B is known exactly. If it is of a higher dimension, only an
upper bound on B is known and more constraints from 4-tuples must be added.
Any column in R̃ is a linear combination of vectors of a basis of R̃. Thus, having
a basis B of R̃, any1 incomplete column c in R can be completed by finding the
vector c̃ generated by B which equals c in the elements where c was known in R
(see Fig. 1).

Linear independency of the 4-tuple of columns is crucial to obtain a valid
constraint on the basis. Consider, e.g., a 4-tuple consisting of four equal columns,
thus spanning only a 1D space. Even if three coordinates in one of its columns are
made unknown, and thus a 4D space is spanned, B does not have to be included
in the span. A row with some missing coordinates can be ignored because the
entire corresponding dimension is spanned and the constraint on B is always
satisfied in the dimension, meaning such a row contains no information. This is
the reason to use just the 4-tuples of columns linearly independent in coordinates
known in all four columns.

Because of noise in real data, the intersection
⋂

t∈T Bt quickly becomes
empty. This is why B is searched for as the closest 4D space to spaces Bt in
the sense of the minimal sum of square differences of known elements. Denot-
ing complement of a linear vector space by ⊥,

⋂
t∈T Bt can be expressed ac-

cording to the well known De Morgan rule as (Spant∈T B⊥
t )⊥. The generators

of B⊥
t can be found as B⊥

t = u(:, d + 1 : end), where [u, s, v] = svd(Bt) and
d is the dimension of Bt. Spant∈T B⊥

t , where T is of cardinality z, is gener-
ated by [B⊥

1 B
⊥
2 . . . B⊥

z ]. (Spant∈T B⊥
t )⊥ is generated by u(:, end − 3 : end), where

[u, s, v] = svd([B⊥
1 B

⊥
2 . . . B⊥

z ]).

3.3 Filling of Missing Elements for Perspective Cameras

Jacobs’ method [8] cannot use image points with unknown depths. But, PRMM
constructed from measurements in perspective images often has many such
points where the corresponding depths cannot be computed. Therefore, we ex-
tended the method to exploit also points with unknown depths. It brings two
advantages: (i) because the actual iteration of the two-step algorithm exploits
more information, the number of iterations may decrease and consequently more
accurate results may be obtained; (ii) it is possible to reconstruct more scene con-
figurations. See Section 8 in [1] for more details about this. It is important that
the proposed extension is still a linear method as was the Jacobs’ method [8].

Let us first explain the extension for two images. Suppose that λi
p and xi

p

are known for i = 1, 2, and for p = 1 . . 4 except λ2
4. Then, consider the first four

columns of R to be the t-th 4-tuple of columns, At. A new matrix Bt, whose span
will be denoted by Bt, can be defined using known elements of At as

At =
[

λ1
1x

1
1 λ1

2x
1
2 λ1

3x
1
3 λ1

4x
1
4

λ2
1x

2
1 λ2

2x
2
2 λ2

3x
2
3 ? x2

4

]
−→ Bt =

[
λ1
1x

1
1 λ1

2x
1
2 λ1

3x
1
3 λ1

4x
1
4 0

λ2
1x

2
1 λ2

2x
2
2 λ2

3x
2
3 0 x2

4

]

1 containing at least four known elements, which in practice means six elements re-
sulting from two known points
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It can be proved (see Corollary 1 in Appendix A in [1]) that if Bt is of full rank
(i.e. five here) then B ⊆ Span(Bt), which is exactly the constraint on B.

In a general situation there are also some missing elements in R. Then, the
matrix Bt is constructed from the t-th 4-tuple At of columns of R as follows:

1. Set Bt to At.
2. Replace all unknown points and points with unknown depth by zero in Bt.
3. For each unknown depth λi

p in At, add a column with xi
p and zeros everywhere

else to Bt.
4. For each triple of rows in At containing some unknown point, add to Bt the

standard basis spanning the dimensions of the unknown point.

The following example demonstrates the construction of Bt from a 4-tuple At:
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3x
3
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
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If Bt is of full rank, its span Bt includes B (this can be proved by induction
from Corollary 1 in Appendix A in [1]). By including also image points with
unknown projective depths the spaces Bt spanned by 4-tuples of columns become
smaller, thus solving the complete problem becomes more efficient.

It can be seen that the concept of generating constraints on the basis for
the orthographic case is only a special case of generating constraints for the
perspective case. The former is equivalent to the latter having all depths set
to the same number thus corresponding to the perspective camera with the
projection center at infinity and looking at a finite scene.

3.4 Combining the Filling Method with Estimating the Depths

Due to occlusions, the computation of projective depths can be carried out in
various ways depending on which depths are computed first and if and how
those already computed are used to compute the others. One way of depth
estimation will be called a strategy. Depending on the chosen strategy, different
subsets of depths are computed and different submatrices of PRMM are filled.
It may happen when some strategy exploiting e.g. epipolar geometry of some
pair of images is used that the fundamental matrix cannot be computed due
to occlusions. Consequently, depths needed to form a constraint on the basis of
PRMM in one of the images cannot be estimated, thus the missing data in the
image cannot be filled and the two steps of depth estimation and filling has to
be repeated.

For accurate data, all strategies should be equivalent. It is not so if the data is
noisy. In such case, the task is to choose the strategy which results in the smallest
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error. It would be unrealistically costly to compute all possibilities (although
there is “only” a finite number of them) and to choose the best one. Fortunately,
we do not have to compute all of them in order to find some good one. From
the structure of missing data, it is possible to predict a good strategy for depth
estimation that results in a good reconstruction. Some criterion deciding which
strategy is good is needed. For scenes reconstructible in more steps, such criterion
also determines which subset of depths is better to be computed first.

The following two observations have been made. First, the more iterations
are performed, the less accurate results are obtained because the error from the
former iteration spreads in subsequent iterations as was also mentioned in [8].
Secondly, unknown elements should not be computed from fewer data when they
can be computed from more data, and thus more accurately due to the law of
big numbers and supposition of random noise. Both these observations support
the following.

Principle 1 The more image points that are filled in one step, the smaller the
expected error.

This principle leads to a pseudo-optimal number of iterations that need to be
performed.2 Practically, however, it is not crucial problem that such obtained
strategy is only pseudo-optimal because, as will be seen later, it is possible to
realize Principle 1 so that, for many scenes, only one iteration is performed. The
following proposition holds.

Proposition 1 The more depths known before the filling, the smaller the ex-
pected error.

Proof of Proposition 1 inheres in our extension of Jacob’s method (see Ap-
pendix B in [1]). Usage of Principle 1 and Proposition 1 in order of their desig-
nation proved to be a good criterion. We choose the set of strategies which fill
the most points, and from this set, we choose those which scale the most points.
From the resulting set, an arbitrary strategy can be used.

The criterion will now be described formally. Let ω denote some strategy
for estimating the depths and Ω denote some set of strategies. Let F(ω) denote
the predicted number of newly filled unknown image points during one iteration
when ω is used. The strategy, for which F(ω) is maximal, is the best strategy
according to Principle 1. More such strategies often exist. Let S(ω) denote the
predicted number of estimated depths when ω is used. According to Proposi-
tion 1, S(ω) is maximal for the best strategy. The complete new method for
scene reconstruction is summarized in Algorithm 2.

The usefulness of the concept of predictor functions F ,S : Ω −→ 0 . . mn
consists in their ability to be evaluated without neither estimating the depths
2 An optimal strategy would have to be searched for as the shortest branch in the

tree graph of all partial solutions. Partial solutions can be ordered into a tree graph.
Edges in this graph correspond to chosen strategies and vertices correspond to the
partial solutions obtained after one iteration. The root of the tree corresponds to
the initial PRMM.
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Algorithm: 2. Estimating the depths: alternatives ωseq and ωcent,c

nor data filling. The knowledge of which image points are known or unknown is
the only information for the evaluation of F and S. It is very simple (and fast) but
it cannot detect degenerate configurations of points because, in fact, the multi-
view tensors are not computed. If it then, when the tensor is computed, turns
out that the configuration is degenerate, the second best strategy is used, etc.

To define F and S, a few symbols have to be introduced. Let logical variable
xi

p be true if and only if the image point xi
p is known. Let i and j be as in step

2 of Algorithm 1. Let Iij be true if and only if the data of image i can be used
by the filling method consistently with other images [11]. It is only possible if
i = j or if images i and j have enough (at least seven) points in common, which
are necessary to compute a fundamental matrix uniquely, thus

Iij ≡ ∣∣{p | xi
p ∧ xj

p}
∣∣ ≥ 7 ∨ i = j (1)

The uniqueness is demanded for the depths consistency with other images. All
available points are used for the fundamental matrix estimation. (i) If there
are only 7 points, the 7-point algorithm [5] is performed. If it provides three real
solutions, the fundamental matrix is not unique. (ii) If there are 8 points or more,
the 8-point algorithm [5] is performed. In this case, degenerate configurations
can easily be detected.

The predictor functions depend on the way how projective depths are com-
puted. Let us first define the predictor functions for the alternative ωcent,c when
the depths are computed using a central image c. Let Pc

p be true if and only
if the p-th 3D point can be filled in by the filling method when depths were
estimated using strategy ωcent,c. To recover a 3D point uniquely from known
basis of PRMM, at least two its images are needed. Moreover, it can be proved
(see Theorem 4 in Appendix A in [1]) that at least two known depths in each
image are needed for the constraints on B. It means that Pc

p is true if and only
if the p-th 3D point is seen in at least 2 images and the corresponding funda-
mental matrices, which are needed for estimating at least some two depths in
the images, can be computed:

Pc
p ≡ ∣∣{i | Iic ∧ xi

p}
∣∣ ≥ 2 (2)
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Now, predictor functions F and S can be defined as follows

F(ωcent,c) =
∣∣{< i, p > | Iic ∧ Pc

p ∧ ¬xi
p}

∣∣
S(ωcent,c) =

∣∣{< i, p > | Iic ∧ Pc
p ∧ xi

p ∧ xc
p}

∣∣
Term Iic ∧ Pc

p says whether point xi
p can be reconstructed.

Similarly, the predictor functions for alternative ωseq when the depths are
computed for a sequence are defined as

Pp ≡ ∣∣{i | xi
p}

∣∣ ≥ 2

F(ωseq) =
∣∣{< i, p > | Pp ∧ ¬xi

p}
∣∣

S(ωseq) =
∑

p∈1..n

maxarg
k∈b(p)..m

∧
i∈b(p)..k

xi
p (3)

Eq. (3) simply says that the points in the longest continuous subtracks have
known depths (See Algorithm 1).

4 Implementation Details

On account of good numerical conditioning, several normalizations of the data
and balancing similar to those in [11] need to be performed. Choosing of 4-
tuples of columns is implemented so that almost each chosen 4-tuple gives the
constraint on the basis of PRMM. This is aimed so that columns are chosen one
after another. The columns, which cannot provide the constraint with already
chosen ones, are temporarily removed from PRMM until the next 4-tuple is
chosen. By this way, a good efficiency is achieved.

5 Experiments with Artificial Scenes

For experiments with artificial scenes, a simulated scene with cubes was used.
The scene models a real scene, hence it represents a generic situation. Twenty
points in space were projected by perspective cameras into several images from
different locations and directions. Some image points were made unknown to
simulate scene occlusions, see the left-hand side of Experiment 1.

Points were taken out from the scene randomly but in a uniform fashion so
that, first, the numbers of missing points in each image differed maximally by
one, and secondly, the numbers of images of each point differed maximally by one.
Points were only removed as long as the whole scene could still be reconstructed.
The necessary condition for a complete reconstruction is that each image contains
at least 7 points and each point has at least 2 images (see (1) and (2)). The more
data available, the higher the percentage of missing data permissible. For this
specific experiment, i.e. 20 points in 5 images, 65 % of missing data is the upper
bound allowable to get a complete reconstruction. But because of randomly
spread holes in data, the actual level of the maximum amount of missing data
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Experiment 1: Dependency of reprojection error on noise and missing data

for the complete reconstruction is lower. Experiment 1 shows the dependency of
the reprojection error of the reconstruction using Alg. 2 on noise and missing
data. Along the left horizontal axis, the amount of the missing data grows while
along the right horizontal axis, standard deviation of Gaussian noise of zero mean
value added to image points increases. The standard deviation of the added noise
as well as the reprojection error is displayed in percentage of the scene size.

If no noise is present, the reconstruction is precise. The reprojection error
grows linearly with noise with slope approximately equal one and is almost
constant in the direction of missing points up to the level of missing data above
which the reconstruction fails. To conclude, the new algorithm is accurate and
robust with respect to noise as well as missing data.

6 Experiments with Real Scenes

For each experiment, one image, an error table, and the structure of PRMM
are provided. The correspondences across the images have been detected either
manually or by the Harris interest operator [4]. Besides the scene name and point
detection, the table includes the chosen strategy for estimating the depths, the
amount of missing data, the number of images used, image sizes, the number of
known points in each image, and reprojection errors for our method Algorithm 2
and bundle adjustment initialized by the output of our method. The structure of
PRMM shows the exploitation of image points with known (”•”) and unknown
(”◦”) projective depths. Empty places stand for unknown points. All scenes have
been reconstructed in one iteration of Algorithm 2.
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Method LM = linear method, BA = bundle adj.
Scene name House
Point detection manual
Depth estimation ωcent,1

Amount of missing data 47.83 %
LM Mean error per image point [pxl] 3.91
LM + BA 1.44

Image No. [2952×2003] 1 2 3 4 5 6 7 8 85 10
Number of corresp. 116 112 857 112 851 785 130 126 101 855

LM Maximal error [pxl] 11.0 36.6 12.1 85.3 25.8 15.5 13.6 8.9 14.7 13.4
LM + BA 4.3 6.6 4.5 4.4 5.8 8.3 7.5 6.3 10.7 10.1
LM Mean error 2.3 6.8 3.2 2.3 8.1 5.0 2.5 2.3 3.3 4.8
LM + BA 1.1 1.8 1.5 1.2 1.5 1.6 1.2 1.4 1.5 1.8

size = 10 × 203, ” ” missing (47.83 %), ”•” scaled (75.7 %), ”◦” not scaled (24.3 %)

Experiment 2: House

Method LM = linear method, BA = bundle adj.
Scene name Dinosaur (Oxford)
Point detection Harris’ operator
Depth estimation ωseq

Amount of missing data 90.84 %
LM Mean error per image point [pxl] 1.76
LM + BA 0.64

Image No. [720×576] 1 5 9 13 17 21 25 29 33 36

Number of corresp. 257 318 322 516 535 568 602 459 464 381

LM Maximal error [pxl] 18.4 16.3 29.5 56.4 46.9 73.9 44.1 28.5 19.4 33.9

LM + BA 10.9 12.7 7.8 41.5 25.7 13.1 13.4 17.3 17.9 21.4

LM Mean error 0.6 0.7 2.3 2.0 3.8 1.7 1.4 1.6 1.3 1.0

LM + BA 0.3 0.5 0.6 1.0 1.0 0.4 0.3 0.5 0.9 0.7

size = 36 × 4983, ” ” missing (90.84 %), ”•” scaled (100.0 %)

Experiment 3: Dinosaur (Oxford)



368 D. Martinec and T. Pajdla

Method LM = linear method, BA = bundle adj.
Scene name Temple (Leuven)
Point detection Harris’ operator
Depth estimation ωseq

Amount of missing data 46.32 %
LM Mean error per image point [pxl] 0.49
LM + BA 0.23

Image No. [867×591] 1 2 3 4 5
Number of corresp. 456 456 297 374 285

LM Maximal error [pxl] 3.0 2.3 2.8 2.5 3.0
LM + BA 2.5 1.5 2.4 1.8 2.5
LM Mean error 0.4 0.5 0.6 0.5 0.5
LM + BA 0.3 0.2 0.2 0.2 0.2

size = 5 × 696, ” ” missing (46.32 %), ”•” scaled (100.0 %)

Experiment 4: Temple (Leuven)

The “House” scene (see Experiment 2) was captured on 10 images at high
resolution. Approximately 100 points were manually detected in each image.
Although 47.83 % data was missing, the reprojection error, given in pixels, is
low considering the image sizes. It can be seen that our algorithm could have
exploited all known data including 24.3 % unscaled points.

The “Dinosaur” scene (see Experiment 3) was captured on 36 images. Points
were detected automatically by the Harris operator. Although the amount of
missing data is high (90.84 %), the mean error per image point was lower because
of more precise point detection and since 100 % of points were scaled.

The data in Experiment 4 contained outliers, that were removed one after
another in the following manner. The scene was first reconstructed with all
the data including outliers. Then, the column of PRMM, which contained the
point with the highest reprojection error, was discarded. Afterwards, the scene
was again reconstructed, another column discarded etc. These two steps were
repeated till the highest reprojection error was significant. For the “Temple”
scene in Experiment 4, the threshold was set to 4 pixels which lead to discarding
23 out of 719 columns.

To conclude, the new algorithm is enough accurate on real scenes to provide
a good initial solution for bundle adjustment.

7 Summary and Conclusions

A new linear method for scene reconstruction has been proposed and tested on
artificial and real scenes. The method extends and suitably combines previous
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methods so that the reconstruction in an entirely general situation, i.e. many
images with perspective camera and occlusions, is possible.

A new way of exploiting points with unknown depth was developed. Correct-
ness of this way was proved as well as its abilities and limitations were studied
in [1]. Its theoretical asset is the ability to reconstruct linearly some very small
scene configurations, which can be reconstructed by other methods only non-
linearly (see Theorem 3 in [1]), cannot be reconstructed at all (see Theorem 2
in [1]), or cannot exploit all known data (see Theorem 1 in [1]). Moreover, it
gives good results in practical situations as presented here.

The proposed method was intended to deal with several problems in 3D
reconstruction. These were the perspective projection, many images, and occlu-
sion. However, one problem was not taken into account explicitly and that is the
problem of outliers in correspondences. Although the method was not intended
to deal with outliers, it was observed that it can deal with them if they are few
compared to the number of inliers (see Experiment 4). To deal well with a bigger
amount of outliers, extension [7] of factorization handling outliers can be added.
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13. M. Urban, T. Pajdla, and V. Hlaváč. Projective reconstruction from N views
having one view in common. In Vision Algorithms: Theory & Practice. Springer
LNCS 1883, pages 116-131, September 1999.



Sequence-to-Sequence Self Calibration

Lior Wolf and Assaf Zomet

School of Computer Science and Engineering,
The Hebrew University,
Jerusalem 91904, Israel

{lwolf,zomet}@cs.huji.ac.il

Abstract. We present a linear method for self-calibration of a moving
rig when no correspondences are available between the cameras. Such a
scenario occurs, for example, when the cameras have different viewing
angles, different zoom factors or different spectral ranges. It is assumed
that during the motion of the rig, the relative viewing angle between the
cameras remains fixed and is known. Except for the fixed relative view-
ing angle, any of the internal parameters and any of the other external
parameters of the cameras may vary freely. The calibration is done by lin-
early computing multilinear invariants, expressing the relations between
the optical axes of the cameras during the motion. A solution is then
extracted from these invariants. Given the affine calibration, the metric
calibration is known to be achieved linearly (e.g. by assuming zero skew).
Thus an automatic solution is presented for self calibration of a class of
moving rigs with varying internal parameters. This solution is achieved
without using any correspondences between the cameras, and requires
only solving linear equations.
Keywords: Self-Calibration, Multi-View Invariants.

1 Introduction

The projective framework of Structure from Motion (SFM) is supported by a
relatively large body of literature on the techniques for taking matching image
features (points and lines) across multiple views and producing a projective
representation of the three-dimensional (3D) positions of the features in space.

For many tasks such as computer graphics, projective representation is not
sufficient, and an Affine/Metric representation is required. In recent years there
has been much progress in the theory and algorithms of Self/Auto-Calibration,
the upgrading of a projective structure to an Affine/Metric one, without using
knowledge of the viewed scene. These algorithms must make assumptions about
the parameters of the camera to achieve a unique solution (For a review see [6]).

There are roughly two approaches to self-calibration: The non-stratified ap-
proach solves directly for metric upgrade. This can be done for example by
solving Kruppa’s equations [4], or by solving for the absolute quadric [11]. In
both cases the solution of a set of non-linear equations is required. The stratified
approach first upgrades the projective representation to an affine representation
by solving for the homographies through the plane at infinity and then upgrades

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 370–382, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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the affine representation to a metric one [3,8]. It was pointed by several authors
(e.g. [6,7]) that the first stage, the affine calibration, is the most challenging in
stratified methods.

By using a stereo rig, a stable solution for both affine and metric calibration
can be computed linearly from two or more images from each camera ([7], follow-
ing [12]). This method assumes that the rig structure and the Zoom/Focus are
fixed. Another approach for rig calibration achieves a linear solution by assuming
known relative orientations of the cameras, but allowing the Zoom/Focus and
the relative displacements to vary [13]. Both methods require correspondences
between the cameras.

In this paper we focus on a self-calibration scenario which is of interest on
both practical and theoretical fronts. We consider a rig of two or more video
cameras, each capturing an image sequence, where there is no or little spatial
overlap between the fields of view of the cameras (such as when the cameras
have different zoom settings or pointing to largely different directions). While in
motion, each camera may change its internal parameters and zoom factor.

Applying conventional self calibration algorithms for each camera separately
is always challenging with varying internal parameters, especially the affine cal-
ibration stage. Applying one of the existing rig algorithms [7,13], on the other
hand, is not possible since no correspondences are available between the cameras.

Therefore, we seek to solve for the calibration of the cameras, while exploit-
ing the rigidity constraints between them. We refer to this problem as ”Sequence
to Sequence Self-Calibration”, since every sequence requires a different calibra-
tion, and only the relations between the sequences can be exploited to recover
these calibrations. A similar scenario, of exploiting the rigidity between multiple
cameras, was presented recently in the context of image alignment [1].

A previous approach for handling self calibration without correspondences
between the cameras [2] assumed highly constrained conditions: In addition to
knowing one degree of freedom about the rotation between the cameras, that
solution also assumed fixed internal parameters, where only two of which were
unknown. It also required the solution of highly non-linear equations over a large
set of variables. The work presented in this paper solves for affine calibration lin-
early, without using any assumption but one known d.o.f. of the relative rotation
between the cameras.

In order to solve for the calibration, we use assumptions about the relative
orientations of the cameras in the rig. We divide the problem to three different
cases:

– Two cameras with parallel image planes. The cameras may view the same
direction, or the opposite directions (Back to back).

– Two cameras with non-parallel image planes, with the special case of orthog-
onal image planes.

– Cameras with varying orientations, each rotating about its Y axis. Their Y
axes are assumed to be parallel.

In the following sections we present a linear solution for affine self-calibration
for each of the cases above, assuming the cameras are synchronized. Later in
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Section. 5 we show how such synchronization can be achieved automatically. The
calibration is done by computing multilinear tensorial invariants, expressing the
relations between the axes of the cameras during the motion. A solution is then
extracted from these tensors. Having solved for the challenging stage of affine
calibration, the metric calibration can be achieved linearly by imposing further
constraints, e.g. zero skew (see [6]). In case the cameras view the same/opposite
directions, they share the same affine ambiguity. Thus metric constraints on both
cameras can be simultaneously used for calibrating both of the cameras.

1.1 Formal Statement of the Problem

A pinhole camera projects a point P in 3-D projective space P3 to a point p in the
2-D projective plane P2. The projection can be written as a 3× 4 homogeneous
matrix M :

p ∼=MP
where ∼= marks equality up to a scale factor. When the camera is calibrated, it
can be factored (by QR decomposition):

M = K[R;T ]

where R and T are the rotation and translation of the camera respectively, and
K is a 3 × 3 upper diagonal matrix containing the internal parameters of the
camera. The most general form of the internal parameters matrix K is:

K =



f γ u0
0 αf v0
0 0 1


 (1)

where f is the focal length, α is the aspect ratio, (u0, v0) is the principle point and
γ is the skew. It is practical to model K by a reduced set of internal parameters,
for example assume zero skew.

Generally, given projections of m 3-D points {Pj}m
j=1 to n images, it is possi-

ble to estimate the location of the 3-D points and the camera matrices {M}n
i=1

up to a projective transformation (collineation) represented by a 4 × 4 matrix
H:

p ∼=MH−1HP (2)

The matrices {Ci =MiH
−1}n

i=1 are called the projective camera matrices. The
points HP are the points in the projective coordinate system. We refer to the
matrix H−1 as the projective to Euclidean matrix.

When the internal parameters of the cameras {Ki}n
i=1 are known, then H

can be recovered up to a 3-D similarity transformation. The goal of (internal)
calibration is to recover {Ki}n

i=1, or equivalently recover the 4 × 4 collineation
H up to a similarity transformation.

In all following sections it is assumed that the projective camera matrices
{C}n

i=1 were already computed for each one of the sequences using for example
point correspondences between the different frames. This can be done in various
ways (for a review see [6]).
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2 Parallel Optical Axes

We first analyze the case of two cameras attached in a rig, viewing the same di-
rection, or the opposite directions (back-to-back). In addition, each camera may
rotate freely about its Z axis. Note that there are no constraining assumption
about neither the internal parameters of the cameras, nor the relative displace-
ments of the centers of projections.

The first Euclidean camera matrix is given by:

M1
i = K1

i [Ri; t1i ]

and the second Euclidean camera is given by:

M2
i = K2

i [R0 ∗Ri; t2i ]

Where R0 is the relative rotation between the cameras, and the third row of R0
equals to [0, 0, 1] up to sign.

Given the projective cameras C1
i , C

2
i , we seek for two projective transfor-

mations H1, H2 mapping the projective cameras to the Euclidean ones (up to
similarity transformation).

Let ri be the third row ofRi, and let c
j
i be the third row of Cj

i . Let Ĥj , j = 1..2
be the 4 × 3 matrices composed from the first 3 columns of the matrices Hj .

The internal parameters matrices Kj
i are upper triangular matrices and so

ĤT
1 c

1
i

∼= ri. Having also the special structure of the third row of R0 : ĤT
2 c

2
i

∼= ri.
Thus for every i:

ĤT
1 c

1
i

∼= ĤT
2 c

2
i

∼= ri (3)

The constraint above holds also for DĤ1, DĤ2 for every 3 × 3 matrix D. This
results in an ambiguity that would later on express itself as an affine ambiguity
on the cameras, the same affine ambiguity for both cameras (up to similarity).

The above Eqns. 3 have a form we call “equivalence after projection”. In the
next section we present the solution for such equations.

Given the solution to these equations, the homographies through the plane at
infinity can be recovered for each sequence and between the sequences. A point
[aT , 0]T on the plane at infinity is projected to Cj

i Ĥja in the ith frame of the
jth camera. Hence the homography at infinity H∞

ijkl between frame i of camera
j and frame k of camera l is given by

H∞
ijkl = C

l
kĤl(C

j
i Ĥj)−1

The solutions to Eqn. 3 are up to a common 3× 3 matrix D which cancels out,
and so:

H∞
ijkl = C

l
kĤl(C

j
i Ĥj)−1 = Cl

kĤlD(Cj
i ĤjD)−1

Similarly, the coordinates of the plane at infinity Lj in the projective repre-
sentations of camera j can be recovered. Since Lj satisfies L�

j Ĥja = 0 for every

a, then Lj is the null space of Ĥj
�
, which is also the null space of DĤj

�
.
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2.1 The “Equivalence after Projection” Problem

We define the equivalence after projection problem as follows: Given two sets of
points in P 3 {Pi}n

i=1,{Qi}n
i=1 , determine whether there exist two 3×4 projection

matrices A,B such that for every i:

APi
∼= BQi

If such A and B exist solve for them up to a multiplication on the left by a 3×3
matrix. We next show a solution for this problem which requires only solving
linear systems of equations.

Let CB be the center of the projection matrix B, i.e CB is the null space of
B. Let B+ be a pseudo-inverse of B, i.e. a mapping from the image plane of B
to a plane in P3 such that BB+p ∼= p.

The points CB , B
+APi are incident with the line of sight of the projection

matrix B associated with the image point APi. Since APi
∼= BQi, Qi is also

on this line. This defines a constraint on the projection of these points by an
arbitrary projection matrix O: Let eO = OCB . Then the point OQi resides on
the line eO ×OB+APi. Therefore:

(OQi)T ([eO]xOB+A)Pi = 0 (4)

By choosing an arbitrary camera matrix O, the 3 × 4 matrix FO =
([eO]xOB+A) can be recovered linearly from the pairs of points {OQi, Pi}n

i=1.
The introduction of O enables to extract a unique bi-linear invariant with a min-
imal number of parameters. There exists a set of invariants described by 4 × 4
matrices G, satisfying: (Qi)T (G)Pi = 0. These matrices span a linear space of
dimension 4. By using the matrix O, we get a unique invariant with 12 elements.

For each O, the image eO of CB can be recovered as the null space of FT
O .

Using two such projection matrices O, the 3D position of CB can be recovered
by triangulation.
A,B can be recovered up to some 3 × 3 matrix D. All cameras of the form

DB share the same center of projection. Thus B can chosen as any 3× 4 matrix
whose left null space is the recovered CB . In order to solve for A, {BQi}n

i=1 are
first computed. Since for all i, APi

∼= BQi and BQi, Pi are known, A can be
recovered. This can be done by any method for recovering a camera from the
projections of known 3D points [6].

3 Non-parallel Optical Axes

In the previous section, we studied the case of two cameras viewing the same or
opposite directions. In this section, it is assumed that the two cameras have a
known constant angle between their optical axes.

The directions of the optical axes of the cameras are given by cjT
i Ĥj , and

the angle between the axes of the two cameras α satisfies:

cos2 α =
(c1T

i Ĥ1Ĥ
T
2 c

2
i )

2

(c1T
i Ĥ1ĤT

1 c
1
i )(c

2T
i Ĥ2ĤT

2 c
2
i )

(5)
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This defines a nonlinear metric constraint on Ĥ1, Ĥ2.
We solve for the case of orthogonal optical axes, where cos2 α = 0, i.e. by

Eqn. 5:
c1T
i Ĥ1Ĥ

T
2 c

2
i = 0

Each image pair provides one constraint on the matrix F = Ĥ1Ĥ
T
2 . From the

matrix F , one can extract using SVD the matrices Ĥ1D and Ĥ2D
−� for some

unknown 3 × 3 matrix D.
The planes at infinity of the two projective reconstructions are the null spaces

of Ĥ�
1 , Ĥ

�
2 , as in the previous section. The homography through the plane at

infinity between frames i, k of the same sequence j can be computed similarly to
previous case by Cj

kĤj(C
j
i Ĥj)−1. Since the two matrices Ĥ1, Ĥ2 do not have the

same ambiguity, the homography through the plane at infinity between frames
of different sequences cannot be computed.

4 Non-fixed Parallel Rotation Axes

In previous sections we analyzed self calibration for rigs in which the angle
between the optical axes of the cameras remains fixed. In some cases it is useful
to enable the cameras to rotate. For example, they may need to be reoriented
such that the object of interest appears in the image.

In this section we explore another type of constraints for self calibration
of rigs without correspondences between the cameras. It is assumed that the
cameras in the rig may rotate arbitrarily about their Y axis (or similarly about
its X axis). It is further assumed that their Y axes are parallel. The rig as a
whole can rotate and translate freely in space, and the internal parameters of the
cameras may vary freely. We describe two cases. In the first case three cameras
are used and the internal cameras are not constrained. In the second case two
cameras are used, but we assume their skew is 0.

4.1 Three Cameras

Let σj
i be plane X-Y of camera j in time instance i. Since the three cameras rotate

about their Y axes, and the Y axes are parallel, then in every time instance i,
all planes {σj

i }j=1,2,3 intersect in a point on the plane at infinity. We next show
how we express this constraint as a multilinear equation in the projective camera
matrices.

Let H−1
j be the transformation mapping the projective coordinate system of

camera j to a common affine coordinate system in which the plane at infinity is
given by L = [ 0 0 0 1 ]. Let {πj}j=1,2,3 be three planes, where πj is given
in the coordinate system of the j-th camera. Then if these planes intersect in a
point at infinity, the determinant of the following matrix vanishes:



(π1)�H1
(π2)�H2
(π3)�H3

L


 (6)
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This determinant can be written using a 4 × 4 × 4 tensor Jabc, as

π1
aπ

2
bπ

3
cJ

abc = 0

The reader is assumed to be familiar with tensor notations. See for example in
[9]

The tensor Jabc can now be used to express the calibration constraints. In
each time i all planes {σj

i }j=1,2,3 intersect in a point on the plane at infinity. As
σj

i is given by [0, 0, 1]Cj
i , this is expressed by:

([0, 0, 1]C1
i )a([0, 0, 1]C

2
i )b([0, 0, 1]C

3
i )cJ

abc = 0

Given the projective camera matrices Cj
i , every time instance provides a linear

constraint on Jabc. Thus Jabc can be computed linearly from the projection
matrices.

In order to extract the homographies through the plane at infinity between
different images, We identify points at infinity in each coordinate frame. Let Y 3

i

be a double contraction of the form Y 3
i = ([0, 0, 1]C1

i )a([0, 0, 1]
�C2

i )bJ
abc. Let N

be any plane in the third coordinate system intersecting σ1
i , σ

2
i in a point on the

plane at infinity. Then:

([0, 0, 1]C1
i )a([0, 0, 1]

�C2
i )bNcJ

abc = N�Y 3
i = 0

Hence Y 3
i is the point of intersection of {σj

i }j=1,2,3 in the coordinate frame of the
third camera. Similarly this point can be extracted in the two other coordinate
systems: Y 1

i , Y
2
i .

The set of points {Y j
i }i=1..n are sufficient to determine the plane at infinity

at the jth coordinate system. We can use these matching points on the plane
at infinity to compute the homography at infinity between all frames: The ho-
mography at infinity H∞

stuv between frames s and u of cameras t and v can be
computed using the pairs of matching points {(Ct

sY
t
i , C

v
uY

v
i )}i=1..n.

4.2 Two Cameras with Zero Skew

In this section we show that when the cameras have zero skew, two cameras in
the above settings are sufficient for linear recovery of the affine calibration. Then
a Metric upgrade can be achieved linearly using standard methods [6].

For every i, j the projective camera matrix Cj
i satisfies:

Cj
i Ĥj

∼= Kj
iR

i
jRi

where Ri
j is the rotation of the j-th camera with respect to the first camera in

time instance i, and Ri is the rotation of the rig in the same time. Again we
base the derivation on the structure of a rotation matrix Ri

j about the Y axis.
Since the first and third rows of Ri

j have a vanishing second coordinate, then so
is their linear combination. Assuming zero skew, the first and last rows of Cj

i Ĥj

are linear combinations of the first and third rows of Ri
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Let aj
i be the first row of the projective camera matrix Cj

i . Then the following
determinant vanishes for every i:



(a1i )

�Ĥ1

(c1i )
�Ĥ1

(c2i )
�Ĥ2




This constraint can be expressed by a trilinear tensor:

([1, 0, 0]C1
i )a([0, 0, 1]C

1
i )b([0, 0, 1]C

2
i )cK

abc = 0

The tensor Kabc can be solved linearly from the projection matrices. As
in the previous section, this constraint can be interpreted geometrically as the
intersection of three planes with the plane at infinity. Hence the plane at infinity
of the coordinate systems of the two cameras can be extracted by a method
similar to the one in the previous section.

Note that similar tensors can be derived by choosing other three-
combinations of Ĥ�

1 a
1
i , H

�
1 c

1
i , hatH

�
2 ai, hatH

�
2 ci

5 Sequences Synchronization

In the previous sections it was assumed that the sequences are synchronized.
This enabled to compute the multilinear constraints: FO of section 2.1, F of
section 3 and Jabc of Section 4. However the existence of these constraints may
be used to establish the synchronization between the sequences.

Consider for example the case of the orthogonal optical axes presented in
section 3. The existence of a matrix F such that for every frame i: c1�

i Fc2i = 0
is not guaranteed if the two sequences are not temporally aligned. Let A be the
estimation matrix of F , i.e A is the matrix whose ith row is composed from the
Kronecker product of c1i and c2i . If such an F exists then the rank of the matrix
A is not more than 8 and the vector composed from the elements of F lies in
the null space of A. In practice due to noise A is always of full rank, and we use
a least squares solution, choosing F to be composed out of the elements of the
eigenvector of AA� with the smallest eigenvalue. Let f be this eigenvector. We
define the magnitude of Af as the algebraic error of the estimation of F . When
the sequences are synchronized this magnitude is expected to be small.

In order to synchronize the sequences this algebraic error is measured for
each temporal shift between the sequences. The shift which produces the minimal
algebraic error is chosen as the solution. This measure is not optimal for a number
of reasons. First it has no real geometrical meaning. Second it depends on the
number of the frames which can bias in short sequences toward the ends of the
sequence. Third, changing the coordinates of cji changes the measure. However
in practice we find minimizing the algebraic error to work well on our sequences.
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6 Experiments

We have conducted several experiments for testing the quality of the affine self-
calibration and the sequence synchronization. In all our experiments we have
used an object modeling framework: The cameras were static, and an object to
be modeled was rotating in the scene. Points on this object were tracked, and
the virtual camera motion with respect to the object was estimated. Since no
calibration was available, the cameras and points had a projective ambiguity
to be recovered in the experiments. Then the proposed algorithm was used,
estimating an Affine representation of the structure and motion.

In the first experiment we tested the sequence synchronization application.
The algorithm was applied for several temporal shifts, and the sequences were
temporally aligned by finding the shift with the minimal residual error, as de-
scribed in Section. 5. Figures 1-a,b present the results of this experiment for
opposite and orthogonal directions respectively. The true shift was estimated
using hand waving in front of the camera. Note that this is an integer estimation
for the non-integer temporal shift of the sequences, and thus it is accurate up
to 0.5 a frame. In the experiments we tested 10 frames shifts in each temporal
direction on sequences containing 40 frames. Indeed a shift close to the estimated
by no more than 1 frame yielded the minimal estimation error.

One way to verify the accuracy of affine calibration is to test the accuracy
of the homographies through the plane at infinity. In the second experiment
we tested the accuracy of the homography through the plane at infinity by
mapping vanishing points between the images. We have marked points lying on
parallel lines, and tracked them along the sequences. The vanishing points at
each frame were computed as the intersections of the parallel lines defined by
the tracked points. We then mapped the vanishing points from the input images
to a common coordinate system. The quality of the homographies was measured
by the proximity of the mapped vanishing points. We have conducted this test
for two scenarios: One for cameras viewing opposite directions (Section. 2), and
one for cameras viewing orthogonal directions (Section. 3). Figure 2 shows the
results of these experiments. Errors in these results are combined from errors in
the Affine calibration, errors in the projective camera matrices (the input to our
algorithm), and errors in the estimations of the vanishing points in the images
due to drifts in the points tracking. However it is visible that the algorithm does
indeed align the vanishing points.

Finally, the quality of the homographies can also be tested visually. Warping
a sequence of images of a moving camera to a common reference by the homogra-
phies through the plane at infinity cancels the rotations of the cameras, as well
as the variations in the internal parameters. The result is a sequence in which
the camera virtually moves in pure translation and constant internal parameters.
Figure. 3 shows the results of applying the computed homographies through the
plane at infinity to several images. Note that while the original motion included a
rotation, the homographies through the plane at infinity canceled the rotations,
leaving only a translational component.
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Fig. 1. Sequences synchronization for cameras viewing opposite directions (Fig. 1-
a) and for cameras viewing orthogonal directions (Fig. 1-b). The residual error of
the estimation matrix is presented as a function of the temporal shift between the
sequences, where 0 shift corresponds to the manual integer estimation of the real shift.
The residual error for the orthogonal case is averaged over four random choices of the
camera matrix O.

7 Summary and Future Work

We have analyzed self calibration of rigs with varying internal parameters, when
no correspondences are available between the cameras. The only assumption
used for the affine calibration, was that the angle between the viewing directions
of the cameras is known.



380 L. Wolf and A. Zomet

a)

b)

c)

d)

Fig. 2. Mapping vanishing points by the homographies through the plane at infin-
ity extracted by the proposed algorithm. a) The original vanishing points, opposite
viewing directions. b) The mapped vanishing points, opposite viewing directions. c)
The original vanishing points, orthogonal viewing directions. d) The mapped vanish-
ing points, orthogonal viewing directions. The size of the images in illustrations a,b
and c,d visualize the scale differences between the coordinate axes.

We presented constraints for general angles, and solved specific cases of par-
allel, opposite and orthogonal angles by extracting affine invariants.

Future work can be solving similar cases by deriving metric invariants, e.g.:
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a1) a2)

b1) b2)

c1) c2)

Fig. 3. Using the computed homographies through the planes at infinity to generate a
virtual motion of pure translation. Figures b1,b2 contain the same image, to which the
input images were warped. Figures a1,c1 to the left are the original input images. Fig-
ures a2,c2 to the right are the results of warping a1,c1 by the respective homographies
through the plane at infinity.

– Solving the case of arbitrary angles, with or without knowing the angle.
– Assuming that the distances between the centers of projections of the cam-

eras remain fixed during the motion.

We hope that even if such invariants are not compact, they may find use in some
application such as cameras synchronization.

We plan to implement such algorithms for self calibration on “domes” con-
taining cameras with fixed orientations and varying Zoom/Focus.
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Abstract. We study the multi-frame structure from motion problem
when the camera translates on a plane with small baselines and arbitrary
rotations. This case shows up in many practical applications, for exam-
ple, in ground robot navigation. We consider the framework for small
baselines presented in [8], in which a factorization method is used to
compute the structure and motion parameters accurately, efficiently and
with guaranteed convergence. When the camera translates on a plane,
the algorithm in [8] cannot be applied because the estimation matrix
drops rank, causing the equations to be no longer linear. In this paper,
we show how to linearly solve those equations, while preserving the accu-
racy, speed and convergence properties of the non-planar algorithm. We
evaluate the proposed algorithms on synthetic and real image sequences,
and compare our results with those of the optimal algorithm. The pro-
posed algorithms are very fast and accurate, have less than 0.3% outliers
and work well for small–to–medium baselines and non-planar as well as
planar motions.

1 Introduction

The structure from motion problem has been studied extensively over the past
decades and many algorithms have been proposed for general camera motion
(see [12] for batch methods, [5,10] for recursive methods, [11,13,14] for factor-
ization methods and [2] for projective methods).

However, most of these algorithms are not designed to give accurate an-
swers when the baselines are small, which is the most complex case because the
signal-to-noise ratio is small. Since the small baseline case shows up in most vi-
sion applications in control and robotics, we believe it is fundamental to design
algorithms that work well in this case.

In [8], an algorithm explicitly designed for small baselines was presented,
showing the possibility of computing structure and motion parameters accu-
rately, efficiently and with guaranteed convergence. The translation is taken as
zero initially, and then the algorithm repeatedly updates the rotation, transla-
tion, and depth estimates until they converge (convergence depends explicitly
on the small baseline assumption). The translation and depth estimates are

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 383–398, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



384 R. Vidal and J. Oliensis

obtained linearly from an approximate rank–3 factorization of a matrix which
depends on the image displacements and the current rotation estimates.

The above algorithm works only for non-planar motion, i.e., when the camera
positions do not all lie in a plane or line. When the camera motion is planar or
linear (as happens for example in ground robot navigation), the matrix used
in [8] to compute the translations and depths has an approximate rank of 2 or
1, rather than 3, and thus the algorithm of [8] is not applicable.

In [7,9] (see also [3]), an algorithm is proposed which is designed to give
accurate results for small baselines and linear motion. Though it also works for
planar or fully non-planar motions, it gives less accurate results for these cases.

In this paper, we study the planar motion case in more detail. We show that,
even though the equations relating depth and translation are no longer linear (as
they were in the non-planar or linear motion cases), it is possible to cancel the
non-linearities to obtain linear solutions. The proposed algorithms are very fast
and accurate, have less than 0.3% outliers and work well for small–to–medium
baselines and non-planar as well as planar motions.

2 Non-planar Motion Algorithm

We consider an image sequence containing NP points in NF frames. We use
xi

p = (xi
p, y

i
p, 1)T , p = 1 · · ·NP , i = 0 · · ·NF −1, to denote the image coordinates

of the pth point in the ith image and choose the zeroth image as the reference
frame. By convention xp = (xp, yp, 1)T = (x0

p, y
0
p, 1)T . The motion of the ith

camera frame with respect to the zeroth is described by a rotation matrix Ri ∈
SO(3) and a translation vector T i = (T i

x, T
i
y, T

i
z)T ∈ R

3. Let Zp be the depth of
the pth point in 3D with respect to the zeroth camera frame. The image points
in the ith frame are related to those of the zeroth by:

λxi
p = Ri(xp − T i/Zp), λ =

[
Ri(xp − T i/Zp)

]
z
. (1)

Let τ be the ratio between the largest translation and the smallest depth,
i.e., τ = Tmax/Zmin. We say that the baselines are small if τ << 1. Under
this assumption, one can initialize all the translations to be zero and then solve
linearly for the rotations from (1). It is shown in [6] that the errors ‖Ωi‖ between
these rotation estimates Ri

est and the true rotations Ri
true are approximately

proportional to τ , where Ωi ∈ R
3 is such that Ri

trueR
iT
est = exp([Ωi]×) ∈ SO(3).

(Here, [u]× ∈ so(3) represents the skew-symmetric matrix generating the cross
product, i.e., for all u, v ∈ R

3 we have u × v = [u]×v).
The initial rotation estimates Ri

est are used to warp the image points xi
p from

the ith to the reference frame. From the warped image points, we define a vector
of displacements di

p with respect to the reference frame as:

di
p =

[
1 0 0
0 1 0

](
RiT

estx
i
p

(RiT
estxi

p)z
− xp

)
,
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from which we form a displacement matrix D ∈ R
2NP ×(NF −1). It is shown in [8]

that the displacement matrix satisfies:

D ≈ Φ(Z−1) T + Ψ Ω, (2)

where

Φ(Z−1) =
[−{Z−1} 0 {xZ−1}

0 −{Z−1} {yZ−1}
]

∈ R
2NP ×3

T = [T 1 · · · TNF −1] ∈ R
3×(NF −1)

Ψ =
[ −{xy} {1 + x2} −{y}
−{1 + y2} {xy} {x}

]
∈ R

2NP ×3

Ω = [Ω1 · · · ΩNF −1] ∈ R
3×(NF −1).

In the above equations, {xZ−1} (for example) denotes a vector whose pth com-
ponent is xpZ

−1
p . Notice that Ψ can be interpreted as the matrix of rotational

flows and Ω as the matrix of (unknown) residual rotational velocities.
Equation (2) depends on Ω which is of order τ and thus approximately

proportional to the size of the translations. Therefore, if we solved for T from (2)
after neglecting the unknown Ω, we would obtain translation estimates with an
error of order τ , i.e., of the order of the translations themselves. In order to
obtain translation estimates with a small error of order τ2, we define a matrix
H ∈ R

(2NP −3)×2NP annihilating the rotational flows, i.e., such that HΨ = 0.
Multiplying (2) by H gives:

HD ≈ HΦ(
{
Z−1}) T. (3)

We conclude that HD (which can be computed from the given image points
and the initial rotations) has a rank that is approximately equal to the rank of
T , which is either 1, 2 or 3, depending on whether the motion is linear, planar or
non-planar, respectively. In the non-planar motion case, one can use the singular
value decomposition to factorize HD into its structure S ∈ R

(2NP −3)×3 and
motion M ∈ R

(NF −1)×3 components as:

HD = SMT = SUU−1MT ≈ HΦ(
{
Z−1}) T, (4)

where U ∈ R
3×3 is an arbitrary nonsingular matrix. Given this factorization,

one can solve linearly for {Z−1} and U from the equation HΦ(
{
Z−1

}
) = SU

and obtain the translation vectors from T = U−1MT .
Given these new estimates for the translations and depths, the algorithm

in [8] improves the initial estimates for the rotation linearly from (1). Then,
the algorithm repeatedly updates the rotation, translation, and depth estimates
until they converge. Under the small baseline assumption, one can show that the
incremental change in the unknowns between the kth and (k + 1)th iteration is
approximately proportional to τk, and hence the algorithm has good convergence
properties. (See [8] for details).

We summarize the algorithm for non-planar motion as follows1:
1 The algorithm in [8] differs from this description by including an iteration that

corrects the small–baseline approximation in (2).
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Algorithm 1 (Non-planar Motion Algorithm) Given a set of NP corre-
sponding image points {xi

p}, p = 1, ..., NP , i = 0, ..., NF − 1, with respect to NF

camera frames, compute the motion (R, T ) and the depth {Z} as follows:

1. Initialize T = 0.
2. Solve for R linearly from (1), given T and {Z}. {Z} is unnecessary if T = 0.
3. Given R compute D. Then compute S and M from the SVD of HD.

a) Solve for {Z} and U linearly from HΦ(
{
Z−1

}
) = SU , given S.

b) Solve for T = U−1MT , given U and M .
4. Goto 2. until (R, T, {Z}) converge.

3 Planar Motion Algorithms

In the non-planar motion case, translation and depth parameters are estimated
linearly from the equation:

HΦ({Z−1})V = SU (5)

where the columns of V ∈ R
3×3 are a basis for the translation vectors and one

can choose V = I3 without loss of generality.
Assume now that all translation vectors lie in a plane, so that rank(T ) = 2.

The data matrix HD now factors into rank–2 matrices S ∈ R
(2NP −3)×2 and

M ∈ R
(NF −1)×2. In (5), we now have U ∈ R

2×2 and V ∈ R
3×2. The matrix V is

defined by its orthogonality to the normal π ∈ S
2 to the true plane of motion,

and thus has two degrees of freedom. Since there is no global parameterization
for S

2, hence for V , in order to solve (5) we will need to choose a set of local
parameterizations for V . Further, notice that since (5) is bilinear in {Z−1} and
V , we cannot proceed as in step 3(a) of the non-planar motion algorithm.

In the following subsections, we show how to cancel the nonlinearity in (5)
due to V and hence obtain a linear solution for {Z} and T .

3.1 Multiple b Algorithm

Let π be the normal to the plane of motion. We consider vectors bi ∈ R
3, i =

1, ...,m that are not perpendicular to π, i.e., vectors that do not lie in the true
plane of motion, and parameterize V depending on the directions specified by
these bi’s (see Fig. 1). We start with the simplest case of a single b.

b = [0, 0, 1]T . Assume that the normal π to the true plane of motion does not
lie in the X–Y plane. Then (5) can be written as:

H

[−{Z−1
} {0} {

xZ−1
}

{0} −{Z−1
} {

yZ−1
}]

 1 0

0 1
v1 v2


 = SU, (6)

where v1 ∈ R and v2 ∈ R are unknowns chosen to make the columns of V perpen-
dicular to π. Define the following matrices in R

(2NP −3)×NP : Hx = H(:, 1 :NP ),
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α

Fig. 1. Multiple b algorithm for planar motions.

Hy = H(:, NP + 1 : 2NP ) and Hz = Hxdiag({x}) + Hydiag({y}). Then (6) can
be rewritten as:

(−Hx + v1Hz)
{
Z−1

}
= SU1,

(−Hy + v2Hz)
{
Z−1

}
= SU2,

(7)

where U = [U1, U2] ∈ R
2×2. Define a (NP − 3)×(2NP − 3) matrix Nz to annihi-

late the columns of Hz. Nz can be computed quickly using Householder matrices.
We obtain:

[
NzHx NzS 0
NzHy 0 NzS

]{Z−1}
U1
U2


 ≡ G


{Z−1}

U1
U2


 = 0. (8)

Multiplying by Nz introduces an additional solution [{Z};U1;U2] = [{1}; 0; 0]
to the system of equations in (6). In order to show that this is a solution, we
just need to prove that NzHx{1} = NzHy{1} = 0. Since HΨ = 0, we have
Hx{1 + x2} + Hy{xy} = 0. Therefore −NzHx{1} = Nz(Hx{x2} + Hy{xy}) =
NzHz{x} = 0. Similarly, one can show that −NzHy{1} = NzHz{y} = 0.

In the presence of noise, the solution [{1}; 0; 0] ∈ R
NP +4 will still correspond

to the zero singular value of G, while the solution we are looking for will be a
linear combination of the two smallest singular vectors of G. That is, the first
and second singular vectors of G equal [{1}; 0; 0] and [ζ;U1;U2], respectively,
where ζ ∈ R

NP represents the first NP entries of the second singular vector.
Therefore, U1 and U2 can be obtained directly from the second singular vector
of G, while the inverse depths equal ζ up to an unknown additive mixture of the
constant term {1}, i.e., {Z−1} = λ{1} + ζ for some λ ∈ R.

Replacing the above expression for {Z−1} in (7) we obtain:

−Hx{1} λ + Hzζ v1 + Hz{1} λv1 = Hxζ + SU1

−Hy{1} λ + Hzζ v2 + Hz{1} λv2 = Hyζ + SU2.

The bilinear terms λv1 and λv2 can be canceled by multiplying these equations
by Ñz ∈ R

(2NP −4)×(2NP −3) such that ÑzHz{1} = 0. We obtain:

[−ÑzHx{1} ÑzHzζ 0
−ÑzHy{1} 0 ÑzHzζ

] λ
v1
v2


 =

[
Ñz(Hxζ + SU1)
Ñz(Hyζ + SU2)

]
,
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from which one can solve linearly for λ, v1 and v2. Note that {Z−1} is now
known since ζ and λ are. One can improve these initial estimates for {Z−1} and
U by solving (7) given v1 and v2. The plane normal is given by π = (−v1; −v2; 1)
and the translations are T = V U−1MT , where M is the motion factor of HD.

Arbitrary single b. Assume that b ∈ R
3 is a given vector with a nonzero

component along the true plane normal, i.e., bTπ 
= 0. Leta1, a2 and b form
an orthonormal basis of R

3. Then a basis for the translation plane is given by
V = [a1 + v1b a2 + v2b] for some unknown v1 ∈ R and v2 ∈ R. Equation (5)
can be written as:

(Ha1 + v1Hb)
{
Z−1

}
= SU1,

(Ha2 + v2Hb)
{
Z−1

}
= SU2,

(9)

where Ha1 = −a1xHx − a1yHy + a1zHz, Ha2 = −a2xHx − a2yHy + a2zHz and
Hb = −bxHx − byHy + bzHz.

As before, we define Nb ∈ R
(NP −3)×(2NP −3) to annihilate the columns of Hb

and obtain the system of equations:

[−NbHa1 NbS 0
−NbHa2 0 NbS

]{Z−1}
U1
U2


 ≡ G


{Z−1}

U1
U2


 = 0.

The two smallest singular vectors of G are now [ζ1; 0; 0] and [ζ2;U1;U2], with
ζ1 = bx{x} + by{y} + bz{1}. The inverse depths are {Z−1} = λζ1 + ζ2, where λ
is obtained by solving:

[
ÑbHa1ζ1 ÑbHbζ2 0
ÑbHa2ζ1 0 ÑbHbζ2

] λ
v1
v2


 =

[
Ñb(SU1 − Ha1ζ2)
Ñb(SU2 − Ha2ζ2)

]
,

with Ñb ∈ R
(2NP −4)×(2NP −3) defined to annihilate Hbζ1.

Finally, given v1 and v2 one can re-solve for {Z−1} and U from (9) to improve
the estimates. The plane normal is given by π = (a1 + v1b) × (a2 + v2b) and the
translations are obtained as T = V U−1MT .

Multiple b algorithm. We conclude from the previous section that using a
single b to parameterize V has the disadvantage of introducing an additional
solution to the system of equations in (9). Although this is not a problem from
an algebraic point of view since we have shown how to resolve the ambiguity, in
the presence of noise it can lead to solutions which are not robust.

For a single b, the additional solution has the form [bx{x}+by{y}+bz{1}; 0; 0].
Therefore, it can be eliminated by choosing more than one b. Let ai

1, ai
2, bi,

i = 1, . . . ,m be a set of orthonormal bases for R
3 and assume none of the bi’s

lies in the translation plane. One can solve for {Z−1}, U i
1 and U i

2 uniquely from
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the set of equations:




−Nb1Ha1
1
Nb1S 0 · · · 0 0

−Nb1Ha1
2

0 Nb1S 0 0
...

...
. . .

...
−NbmHam

1
0 0 NbmS 0

−NbmHam
2

0 0 · · · 0 NbmS







{Z−1}
U1

1
U1

2
...

Um
1

Um
2




= 0. (10)

Given {Z−1} and U i, one can solve for vi
j , i = 1, . . .m and j = 1, 2 from:

Hbi{Z−1}vi
j = SU i

j − Hai
j
{Z−1}. (11)

Given vi
j one can improve the estimates for {Z−1} and U i

j by re-solving (11).
Finally, let πi = (ai

1 +vi
1b

i)× (ai
2 +vi

2b
i) and Π = [π1 · · ·πm] ∈ R

3×m. The plane
normal is obtained as the leading left singular vector of Π and the translations
are obtained as:

T =
1
m

(
m∑

i=1

V iU i−1

)
MT . (12)

Choosing the b’s. Since the bi’s cannot be perpendicular to the true plane
normal, some estimate of π is needed in order to choose the bi’s. If π = b, we
have v1 = v2 = 0. Therefore, we can obtain an initial estimate of π as follows:

1. Obtain three estimates of (π, v1, v2) from the single b algorithm with b equal
to the X, Y and Z axes.

2. Choose the π that minimizes v2
1 + v2

2 .

Given an initial estimate for π, one has to choose bi’s so that they are not
perpendicular to π and not close to each other. We choose all the b’s to be
randomly distributed on a cone with angle α from π. Experimentally, the best
performance is obtained with α ≈ 37o and three different b’s. Using more b’s
has the disadvantage of over-parameterizing U , while one can show theoretically
that using two b’s does not exploit all the image data at some image points.

Algorithm 2 (Multiple b algorithm for planar motions) Given a set of
corresponding image points {xi

p}, p = 1, ..., NP , i = 0, ..., NF − 1, compute the
motion (R, T ) and the depth {Z} as follows:

1. Initialization
a) Solve for R linearly from (1), given T = 0.
b) Given R compute D. Then compute S and M from the SVD of HD.
c) Compute ({Z}, T, π) from “best” single b algorithm along X, Y or Z.
d) Use π to generate multiple b’s in a cone with angle α along π.

2. Solve for R linearly from (1), given T and {Z}.
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3. Given R compute D. Then compute S and M from the SVD of HD.
a) Solve for {Z} and U1 · · ·Um from (10), given the current b’s.
b) Solve for π from SVD of Π = [π1 · · ·πm] and for T from (12).
c) Use π to generate multiple b’s in a cone with angle α along π.

4. Goto 2. until (R, T, {Z}) converge.

3.2 The Intersection Algorithm

Let the columns of V = [V1 , V2] ∈ R
3×2 be a basis for the translation plane and

let Ns ∈ R
(2NP −5)×(2NP −3) be a matrix annihilating S. From (5), we obtain:

(−HxVjx − HyVjy + HzVjz){Z−1} = SUj

Ns(−HxVjx − HyVjy + HzVjz){Z−1} = 0[
NsHx{Z−1} NsHy{Z−1} −NsHz{Z−1} ]Vj = 0,

for j = 1 and 2. We conclude that the matrix

I =
[
NsHx{Z−1} NsHy{Z−1} −NsHz{Z−1} ] ∈ R

(2NP −5)×3

has rank 1. Since πTV = 0 we further have[
NsHx{Z−1} NsHy{Z−1} −NsHz{Z−1} ] = BπT (13)

for some B ∈ R
2NP −5 that belongs to the intersection of the subspaces generated

by the columns of NsHx, NsHy and NsHz.
After eliminating B from (13) we obtain:

[
NsHx −NsHy 0
NsHx 0 NsHz

]{Z−1}/πx

{Z−1}/πy

{Z−1}/πz


 = 0. (14)

Rather than solving (14) directly, we first eliminate Ns from the equations.
One can show that this reduces the bias in solving (14), since, in the presence of
noise, the matrix S is white. We define Yw = {Z−1}/πw, for w = x, y, z. Then,
since NT

s Ns is a projection matrix, equation (14) is equivalent to:

[
Hx −Hy 0 S 0
Hx 0 Hz 0 S

]


Yx

Yy

Yz

U1
U2


 = 0. (15)

If we disregard the fact that Yx, Yy, Yz are dependent, we can solve equa-
tion (15) linearly. When πx 
= 0,πy 
= 0 andπz 
= 0, unique solutions for
Yx, Yy, Yz are obtained, from which

{
Z−1

}
can be uniquely recovered as the lead-

ing left singular vector of [Yx, Yy, Yz] ∈ R
NP ×3 using SVD. When at least one of

the πw equals zero, there are two possible solutions for the linear system (15). For
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example, if πx = πy = 0, the two solutions are [Yx;Yy;Yz] = [{Z−1}; {Z−1}; 0]
or [{Z−1}; −{Z−1}; 0]. One can still recover {Z−1} from these solutions.

We improve the above estimate for {Z−1} by first recovering B from the
SVD of I, using the previously recovered

{
Z−1

}
, and then solving linearly for

{Z−1} and π from (13), given B. Given {Z−1} and π one can improve the
initial estimate of U by solving (5), with V ∈ R

3×2 obtained from the equation
πTV = 0. Finally, the translations are given by T = V U−1MT as usual.

Algorithm 3 (Intersection algorithm for planar motions) Given a set of
corresponding image points {xi

p}, p = 1, ..., NP , i = 0, ..., NF − 1, compute the
motion (R, T ) and the depth {Z} as follows:

1. Initialize T = 0
2. Solve for R linearly from (1), given T and {Z}. {Z} is unnecessary if T = 0.
3. Given R compute D. Then compute S and M from the SVD of HD.

a) Solve for Yx, Yy, Yz and U from (15).
b) Solve for {Z} as the leading left singular vector of [Yx Yy Yz] using SVD.
c) Solve for B from I and then solve for π and {Z} from (13).
d) Solve for U and V from (5), and let T = V U−1MT .

4. Goto 2. until (R, T, {Z}) converge.

3.3 Hybrid Algorithm

Both the multiple b and the intersection algorithms solve for depth, translation
and plane normal in two main stages:

(a) First depth is obtained from either (10) or (15).
(b) Then the plane normal π is obtained from the SVD of Π or from (13).

In the first stage, the multiple b algorithm solves for a unique {Z} and multi-
ple copies of U , while the intersection algorithm solves for multiple copies of {Z}
and a unique U . In the presence of noise, this causes the multiple b algorithm
to give a very accurate estimate for {Z} and a less accurate estimate for U , and
vice-versa for the intersection algorithm.

In the second stage, the multiple b algorithm solves for the plane normal
and translations based on the estimates of U and {Z}, while the intersection
algorithm solves for the plane normal from the estimates of {Z} only.

This suggests to combine the best part of both algorithms in a hybrid manner
as follows: first solve for {Z} using the multiple b algorithm and then solve for
π and T using the intersection algorithm.

3.4 General Properties of the Planar Algorithms

Convergence. Since the only modification of the non-planar algorithm is to
replace step 3(a) by a method that remains linear, all the planar algorithms
that we propose inherit the convergence guarantees of the non-planar algorithm.
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Detection of planar motion. We detect when the motion is roughly planar,
and thus when to apply our new algorithms, from the singular values s1, s2 and
s3 of HD: if s3/s2 ≥ ε, where ε is a pre–fixed threshold, we use the non-planar
motion algorithm; if s1/s2 < ε we use the algorithm for linear motion in [7].

Non-planar motion. Note that our planar algorithm works even on fully non–
planar motions: in the non-planar case, restricting to two of the singular vectors
of HD does not corrupt the reconstruction but simply omits the additional
information from the third singular vector [9].

4 Experimental Results

In this section, we evaluate the proposed algorithms on synthetic and real images.
We compare our results with those of the following two algorithms:

1. Linear motion algorithm: the algorithm of [7] first estimates the rotations
linearly assuming that the translations are zero. It computes the SVD of a
matrix that depends on the image displacements and the rotation estimates.
For each of the first three singular values of this matrix that is above a
pre-fixed noise threshold, it recovers a translation direction from the corre-
sponding singular vector, using a linear algorithm similar to that of [3] for
optical flow. It refines the estimates of the translation directions by mini-
mizing appropriate error functions. It linearly computes the depths from the
recovered translation directions and the leading singular vectors, and it fi-
nally computes the translation magnitudes. This algorithm has been shown
in [9] to give better results than the Sturm/Triggs algorithm [11] for ar-
bitrary small motions. In our experiments, we always apply this algorithm
under the assumption of planar motion, i.e., with the fixed threshold set so
that just the two largest singular values are used.

2. Optimal re-projection error : motion parameters (R, T ) and 3D structure X
are obtained by minimizing the function:

F (R, T,X) =
NP∑
p=1

NF −1∑
i=0

∥∥∥∥xi
p − Ri(Xp − T i)

(Ri(Xp − T i))z

∥∥∥∥
2

starting from the ground truth. The depth of each point is Zp = (Xp)z.

In our comparison, we use the following error measures for the different pa-
rameters, averaged over the number of trials (and frames if appropriate):

Rotation error = acos
(
(trace(RtrueR

T
est) − 1)/2

)
Translation error = acos(TT

trueTest)/(‖Ttrue‖‖Test‖)
Depth error = acos(ZT

trueZest)/(‖Ztrue‖‖Zest‖)
Normal error = acos(πT

trueπest)/(‖πtrue‖‖πest‖).
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Table 1. Simulation parameters.

Parameter Unit Value
Number of trials 1000
Number of points 20
Number of frames 8
Field of view degrees 90
Depth variation u.f.l. 100 - 400
Image size pixels 500 × 500
τ = Tmax/Zmin 0.1-0.6

Camera Center

Variation
Depth

Points

XY

Field of View

Z

Fig. 2. Truncated pyramid used to generate the structure.

4.1 Experiments on Synthetic Images

In our simulations, we varied the motion, plane normal, structure and image
noise randomly at each trial. We generated the structure by randomly picking
each coordinate of the 3D point according to a uniform distribution taken from
a truncated pyramid specified by the depth variation and the field of view, as
shown in Fig. 2. Simulation parameters are shown in Table 12.

Error vs. noise. Figures 3 and 4 compare the performance of the different
algorithms for different levels of noise3. For small τ , we observe that the new
algorithms significantly outperform the linear motion algorithm. The best algo-
rithm for rotation is the multiple b algorithm, and the best one for translation,
depth and normal is the hybrid algorithm. The new algorithms give very accurate
estimates for rotation, translation and normal to the plane of motion (almost
indistinguishable from the optimal). Depth estimates are suboptimal due to the
bas–relief ambiguity4. As τ increases, so does the error in the noise free case,
which decreases the accuracy of our algorithms with respect to the optimal. This
is expected, since the approximation Tz,max/Zmin ≈ 0 is no longer valid. Notice
that the slope of the error decreases with τ .

Table 2 includes the number of outliers for each algorithm. We define a trial
to be an outlier if the error for that trial in any of the motion or structure param-
2 In the table u.f.l. stands for units of focal length.
3 Mean errors do not include outliers.
4 [8] describes methods for repairing a similar problem in depth recovery observed for

the non–planar motion algorithm, which could also be applied here.
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eters exceeds the mean error by 8 times the standard deviation. The intersection
algorithm has between 1% and 3% outliers, while the multiple b algorithm has
less than 0.4%. As explained in Section 3.3, this is because the initial estimation
of depth from (15) is not as robust as that of the multiple b algorithm from (10).
The hybrid algorithm has less than 0.3% outliers.

Overall, the hybrid algorithm is the one with the best performance: it is more
accurate and has fewer outliers.

Error vs. τ . Figure 5 compares the performance of the proposed algorithms for
different values of τ , for a noise level of 1 pixel. We observe that the proposed
algorithms have very good performance in the range 0.1 ≤ τ ≤ 0.6, with the
best performance for τ ≈ 0.3. When τ < 0.1, the signal–to–noise ratio is too
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Fig. 3. Error vs. noise for τ = Tmax/Zmin ∈ (0.1, 0.2).
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Fig. 4. Error vs. noise for τ = Tmax/Zmin ∈ (0.2, 0.3).
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Table 2. Number of outliers for each algorithm as a function of noise.

Algorithm τ Number of outliers
Noise level in pixels

0.0 0.5 1.0 1.5 2.0
Linear Motion 0.1–0.2 0 1 2 2 9
Intersection 0.1–0.2 0 11 18 20 28
Multiple b 0.1–0.2 0 0 0 1 4
Hybrid 0.1–0.2 0 0 0 1 3
Linear Motion 0.2–0.3 0 1 0 1 4
Intersection 0.2–0.3 7 6 5 19 18
Multiple b 0.2–0.3 0 0 0 0 1
Hybrid 0.2–0.3 0 0 0 1 1
Linear Motion 0.3–0.4 0 1 0 0 3
Intersection 0.3–0.4 7 4 9 17 19
Multiple b 0.3–0.4 0 0 1 0 1
Hybrid 0.3–0.4 0 1 0 1 1

small, causing an increase of both the error and the number of outliers5. When
τ > 0.6 the small baseline assumption is violated, and hence the mean error
increases. Notice that we still get good results for τ = 0.6, which corresponds to
a relatively large translational motion.

Efficiency. Table 3 shows the average execution time on a Pentium III 800
MHz for a MATLAB implementation of each algorithm. The average is taken
over 1000 trials, 8 frames and 20 points. We can observe that the fastest of
the new algorithms is the hybrid algorithm, which is approximately 130 times
faster than the optimal algorithm minimizing the re-projection error. Since the
optimal algorithm is initialized from the ground truth, the ratio could be higher
in practice.

Table 3. Execution time of each algorithm for 0.1 ≤ τ ≤ 0.2.

Linear Motion Intersection Multiple b Hybrid Optimal
Time (sec) 0.11 0.21 0.44 0.20 25.75

5 A generalization of the discussion in [8,9] implies that, when the signal–to-noise
ratio is small and the motion is partly forward, one can get s1 � s2 ∼ s3, i.e., the
translational motion can be effectively linear rather than planar. In this situation,
one may get better results by applying our algorithms under the assumption of linear
rather than planar motion, as [9] verified experimentally for an analogous case.
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Fig. 5. Error vs. τ = Tmax/Zmin for a noise level of 1 pixel.

Fig. 6. First frames of the castle and puma sequences.

4.2 Experiments on Real Images

We tested our algorithms on the castle [1] and puma [4] sequences. For the
castle sequence we used the first 7 frames only so that the motion is approx-
imately planar. The singular values of the matrix HD for the castle sequence
are s1 = 125.0480, s2 = 39.3361 and s3 = 0.0301 and the largest baseline is
τ = 0.0443. For the puma sequence we considered the first 16 frames, for which
the motion is approximately linear, and added some frames so that the motion is
approximately planar. The resulting singular values are s1 = 5.5359, s2 = 3.7313
and s3 = 0.0714, and the largest baseline is τ = 0.1090. The first frames of the
sequences are shown in Figure 6.

Figure 7 compares the performance of the proposed algorithms for the cas-
tle sequence. Again, we observe that the new algorithms outperform the linear
motion algorithm. Further, motion and structure parameters are estimated very
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accurately (within 0.5 degrees). The algorithm with best performance is the hy-
brid algorithm, except for translation for which the best algorithm is the multiple
b algorithm. For the puma sequence, the multiple b algorithm is the best for ro-
tation and depth, and the intersection algorithm is the best for translation and
normal. This result is not surprising, since theoretically the best performance
of the intersection algorithm is for π ≈ [0; 0; 1]. Notice that all the algorithms
worked well on this sequence though it is slightly non-planar.

5 Conclusions

We presented a set of linear algorithms for motion and structure estimation
when the camera translates on a plane with small baselines and arbitrary rota-
tions. Our algorithms are based on an approximate rank-2 factorization of a ma-
trix which depends on the image displacements and current rotation estimates.
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Fig. 7. Mean error of each algorithm for the castle sequence.
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Translation and depth are obtained from the factorization after an appropriate
parameterization of the plane of translation.

We tested our algorithms on both synthetic and real sequences. Experimental
results show that the proposed algorithms are able to compute the structure and
motion parameters accurately and efficiently for baselines in the range 0.1 ≤ τ ≤
0.6. The proposed algorithms have good convergence properties and the best
algorithm presents less than 0.3% outliers.
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Abstract. Given the projection of a sufficient number of points it is pos-
sible to algebraically eliminate the camera parameters and obtain view-
invariant functions of image coordinates and space coordinates. These
single view invariants have been introduced in the past, however, they are
not as well understood as their dual multi-view tensors. In this paper we
revisit the dual tensors (bilinear, trilinear and quadlinear), both the gen-
eral and the reference-plane reduced version, and describe the complete
set of synthetic constraints, properties of the tensor slices, reprojection
equations, non-linear constraints and reconstruction formulas. We then
apply some of the new results, such as the dual reprojection equations,
for multi-view point tracking under occlusions.

1 Introduction

There is a large body of research on multi-view geometry of 3D scenes which has
culminated to the point where the issues and solutions are well understood. The
body of work on multi-view geometry centers around matching tensors of 2,3,4
views known as multi-view constraints (bifocal, trifocal and quadrifocal tensors)
which are borne out of algebraic elimination of the scene geometry (shape) from
the 3D-to-2D projection equations given a sufficient number of views [16,20,9,5,
7,10,17,1]. The “dual” form of the elimination process is to eliminate the camera
parameters (motion) given a sufficient number of points in a single view with the
result of what is known as single-view shape tensors [2,21,3] and in a reduced
setting where a reference plane is identified in advance is called parallax geometry
[11,12,4,18].

Multi-view geometry has been put into practice in a variety of applications in-
cluding 3D reconstruction, novel view synthesis, camera ego-motion, augmented
reality and visual recognition by alignment. The multi-point geometry, on the
other hand, has been hardly put into use although the topic makes a very appeal-
ing case for applications. In many instances, one would like to achieve a direct
representation of 3D shape from images without the need to recover the camera
geometry as an intermediate step. This includes indexing into a library of ob-
jects (cf. [13]), multi-body segmentation (collection of points belong to the same
structure when the shape invariants hold), and even for tracking applications

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 399–414, 2002.
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(which traditionally use multi-view constraints) where features may get lost due
to occlusions and later reappear. A direct shape constraint is advantageous due
to the local image support needed to make it work.

In this paper we focus on open issues which remain with shape tensors,
such as the number and nature of the synthetic constraints, properties of tensor
slices, reprojection equations, a full account of the non-linear constraints and
reconstruction formulas. We then apply some of the new results, such as the
dual reprojection equations, for multi-view point tracking under occlusions.

We will start with a brief description of what is known about these tensors
which will create the context for describing in more details our contributions to
this topic.

1.1 What Is Known To-Date about Shape Tensors

The basic idea is that points and cameras can be switched (duality principle)
and as a result one can obtain exactly the same multi-linear constraints as in
the multi-view derivations, where instead of multiple views we have multiple
points. Let Pi = (Xi, Yi, Zi,Wi)� ∈ P3 denote points in 3D projective space
and let M be a 3 × 4 projection matrix, thus pi

∼= MPi where pi ∈ P2 be the
corresponding image points in the 2D projective plane. We wish to algebraically
eliminate the camera parameters (matrix M) by having a sufficient number
of points. This could be done elegantly, and along the way obtain the duality
principle, if we first change basis as follows. Let the first 4 points P1, ..., P4 be
assigned (1, 0, 0, 0), ..., (0, 0, 0, 1) and let the image undergo a projective change
of coordinates such that the corresponding points p1, ..., p4 be assigned e1 =
(1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1), e4 = (1, 1, 1), respectively. Given this setup
the camera matrix M contains only 4 non-vanishing entries:

M =

[
α 0 0 δ
0 β 0 δ
0 0 γ δ

]

Let M̂ = (α, β, γ, δ) ∈ P3 be a point (representing the camera) and let P̂i be
the projection matrix:

P̂i =

[
Xi 0 0 Wi

0 Yi 0 Wi

0 0 Zi Wi

]

And we have the duality pi
∼= MPi = P̂iM̂ where the role of the motion (the

camera) and shape have been switched. At this point we follow exactly the same
steps one does with the multi-view tensors: let li, l′i be two distinct lines passing
through the image point pi, i.e., p�

i li = 0 and p�
i l

′
i = 0, and therefore we have

l�i P̂iM̂ = 0 and l′�i P̂iM̂ = 0. For i = 5, ..., 8 we have therefore EM̂ = 0 where:

E =




l�5 P̂5

·
l�8 P̂8

l′�5 P̂5

·
l′�8 P̂8


 (1)
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Therefore the determinant of any 4 rows of E must vanish. The choice of the
4 rows can include 2 points, 3 points, or 4 points (on top of the 4 basis points
P1, ..., P4) and each such choice determines a multilinear constraint whose coef-
ficients are arranged in a tensor. For the case of (4+) 2 points, say points p5, p6,
there is only one such tensor with the bilinear constraint p�

6 Fp5 = 0 where the
3 × 3 matrix F contains the shape parameters of P5, P6. In the work of [2,21,3]
the properties of F were derived (there are 4 linear constraints and rank(F)=2).
The cases of 7 and 8 points were less understood. Clearly, in the case of 7 points,
there are three tensors where we choose two rows of a “reference” point (say P5)
and one row from the remaining two points (P6, P7). The determinant expan-
sion provides a trilinear constraint of the form pi

5l
6
j l

7
kT jk

i = 0 where p5 is the
reference point, l6, l7 are lines through the points p6, p7 respectively, and the in-
dices i, j, k follow the covariant-contravariant notations (upper index represents
points, lower represent lines) and follow the summation convention (contraction)
uivi = u1v1 + u2v2 + ... + unvn. Note that since the tensor is contracted by a
point (p5) and a choice of line through the remaining two points, then each view
contributes 4 linear constraints on the 27 unknowns of the tensor.

At this point the literature becomes incomplete — clearly, we expect three
views to be sufficient for recovering the tensor (because of duality with the multi-
view trilinear tensor) thus the coefficients of the tensor must satisfy internal
linear constraints. In [2,21,3] the way around this was to find out using Grobner
basis with computer algebra tools that there are only 11 parameters (up to
scale) which form 4 trilinear equations. The number of parameters is indeed
11 (as we will see later), but the tensor has been lost in all of this. In [8],
in attempt to summarize the topic, have noticed that there are internal linear
constraints, which they called “synthetic constraints” (which we will touch upon
later). However, they did not provide the exact number of such constraints (which
is indeed 16, leaving 11 parameters up to scale, as we shall see later). Moreover,
the following issues remained open: (i) non-linear constraints on the tensor (there
should be 4), (ii) tensor slices (from which we obtain “reprojection equation”,
homography slices, dual epipoles, etc.), and (iii) reconstruction of shape from
the tensor slices’ properties (dual epipole, dual homography).

The case of 8 points is open to a large extent. This case is dual to the
quadrifocal multi-view tensor, thus by choosing one row from each point we
obtain a vanishing determinant involving 4 points which provides 16 constraints
(per view) l5i l

6
j l

7
kl

8
t Qijkt = 0 for the 81 coefficients of the tensor Qijkt. Again,

one expects two views to suffice, therefore the quadlinear tensor must contain
many internal linear constraints. In [3] through the use of Grobner basis with
computer algebra tools it was found that there are 22 quadlinear constraints
(per view) with 41 coefficients, thus two views would suffice. It is unclear where
this result comes from, in fact (as we will show later) the quadlinear tensor has
81 coefficients (just like its dual brother in the multi-view case) but there are 58
synthetic linear constraints — therefore we have 23 parameters up to scale. The
first view provides 12 constraints, and the second view provides 11 constraints
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(thus two views are sufficient). As for non-linear constraints, there are 13 of
them.

Next, consider the case in which a plane has been identified in advance and
has been “stabilized” across the sequence of views. This reduced setting has been
coined “parallax geometry” and has the advantage of making a clear geometric
picture of the basic building block of the dual geometry [11,12,4]. Existing work
focus on the geometric interpretation (the dual epipole) and in [12] the trilinear
constraint was derived geometrically (and has been shown to be bilinear in this
setting).

We will show that, beyond the geometrical interpretation, the real advantages
lies elsewhere. First, this setting corresponds to having the first 4 points P1, ..., P4
to have the coordinates (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (1, 1, 1, 0) which is ap-
propriate when P1, ..., P4 are indeed coplanar. The tensors are the same, what
changes is the number of synthetic constraints — for the bilinear tensor we have
5 constraints, for the trilinear tensor we have 21 constraints, and for the quadlin-
ear tensor 72 constraints (the latter requires tools from representation theory).
More importantly, these tensors do not have any non-linear constraints — thus
making them appealing in practice. The lack of non-linear constraints is at the
heart of the recent result in [18] showing that factorization is possible in this
context.

Finally, we have conducted real imagery experiments which highlight the use
of some of the new discoveries — such as the reprojection equations — and which
covers a number of tracking applications and multi-body motion segmentation.

2 Synthetic Constraints in the General Case

The multi-point tensors are derived from the vanishing 4 × 4 determinants of E
(eqn. 1). Because of duality, we obtain exactly the same tensorial forms as in
the multi-view case. The difference is that the projection matrices P̂i are sparse
and as a result one obtains additional constraints, which following [8] we will
call synthetic constraints, which we will now analyze.

Consider the camera projection matrix Mj be constructed such that the
j’th column is ej (the j’th standard basis vector) and the remaining entries
vanish. We have then MjP is either ej or vanishes for all choices of P . Let li, l′i,
i = 5, ..., 8, be lines through ej , therefore

l�i MjP = l�i P̂ M̂j = 0

l′�i MjP = l′�i P̂ M̂j = 0

for all points P , and dually for all projection matrices P̂ . Therefore the 4 × 4
determinants of E vanish regardless of P̂i. For example, in the case of 6 points
(choose two rows from p5 and two rows from p6) we obtain e�

j Fej = 0, j =
1, ..., 4. Therefore, we have 4 synthetic constraints on F , i.e., the 6-point tensor
is represented by 9 − 4 = 5 parameters up to scale as already pointed out in [2,
21,3].
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In the case of 7 points, say p5 is the reference point, thus we have the multi-
linear constraint pi

5l
6
j l

7
kT jk

i = 0 where l6, l7 are lines through the points p6, p7
respectively. Let lj , l′k be a line through e = ej , then from the above we have that
eilj l

′
kT jk

i = 0 which provides 4 constraints (because there are two choices for
lines lj and two choices for lines l′k). Therefore we have 16 synthetic constraints
(because e ranges over e1 = (1, 0, 0), ..., e4 = (1, 1, 1). We have arrived to the
result:

Claim. In the case of 7 points, each of the three 3×3×3 trilinear tensors contract
on a point (the reference point) and two lines coincident with the remaining two
points. The choice of the reference point determines the tensor in question. Each
of these tensors has 16 internal linear constraints, thus leaving 11 parameters
up to scale. Each view contributes 4 linear constraints on the tensor in question,
thus 3 views are necessary for a linear solution.

The number of parameters a 7-point configuration carries is 3+3 = 6 (because
P5 can be set arbitrarily, say P5 = (1, 1, 1, 1) and each additional point carries 3
parameters). We therefore expect 4 non-linear constraints on each of the tensors.
We will return to this issue later after we study the tensor slices.

In the case of 8 points, we have a single 3×3×3×3 tensor Qijkt responsible
for the 16 quadlinear constraints l5i l

6
j l

7
kl

8
t Qijkt = 0 (we have a choice of 2 lines for

each point, thus 16 constraints). From the discussion above, if all the lines are
coincident with e = ej the constraint holds for all quadlinear tensors (i.e., apply
to all space points). Therefore, for e = e1 we have 16 synthetic constraints. For
e = e2 we will have 15 constraints because the line between e1 and e2 is already
covered by the previous 16 constraints. Likewise, each additional point provides
one less constraint, thus we have a total of 16 + 15 + 14 + 13 = 58 synthetic con-
straints. The first view will contribute 12 constraints (the lines through p5, ..., p8
passing through ej are already spanned by the synthetic constraints), and the
second view will contribute 11 constraints (because the lines through the four
points in view 1 and the four points in view 2 are spanned by the 12 constraints
from view 1). Therefore, we have 58 + 12 + 11 = 81 which provides sufficient
constraints to solve for the quadlinear tensor. To summarize:

Claim. In the case of 8 points, there is a single quadlinear tensor of size 34 = 81.
The tensor has 58 linear constraints, thus is defined by 23 parameters up to
scale. Each view contributes 16 linear constraints on the tensor of which 12 are
independent for the first view and 11 are independent for the second view.

An 8-point configuration is determined by 3 + 3 + 3 = 9 parameters, thus we
expect 13 non-linear constraints.

3 Synthetic Constraints with a Reference Plane

When a plane is identified in advance and stabilized we find a different set of syn-
thetic constraints. The first 4 basis points P1, ..., P4 are assigned the coordinates
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(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (1, 1, 1, 0) which is appropriate when P1, ..., P4
are indeed coplanar. The resulting camera matrix becomes:

M =

[
δ 0 0 α
0 δ 0 β
0 0 δ γ

]

and the resulting projection matrix P̂i becomes:

P̂ =

[
Wi 0 0 Xi

0 Wi 0 Yi

0 0 Wi Zi

]

And as in the general case we have the duality pi
∼= MPi = P̂iM̂ where the

role of the motion (the camera) and shape have been switched. The matrix E
is identical to eqn. 1 thus the tensors are exactly the same. What is different is
the number of synthetic constraints (and also geometric interpretation which we
will address later).

Since P1, ..., P4 are coplanar we have the constraint P�
i n = 0, i = 1, ..., 4

and, due to our choice of coordinates, n = (0, 0, 0, 1)T . Consider the family of
camera matrices M = un� for all choices of u = (u1, u2, u3). In other words, the
4’th column of M consists of the arbitrary vector u and all other entries vanish.
Thus we have that MP either vanishes or is equal to u (up to scale) for all P .
Let li, l′i be lines through u, therefore

l�i MjP = l�i P̂ M̂j = 0

l′�i MjP = l′�i P̂ M̂j = 0

for all points P , and dually for all projection matrices P̂ . Therefore the 4 × 4
determinants of E vanish regardless of P̂i. For example, in the case of 6 points
(choose two rows from p5 and two rows from p6) we obtain u�Fu = 0 for all
choices of u, thus the matrix F is skew-symmetric and in turn is defined by 3
parameters (as already pointed out in [11,12,4]).

In the case of 7 points, say p5 is the reference point, thus we have the multi-
linear constraint pi

5l
6
j l

7
kT jk

i = 0 where l6, l7 are lines through the points p6, p7
respectively. Let lj , l

′
k be a line through u, then from the above we have that

uilj l
′
kT jk

i = 0 for all choices of u where l�u = 0 and l′�u = 0. The number of
synthetic constraints is the dimension of T jk

i . The issue of dimension is dual to
the issue of recovering the multi-view tensor from a coplanar scene. Let p, p′, p′′

be matching points across 3 views and let A,B be the homography matrices
p′ ∼= Ap and p′′ ∼= Bp (since the scene is coplanar). Let s, r be lines through
p′, p′′ respectively, thus the measurements for the multi-view trilinear tensor
come from pisjrkT jk

i = 0 for all choices of p while s�(Ap) = 0 and r�(Bp) = 0.
Since the choice of A,B does not affect the issue of dimension, we may as well set
A = B = I and we have exactly the same situation as in the multi-point tensor
described above. The issue of dimension for planar configuration for the multi-
view trilinear tensor was resolved in [19] with the answer of 21. As a result, we
can conclude that there are 21 synthetic constraints for the multi-point trilinear
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tensor. Moreover, the remaining parameters 27 − 21 − 1 = 5 is exactly what
is required to describe a configuration of 7 points, 4 of which are coplanar:
P6 adds only 2 parameters (because the first 5 points do not provide a full
projective basis because the 4’th point is spanned by the first three, thus carries
only 2 parameters, therefore they provide only 14 degrees of freedom instead
of 15), and P7 adds the usual 3 parameters. Note that since we are left with
6 parameters (up to scale) and each view contributes 4 linear equations on the
tensor, only 2 views are necessary (instead of 3 which was required in the general
case). Any of the two views adds only 3 constraints, instead of the expected 4,
since it’s possible to choose: l6 = p6 × p5 and l7 = p7 × p5. Than p5, l

6, l7 is a
configuration of points and two lines through the point, those expressed already
by the synthetic constraints. We summarize:

Claim. In the case of 7 points where the first 4 are coplanar, each of the three
trilinear tensors has 21 internal linear constraints of the form uilj l

′
kT jk

i = 0
for all choices of u where the lines l, l′ are coincident with u. These constraints
are all the constraints on the tensor, there are no other non-linear constraints.
Finally, only two views are required in order to solve for the tensor.

In the case of 8 points, the dimension analysis is more subtle and requires
different tools. The quadlinear tensor is defined exactly as in the general case:
we have a single 3 × 3 × 3 × 3 tensor Qijkt responsible for the 16 quadlinear
constraints l5i l

6
j l

7
kl

8
t Qijkt = 0 (we have a choice of 2 lines for each point, thus 16

constraints). From the discussion above, the four lines contracted by the tensor
are all coincident with the arbitrary point u. Therefore, the question is what
is the dimension of the set of constraints l5i l

6
j l

7
kl

8
t Qijkt = 0 where the lines are

arbitrary but form a 2-dimensional subspace? Let

V = {v1 ⊗ v2 ⊗ v3 ⊗ v4| dim Span{v1, ..., v4} ≤ 2}

where v1, ..., v4 are vectors in R3. Our question regarding the number of synthetic
constraints is equivalent to the question of what is the dimensions of V ? The
answer is 72 and is derived as follows.

Let λ = (λ1, ..., λ4), be a partition of 4, i.e., λ1 ≥ λ2 ≥ λ2 ≥ λ4 and
∑

i λi =
4. A diagram associated with λ has 4 rows of left-aligned boxes with λi boxes in
row i. Let fλ be the number of ways to fill the diagram of λ with the numbers
from 1 to 4, such that all rows and columns are increasing. Let (i, j) denote
the coordinates of the boxes of the diagram where i = 1, .., 4 denotes the row
number and j denotes the column number, i.e., j = 1, ..., λi in the i’th row. The
hook length hij of a box at position (i, j) in the diagram is the number of boxes
directly below plus the number of boxes to the right plus 1. Then,

fλ =
m!∏

(i,j) hij

where the product of the hook-lengths is over all boxes of the diagram. Let dλ

denote the number of ways to fill the diagram with the numbers from 1 to 3,
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such that all rows are non-decreasing and all columns are increasing. We have:

dλ =
∏
(i,j)

3 − i + j

hij
.

The definitions above can be found in [6]. With this in mind we have (proof is
omitted) that:

dimV =
∑

λ3=λ4=0

fλdλ.

We have therefore only three partitions: λ = (4), (2, 2), (3, 1) to consider. Thus,
f(4) = 1, d(4) = 15, f(2,2) = 2, d(2,2) = 6, f(3,1) = 3 and d(3,1) = 15. Therefore,
dimV = 15 + 12 + 45 = 72.

Note that there no more non-linear constraints because we are left with
81 − 1 − 72 = 8 parameters which is exactly the number required to represent
a configuration of 8 points in which the first 4 are coplanar: P6 contributes 2
parameters, P7, P8 contribute 3 parameters each. Finally, although we are left
with 81 − 72 − 1 = 8 parameters, we still need two views: the first contributes 5
constraints and the second 4 constraints (proof omitted). We summarize:

Claim. In the case of 8 points where the first 4 are coplanar, the quadlinear
tensor has 72 internal linear constraints. These constraints are all the constraints
on the tensor, there are no other non-linear constraints.

4 Tensor Slices and Properties

The dual tensors are borne out of exactly the same multi-linear forms as the
multi-view tensors — the differences lie in the fact that the projection matrices
P̂i are sparse and thus additional constraints are imposed (like the synthetic con-
straints described above). Moreover, because the multilinear forms are the same
we should expect to have a “dual” of each of the basic elements one encounters in
multi-view analysis: image ray, epipolar line, epipoles and homography matrix.
These duals exist both in the general case and in the special case of stabilized
reference plane. The duals of the homography matrices are the most important
because they are the key for obtaining the source of the non-linear constraints
for the trilinear tensor (as pointed out in [1] for the multi-view trilinear tensor).

We will derive the dual elements, the reprojection equation from the trilinear
tensor, the homography slices of the trilinear tensor, the non-linear constraints
from the homography slices, the breakdown of the trilinear tensor into a epipole-
homography structure, and reconstruction of space points. We will switch back
and forth between the general case and the case of stabilized reference plane
(which we will refer to as the “reduced case”).

We will assume, without proof due to lack of space, that indeed the family
of all camera matrices projecting a fixed set of 4 copalanr points from P3 to P2,
have a common stabilized plane — thus they differ from one another only in the
location of the center of projection.
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Let null(M) be the projection center. Note that in the general case
null(M) = (1/α, 1/β, 1/γ,−1/δ)T , whereas in the reduced case null(M) =
(α, β, γ,−δ)T . This indicates something of importance: in the general case, when
M̂ = (α, β, γ, δ)T varies along a linear subspace (a line or a plane), null(M)
varies along an algebraic surface (non-linear), whereas in the reduced case,
null(M) varies along a linear subspace of the same dimension. This is the key for
the simple geometric interpretation of the elements (like image ray and epipole)
in the reduced case (as introduced in [11]). Nevertheless, all the elements exist
and are well defined in the general case as well.
The dual epipoles. In the multi-view context the epipoles are Minull(Mj) which
is the projection of the j’th camera center onto the i’th image plane. Likewise,
because of the duality MP = P̂ M̂ , the dual epipole is defined by P̂inull(P̂j).
In the case of 6 points bilinear tensor we should have two dual epipoles: e65 =
P̂6null(P̂5) and e56 = P̂5null(P̂6).

Claim. P̂6null(P̂5) is the projection of P6 via the camera whose center is at P5.

Proof: Recall that null(P̂5) = (1/X5, 1/Y5, 1/Z5,−1/W5). From duality we
have:

P̂6(null(P̂5)) =

[
1/X5 0 0 −1/W5

0 1/Y5 0 −1/W5

0 0 1/Z5 −1/W5

]
P6

where the camera projection has its center equal to P5.

Claim. e65 = null(F) and e56 = null(F�)

Proof: Consider a camera matrix M whose null space is P6. Such a camera
maps P6 to 0. Therefore, for any point p6 ∈ P2, the lines l6, l′6 passing through
p6 satisfies: l�6 MP6 = 0 and l′�6 MP6 = 0. Therefore, if we take p5 to be the
projection of P5 via M , than p�

6 Fp5 = 0, for all choices of p6 ∈ P2. This of
course implies that Fp5 = 0.

In the reduced case the two epipoles must coincide since F is a skew-
symmetric matrix (thus null(F) = null(F�)). The epipole e = e65 = e56 was
coined the “dual epipole” in [11]. Since in the reduced case the image plane is
stabilized, the dual epipole is simply the intersection of the line P5P6 with the
stabilized image plane (see Fig. 1a). Note however, that this is true only for the
reduced case. In general there are two dual epipoles which we will denote as
“left” and “right” dual epipoles.
The dual image ray. Let l, l′ be two lines coincident with the image point p.
Then, l�MP = 0 and l′�MP = 0, therefore P has a 1-parameter degree of
freedom, i.e., it is determined up to a line which is defined by the intersection
of the two planes l�M and l′�M . This line is the image ray corresponding to p.
The same applies in the dual: the camera vector M̂ is determined up to a line —
the line passing through p and null(P̂ ) (defined by l�P̂ M̂ = 0 and l′�P̂ M̂ = 0).
This is defined as the dual image ray . Note that in the general case this mean
that the camera center varies along a 1-parameter curve (non-linear). In the
reduced case, however, null(M) (the camera center) varies along a line — the
line Pp.
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(a) (b) (c) (d)

Fig. 1. Stabilized reference plane. (a) the dual epipole. (b) The dual epipolar line Fp5.
(c) Homography duality. (d) Homography slice of the dual trilinear tensor.

Claim. In the reduced case, p ∼= P̂ M̂ constrains null(M) to vary along the line
Pp, which is the line passing through p and P .

Proof: Note that for any line l that pass trough p

0 = l�P̂ M̂ = l�
[−W 0 0 X

0 −W 0 Y
0 0 −W Z

]


α
β
γ

−δ




where the camera projection on the right-hand side has its center at P , and
null(M) = (α, β, γ,−δ)T . Therefore, null(M) is on Pp.

The dual epipolar line. Recall that the dual fundamental matrix F is a result of
eliminating M̂ from the equations p5 ∼= P̂5M̂ and p6 ∼= P̂6M̂ . Recall also that
p5 ∼= P̂5M̂ constrains M̂ to lie on the dual image ray of p5. The projection of
P6, MP6 = P̂6M̂ is a line (lines are preserved under projection) in the image
corresponding to all the vectors M̂ that vary along the dual image ray of p5.
This line, Fp5 is defined as the dual epipolar line . Note that in the reduced
case, if M̂ varies along the dual image ray of p5, then null(M) varies along the
line P5p5. Thus we obtain the simple geometric interpretation [11] drawn in
Fig. 1b.

Homography Duality. The term “dual homography” is already used in classic
projective geometry, thus we refer to the dual case of the homography matrix as
“Homography duality”. Recall that in multi-view, the homography matrix Hπ

induced by a plane π, defines Hπp as the projection of P onto the second image
plane, where P is the intersection point of the image ray corresponding to p with
π. In the dual case, Hπp5 is the projection of P6 when the vector (point) M̂ is at
the intersection of the dual image ray of p5 and the plane π. Let [n�, λ] be the
normal to the plane π, and denote by π′ the plane defined by: [n�,−λ]. In the
reduced case, constraining M̂ to lie on π is equivalent to constraining null(M)
to lie on π′. So null(M) is at the intersection of the line P5p5 with π′, thereby
providing a simple geometric interpretation — see Fig. 1c.

The next three claims are provided without proofs due to lack of space:
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Claim. Let p�
6 Fp5 = 0. Then F�Hπ is skew-symmetric for all choices of planes

π.

Claim 4 is crucial for later on when we discuss the source of the non-linear
constraints of the dual trilinear tensor.

Claim. [e65]×Hπ
∼= F for all π.

4.1 Trilinear Tensor Properties

Given the elements introduced above we will describe the source of the non-
linear constraints of the dual trilinear tensor, but first we will introduce a useful
equation:

Claim (dual reprojection equation). Let l6 be a line coincident with the point
p6. Then,

pi
5l

6
jT jk

i
∼= p7 (2)

Proof: pi
5l

6
jT jk

i is a point (contravariant vector) q. Since pi
5l

6
j l

7
kT jk

i = 0 for all
lines l7 coincident with p7, then l7 and q are coincident — hence, q = p7.

The reprojection equation maps the point p5 and any line through p6 onto
the point p7. It is dual to the multi-view reprojection where matching points in
views 1,2 are mapped onto the matching point in view 3. The dual reprojection
equation can be used for purposes of tracking (6 points predicting the position
of the 7’th) and will be detailed further in the experimental section.

Homography slice. A single covariant contraction of the tensor produces a ho-
mography duality (just like in the multi-view tensor [16]).

Claim. The matrix δkT jk
i is a homography duality induced by the plane π de-

fined by null(P̂7) and the line δ in the image.

Proof: Recall that pi
5l

6
j l

7
kT jk

i = 0 constrains M̂ to lie at the intersection of the
dual image ray of p5, the plane null(P̂6) ∨ l6 and the plane null(P̂7) ∨ l7 (since
liP̂iM̂ = 0). By a single contraction δkT jk

i we therefore constrain M̂ to lie on
the plane null(P̂7) ∨ δ.

Note that in the reduced case, this also constrains null(M) to lie on the plane
P7∨δ (see claim 4), thus we obtain the geometric interpretation shown in Fig. 1d.

Non-linear Constraints. We should expect 4 non-linear constraints on the tri-
linear tensor. Consider three homography slices: T j1

i , T j2
i , T j3

i and denote them
as H1, H2, H3. From Claim 4 we have that H�

1 F provides 6 linear constraints
on F and so do H�

2 F and H�
3 F — taken together 18 linear constraints.

Choose 8 of these constraints, then the entries of F are represented by 8 × 8
determinant expansions from the 8×9 estimation matrix constructed from the 8
constraints. Each of these determinant expansions is a polynomial in the entries
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of T jk
i . The remaining 10 constraints are of rank 4 because only 4 constraints

are required to specify F (9 − 1 − 4 = 4). Therefore by substituting the
representation of the entries of F as determinant expansions in the remaining 10
constraints (choose any 4 of them) we obtain 4 polynomials in the entries of T jk

i .

Reconstruction. All the information required for the 3D reconstruction task,
is contained in the dual epipoles. In the case of the 6-point tensor, Let F be
recovered from image measurements (we need at least 4 views of the 6 points).
The dual epipoles satisfy Fe65 = 0 and F�e56 = 0. Point P5 can be assigned
(1, 1, 1, 1) (to complete the projective basis) and we are left with recovering
point P6. Recall: e65 ∼= P̂6null(P̂5) = (X6 −W6, Y6 −W6, Z6 −W6)� and e65 =
P̂5null(P̂6) = ((X6 −W6)/X6, (Y6 −W6)/Y6, (Z6 −W6)/Z6)�.

Therefore, taking the ratio (component-wise) of e56/e65 would produce
X6, Y6, Z6 up to a common scale, and W6 can be recovered by substitution
in e65 thus obtaining a linear solution for P6 (up to scale). This reconstruction
approach easily generalizes to the trilinear and quadlinear tensors. First one re-
covers the dual epipoles from the tensor and the reconstruction proceeds from
there in a similar manner as with the 6-point tensor.

Regarding the reconstruction from the stabilized reference plane tensor, we
first recall that P6 has only two parameters. On the other hand, in the reduced
case the left and right epipoles coincide, so recovering the dual epipole from F
provides only two constraints on P6, and this is the most one can expect.

In the trilinear tensor case, the points P6, P7 contains 5 parameters. Therefore
considering only the epipoles e56 = e65 and e57 = e75 provides only 4 constraints,
which is not sufficient. Therefore, one should use the third epipole e76 = e67 as
well. Note that in the reduced case, the epipole associated with the points Pi, Pj

has the form: eij
∼= (Xi −Xj , Yi − Yj , Zi − Zj)� (assuming that Wi = Wj = 1).

So the three epipoles provides us with the system:

e56(3)(X6 − 1) = e56(1)(Z6 − 1)
e56(3)(Y6 − 1) = e56(2)(Z6 − 1)
e57(3)(X7 − 1) = e57(1)(Z7 − 1)
e57(3)(Y7 − 1) = e57(2)(Z7 − 1)

e67(3)(X6 − X7) = e67(1)(Z6 − Z7)
e67(3)(Y6 − Y7) = e67(2)(Z6 − Z7)

where eij(k) is the k’th coordinate of the epipole eij . Though this system con-
tains 6 equations, it has one trivial solution X6 = Y6 = Z6 = X7 = Y7 = Z7 = 1.
If the system has a non-trivial solution, it must be of rank 5 most. Therefore
the system enables the recovery of P6, P7 up to one degree of freedom, as ex-
pected. Similarly, we can achieve 3D reconstruction from the quadlinear tensor,
using 4 out of the 6 epipoles. Note, as pointed out in [18], that in the reduced
case it possible to collect any number of images and perform factorization —
however, points on the reference plane would not be reconstructed (and points
near the reference plane would be subject to unstable reconstruction). Thus, the
reconstruction formulas described above are of interest as they hold generally.
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(a) (b) (c)

(d) (e)

Fig. 2. Separating badly tracked points due to occlusions. (a,b) two images of a se-
quence of 100 — one of the problematic areas is zoomed in. (c) the 6-point tensor
evaluated for all points. The badly tracked points are clustered to the right and (ex-
cept one mistake) are well separated from the good points. (d,e) two views of the
sequence with the labeling of good and bad points.

5 Experiments

We describe three applications. The first is occlusion detection in a point tracking
experiment. Fig. 2(a,b) displays two images from a 100 frames sequence, and a
set of points that were located and tracked by an automatic tracker (openCV’s
[15] pyramid LK tracker). In the first image the tracker located some points on
the edge of the books, but as the cylinder starts covering those edges the tracked
points on the edges start moving as well and loose their accuracy. We use the 6-
point tensor to evaluate configurations of 6 points in the following manner. The
scene contained roughly 50 feature points which were automatically detected and
tracked. For each of those points, 50 quintets of points were randomly selected.
For each such sextet (the tested point + the quintet), we computed robustly
(using LMeds [14]) the 6-points tensor over the entire sequence. For badly tracked
points, we expect that for each sextet, the evaluation error (the contraction of
the tensor with points p5, p5) will be high. For a good point, we except that out
of the 50 random sets, there would be enough good sets, so that the sum of errors
achieved this way will be significantly lower than the sum of errors achieved for
a badly tracked point. Fog. 2(c) displays the error graph — one can observe a
good separation between the badly tracked points (clustered on the right) and
the good points (modulo one exception). Fig. 2(d-e) presents two images from
the sequence with the labeling of good and bad points.
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(a) (b) (c)

Fig. 3. Using the dual trilinear tensor to resume tracking of lost points. The images
are part of a sequence of 160 images in which roughly 50 points were detected in frame
1 and tracked throughout the sequence. The points overlaid in (a) are those which were
lost as some point due to the passing person (b) and recovered in (c).

The second application using the 7-point dual tensor reprojection equation
(eqn. 2) describes a tracking recovery due to interference. In other words, sit-
uations in which the tracker looses a point due to low confidence yet in future
frames the point reappears and one would like to resume tracking it. Fig. 3(a-c)
shows a sample of 3 images, out of a sequence of 160. Roughly 50 points were
automatically located and tracked in the beginning of the sequence. Some of
those points were occluded due to the presence of a moving person and the goal
was to recover the lost points once the occlusion was removed. For each lost
point we wish to recover, we randomly chose a set of sextets of points out of the
set of points that were successfully tracked all other the movie. For each such
septet (the sextet+the point we wish to recover), we compute a 7-points dual
trilinear tensor, using the images at the beginning of the movie, where we had
all the 7 points. After the 7th point was lost, we used the computed shape tensor
and the projections of the first 6 points in order to recover the 7th point. The
recovered points that are shown in Fig. 3(c), are the average of the results that
were achieved using the set of sextets we chose.

The third application is motion segmentation. Fig. 4 shows two images out
of a sequence of 40 images of a moving bus (taken from a moving camera) where
roughly 95 points were automatically located and tracked along the sequence.
The segmentation technique uses the 6-point dual tensor in a manner similar to
the first tracking application.

6 Summary

Single-view shape invariants were introduced in the past, however, much of the
underlying constraints and forms remained incomplete. In this paper we have
introduced a full account of the dual tensors which have exactly the same form
as the multi-view tensors but with additional constraints borne out of the spe-
cial structure of the dual projection matrices. The first difference lies with the
internal constraints (synthetic constraints) — we have shown that the trilinear
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(a) (b)

Fig. 4. Two images out of a sequence of 40 images of a moving bus taken from a moving
camera. The 6-point dual tensor was used for segmentation.

tensor has 16 of them and the quadlinear tensor has 58. The nature of these con-
straints change when a plane has been identified in advance and stabilized (the
reduced case). There we have shown that the trilinear tensor has 21 constraints
and the quadlinear tensor 72 constraints. We have introduced the dual of the
tensor slices, the reprojection equation, the dual epipoles, the homography du-
ality, the non-linear constraints of the trilinear tensor, and reconstruction from
dual epipoles.

Given the understanding of the internal constraints and the introduction
of the dual reprojection equation we made use of the shape tensors for two
applications of tracking and an application of 2-body segmentation. The hope
is that with a better understanding of the underlying internal structure of these
shape invariants the applications (which have so far been a few) using these
invariants would increase as well.
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Textures on Geometric Structure from Motion

Dana Cobzas and Martin Jagersand

Department of Computing Science, University of Alberta, Canada
http://www.cs.ualberta.ca/˜ {dana,jag}

Abstract. Estimating geometric structure from uncalibrated images ac-
curately enough for high quality rendering is difficult. We present a
method where only coarse geometric structure is tracked and estimated
from a moving camera. Instead a precise model of the intensity image
variation is obtained by overlaying a dynamic, time varying texture on
the structure. This captures small scale variations (e.g. non-planarity of
the rendered surfaces, small camera geometry distortions and tracking
errors). The dynamic texture is estimated and coded much like in movie
compression, but parameterized in 6D pose instead of time, hence allow-
ing the interpolation and extrapolation of new poses in the rendering
and animation phase. We show experiments tracking and re-animating
natural scenes as well as evaluating the geometric and image intensity
accuracy on constructed special test scenes.

A problem of significant interest is how to capture and represent the image infor-
mation from several sample views of a scene for the purpose of generating views
from novel directions of that same scene. Such methods have applications in
the confluence of vision and graphics where real scenes, too complex or tedious
to model with conventional techniques, can instead be captured from photos
or video and included in graphics renderings and animations. Image-based ren-
dering techniques focus on the ray set and generate images by mapping pixels
from an original set of sample views without having a precise geometric model
of the scene. There are two main approaches to this problem. One is sampling
the plenoptic function under some viewing constraints - limited camera motion
inside a bounding box [6,11] or to only rotations [12]. Another approach is pre-
sented in [10], where a photoconsistent volumetric model is reconstructed from
a set of input images by organizing the rays. These methods will theoretically
generate correct renderings but are practically hard to apply for real scene and
require calibrated cameras.

Another approach is to reconstruct a projective, affine or metric model from
the input views using traditional structure from motion techniques. New ren-
derings are generated by mapping the texture from the source images on the
model. In most of the cases the metric structure is reconstructed based on pla-
nar surfaces [18] or lines [4] and the process is tedious and require a lot of human
intervention. In order to have a valid texture reprojection, the model has to be
decomposed in small planar patches. An advantage of metric reconstruction is

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 415–432, 2002.
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that the model can be correctly reprojected under perspective projection. Non-
euclidean models are more easy to construct from a set of input images [5,21],
but without additional metric information it is difficult to specify physically
correct novel views.

Two significant practical challenges are: (1) Corresponding points are needed
when acquiring models from images. In principle, accurate geometric structure
can be obtained if the correspondences of all points in a scene between successive
images can be determined. In practice, usually only a few points can be tracked
reliably and accurately and object structure estimated at best coarsely. (2) In
conventional texture-based rendering, the placement of triangles so that real
edges on the object are aligned with edges in the model is critical. However,
with a sparse model obtained from images of an otherwise unknown object this
is difficult to ensure.

In this paper we present a two stage method which computes a coarse struc-
ture from motion, and then compensates for inaccuracies in the structure by
modeling residual image variation as a dynamic, time varying texture on the
coarse structure (see Figure 1). Both the structure and dynamic texture varia-
tion is parameterized in terms of object-camera pose, hence allowing reprojection
and rendering in new positions.

In [1] a mixture model is introduced where intensity variation is modeled as a
linear combination of iconic, form (motion), specular and illumination changes.
We extend this by considering variation not on the image plane but on an object
surface approximation. We also derive a connection between geometric plane
homography warps and spatial image derivatives and show how image motion
resulting from the warps can be expressed in the same way as iconic varia-
tion [13], i.e. using a set of specially tuned “eigen-filters” here optimized for
capturing image motion instead of object appearance. Note that, as we show in
[9], these eigen-filters parameterize motion in directly in image intensity space,
unlike other approaches [2,1], where the optic flow field has to be computed.

We present experimental results that compare the dynamic texturing with a
regular static texture rendering and measuring errors in image intensities of the
rendered images and geometric pixel errors of corresponding points.

1 Theory

The presented method generates new views by warping a dynamic texture on
the projection of an estimated structure of the scene (see Figure 1). The input
to the algorithm is a sequence of images I(t) and tracked fiducial points p(t) =
(u(t),v(t)) grouped in quadrilateral regions. More precisely, each image I is
composed from Q quadrilaterals Iq:

I =
Q∑

q=1

Iq (1)

where each quadrilateral patch is obtained by warping its corresponding dynamic
texture Iwq (Equation 3) from a standard shape (rectangle) to the desired posi-
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Fig. 1. A sequence of training images I(1) · · · I(t) is decomposed into geometric shape
information and dynamic texture for a set of quadrilateral patches. The scene structure
P and motion (r, s, a, b) is determined from the projection of the structure using a
factorization algorithm. The dynamic texture for each quadrilateral is decomposed into
its projection y on an estimated basis B. For a given desired position, a novel image
is generated by warping new texture synthesized from the basis B on the projected
structure.
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tion specified by the projection uq,vq of its corresponding fiducial points P in
the affine structure (Equation 4) through a homography (Equation 2, Section
1.2).

Iq = Iwq(H(uq,vq)) (2)
Iwq = Bqyq + Īq (3)[
uq

vq

]
= RP +

[
a
b

]
(4)

Equation 3 represents the dynamic texture decomposition into its compo-
nents on an estimated basis that capture the image variability caused by nonpla-
narities and illumination changes, algorithm described in Subsection 1.3. Equa-
tion 4 describes the reprojection of the estimated affine structure P in the image
position specified by a scaled rotation R and the image components of the trans-
lation a, b. Subsection 1.1 describes the proposed factorization algorithm that is
estimating the affine structure of the scene (fiducial points) and the motion
parameters from the image sequence under weak perspective assumption.

1.1 Acquiring Geometric Structure from Motion

There are several techniques to build model structure from multiple uncalibrated
images. In general they rely on obtaining corresponding points between images
and solve for structure and motion using viewing geometry constraints. For a
few images, under perspective projection assumption, this can be done using
epipolar geometry (two images) or trilinear tensor (three images) [5,14].

In the case of video, i.e. long motion sequences, methods which utilize all
image data in an uniform way are preferred. Such methods recover affine [21,22]
or projective [19] structure using factorization approaches.

In our case of uncalibrated vision we have to pick a camera model and asso-
ciated geometric framework. The methods above are formulated in either pro-
jective or affine geometry, corresponding to a perspective, weak perspective or
orthographic camera assumption. In [3] we compare image based rendering us-
ing projective or affine geometry. Methods (e.g. [19,16]) using projective camera
depend on the fundamental matrix, F , between pairs of images. With only a few
tracked points we found it difficult to accurately estimate F .

On the other hand, a weak perspective model allow a direct linear formu-
lation of the viewing geometry constraints between multiple images, and using
factorization, an efficient method for decomposing the image data into object
structure and pose. Using multiple images allow for stable solutions despite rel-
atively few tracked points and typical tracking errors.

Here we develop an extension of the Tomasi-Kanade factorization
algorithm[21] for weak perspective camera projection model inspired by [22].
First, the algorithm recovers affine structure from a sequence of uncalibrated
images. Then, a relation between the affine structure and camera coordinates
is established. This is used to transform the estimated scene structure to an
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orthogonal coordinate frame. Finally, using similarity transforms expressed in
metric rotations and translations, the structure can be reprojected into new,
physically correct poses. Since we use only image information our metric unit of
measure is pixel coordinates.

Weak perspective projection - a factorization approach. Under weak
perspective projection, a pointPi = (Xi,Yi,Zi)T is related to the corresponding
point pti = (uti, vti)T in image frame I(t) by the following affine transformation:

uti = stiTt Pi + at

vti = stjTt Pi + bt
(5)

where it and jt are the components along the camera rows and columns of the
rotation Rt , st is a scale factor and (at, bt) are the first components t1t of the
translation tt (Rt and tt aligns the camera coordinate system with the world
reference system).

Having N points tracked in M frames we can write



u11 · · · u1N

...
...

uM1 · · · uMN

v11 · · · v1N

...
...

vM1 · · · vMN




=




s1iT1
...
sM iTM
s1jT1
...
sM jTM






P1
...
PN




T

+




a1
...
aM

b1
...
bM




or
W = RP + t1 (6)

where W contains image measurements, R represents both scaling and rotation,
P is the shape and t1 is the translation in the image plane [22].

If the image points are registered with respect to their centroid in the image
plane and the center of the world coordinate frame is the centroid of the shape
points, the projection equation becomes:

Ŵ = RP where Ŵ =W − t1 (7)

Rank theorem. Following [21], in the absence of noise rank(Ŵ ) = 3. Under
most viewing conditions with a real camera the effective rank is 3. Assuming
2M > N , Ŵ can be decomposed Ŵ = O1ΣO2, where O1 is an orthonormal
2M×N matrix, Σ is an N×N diagonal matrix and O2 is an N×N orthonormal
matrix (SVD).

Defining
R̂ = O′

1
P̂ = Σ′O′

2
(8)

we can write
Ŵ = R̂P̂ (9)
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O′
1 is formed from the first three columns of O1, Σ′ is the first 3 × 3 matrix of
Σ and O′

2 contains the first three rows of O2 (assuming the singular values are
ordered in decreasing order).

Metric constraints. The matrices R̂ and P̂ are a linear transformation of the
metric scaled rotation matrix R and the metric shape matrix P . More specifically
there exist a 3 × 3 matrix Q such that:

R = R̂Q
P = Q−1P̂

(10)

Normally, to align P̂ with an exocentric metric frame the world coordinates of
at least four scene points are needed. In our case we assume no scene information,
and we instead align P̂ with the pixel coordinate system of the camera row and
column. This relates Q to the the components of the scaled rotation R:

îTt QQ
T ît = ĵTt QQ

T ĵt ( = s2t )
îTt QQ

T ĵt = 0
(11)

where R̂ = [̂i1 · · · îM ĵ1 · · · ĵM ]T The first constraint assures that the correspond-
ing rows stiTt , stjTt of the scaled rotation R in Eq. 6 are unit vectors scaled
by the factor st and the second equation constrain them to orthogonal vectors.
This generalizes [21] from an orthographic to a weak perspective case. The re-
sulting transformation is up to a scale and a rotation of the world coordinate
system. To eliminate the ambiguity we align the axis of the reference coordinate
system with the first frame and estimate only eight parameters in Q (fixing a
scale). We solve this data fitting problem using Levenberg-Marquardt non-linear
minimization algorithm [15].

To extract the motion parameters from each camera position, we first esti-
mate the scale factor st and rotation components it and jt by computing the
norm of the rows in R that will represent the scale factors and then normalizing
them. Considering that it and jt can be interpreted as the orientation of the
vertical and horizontal camera image axes in the object space, we compute the
direction of the camera projection axis kt = it × jt. We now have a complete
representation for the metric rotation that we parametrize with Euler angles
rt = [ψt, θt, ϕt]

[it, jt,kt]T = R(rt) =
 cosψt cosϕt − cos θt sinψt sinϕt cosψt sinϕt + cos θt sinψt cosϕt sin θt sinψt

− sinψt cosϕt + cos θt cosψt cosϕt − sinψt sinϕt + cos θt cosψt cosϕt sin θt cosψt

sin θt sinϕt − sin θt cosϕt cos θt




We recover the complete pose information Xt = [rt, st, at, bt] for each image
I(t) in the initial sequence and the metric structure of the scene P (remem-
ber that the image components of the translation can be represented by the
coordinates of the centroid at,bt).
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Reprojection property. Given a set of position parameters at time t, Xt =
[rt, st, at, bt], we can reproject the estimated object shape P using

pt =
[
ut1 · · · utN

vt1 · · · vtN
]

= stR(rt)P +
[
at

bt

]
(12)

1.2 Warping through a Homography

To apply the dynamic texture techniques described in Subsection 1.3, patches in
the original images have to be warped to a standard shape. Considering that each
patch is determined by four tracked points and represents a rigid part an object,
it can be approximated with a planar surface and mapped to a rectangular
shape through a homography. It is well known [5,20] that, under perspective
transformation, points in two planar scene views I(t1) and I(t2) are related by
a 2D projective transformation (homography).


u1t1 · · · uNt1

v1t1 · · · vNt1

ξ1t1 · · · ξNt1


 = H


u1t2 · · · uNt2

v1t2 · · · vNt2

1 · · · 1


 (13)

This transformation is up to a scale, so in general H has eight independent
parameters h1, h2, h3, h4, h5, h6, h7, h8 and it can be computed from four corre-
sponding points in the two views. In our case we map the quadrilateral patches
to a standard rectangular shape by computing the homography defined by the
four corners and mapping the interior points through this homography.

(a) (b)

Fig. 2. (a) Original patch (b) Warped patch

1.3 Texture Variability Modeling

Let Iw(t) be a rectified texture patch extracted from the image stream and
warped to a standard rectangle as described in the previous section. Commonly,
the texture Iw(t) is assumed constant. This is motivated by the fact that planar
patches are mapped in a physically correct way to the camera plane. However,
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in a real case there will be errors in the estimated plane parameters, and the real
world surface that we model may not be quite planar. In addition, we include
illumination in our variability model. Hence, here we purposefully focus on the
intensity variation. In the following we first motivate analytically that under
small motions the image intensity variations in the texture can be modeled as
a set of spatial basis filters modulated by the motion, then we show how to
statistically estimate this basis. Consider the distribution of texture differences
Iz(t) = Iw(t) − Itref around a texture image Itref . This distribution can be de-
scribed in both statistical and structural terms. Assuming small image variation
we apply an optic flow constraint, Iz = ∂Iw

∂u ∆u+ ∂Iw

∂v ∆v, where u and v are the
camera coordinates.

Structural image variability. The above motion equation relates image in-
tensity variation to a motion field. Assuming the texture patch is sourced from a
rigid surface, the structure of the motion field is constrained to a low dimensional
parameter space. Recall that we obtained the texture patch from a homogra-
phy based on tracked points. Variation in the warping homography parameters
h1 . . . h8 introduces image variability of the form:

∆Iw =
8∑

i=1

∂I
∂hi
∆hi =

[
∂I
∂u
,
∂I
∂v

] [ ∂u
∂h1

· · · ∂u
∂h8

∂v
∂h1

· · · ∂v
∂h8

]
∆hi = [B1 . . .B8][y1, . . . , y8]T ,

(14)
Where I is the image patch Iw flattened into a column vector. Note the form of
the above equation: A weighted linear combination of eight filters only dependent
on the spatial image derivatives times a constant matrix. This now reduces the
space of possible image flow fields to an 8-dimensional variation.

In the above we assumed a planar patch. Real world patches will often not be
planar, and this planarity will introduce a parallax error. The intensity variation
due to the depth parallax can be written as a linear basis:

∆Id = [Bd1,Bd2][yd1, yd2]T (15)

Illumination variation. It has been shown that for a convex Lambertian ob-
ject, the image variability due to different illumination can be expressed as a
three dimensional linear basis[17,7]. For a general object, the illumination com-
ponent can be approximated with a low dimensional basis. (In practice often
three to five basis vectors suffice)

∆Ii = [Bi1 . . .Bi3 . . .][yi1 . . . yi3 . . .]T , (16)

Composite variation model. Adding up the above contributions we can dif-
ferentially model the composite image intensity variation as:

∆I = ∆Iw +∆Id +∆Ii +∆Ie = By +∆Ie, (17)
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where ∆Ie is a noise term. The structural model in particular is only valid
for parameter changes ∆hi which are small with respect to the spatial image
derivatives. By extending the basis to a scale space hierarchy[8] (where the spatial
derivatives are smoothed in the coarser scales) the applicability can be widened
by adding more elements to the basis B = [B1 . . .Bk]. However, as a result,
the basis grows large and indeed is likely to represent more than the actually
occurring texture variation.

Statistical variability modeling. In principle a variability basis B could be
computed if very accurate a-priori models of the objects, lighting, cameras and
their relative geometry are available.1 In practice this is seldom the case. Instead
we propose to estimate a sufficient basis B̂. Consistent with the estimation of
coarse geometry in the previous section we do this from observing an image se-
quence in an uncalibrated camera, Îw(t), and obtaining a sample for t = 1 . . .M .
Note that:

1. The estimated basis only represents the intensity variability actually present
in the image sequence, which can be less than the possible variation as
described above.

2. The estimated basis B̂ can be any linear transform of the analytically derived
basis B above. It can also contain basis vectors that in addition to what is
captured in B represents other types of variability.

A standard technique to estimate a linear basis B̂ which best captures (in a
least squares sense) the part of B actually present in our observed intensity
sequence is principle component analysis. The variation in texture is considered
a stationary process with temporal mean Ī =

∑M
t=0

1
M Iw(t). Let the zero mean

texture be Îz(t) = Iw(t) − Ī, and a measurement matrix A = [Iz(1), . . . , Iz(M)].
The principle components are the eigen vectors of the covariance matrix C =
AAT . A dimensionality reduction is achieved by keeping only the first k of the
eigenvectors.

For practical reasons, usually k �M � l, where l is the number of pixels in
the texture patch, and the covariance matrix C will be rank deficient. We can
then save computational effort by instead computing L = ATA and eigen vector
factorization L = V DV T , where V is an ortho-normal and D a diagonal matrix.
From the k first eigenvectors V̂ = [v1 . . .vk] of L we form a k-dimensional
eigenspace B̂ of C by B̂ = AV̂ . Using the estimated B̂ we can now write a least
squares optimal estimate of any intensity variation in the patch as

∆I = B̂ŷ, (18)

the same format as Eq. 17, but without using any a-priori information to model
B. While ŷ captures the same variation as y, it is not parameterized in the
1 One of the components, ∆Iw, can be computed only from spatial image derivatives.
In tracking this commonly used for a low dimensional (in practice 2-4) variability
model of planar warps[7]. However, the 8 derivatives for the homography parameters
are difficult to compute accurately from only one image.
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same coordinates, so in addition we estimate a second transform J between
our pose description and ŷ. In our application we represent one object using
several texture patches, and estimate J between texture mixing coefficients ŷ
and tracked global camera-object pose x̂ (= [r, s, a, b]T ).

For every training image It we have from the orthogonality of V̂ that the
corresponding texture mixing are the columns of [ŷ1, . . . , ŷM ] = V̂ T . From the
factorization of geometric structure we also have the corresponding x̂t. Estimat-
ing a linear model ∆ŷ = J∆x̂, where ∆ŷt = ŷt−ŷref we need 6 or more motions
∆ŷ, ∆x̂ (From one center reference and 6 nearby training images) to solve for J
in 


∆ŷ1
...
∆ŷm


 =



∆x̂1
...
∆x̂m


JT (19)

The linear model ŷ = ŷref +J∆x̂ is only locally valid and has to be recomputed
around each desired pose x̂ref . A globally valid spline approximation f̂ , s.t. ŷ =
f̂(x̂) can be computed instead if, in the training samples, x̂t is monotonic and
plaid. For a linear spline, this corresponds to organizing the computed matrices
J into an indexable array.

1.4 Interpretation of the Variability Basis

In our application, the geometric model captures gross image variation caused
by large movements. The remaining variation in the rectified patches is mainly
due to:

1. Tracking errors as well as errors due to the weak perspective approxima-
tion cause the texture to be sourced from slightly inconsistent locations
in the training images. These errors can be modeled as a small deviation
∆[h1, . . . , h8]T in the homography parameters from the true homography,
and causes image differences according to Eq. 14. The weak perspective ap-
proximations, as well as many tracking errors are persistent, and a function
of object pose. Hence they will be captured by B̂ and indexed in pose x̂ by
f .

2. Depth variation is captured by Eq. 15. Note that Z and ∆Z is depth along
the camera optic axis, and hence also varies as a function of object pose.

3. Assuming fixed light sources and a moving camera or object, the light vari-
ation is a function of relative camera-object pose as well.

From the form of Equations 14 and 15 we expect that pose variations in the
image sequence will result in an texture variability described by combinations
of spatial image derivatives. In Fig.3 we compare numerically calculated spatial
image derivatives to the estimated variability basis B.

In synthesizing texture to render a sequence of novel images the function f
modulates the filter bank B so that the new texture dynamically changes with
pose x̂ according to Iw = Bf(x̂) + Ī.



Tracking and Rendering Using Dynamic Textures 425

Fig. 3. Comparison between spatial derivatives ∂Iw
∂x

and ∂Iw
∂y

(left two texture patches)
and two vectors of the estimated variability basis [B1,B2] (right) for the house in Fig. 1.

2 Composition of Geometric and Image-Based Models

Based on the theory described in Section 1 we have developed an algorithm that
generates new views using an estimated geometric model and a dynamic texture
mapping.

Training data. We took sequences of M images I(t) and tracked N fiducial
points pt = [ut,vt]T using SSD trackers from XVision system [7]. The tracked
points are grouped into disjunctive quadrilaterals that will cover the scene. For
a simple squared object, it is possible to find a decomposition into quadrilateral
regions that correspond to physical planes. In practice, considering also the lim-
itation of the tracking algorithm, we are decomposing the object into nonplanar
regions. The dynamic texture algorithm will correct the reprojection errors due
to nonplanarities.

Structure from motion. We use the factorization algorithm from Section 1.1
to acquire the structure of the scene P and calculate the pose xt.

1. Form the normalized measurement matrix Ŵ by registering the image coor-
dinates with respect to their centroid.

2. Compute SVD of Ŵ and the approximate rotation R̂ and shape P̂ Equation
8.

3. Impose metric constraints from Equation 11 to calculate the true scaled
rotations R and shape P .

4. Estimate the camera pose [rt, st, at, bt] for each view. st is the norm of the
rows corresponding to it and jt in R. rt = [ψt, θt, ϕt] are the Euler angles
corresponding to the rotation matrix formed from it, jt and kt = it × jt.

Dynamic texture. For each quadrilateral Iq we compute a texture basis Bq

and a set of texture coefficients yq:

1. Warp the patch Iqt to a standard shape Iwqt using the homography (see
Section 1.2) determined by the four corners. We choose the biggest rectangle
that includes the patch through the image sequence as the standard shape.
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2. Form a zero mean sample and compute the PCA as described in Section
1.3. Keep k, typically about a dozen basis vectors Bq and the corresponding
coefficients in each frame yqt.

New view rendering. Given a new pose x = [r, s, a, b]T we render the dynamic
texture on the reprojected structure.

1. Compute reprojection p = [u,v]T of shape P in the desired pose using
Equation 12.

2. For each quadrilateral q
a) interpolate a texture coefficient yq corresponding to the new pose x using

the nearest neighbors in the training data,
b) compute the texture in the standard shape using Equation 18,
c) rewarp the texture in the desired image position determined by the re-

projected corners.

3 Experimental Results

To test the proposed algorithm we recorded motions of three types of objects: a
calibration pattern (pattern), a toy house (house) and a flower (flower). We
tested each for several sequence lengths between 15 and 256 images. The first
two objects can be relatively accurately decomposed into a few planar patches.
However, this is not the case for the flower. The motion was mostly composed by
rotations with some depth variation. We tracked between 8 and 15 points using
XVision [7] and grouped them into 3 or 4 non-overlapping quadrilaterals.

We compute the metric structure and pose for the tracked points using the
algorithm from Section 1.1 and the texture basis and coefficients for each quadri-
lateral. As mentioned in Section 1.3, a minimum of 13 basis vectors will capture
the errors caused by depth and illumination changes under small motions. In a
real case with significant motion variation, and other errors like inaccuracies in
tracking, more vectors are required to capture the image variability. In our case
we kept about 25 texture basis vectors for the long sequences. For the shorter
sequences, where the actual variation in motion was limited, we found that 3 to
5 vectors were enough. From the estimated model, we generated three types of
new image sequences by:

1. Interpolating the original motion. New pose points were generated between
the original poses and a longer temporally up-sampled movie of both the
original and new poses was rendered from the model.

2. Smoothing the original motion. In this case we computed the original pose
trajectory, smoothed it by polynomial fitting, and rendered a new video
sequence with smooth motion.

3. Perturbing the original rotations by user supplied values (we used up to
5◦-15◦) and rendering a motion edited animation.
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Figure 4 shows some examples of rendered picture from the house sequence. The
motion is limited by the fact that the factorization algorithm requires that the
fiducial points are visible in all the frames. To generate larger motions we com-
posed renderings from two sequences taken from different view angles. Another
solution would be to incrementally update the model when introducing a new
view based on the common fiducial points.

Fig. 4. Generated pictures from house sequence

For testing the performance of our algorithm, we compared the dynamic tex-
ture algorithm with a static texture algorithm. For generating the static texture
sequences we warped texture from original images onto the reprojected metric
structure. Considering that the dynamic texture algorithm requires a mean im-
age and k basis texture images, we source the static texture from k + 1 original
images. The source images are equally spaced through the sequence and the
texture for the current generated image will be textured from the closest source
image. There are two types of errors that we are investigating for the generated
image sequence - static errors in individual rendered image frames and dynamic
errors through the whole sequence.

3.1 Static Errors

Most of the static errors are caused by nonplanarities of the texture patches
that will result in a misalignment in the generated images. Figure 5 shows a
rendered picture from the pattern sequence using static texture (left) and dy-
namic texture (right). Notice the effect of bent horizontal line in the left image,
that was corrected using the dynamic texture in the right image. The scene was
decomposed into three quadrilaterals two planar on the sides and one nonpla-
nar in the middle, where the pattern has a corner. The nonplanar region in the
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middle is causing this distortion. A similar effect can be seen in Figure 6, which
shows pictures generated from the house sequence. The small house (middle of
the zoomed picture) appear broken in the case when using static texture.

While in the case of the pattern or house it can be argued that these types of
scenes can be better decomposed into planar surfaces, this would not be possible
for many scenes with natural instead of man-made objects. As an example we
show the flower sequence. Figure 7 shows the quadrilateral decomposition (left),
a rendered image using static texture with visible geometric errors (middle) and
a rendered image from the same pose using dynamic texture (right) where the
geometric errors are compensated.

Fig. 5. Geometric errors (Left) Static texture: broken line caused by nonplanar patch;
(Right) Dynamic texture: error was compensated

Fig. 6. Geometric errors in house sequence. (top) Rendered images using static and
dynamic texture respectively; (bot) Detail showing the geometric error

To quantify the geometric errors we regenerate the original positions from
the pattern sequence and compare them with the original images by measuring
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Fig. 7. Geometric errors in flower sequence. (Left) One of the original images and the
outline of the quadrilateral patches. (Middle) Image generated using static texture.
(Right) Image generated in the same pose using dynamic texture.

the differences in pixel intensities (Figure 8). Notice that the error was almost
constant in the case of dynamic texture and very uneven in the case of static
texture. For the static texture case we used frame 0,5,9,13 for sourcing the tex-
ture (consistent with using three texture basis vectors in the dynamic case) so is
expected that the error drops to zero when reproducing these frames. The mean
relative intensity error was 1.17% in the case of static texture and 0.56% in the
case of dynamic texture.
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Fig. 8. Intensity pixel error in the rendered images (compared to original image)

3.2 Dynamic Errors

For an animation there are global errors through the whole movie that are not
visible in one frame but in motion impression from the succession of the frames.
We call these dynamic errors. We identified two types of dynamic errors con-
nected to depth impression and motion smoothness. We again compared the
static and dynamic texturing.

If the surfaces that are rendered with static texture are not physical planes, it
is very hard to capture the depth impression when re-animating the object. Our
dynamic texture algorithm capture the depth variation and give an impression
of a “real” 3D object. This is only noticeable in a movie (refer to the attached
movie flower animation.mpg). Notice how the rendering with dynamic texture
animates the flower to create a realistic impression of the leaves being spaced in
3D, while in the static texture it looks like the flower is a picture pasted on a
few planes.
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Another important quality is smoothness of motion. When using static tex-
ture we source the texture from a subset of the original images (k + 1 if k is
the number of texture basis) so there is significant jumping when changing the
texture source image. We tracked a point through a generated sequence from
the pattern in the two cases and measure the smoothness of motion. Table 1
shows the average pixel jitter. As an application to motion smoothness, we used
the proposed algorithm to correct the unevenness in the original motion. The
enclosed movie flower animation.mpg shows the regenerated smooth motion
of the original flower sequence.

Table 1. Average pixel jitter

Vertical pixel jitter Horizontal pixel jitter
Static texture 1.15 0.98
Dynamic texture 0.52 0.71

4 Discussion

The presented method allows acquisition of scene structure and appearance us-
ing video from an uncalibrated camera. The scenes can then be rendered from
novel poses. Our main objectives were to balance requirements for calibration,
user interaction, and computation, while rendering realistic images and motion
animations. By using only coarse approximate geometric structure, this structure
can be extracted from images in a computationally efficient and reliable way. The
structure corresponds to the major salient object features. The user can tune
the representation by focusing on the most salient structure in the scene, yet the
interaction is limited to pointing out only a few (about a dozen) scene points in
the first view of the scene to initialize the real-time visual tracking. To be able to
accurately capture the scene details we developed a two stage method. First, the
coarse geometry is used to warp scene patches into a canonical form. Then, the
residual intensity variation is captured using a locally valid linear model based
on a multidimensional optic flow-like constraints. The resulting representation
is a dynamic texture which, when modulated by overall object pose, can add fine
scale variation representing fine scale scene geometry.

To validate the model we recorded and re-animated various scenes and com-
pared our dynamic texture rendering to conventional model-based rendering
using a static texture image. We found that our method reduced both intensity
error and motion jitter to about half of those values obtained by conventional
rendering.

Applications of our method include: (1) Animation editing, where a movie
segment of a scene with motion is recorded, but the motion trajectory needs
to be somewhat adjusted afterwards. We tested this for adjustments up to 15
degrees of angle. (Translation range is unlimited). (2) Motion smoothing. This
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can stabilize video where a scene has been recorded, for instance, from a vehicle,
and the original video has vibrations and bumps. (3) Visual modeling in general
when done for representing intensity variation rather than obtaining detailed
geometry.

Currently, in one model, we only represent the scene regions which are si-
multaneously visible in the whole video sequence. To achieve larger motions we
have to piece together several models. In future work we plan to extend our work
to a panoramic camera, using cylindrical texture images to capture interior of a
whole indoor scene in one model.
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Abstract. A common practice when carrying out self-calibration and Euclidean
reconstruction from one or more views is to start with a guess at the principal
point of the camera. The general belief is that inaccuracies in the estimation of the
principal point do not have a significant effect on the other calibration parameters,
or on reconstruction accuracy. It is the purpose of this paper to refute that belief.
Indeed, it is demonstrated that the determination of the focal length of the camera
is tied up very closely with the estimate of the principal point. Small changes in
the estimated (sometimes merely guessed) principal point can cause very large
changes in the estimated focal length, and the accuracy of reconstruction. In fact,
the relative uncertainty in the focal length is inversely proportional to the distance
of the principal point to the epipolar line. This analysis is geometric and exact,
rather than experimental.

1 Introduction

The principal point of a camera is often quite difficult to determine, and is known often
to vary with the zoom setting of a camera. Often, therefore, the principal point is guessed
when calibration or self-calibration of the camera takes place ([2,10]). The generally held
opinion is that this makes little difference to the estimate of the other camera parameters,
or to the ultimate accuracy of Euclidean reconstruction. It is possible that this may be
true under some conditions, but it has been quoted as a general principal often without
critical examination. The purpose of this paper is to point out that this assumption is far
from safe, and that in fact the estimated position of the principal point may have a large
effect on the accuracy of calibration and reconstruction.

We are concerned throughout with natural pinhole cameras, that is cameras with
zero skew and unit (or known) aspect ratio. First, we consider calibration of a camera
from a single view, in which a horizon line and a vertical direction, or vertical vanishing
point may be identified. Given knowledge of the principal point, the focal length may be
determined by an easy geometric construction, from which the dependence of the focal
length on the principal point estimate is easily seen.

This single-view case is next extended to the two-view case, in which the focal
lengths of each camera may be determined from the fundamental matrix alone. It is
shown that this problem may be reduced to the previous case of single-view calibration,
by considering the horizon line and perpendicular vanishing direction of the plane formed
by the base line and one of the camera’s principal rays. The sensitivity of this process to
variations in the principal point then becomes evident. Estimation of the focal length in
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this manner is well known to be unstable ([9,2]. In part this is due to sensitivity in the
estimation of the fundamental matrix of the camera pair. It is shown here, however, that
inaccuracy in the assumed position of the focal length is also a major culprit.

In an influential paper ([2]) Bougnoux gives a beautifully simple formula for the focal
length of the camera estimated from two views.As noted above, he finds that the estimate
of the focal length is quite sensitive, which we confirm. However he reiterates the popular
belief that the assumed position of the principal point does not have an important effect
on the estimated focal length, or on the accuracy of an eventual projective reconstruction
of the scene. This view has also been stated (often without sufficient evidence) by other
researchers, but is contrary to the findings of the present investigation. Indeed one of the
purposes of this paper is to demonstrate that these two findings are not universally true,
and must be treated with caution. By giving a new geometrically intuitive interpretation
of certain one and two-view self-calibration methods, we provide the user with a tool that
can be used to ascertain whether the assumptions are valid in a particular reconstruction
scenario.

2 Calibration from a Single Image

Throughout this paper, we assume that the skew of the camera is zero, and the aspect
ratio is equal to one. Thus, the only remaining parameters of the camera are the focal
length and the principal point.

We consider first calibration of the camera (determination of the focal length and
principal point) from a single view. Clearly this can not be done without some scene
information, and many ways have been proposed to do this. For instance, if three or-
thogonal vanishing points can be identified in the image, then the principal point may be
identified as the orthocentre of the triangle formed by the three vanishing points ([3]).
In addition, the focal length may be determined by direct geometric construction ([8],
page 212, [4]).

Thus, if the vanishing points of all three orthogonal directions are known, then
the camera may be completely calibrated without any further assumptions. Therefore,
we consider a calibration problem in which there is a little less information available.
Accordingly, we assume that the horizon line and the vertical vanishing point (henceforth
known as the apex) are identified in an image. An example of such an image is given in
Fig. 1. The principal point in the image must lie on the perpendicular from the apex to
the horizon. Thus, the principal point has a single remaining degree of freedom. Suppose
that the principal point is the point p in the image, v is the vertex, and h is the foot of
the perpendicular from the apex to the horizon. In this case, the focal length may be
computed by a simple formula:

f2 = −d(p,h)d(p,v) (1)

where f is the focal length, and d(·, ·) represents the (signed) Euclidean distance. The
negative sign in this expression expresses the fact that d(·, ·) is a signed quantity, and
that the direction vectors from the principal point to the horizon and the apex must be in
opposite directions in order for f2 to be positive, as given by this formula. In other words,
the principal point must lie between the horizon and the apex. Proof of this formula is
given in Fig. 2.
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Fig. 1. Examples of images for which it is possible to compute the focal length of the camera,
assuming knowledge of the principal point. To do this, it is sufficient to identify the horizon and
a vertical vanishing direction. In the left-hand image, the exact position of the horizon can be
established with the aid of the vanishing points of the ground markings and shadows. The image
of the apex may be computed as the intersection of the the two vertical edges. Focal length may
then be computed using (1).

Fig. 2. Left. The diagram shows the vertical plane containing the principal ray pO of the camera.
The two rays to the horizon and the apex are perpendicular to each other, meeting the focal plane
at points h and v respectively. The focal length is the distance from the camera centre to the focal
plane. By similar triangles, f2 = −d(p,h)d(p,v).
Right. In the image, a circle (black) is drawn with diameter the perpendicular line between the
apex v and the horizon PQ. The principal point must lie on this line. A line is drawn through
p perpendicular to vh. This meets the circle in two points a and b. The focal length equals the
distance d(p,a), and the circle with diameter ab is the 45◦ circle in the image (shown in red).

The focal length may be computed by a simple geometric construction, as follows. Let
C be the circle with the line from apex v to horizon h as diameter. The line in the image
through the principal point p meets the circle C in two points a and b. By elementary
geometry of a circle, d(p,a)d(p,b) = d(p,v)d(p,h), and since d(p,a) = −d(p,b)
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it follows that f = d(p,a). The circle constructed with centre p passing through a and
b is the 45◦ circle in the image. This is illustrated in Fig. 2, and on a real image in Fig.
3. Since f is the distance from p to the circle C along a line drawn perpendicular to
the diameter vh, the way the estimated value of f varies as a function of the presumed
principal point location is easily visualized. In particular, as the assumed principal point
moves towards the horizon, or the apex in the image, the corresponding estimated value
of the focal length f diminishes towards zero. If an image is taken with a camera aimed
directly at the horizon, the principal point corresponds with the point h on the horizon,
and so d(p,h) = 0. In this case, however, the distance to the apex will be infinite, and
hence f2 = 0 × ∞, and the computed value of f will be indeterminate. From this, we
see that it is impossible to compute f from this configuration if the camera is pointed
directly at the horizon, or the apex.

2.1 A Different Formula

It is sometimes difficult to measure the distance of the principal point to the apex, partic-
ularly if the apex is far away from the visible area of the image. A simple modification
of the image takes care of that problem. Suppose that l is a line from the apex to the
horizon, not passing through the principal point. This can be the image of a vertical
object in the scene. Let s1 = d(p,h) be the orthogonal distance from the principal point
to the horizon, and let s2 = d(p, l) be the orthogonal distance from the principal point
to the line l. Let θ be the angle between line l and the horizon – more specifically, the
angle of the region containing the principal point. Then

f2 = s1s2/cosθ (2)

The proof of this is immediate from Fig. 4. Note that for f2 to be positive, the
principal point must lie in the acute-angled section of the plane partitioned by lines h
and l.
Sensitivity of f . In terms of (2) it is easy to write down an expression for the uncertainty
of the focal length in terms of small errors in the three parameters s1, s2 and θ. Since
df = ∂f/∂s1ds1 + ∂f/∂s2ds2 + ∂f/∂θdθ, simple calculus leads to the following
formula for the relative change in f .

df/f = 1/2 (ds1/s1 + ds2/s2 + tanθdθ) (3)

From this we see that f is sensitive to small changes in the measurements of s1, s2 and
θ when s1 or s2 are small, or θ is close to 90◦. In particular, it is impossible to estimate
f accurately when the principal point is close to the horizon line, since in this case s1 is
small, and the angle θ will be close to 90◦.
Dependence of f on the principal point. It was seen above that if the horizon and apex
are identifiable in an image, then the principal point position may vary with one degree
of freedom, along the line through the apex perpendicular to the horizon. If there is only
one vertical line feature visible in the image, then the apex may not be identified, but
instead may lie anywhere along the image of the vertical line. The principal point may
now vary with two degrees of freedom anywhere in the image. Figure 5 gives an example
of such an image. For a choice of the principal point, the focal length may be computed
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Fig. 3. This image shows the computation of the focal length of the camera assuming a principal
point at the centre of the image. The original image is shown to the left, and the construction to
the right. Since the horizon line (blue) is not directly visible in this image, it is computed as the
line joining two horizontal vanishing points, computed from the right-hand wall and the grid on
the door (green lines). Note that these are not orthogonal vanishing points. The vertical vanishing
point is given by the sides of the door and the door frame (red lines). The red circle is the 45◦

circle, with radius f , assuming the principal point is placed as shown (at the centre of the red
circle).

Fig. 4. Since d(p,v) = s2/cosθ, it follows from (1) that f2 = s1s2/cosθ.

using (2), or by direct geometric construction, as shown previously. However, because
of the added degree of freedom, the computed focal length depends more dramatically
on the assumed position of the principal point. It may vary from near zero, when the
principal point is assumed to be close to the intersection of the horizon and vertical line,
to large values when the principal point is far from both these lines.
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Fig. 5. In this image, the apex is unknown, but is constrained to lie somewhere along the vertical
direction shown in the image (green). The principal point has two degrees of freedom, but once a
position of the principal point is assumed, the focal length of the camera may be computed. The
red circles represent various estimates of the focal length for different assumed principal points.
Each circle is the locus of all directions 10◦ from the principal point, which is at the centre of the
circle. Thus, the radius of each circle is equal to 0.176f = tan(10◦)f . The focal length has been
computed in each case using (2).

3 Calibration from Two Views

Next, the calibration methods for a single view discussed above will be extended to
consideration of calibration from two views. This problem was first addressed in [5]
where an algorithm for computing the two focal lengths was given. This algorithm was
quite complicated, and the problem was later considered by several authors. The most
compact solution was found by Bougnoux in [2], where a simple formula was given for
the two focal lengths in terms of the fundamental matrix and the two principal points
(see equation (5) below). This formula will be rederived here in a way that sheds light
on its geometric meaning, and its sensitivity to variations in the assumed positions of
the principal point. It will be shown that Bougnoux’s formula is closely related to (2),
and has a simple geometric interpretation.

First, we note that in order to compute the focal lengths, the positions of the two
principal points need to be known. The geometry of two views may be summarized in
Fig. 6. The two camera centres O1 and O2 are joined by a baseline O1O2 and the view
direction of each camera is defined by the principal rays, R1 and R2 of the cameras. Of
most interest is the case where these three lines are not coplanar; in other words, the
principal rays of the two cameras do not meet. The principal ray R1 and the baseline
O1O2 define a plane, which will be denoted by R1O1O2. In addition, let A1 be the ray
through the camera centre O1 perpendicular to the plane R1O1O2. This plane, and the
ray A1 form an orthogonal pair in space. If their projections into the second image can
be identified, then we may use the methods of section 2 to compute the focal length of
the second camera.
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Fig. 6. The plane defined by the principal ray R1 and the base-line O1O2 is imaged as an epipolar
line in the second (right-hand) image. The ray A1 is perpendicular to this plane, and also projects
to an epipolar line in the second image. The two epipolar lines are the images of an orthogonal
plane/line pair. Assuming a position for the principal point p2, the focal length f2 of the second
camera may be computed using the method of section 2.

First of all, consider the first (left) image taken from camera centre O1. We want to
identify the projection in this image of the plane R1O1O2 and the ray A1. The projection
of the plane is easily identified as the epipolar line through the principal point, namely
[e1]×p1 = e1 × p1. Since the ray A1 is perpendicular to the plane containing the
principal ray, it projects to a point at infinity in the image, in the direction perpendicular
to the line [e1]×p1. This infinite point may be written as I(e1 ×p1), or I[e1]×p1, where
I is the 3 × 3 matrix diag(1, 1, 0).

To explain this last point more fully, note that Il represents the point at infinity in the
direction perpendicular to l for any line l. For example, (a, b) is the vector perpendicular
to the line ax + by + c = 0, represented by coordinates (a, b, c)�, and (a, b, 0) is the
vanishing point in this direction. This relation will be used often in this paper, so we
emphasize it:

Proposition 3.1.

1. If l is a line, then Il represents the point at infinity in the direction perpendicular to
the line.

2. If line l passes through point e, then [e]×Il is the line through e perpendicular to l.

It is now easy to compute the epipolar lines in the second image corresponding to
the plane R1O1O2 and the ray A1. This is done simply by transferring the epipolar lines
from the first image to the second, using the fundamental matrix. First, consider the
vanishing line of the plane R1O1O2. Since this plane passes through the camera centre
O2, it is viewed edge-on in the second image. Consequently, its vanishing line is nothing
more than the image of any line lying in the plane R1O1O2. Since the principal ray of
the first camera is just such a line we see:

3.2. The vanishing line in the second image of the plane R1O1O2 is the epipolar lineFp1
corresponding to an epipolar line [e1]×p1 in the first image. Here F is the fundamental
matrix.

Secondly, the image of the ray A1 is easily computed by transferring its vanishing point
using the fundamental matrix:
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3.3. The image of the ray A1 in the second image is the epipolar line FI[e1]×p1. This
corresponds to the epipolar line in the first image, perpendicular to [e1]×p1.

Thus, we may conclude:

3.4. Given the fundamental matrix F for two images, and assumed positions of the
principal points p1 and p2 in the two images, the focal length f2 may be computed as
follows.

1. In the first image, the epipolar line through the principal pointp1 is given by [e1]×p1.
The epipolar line perpendicular to this is [e1]×I[e1]×p1.

2. The two corresponding epipolar lines in the second image are Fp1 and FI[e1]×p1
respectively.

3. Apply equation (2) where s1 and s2 are the distances from the principal point p2 to
these two lines, and θ is the angle between them – more specifically, the angle of
the segment containing p2.

This construction is illustrated in Fig. 7. An explicit formula is possible. Let l and l′

be the two epipolar lines computed in (3.4). The distance from a point p = (x, y, 1)�

to a line l is l�p/α where α = (l21 + l22)
1/2, and li here represents the i-th component

of the vector l. Furthermore, the angle between two lines l and l′ satisfies the relation
cos θ = −(l′�Il)/αα′. Now, writing (2) in terms of the homogeneous coordinates for
the two lines l and l′ involved, yields

f2 = − (l′�p)(l�p)
l�Il′

(4)

since the factors α and α′ cancel top and bottom.
Substituting the formulas (3.2) and (3.3) for the lines l2 and l′2 finally gives the

formula

f2
2 = − (p�

1 [e1]×IF�p2)(p�
1 F

�p2)
p�

1 ([e1]×IF�IF)p1
. (5)

In this formula, e1 is the epipole in the first image, and p1 and p2 are homogeneous
3-vectors representing the principal points in the two images. It is required however, that
p2 = (·, ·, 1)�, with last coordinate equal to 1.

The formula for the first focal length f1 may be obtained by interchanging the role
of the first and second cameras in this formula.

4 Effect of Varying the Principal Points

We consider now the effect of varying the principal point in either or both the images.
Without loss of generality, let us restrict attention to (5), and computation of f2

2 . Since
the left hand side of (5) is the square of the focal length, it is necessary that the right
hand side be positive, otherwise, no solution exists. To analyze this further, we note that
the expression for f2

2 may be split into parts as follows:

A(p1,p2) = p�
1 [e1]×IF�p2

B(p1,p2) = p�
1 F

�p2

D(p1) = p�
1 ([e1]×IF�IF)p1
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Fig. 7. A pair of images of the Grenoble museum from which one wishes to compute the focal
lengths. It is assumed that the principal point p1 in the first image is the centre of the image.
Shown overlaid on the first (left-hand) image are the epipolar line [e1]×p1 and the perpendicular
epipolar line [e1]×I[e1]×p1. Overlaid on the second (right-hand) image are the corresponding
epipolar lines Fp1 and FI[e1]×p1. From these latter two lines one may compute the focal length
f2. Computation of the focal length f2 will be very imprecise in this case, since the angle θ between
these two lines is close to 90◦, and also because one of the lines (actually Fp1) passes very close to
the centre of the image, and hence (presumably) close to the principal point p2. Relative accuracy
of the focal length f2 is given by (3), and is proportional to the distance of p2 from each of these
two epipolar lines, and also to the tangent of the angle θ.

At the right is shown the focal length f2 as a function of the principal point position p2. The focal
length is represented by the intensity of the image. For a principal point in the black region of
the image, the estimated value of f2

2 is negative, meaning that the assumptions on position of the
principal point are not viable (impossible situation).

Thus, f2
2 = −A(p1,p2)B(p1,p2)/D2(p1). Note that the estimated value of the focal

length becomes zero where the numerator (that is, either A or B) vanishes, and goes
to infinity where the denominator D vanishes. The value of f2

2 will change sign on the
union of the vanishing sets of A, B and D. We look at each of these terms independently.

4.1 Varying the Principal Point p2

This situation has been explored in section 3. The denominator D(p1) does not depend
on p2, and so is constant. We look at the vanishing sets of the two terms A(p1,p2)
and B(p1,p2). As discussed above, Fp1 and FI[e1]×p1 represent the epipolar lines
in the second image, corresponding to the principal ray in the first image, and a ray
perpendicular to it. When p2 lies on one of these epipolar lines, the numerator of (5)
vanishes. Consequently, the zero set of A(p1,p2)B(p2,p2) for fixed p1 and varying
p2 consists of a pair of epipolar lines in the second image. The image plane is divided
into four sections by these epipolar lines and the principal point p2 must lie in the
acute-angled region of the plane. This is illustrated in Fig. 7.

It may be noted that here and elsewhere (particularly in Fig. 9) the most probable
principal point (image centre) sometimes lies in the dark part of the diagram, indicating
an imaginary focal length. This is because when the principal ray passes near the centre
of the image, the angle between the two lines dividing the image is necessarily close
to 90◦. If because of the instability of the computed fundamental matrix it falls on the
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wrong side of 90◦, then the regions may swap sign, and lead to impossible values for the
focal length. In these examples the fundamental matrix was computed using a Maximum
Likelihood bundle-adjustment method, which should give optimal results – nevertheless
this unfavourable situation can occur. A method that avoids this problem by placing a
priori conditions on the positions of the principal point and (optionally) the focal lengths
was presented in [7]. It uses Bougnoux’s formula to constrain the values of the focal
length and principal points while finding a compatible fundamental matrix.

4.2 Varying the Principal Point p1

Next we consider the effect of varying the principal point p1 on the estimate of the focal
length f2. In this section we will assume that the principal point p2 of the second camera
is known and fixed at a given value. As p1 varies, formula (5) give an estimate for the
focal length f2.
Vanishing set of A(p1,p2)B(p1,p2). Since F is the fundamental matrix, F�p2 is the
epipolar line in the first image corresponding to the point p2. Thus the set of points p1
at which B(p1,p2) = p�

1 F
�p2 vanishes is precisely the set of points on the epipolar

line F�p2.
On the other hand, according to Proposition 3.1, [e1]×IF�p2 is the line perpendicular

to F�p2. Hence A(p1,p2) = p�
1 [e1]×IF�p2 vanishes when p1 lies on the epipolar

line perpendicular to F�p2.

4.1. For a given value of p2, the set of points p1 such that the numerator
A(p1,p2)B(p1,p2) of (5) vanishes consists of the epipolar line F�p2 and the epipolar
line perpendicular to it.

Vanishing set of D. We now turn to the denominator of (5), namely D(p1) =
p�

1 ([e1]×IF�IF)p1. Note that this is independent of p2. From the form of this ex-
pression, the vanishing set is a conic. It will be shown that in fact it is a degenerate conic,
consisting of two perpendicular lines through the epipole e1.

First of all one observes (by simple substitution and using the fact that Fe1 = 0) that
the epipole e1 belongs to this vanishing set. If p1 is any point such that D(p1) = 0, then
D(p1 + αe1) = 0 for any α, and hence the vanishing set is made up of lines passing
through e1, epipolar lines.

Now let p1 be a point at infinity, and let p′
1 be the point at infinity on the epipolar

line normal to [e1]×p1. By symmetry, p′′
1 = (p′

1)
′ = p1. By Proposition 3.1, p′

1 =
I[e1]×p1, and so D(p1) = p′�

1 (F�IF)p1. Substituting p′
1 for p1 in this expression

gives

D(p′
1) = p′′�

1 (F�IF)p′
1 = p�

1 (F�IF)p′
1 = p′�

1 (F�IF)p1 (by transposing) = D(p1) .

Thus, D(p′
1) vanishes if and only if D(p1) does. Consequently, the zero set of D(p1)

consists of a pair of orthogonal epipolar lines. Summarizing this complete discussion.

4.2. For a given value of p2, the set of points p1 for which the estimated value of f2
2

changes sign consists of two pairs of orthogonal epipolar lines in image 1. The value of
f2
2 tends to zero at one pair of lines, and to infinity at the other pair of lines.

This is illustrated in Fig. 8.
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Fig. 8. Assuming p2 is fixed, and p1 is varying, the singular set for estimation of f2 consists of
points p1 lying on two pairs of orthogonal epipolar lines. The estimated value of f2, according
to (5) tends to 0 and ∞ as p1 approaches the alternating epipolar lines. The value of f2 is only
defined for p1 in alternating sectors of the image as shown, since f2

2 is negative for p1 in the
other (dark) sectors.

5 Varying both Principal Points

The previous sections have assumed that one of the principal points was fixed, and the
other was allowed to vary. In some instances it may be more realistic to assume that
the principal point is the same in both images, albeit not known exactly. Therefore, in
this section, we assume that p1 = p2 = p, and examine how the focal length estimate
depends on the position of this common principal point. In this case, the formula for f2
is as follows.

f2
2 = − (p�[e1]×IF�p)(p�F�p)

p�([e1]×IF�IF)p
= −A(p,p)B(p,p)

D(p)
. (6)

We have seen already that the zero-set of D(p) consists of a pair of orthogonal epipolar
lines through the epipole e1. The zero sets of the expressions A(p,p) = p�F�p and
B(p,p) = p�[e1]×IF�p are conics. It is easy to see that each of these expressions
vanishes at both epipoles e1 and e2, hence the conics pass through the two epipoles. In
addition, it may be verified that the tangents to these two conics at the epipole e1 are
orthogonal. To see that, recall that the tangent at a point x on a conic defined by matrix
C is the line (C + C�)x. Applying this, one finds that the tangents to these two conics
at the point e1 are (F� + F)e1 = F�e1 and ([e1]×IF� − FI[e1]×)e1 = [e1]×IF�e1,
which according to Proposition 3.1 are orthogonal lines through e1. Summarizing this
gives the following result.

5.1. As the position of the principal point p1 = p2 = p varies, the singular set where
the value of the focal length f2

2 changes sign has the following components.

1. Two orthogonal epipolar lines passing through the epipole e1. As the assumed po-
sition of p approaches these lines, the value of f2

2 tends to infinity.
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Fig. 9. Museum images : the geometry of the allowable positions of the principal point, assuming
that it is the same in both images (shown at left). The plane is divided into regions by three conics
(one of them degenerate). Black regions represent impossible locations for the principal point.
Inside the allowable (white) regions, the focal length approaches infinity at the pair of orthogonal
lines (degenerate conic), and zero at the non-degenerate conics. At right is an enlargement of the
bottom left-hand corner, showing the conic corresponding to the denominator of (6).

2. Two conics passing through the two epipoles e1 and e2. The conics are orthogonal
at e1. As p approaches these conics, the estimated value of f2

1 tends to zero.

These lines divide the plane into regions. The value of f2
2 is negative on alternate regions,

which therefore represent impossible positions for the principal point.

For an illustration of this, see Fig. 9.

6 Reconstruction Accuracy

Previous sections have demonstrated that the camera calibration, particularly the focal
length, depends closely on the assumed position of the principal point. It has often been
objected that this may be true, but it does not affect the reconstructed scene. This belief
will be shown to be unsafe by an analysis of how angles in the reconstructed scene vary
with the principal point and focal length estimates. The dependency of scene angles on
calibration parameters is well known, and was noted in [2]. Here it will be shown that
the effect can be quite marked, and in particular a simple method of visualizing the effect
will be given.

A simple method of measuring some angles in a reconstructed scene utilizes a concept
called the conformal point in an image. This concept was introduced in [6] where its
application to visual odometry was demonstrated. The conformal point is defined relative
to a plane of interest in the scene.

• The conformal point relative to any plane in the scene is located a distance (f2+d2)1/2

from the vanishing line of the plane (the horizon), along a perpendicular to the horizon
through the principal point. Here f is the focal length of the camera, and d is the
distance in the image from the principal point to the horizon.

Note that the position of the conformal point is directly dependent on the focal length
and the position of the principal point. Note that in Fig. 2 the conformal point is located
along the line hv a distance from h equal to the length of the chord ah.
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Fig. 10. To measure an angle between two lines in the image, the lines are extended to meet the
horizon at points A and B. The true angle between the two lines is equal to the angle � APB,
where P is the conformal point. The position of the conformal point is explained in the text.

The interesting property of the conformal point is illustrated in Fig. 10, showing how
it may be used to measure angles between lines in a plane. A proof of the correctness
of this method is given in [6]. We apply this method of angle-measurement to the image
shown in Fig. 3, and use it to estimate the angle between the door and the wall.According
to the construction of Fig. 10, the required angle is the angle subtended at the conformal
point by the vanishing points of the two directions under consideration. Note that in
this example these two vanishing points are the two points (intersection of the green
lines) used to construct the horizon line. The conformal point may be easily constructed
assuming positions of the principal point of the image at the top, centre and bottom of
the image along the vertical line. The estimated angles are

1. For principal point at the top of the image : 88◦.
2. For principal point at the centre of the image : 69◦.
3. For principal point at the bottom of the image : 56◦.

Thus in this example at least computed angles in the scene (properties of a Euclidean
reconstruction based on a computed calibration) are very dependent on the assumed
position of the principal point.

Beyond illustrating the variation of estimated scene geometry, this method gives a
quick intuitive method of evaluating the degree of variation as a function of assumed
principal point. This allows an operator to ascertain the effect of an incorrect placement
of the principal point.

7 Conclusion

We have argued that the assumed position of the principal point may have a large effect
on the estimated focal length of the cameras, and also the 3D reconstruction accuracy, for
certain single-view and two-view calibration scenarios. The two-view calibration method
analyzed here has been shown previously ([9]) to have degenerate configurations when
the principal rays of the cameras meet. We have given here a simple analysis of how the
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quality of the focal length estimate degenerates when the principal ray of one camera
lies close to the epipolar line corresponding to the other principal point. It is shown
that in fact, the relative uncertainty in the the focal length estimated by this method is
inversely proportional to the distance of the principal point to this epipolar line. Because
of this sensitivity, the practicality of estimating focal lengths from two views is doubtful.
However, in separately published work ([7]) we have proposed a method for mitigating
some of the instabilities involved in estimating the principal point and focal length by
assigning a priori bounds and variances for their values.

The method and analysis of this paper apply to other imaging scenarios, such as
planar motion ([1] in which it is also possible to compute the image positions of the
horizon and apex. A new interpretation of Bougnoux’s focal length formula, is also
given here, relating it to the geometry of the principal rays.
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Abstract. The problem of recovering scene structure and camera mo-
tion from images has a number of inherent ambiguities. In this paper,
configurations of points and cameras are analyzed for which the image
points alone are insufficient to recover the scene geometry uniquely. Such
configurations are said to be critical. For two views, it is well-known that
a configuration is critical only if the two camera centres and all points
lie on a ruled quadric. However, this is only a necessary condition. We
give a complete characterization of the critical surfaces for two calibrated
cameras and any number of points. Both algebraic and geometric char-
acterizations of such surfaces are given. The existence of critical sets
for n-view projective reconstruction has recently been reported in the
literature. We show that there are critical sets for n-view Euclidean re-
construction as well. For example, it is shown that for any placement of
three calibrated cameras, there always exists a critical set consisting of
any number of points on a fourth-degree curve.

1 Introduction

Early in the twentieth century it was noticed that for two cameras and any
number of scene points all lying on a particular surface, the solution to the re-
construction problem is not unique. There are several ambiguous configurations
of cameras and scene points, which produce identical images. In the German
photogrammetry community, such surfaces were termed ‘gefährliche Örter’ [7],
which is translated as critical surfaces. In this paper, such critical configurations
are analyzed for two and more calibrated cameras.

For two views it is well-known that a configuration is critical only if all points
and the two camera centres lie on a ruled quadric, that is, a hyperboloid of one
sheet, or one of its degenerate versions [8]. In [9], it was proven that six points
and any number of cameras lying on a ruled quadric are critical. This was shown
to be the dual to the two-view case [5] in the Carlsson duality sense [2]. Recently,
the existence of critical configurations with more than two views and arbitrarily
many points has been reported. In [4], it was shown that for any three cameras,
there exists a critical fourth-degree curve containing the camera centres. The
extension to arbitrarily many views was done in [6] where it was shown that
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cameras centres and scene points lying on the intersection of two quadrics are
critical for projective reconstruction. However, critical configurations for more
than two calibrated views have previously not been investigated in the published
literature (except in the case of lines [1]).

In this paper, we focus on critical configurations for Euclidean reconstruction,
starting with the calibrated two-view case. The most complete investigation of
this is Maybank’s book [8], to which the present paper owes much. A basic result
of [8] is that a critical surface is necessarily a ruled, rectangular quadric, but the
question of sufficiency is not substantially considered there. In the present paper,
we obtain a necessary and sufficient condition for a configuration to be critical.
The key is a restriction on the possible positions of the camera centres on the
critical quadric. The condition is related to an algebraic constraint obtained by
Maybank, but formulated here in a simple geometric form. The two-view anal-
ysis is used as a basis for exploring Euclidean multiview critical configurations.
Previously unknown examples of critical configurations for more than two views
are exhibited.

2 Background

A camera is represented by a 3 × 4 matrix of rank 3, the camera matrix P.
Provided the camera centre (which is the generator of the right null-space of P)
is a finite point, the camera matrix may be decomposed as P = K[ R | t ], where R is
a rotation matrix and K is an upper-triangular matrix, the calibration matrix. If
K is known, then the camera is called calibrated. Matrix K represents a coordinate
transformation in the image, this transformation may be undone by multiplying
image coordinates by K−1. The camera matrix may therefore be assumed to be
of the form P = [ R | t ], which will be referred to as a calibrated camera.

Consider a configuration of n ≥ 2 cameras and a set of points. Denote the
camera matrices by Pi for i = 0, ..., n − 1 and the set of points with Pj . The
set {Pi,Pj} is said to be critical if there exists an inequivalent configuration of
cameras Qi and points Qj such that PiPj = QiQj for all i and j. Two configu-
rations are considered to be equivalent if the essential matrices for all pairs of
views are the same. 1 The alternative configuration {Qi,Qj} is called a conjugate
configuration. In a critical configuration it is not possible to recover the cameras
and the scene points unambiguously from the image points alone, as there are
two alternative solutions. Note that when considering critical configurations for
calibrated cameras all camera matrices Pi and Qi are required to be of the form
[R|t], which is quite a restrictive condition. Consequently critical configurations
for calibrated cameras may be expected to be a subset of uncalibrated critical
configurations.

For two calibrated cameras, the relative pose is encapsulated by the essential
matrix. We define an essential matrix to be a 3×3 matrix writable as a product of
1 This definition excludes the trivial ambiguity that arises from points lying on a
line containing all camera centres, as such points may vary along this base line. In
addition, it excludes the two-view “twisted-pair ambiguity” discussed later – such
an ambiguity being deemed in some sense trivial also.
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a rotation and a skew-symmetric matrix. Thus, E = R[t]×, where R is a rotation,
and [t]× denotes the matrix such that [t]×v = t× v for any 3-vector v.

3 Critical Sets for Euclidean Reconstruction

The basic equation for the shape of a critical set in the calibrated (Euclidean)
case is not very different from that for the uncalibrated (projective) case. Fol-
lowing the derivation in [4] one arrives at the following result.

Theorem 1. Let (P0, P1) and (Q0, Q1) be two pairs of calibrated cameras, and
let EP and EQ be the corresponding essential matrices for the two camera pairs.
The surfaces SP and SQ defined by

SP = P0�EQP1 + P1�EQ�P0 and SQ = Q0�EPQ1 + Q1�EP�Q0 (1)

are ruled quadric surfaces2, which are critical for reconstruction. In particular:

1. If P is a point on SP, then there exists a point Q on SQ such that PiP = QiQ
for i = 0, 1.

2. Conversely, if P and Q are points such that such that PiP = QiQ for i = 0, 1,
then P lies on SP and Q lies on SQ.

This leads us to the following definition.

Definition 1. A triple (S, P0, P1) where S is a symmetric 4×4 matrix represent-
ing a quadric, and P0 and P1 are calibrated camera matrices representing cameras
with centres lying on the quadric S is called critical for Euclidean reconstruction
if there exists an essential matrix E such that

S = P0�EP1 + P1�E�P0. (2)

The twisted-pair ambiguity. In Definition 1, matrix E is the essential matrix
for a conjugate camera pair (Q0, Q1). Note however that (unlike in the projective
case), the essential matrix E does not determine the two camera matrices (Q0, Q1)
uniquely even up to a similarity, because of the “twisted-pair ambiguity.” Thus,
(apart from sign and scale ambiguities) there are two essentially different ways of
decomposing E, namely E = R[t]× = R′[t]×, involving different rotation matrices
R and R′ (see [8,3] for more details). Note that the vector t is the same in both
cases, since it is the generator of the null-space of E.

Normalized camera matrices. As shown in [4], for a configuration of points
and cameras to be critical it is sufficient to consider only the positions of the
cameras, and not their orientation3. In particular, in investigating whether a
configuration is critical, we may assume that the two cameras have the form
[ I | −ti ], where ti is an inhomogeneous 3-vector representing the location of
2 A quadric S is defined by the set of points P ∈ P3 such that P�SP = 0.
3 Proved in [4] for the uncalibrated case, but easily extended to calibrated cameras.
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the camera centre. Camera matrices in this form will be referred to as normal-
ized. The form of a critical quadric is particularly simple for normalized camera
matrices:

S =
[

E01 + E10 −E10t0 − E01t1
−t0�E01 − t1�E10 2t0�E01t1

]
. (3)

4 Rectangular Quadrics

We now define rectangular quadric surfaces, which will turn out to be the critical
surfaces for calibrated cameras.

Definition 2. A quadric represented by a symmetric matrix S is called a rect-
angular quadric if the upper left hand 3×3 block M of S may be written as E+E�

for some essential matrix E.

In [8] rectangular quadrics are characterized by different algebraic conditions
on M, which are next seen to be equivalent to Definition 2.

Proposition 1. Let M be a 3 × 3 symmetric matrix. The following conditions
are equivalent.

1. M = E+ E� for some essential matrix E.
2. M = mn� + nm� − 2mn�I for two 3-vectors m and n called the principal

points on M.
3. The eigenvalues of M are of the form λ1, λ2 and λ1 + λ2, where λ1λ2 ≤ 0.

Proof. 1 → 2 Suppose M = E + E�. Let E = R[t]×. Without substantially
altering the problem, E may be replaced by an essential matrix UEU�, where U
is a rotation. Using this observation, one may without loss of generality assume
that the rotation axis of R is the vector n = (0, 0, 1)�. Thus, R is a rotation
about the z-axis. Let t = (x, y, z)�. Then

E = R[t]× =


 c −s
s c

1





 0 −z y

z 0 −x
−y x 0


 =


−sz − cz cy + sx

cz − sz sy − cx
−y x 0




where c = cos(θ) and s = sin θ and θ is the angle of rotation. So

E+ E� =


 −2sz 0 sx+ (c− 1)y

0 − 2sz sy − (c− 1)x
sx+ (c− 1)y sy − (c− 1)x 0


 . (4)

Now, setting m = (sx + (c − 1)y, sy − (c − 1)x, sz)� and n = (0, 0, 1)�, it is
easily verified that mn� + nm� − 2m�nI = E + E� as required. In addition,
apart from scaling, or swapping m and n, the choice of m and n is unique.

2 → 1 Suppose M = mn� + nm� − 2m�nI. Once again, one may rotate
coordinates to ensure that n = (0, 0, 1)�, and that furthermore m lies in the
xz-plane, and so m is of the form m = (2p, 0, q)�. Then
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M = mn� + nm� − 2m�nI = 2


−q p

−q 0
p 0 0


 . (5)

Now, it is easily verified that if

E = R[t]× =


0 −1 0
1 0 0
0 0 1





0 −q −p
q 0 −p
p p 0


 =


−q 0 p

0 −q −p
p p 0


 (6)

then E+ E� equals (5) as required.
2←→ 3 . See [8] for a proof.

Note that matrix M, the upper-left 3 × 3 block of S represents the conic in
which the quadric S meets the plane at infinity. The principal points m and n
lie on this conic, since m�Mm = n�Mn = 0. Points on M may also be thought of
as representing asymptotic directions of the quadric. When S is a ruled quadric,
points on M are the direction vectors of the generators (straight lines) on S.
Restriction. Henceforth in this paper, we will avoid having to deal with special
cases by assuming that the matrix M is non-singular, i.e., S meets the plane
at infinity in a non-degenerate conic. In terms of the representation of M by
principal points, this corresponds to an assumption that m and n represent
neither collinear, nor orthogonal directions. Equivalently, in (5) neither p nor q
is zero. It is shown in [8] that a rectangular quadric with two equal principal
points is a circular cylinder, which can not be a critical surface.

Proposition 1 gives algebraic conditions for a quadric to be rectangular. Var-
ious equivalent geometric conditions for a quadric to be rectangular are given in
the appendix. These help to provide geometric intuition.

5 Standard Position for a Rectangular Quadric

The definition of a rectangular quadric given in Definition 2 specifies only the
form of the top-left block of the matrix S. In other words whether a quadric
is rectangular or not depends only on its intersection with the plane at infinity.
However, if M is non-singular (which we are now assuming), then by a translation
of coordinates, S may be transformed to a block-diagonal matrix of the form

S =
[
M 0
0� d

]
. (7)

Note that this quadric is symmetric about the origin, in that if (X�, k)� lies
on the quadric S, then so does (−X�, k)�. We may also assume, as before that
the two principal points of the quadric are n = (0, 0, 1)� and m = (2p, 0, q)�.
In this case, the matrix representing the quadric is of the form (7), where M has
the form given by (5). Such a quadric is said to be in standard position.
Symmetry of a rectangular quadric. A quadric in standard position has
a rotational symmetry about the the y-axis. Namely, if X = (x,y, z)� lies on
the quadric, then so does (−x,y,−z)�. There is a further symmetry mapping
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X to (x,−y, z)�, as well as a symmetry swapping the two principal points, but
we will not be so concerned with these. Let Rsym represent this rotation of the
quadric about the y-axis. As a matrix, Rsym has the form diag(−1, 1,−1). For a
quadric not in standard position, we still use Rsym to represent this rotational
symmetry of the quadric, though it will be an arbitrary rotation matrix.

Different choices of E. Let S be a rectangular quadric and M the upper left-
hand block. By definition, M can be written as M = E + E� for some essential
matrix. The decomposition (6) involved a choice of E = R[t]× for which R was
a rotation through 90 degrees about the axis n = (0, 0, 1)�. It will next be
shown that this decomposition of the quadric is not unique. The following result
enumerates all possible ways of expressing M as E+ E�.
Terminology: By left and right epipoles of an essential matrix E01 are meant
the vectors e0 and e1 such that E01�e0 = E01e1 = 0.

Theorem 2. Let M be a non-singular matrix mn� + nm� − 2m�nI, where m
and n are two principal points. Let E be an essential matrix such that M = E+E�.

1. The left and right epipoles e0 and e1 of E as well as the two principal points
m and n lie on the conic M.

2. If E = R[t]× = R′[t]× are the two distinct ways of decomposing E into a
rotation and skew-symmetric matrix, then the rotation axes of R and R′ are
the two principal points of M.

3. For every point x lying on the conic M, with the exception of the two principal
points, there exists a unique E such that M = E+ E� and Ex = 0.

4. If e0 is one of the epipoles of E, then the other one, e1 is the point Rsyme0
obtained by rotating e0 about the symmetry axis of the quadric.

5. For any E satisfying M = E+ E�, the relation RsymERsym = E� holds.

Proof. Part 1. A point x lies on the conic M if and only if x�Mx = 0. The fact
that the two principal points m and n lie on M is easily verified. Similarly, if
Ee = 0, then e�(E+ E�)e = 0, so e lies on M.
Part 2. We may without loss of generalization assume that R is a rotation
about the z-axis. If for some m and n one has E+ E� = mn� +nm�− 2m�nI,
then E+E�− tr(E+E�)/2 = mn� +nm�. However, the form of E+E� is given
by (4), from which it follows that E+ E� − tr(E+ E�)/2 has an upper left-hand
2 × 2 block of zeros. From this it easily follows that either m or n is (0, 0, 1)�

and hence equal to the the rotation axis of R. The axis of the other rotation
matrix R′ is distinct from that of R, and by the same argument must therefore
be the other of the two principal points.
Part 3. Let M be in standard position, with principal points given by (0, 0, 1)�

and (2p, 0, 1)�. In this case, M has the form given by (5) with q = 1. In any
decomposition of M, the rotation axis is one of these two principal points, and
so we may assume E = R[t]× where R is a rotation about the z axis. Let the
rotation angle be θ and t = (x, y, z)�, then E is given by (4). Equating (5) with
(4) the unique solution is t = (p(c+ 1),−ps, 1)�, provided that s 
= 0.

Thus, with M given, E is uniquely determined by its rotation angle,
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E = R[t]× =


−s − c ps

c − s − p(c+ 1)
ps p(c+ 1) 0


 . (8)

Now, as a conic (5), with q = 1, M may be written as x2 + y2 − 2pxz =
0. Dehomogenizing by setting z = 1 and completing the square, this becomes
(x− p)2 + y2 = p2, which is a circle centred at (p, 0) of radius p. As c = cos(θ)
and s = sin(θ) vary with θ, the epipole t = (p(c + 1),−ps, 1)� traces out this
circle. Thus, the points x on M are in one-to-one correspondence with the rotation
angle, and so E is uniquely determined by x.
Part 4. Simply observe that the left epipole of E in (8) is (−p(c+1), −ps, −1)�
which is the rotation of the right epipole about the y-axis.
Part 5. The identity RsymERsym = E� is verified by direct computation using (8)
and Rsym = diag(−1, 1,−1) for the symmetry of a quadric in standard position.

6 Characterization of Critical Surfaces

We are now ready to determine the critical surfaces for calibrated reconstruction.

Theorem 3. If (S, P0, P1) is a critical configuration, then S is a ruled rectan-
gular quadric. Further, the camera centres t0 and t1 of P0 and P1 satisfy the
condition that Rsymt0 and t1 lie on a common generator of the quadric.

Conversely, if Rsymt0 and t1 lie on a common generator, then the configu-
ration is critical, provided that the generator does not pass through a principal
point of the quadric.

That the quadric is rectangular follows directly from (3) and the definition of
a rectangular quadric in the case where the two cameras are normalized. For
general cameras of the form R0[I|t0] and R1[I|t1], the upper left-hand block of
(2) is of the form M = R0�ER1 + R1�E�R0. However, if E is an essential matrix,
then so is R0�ER1, and so S is a rectangular quadric.

The necessary condition on the camera centres is completed by the following
lemma, which specifies the relationship between the camera centres and the
essential matrix more precisely.

Lemma 1. If S is a critical quadric for normalized camera matrices with centres
at t0 and t1, and E01 is the essential matrix satisfying (3), then Rsymt0 and t1
lie on a generator of S with direction vector given by e1, the right epipole of E01.

Proof. We may assume that S is in standard position. From this and (3) it
follows that E10t0+ E01t1 = 0. Multiplying on the left by e1 gives e1�E01t1 = 0.

Two things need to be proved: (i) For all α, point t1 + αe1 lies on S, and
(ii) Rsymt0 = t1 + αe1. Since the quadric has the diagonal block form S =
diag(E01 + E10, d), the first point is proved by showing that

t1�Mt1 + 2αe1�Mt1 + α2e1�Me1 + d = 0.
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However, e1�Me1 = 0, because e1 is on M and t1�Mt1 + d = 0, because t1 is on
S. The remaining term reduces to 2αe1E01t1, which is zero, as was just shown.

Now to the second point. Showing that Rsymt0 = t1 + αe1 is equivalent to
showing that E01(Rsymt0 − t1) = 0. However,

E01(Rsymt0 − t1) = E01Rsymt0 + E10t0 since E10t0 + E01t1 = 0
= (Rsym + I)E10t0 since E10Rsym = RsymE01.

It has been shown that e1�E01t1 = 0, and trivially e0�E01t1 = 0. Thus E01t1 is
perpendicular to both e0 and e1. Consequently E01t1 = k(e0 × e1). In turn,

Rsym(e0 × e1) = (Rsyme0)× (Rsyme1) = e1 × e0 = −(e0 × e1).

So (Rsym + I)E01t1 = k(Rsym + I)(e0 × e1) = 0, as required.

Converse. Suppose that S is in standard position, and that t1 and Rsymt0 lie
on a common generator, whose direction vector we denote by e1. According to
hypothesis, e1 is not coincident with one of the principal points of the quadric.
In this case, according to Theorem 2, there exists an essential matrix E10 such
that E01e1 = 0 and M = E01 + E10. According to Theorem 2 again, e0 = Rsyme1
is the other epipole of E10, satisfying e0�E01 = 0.

Our goal is to demonstrate that (3) holds for this choice of E10. Since S is
assumed to be in standard position, S = diag(M, d), it suffices to prove that
E10t0 + E01t1 = 0 and 2t0�E01t1 = d. Let w = E10t0 + E01t1. Then

Rsymw = RsymE10t0+ RsymE01t1 = E01Rsymt0+ E10Rsymt1 = E01t1+ E10t0 = w.

On the other hand, by assumption t1 lies on a generator with direction vector e1.
Mimicking part of the proof of Lemma 1 leads to the conclusion that e1�E01t1 =
0, and hence e1�w = 0. Similarly e0�w = 0. Consequently, up to scale, w =
e1 × e0. As in the proof of Lemma 1, it follows that Rsymw = −w, and so
w = E10t0 + E01t1 = 0 as required.

Finally, since t0 lies on S, it follows that d = −t0�(E01 + E10)t0. Using
E10t0 + E01t1 = 0, it follows that d = 2t0�E01t1, and the proof is complete.

Number of conjugate configurations. This theorem gives us insight into
how many conjugate configurations (that is, different essential matrices EQ) exist
for a given critical configuration. It was shown that the essential matrix E = EQ is
uniquely determined by the quadric S and the vanishing point of the generator
containing t1 and Rsymt0. The only possibility for there to exist two distinct
essential matrices EQ is if t1 = Rsymt0, in which case each of the generators
through t1 leads to a different essential matrix EQ.

7 A Condition for Ambiguity in 3 Views and More
Since Euclidean ambiguities are special cases of projective ambiguities, it is use-
ful to have a (nearly) necessary and sufficient condition for ambiguity. Such a
condition is given by the following theorem, which is a restatement of Theorem 1
and Corollary 1 of [4], in slightly simpler form.
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Theorem 4. Let (P0, P1, P2) and (Q0, Q1, Q2) be two triplets of camera matrices.
For each of the pairs (i,j)=(0,1),(0,2) and (1,2), let Sij

P and Sij
Q be the ruled

quadric critical surfaces defined in (1) for camera pairs (Pi, Pj) and (Qi, Qj),
respectively.

(i) If there exist points P and Q such that PiP = QiQ for all i = 0, 1, 2 then P
must lie on the intersection S01

P ∩S02
P ∩S12

P and Q must lie on S01
Q ∩S02

Q ∩S12
Q .

(ii) Conversely, if P is a point lying on the intersection of quadrics S01
P ∩S02

P ∩S12
P ,

but not satisfying the condition

 (e10Q × e20Q )�P0

(e21Q × e01Q )�P1

(e02Q × e12Q )�P2


P = 0, (9)

where each eij
Q is an epipole (the image of the camera centre of Qi in the

image formed by Qj), then there exists a point Q lying on S01
Q ∩ S02

Q ∩ S12
Q

such that PiP = QiQ for all i = 0, 1, 2.

If a point P happens to satisfy the condition (9) then there may or may not be
a conjugate point Q. In a reasonable sense, most points lying on the intersection
S01
P ∩ S02

P ∩ S12
P are critical. Notice, however that if the three cameras Qi are

collinear, then each of the vector products (eij
Q × ekj

Q ) vanishes, and so condi-
tion (9) is satisfied for all P. In this case we can make no conclusion regarding
the existence of a conjugate point Q. However, if the three cameras Q are not
collinear then we may say more.

Proposition 2. Given the assumptions of Theorem 4, suppose further that the
three cameras Qi are distinct and non-collinear. Then any point satisfying the
condition (9) must lie on the intersection of quadrics S01

P ∩ S02
P ∩ S12

P .

Proof. Let i, j and k represent the three indices 0, 1 and 2 in some permuted
order, i.e. i 
=j 
=k. If the three cameras are non-collinear, then for each j the
cross product eij

Q × ekj
Q is non-vanishing. Let P be a point satisfying (9). Then

(eij
Q × ekj

Q )�(PjP) = 0, which implies that PjP lies in the span of eij
Q and ekj

Q ,
and so we write PjP = αije

ij
Q + αkje

kj
Q for some constants αij and αkj . Now, P

lies on Sij
P if and only if P�(Pi�Fij

Q P
j)P = 0. Substituting for PiP and PjP gives

P�(Pi�Fij
Q P

j)P = (αjie
ji
Q +αkie

ki
Q )�Fij

Q (αije
ij
Q +αkje

kj
Q ) = (αkie

ki
Q )�Fij

Q (αkje
kj
Q ).

The last equality holds, because eji
Q

�Fij
Q = Fij

Q e
ij
Q = 0. Finally, eki

Q
�Fij

Q e
kj
Q = 0,

since eki
Q and ekj

Q are a matching point pair in images i and j, corresponding to
the camera centre of Qk. Thus, P�(Pi�Fij

Q P
j)P = 0 and so P lies on Sij

P .

The points P that satisfy (9) must be either a single point, a line or a plane
lying in the intersection of the three quadrics Sij

P . If this quadric intersection
does not contain a complete line or a plane, then the latter two cases are not
possible. In addition, it may be shown by continuity that if (9) defines a single
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point, then this point must be critical (a conjugate Q exists) unless it is an
isolated single point in the intersection of the Sij

P . We may therefore state a
general ambiguity result:

Theorem 5. Let (P0, P1, P2) and (Q0, Q1, Q2) be two triplets of camera matrices,
with cameras Qi non-collinear. Then for any point P in the intersection S01

P ∩
S02
P ∩ S12

P there exists a conjugate point Q satisfying PiP = QiQ for all i, with
the possible exception of

1. A single isolated point P in S01
P ∩ S02

P ∩ S12
P , or

2. Points P on a single line or plane contained in the intersection S01
P ∩S02

P ∩S12
P .

This theorem simplifies the search for critical configurations, since it is not
necessary to worry about the points. It is sufficient to find sets of cameras that
define quadric intersections of interest. If we are searching for critical calibrated
configurations, then the two sets of cameras must of course be calibrated.

The question arises as to whether the exceptional conditions of Theorem 5
really occur (the points that are non-critical). It was shown in [9] that if the three
quadrics intersect in 8 points then indeed one of these points (the exceptional
point identified in Theorem 5) does not have a conjugate. For the case where the
three quadrics intersect in a line, an example is given later in which the points
on the line in fact do not have conjugates.

8 Euclidean Ambiguities in 3 Views or More

As seen in the previous section, calibrated critical configurations involving three
views and seven points abound. It is natural to ask if calibrated critical con-
figurations exist involving more than two views and infinite numbers of points.
In the projective case, it has been shown that elliptic quartics (a fourth-degree
curve given as the intersection of two quadrics) are critical for projective recon-
struction [6]. The calibration information restricts the class of critical sets to a
class which is strictly smaller than in the projective case. Still, we will show that
for any three cameras, there exists an elliptic quartic through the three camera
centres such that the points on the quartic and the three cameras form a critical
configuration. First some properties of pencils of rectangular quadrics are given.

Lemma 2. Let S1 and S2 be two rectangular quadrics with principal points
(m1,n1) and (m2,n2), respectively.

(i) There exists in general a third rectangular quadric in the pencil αS1 + βS2 .
(ii) All the quadrics in the pencil αS1 + βS2 are rectangular if and only if (a)

one of the principal points (m1,n1) coincides with one of (m2,n2), or (b)
all four principal points are collinear.

Proof. From Proposition 1 it follows that tr(M)/2 is an eigenvalue ofM . Thus, a
necessary constraint for a rectangular quadric is that det[M− tr(M)

2 I] = 0, which
is also sufficient (provided the product of the two other eigenvalues is positive
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- otherwise the principal points will be complex). Applying the constraint to
αS1 + βS2 yields

α2β det
[
n1 n2 m1

]
det

[
m1 m2 n1

]
+ αβ2 det

[
n1 n2 m2

]
det

[
m1 m2 n2

]
= 0.

This is a homogeneous polynomial constraint in (α, β) where two solutions are
(1, 0) and (0, 1). Since it is a cubic constraint, there is always a third solution
which proves (i). All quadrics in the pencil are rectangular if and only if the
two coefficients of the polynomial vanish. It follows that (1) either (n1,n2,m1)
or (m1,m2,n1) are collinear and (2) either (n1,n2,m2) or (m1,m2,n2) are
collinear, which occurs exactly in the two cases given by (ii) above.

Based on the observations in Theorem 3 and Lemma 2 we are now ready to
prove the following result on critical configurations for calibrated cameras.

Theorem 6. Given three calibrated cameras (P0, P1, P2), then there exists an
elliptic quartic curve (given as the intersection of two quadrics) which contains
the three camera centres and such that the points lying on the quartic curve and
the three cameras constitute a critical configuration.

Proof. According to Theorem 4, we need to find a triplet of conjugate cameras
(Q0, Q1, Q2) which are calibrated and where the corresponding three quadrics
S01
P ,S02

P and S12
P are linearly dependent. Without loss of generality we can assume

normalized cameras and that the two camera centres of P0 and P1 are given by
t0 = (0, 0, 0)� and t1 = (0, 1, 0)�, respectively.

An explicit solution to the problem will given, but first we will describe how
the solution was discovered. Start with three general camera matrices (Q0, Q1, Q2)
with Q0 =

[
I | 0 ]

and Qi = Ri
Q

[
I | −tQ,i

]
for i = 1, 2. According to Theorem 2, the

rotation axes of R1Q, R
2
Q and R1Q

�R2Q coincide with one of the two principal points in
the quadrics S01

P ,S02
P and S12

P , respectively. At the same time, the pencil should
be rectangular. By choosing a fix rotation axis, denoted by m, for R1Q and R2Q,
implies that the rotation axis of R1Q

�R2Q will also be m. Furthermore, one of the
principal points for S01

P ,S02
P and S12

P will be m and hence the pencil spanned by
S01
P and S02

P is rectangular according to Lemma 2. So ensuring these constraints
is sufficient in order to generate a pencil of rectangular quadrics.

Now let m = (1, 0, 0)�. Denote the camera centre coordinates of P2 with
t2 = (x, y, z)� and let µ =

√
2(y − 1/2)2 + 2(z + 1/2)2 and ν = y2 − y + z2.

Straightforward calculations show that

Q1 =


1 0 0 x(−2y + 1)
0 0 1 −ν
0 −1 0 ν


 , Q2 =


µ 0 0 µx(z − y − µ+ 1)
0 z − y + 1 y + z −(y + z)ν
0 −z − y z − y + 1 ν(y − z + µ− 1)




(10)
generates a pencil spanned by

S01
P =




0 −2ν 0 ν
−2ν 2x(2y − 1) 0 x(−2y + 1)
0 0 2x(2y − 1) 0
ν x(−2y + 1) 0 0


 and
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S02
P =




0 −2νξ 0 ν(ν + yµ)
−2νξ 2x(y + z)ξ 0 −x(y + z)ξ
0 0 2x(y + z)ξ xν(−2y − µ+ 1)

ν(ν + yµ) −x(y + z)ξ xν(−2y − µ+ 1) 0


 ,

where ξ = y−z+µ−1 and S12
P = αS01

P +βS02
P for some (α, β) ∈ P1. The pencil

contains the three cameras centres t0, t1 and t2 and the whole intersection curve
of the pencil (which is an elliptic quartic) is critical as the exception condition
(9) contains in general only a single point, cf. Proposition 2 and Theorem 5. The
above solution breaks down, when for example µ = 0. By interchanging the roles
of two cameras, say P0 and P1, will then generally produce a valid solution.

As the proof is constructive, it is easy to generate examples.

Example 1. Let (P0, P1, P2) be three normalized cameras with centres t0 =
(0, 0, 0)�, t1 = (0, 1, 0)� and t2 = (1, 1, 3)� lying on a pencil spanned by

S1 =




0 18 0 −9
18 −2 0 1
0 0 −2 0
−9 1 0 0


 and S2 =




0 0 0 18
0 2 0 −1
0 0 2 −9
18 −1 −9 0


 . (11)

Let g(t) be the solution to the quadratic equation (2t+ 1)X2 + (−18t+ 9)X −
t − t2 + 2t3 = 0, then the intersection curve can be written in homogeneous
form P(t) = (g(t), t(2t+1), g(t)(2t+1), 2t+1)�. Further, according to (10), the
conjugate cameras are

Q0 =


1 0 0 0
0 1 0 0
0 0 1 0


 , Q1 =


1 0 0 −1
0 0 1 −9
0 −1 0 9


 and Q2 =


5 0 0 −10
0 3 4 −36
0 −4 3 18


 .

The corresponding quadrics S01
P , S02

P and S12
P lie in the pencil αS1 + βS2. The

elliptic quartic given by quadrics S01
Q and S02

Q can be parametrized by Q(t) =
(2(t+5)(t− 1), 2(t+5)(18t− 9− (2t+1)g(t)), 2(t+5)(t− 1)(2t− 1), 2t2+17t−
10 − (2t + 1)g(t))�. Finally, one verifies that PiP(t) = QiQ(t) (up to scale) for
i = 0, 1, 2 and all t. Thus, the configuration is indeed critical.

Next, we wish to study critical configurations of n > 3 calibrated views.

Theorem 7. A configuration of n ≥ 3 calibrated cameras Pi, i = 0, ..., n−1 and
points Pj is critical if the set of cameras (P0, P1, Pk) and points Pj is critical
with respect to some conjugate cameras (Q0, Q1, Qk) for k = 2, ..., n− 1.

Proof. We prove the result for 4 views. The general result for n views follows by
induction. The three cameras P0,P1 and P2 along with the points form a critical
set, and hence a conjugate configuration exists. Similarly a second conjugate
configuration exists for the cameras P0,P1 and P3 and the points. The goal is to
show that these two conjugate configurations are consistent.
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By assumption, the conjugate pair (Q0, Q1) is the same for both triplets
(P0, P1, P2) and (P0, P1, P3). Denote the conjugate points by Qj and Q′

j in the
first and second triplet, respectively. Consider the way the conjugate points Qj

are obtained in the first triplet. From the image points in the first two views,
one can determine the position of the conjugate points by triangulation using
Q0 and Q1. However, and this is the main point, the third camera is not used in
this construction. It follows that Qj = Q′

j and the theorem is proved.

Example 2. Consider again the pencil spanned by S1 and S2 in (11). Are there
any additional camera positions in Example 1 for which the configuration re-
mains critical? Yes, the following camera pair does not break the ambiguity:

P3 =


1 0 0 6
0 1 0 9/5
0 0 1 −78/5


 and Q3 =


5 0 0 −45
0 −4 −3 27
0 3 −4 81


 ,

How were these cameras discovered? Well, if a camera P3 is to be critical, The-
orem 7 says that we only need to show that (P0, P1, P3) and the points on the
quartic curve are critical. The way to do that is by means of Theorem 4. Thus,
the constraints that have to be satisfied are (i) the camera centre of P3 lies on
both S1 and S2 and (ii) the quadrics Sij

P in (1) for pairs (P0, P3) and (P1, P3),
respectively, lie in the pencil αS1 + βS2. Again, without loss of generality, one
can assume that P3 is normalized. The only valid solution to this system of
polynomial equations is the one given above.

In the uncalibrated case, n cameras with centres and points lying on an
elliptic quartic are critical [6]. The previous example shows that this is not true in
the calibrated case. One might suspect that there are only critical configurations
with a finite number of cameras.

Example 3. Consider the pencil αS1 + βS2 where

S1 =



0 0 1 0
0 2 0 −1
1 0 2 0
0 −1 0 0


 and S2 =



0 1 1 0
1 0 0 −2
1 0 0 0
0 −2 0 0


 .

The intersection curve splits up into a line and a twisted cubic, where the line is
the X-axis and the points on the twisted cubic can be parametrized by P(θ) =
(2θ(2θ2 − 2θ + 1), θ2(2θ − 1), (2θ − 1)(−θ + 1), 2θ2 − 2θ + 1)�. Let

P0 =


1 0 0 0
0 1 0 0
0 0 1 0


 , P1 =


1 0 0 −1
0 1 0 0
0 0 1 0


 and P2 =


1 0 0 −2
0 1 0 −1
0 0 1 0


 .

A conjugate configuration is given by

Q0 =


1 0 0 0
0 1 0 0
0 0 1 0


 , Q1 =


2
√
2 0 0 2(

√
2− 1)

0 2 2 −1
0 −2 2 −1


 and Q2 =


1 0 0 0
0 0 1 −1
0 −1 0 0


 ,
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m

S ∩ π∞

π∞

l∞

Ω∞

Fig. 1. Intersection of a rectangular quadric S with the plane at infinity π∞ with
principal point m.

as the corresponding quadrics S01
P , S02

P and S12
P lie in the pencil αS1 + βS2.

However, the whole intersection curve is not critical. The exception condition
in (9) consists of the X-axis and by inspection, one finds that there are no
conjugate points for the X-axis. Thus, the points on the twisted cubic and the
cameras (P0, P1, P2) form a critical configuration. This can also be verified by
direct computations: The conjugate points to the twisted cubic is a conic curve,
which can be parametrized by Q(θ) = (−4θ2 + 4θ − 2, θ(−2θ + 1), (2θ − 1)(θ −
1), 4θ2 − 4θ + 2)� and PiP(θ) = QiQ(θ) for i = 0, 1, 2 and all θ.

Are there any additional camera positions for which the configuration remains
critical? Yes, for any camera P lying on the twisted cubic there is a conjugate
calibrated camera Q,

P(η) =



1 0 0 −2η
0 1 0 η2(−2η+1)

2η2−2η+1

0 0 1 η(2η−1)(η−1)
2η2−2η+1


 and Q(η) =


 ξ 0 0 ξ(−ξ + 1)
0 −η + 1 η −η2
0 −η −η + 1 η(η − 1)


 ,

where ξ =
√
2(η − 1/2)2 + 1/2. Notice that the camera centres in the conju-

gate configuration lie on a conic. In order to verify that the configuration is
indeed critical, it is enough to check that the corresponding critical quadrics for
pairs (P0, P(η)) and (P1, P(η)) lie in the pencil αS1 + βS2 or, alternatively, that
P(η)P(θ) = Q(η)Q(θ) for all η, θ.

9 Conclusions

In this paper we have given a complete characterization of critical surfaces for two
calibrated cameras. We have shown several new results on critical configurations
for multiple views. For example, for any placement of three calibrated cameras
there exists a critical elliptic quartic curve. Further, the existence of critical
configurations containing arbitrarily many points and cameras have been shown,
even though they are less frequent than in the uncalibrated case.

Appendix

Geometric interpretation. The definition of a rectangular quadric and its prop-
erties as stated in Proposition 1 are purely based on algebraic concepts. We will
now give a more geometrically oriented characterization.
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Proposition 3. A principal point m of a rectangular quadric is contained in the
intersection of the quadric with the plane at infinity with the following property:
The tangents from m to the absolute conic meet the absolute conic at points lying
on the quadric.

In [8], this was used for defining a principal point. See Figure 1 for an illustration.
This is still quite abstract. Before we give another interpretation, we need two
simple facts about the absolute conic. For justification, refer to [10].

Proposition 4. A planar conic is a circle if and only if it meets the plane at
infinity at two (imaginary) points lying on the absolute conic.

Now consider any line in space meeting the plane at infinity at a point m. The
polar of m with respect to the absolute conic is the line l∞ joining the two
points of tangency from m to the absolute conic (see Figure 1). This line is the
vanishing line of a plane perpendicular to the line first mentioned.

Proposition 5. A plane and a line are perpendicular if and only if they meet
the plane at infinity in a polar line-point pair with respect to the absolute conic.

Now, refer to Figure 1. Let π be a plane that vanishes at the line l∞ on π∞.
This plane meets the quadric S in a conic curve. At the plane at infinity π∞,
the quadric S, the absolute conic Ω∞ and the plane π all meet. According to
Proposition 4, this means that π and the quadric S meet in a circle.

The point m is the polar of the line l∞ with respect to the absolute conic,
and hence represents the vanishing direction perpendicular to the plane π. If m
is a principal point of the quadric S, then it lies on S.

Proposition 6. A quadric S is rectangular if there exists a plane that meets
the quadric in a circle and such that the perpendicular direction to the plane is
asymptotic to the quadric.
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point. In this paper we present a novel approach to view synthesis which
hinges on the observation that human viewers tend to be quite sensitive
to the motion of features in the image corresponding to intensity discon-
tinuities or edges. Our system focuses its efforts on recovering the 3D
position of these features so that their motions can be synthesized cor-
rectly. In the current implementation these feature points are recovered
from image sequences by employing the epipolar plane image (EPI) anal-
ysis techniques proposed by Bolles, Baker, and Marimont. The output of
this procedure resembles the output of an edge extraction system where
the edgels are augmented with accurate depth information. This method
has the advantage of producing accurate depth estimates for most of the
salient features in the scene including those corresponding to occluding
contours. We will demonstrate that it is possible to produce compelling
novel views based on this information.

The paper will also describe a principled approach to reasoning about
the 3D structure of the scene based on the quasi-sparse features returned
by the EPI analysis. This analysis allows us to correctly reproduce oc-
clusion and disocclusion effects in the synthetic views without requiring
dense correspondences. Importantly, the technique could also be used to
analyze and refine the 3-D results returned by range finders, stereo sys-
tems or structure from motion algorithms. Results obtained by applying
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1 Introduction

The goal of most image based rendering systems can be stated as follows: given
a set of pictures taken from various vantage points, synthesize the image that
would be obtained from a novel viewpoint. In this paper we present a novel ap-
proach to view synthesis which hinges on the observation that human viewers
tend to be quite sensitive to the motion of features in the image corresponding to
intensity discontinuities or edges. These discontinuities may arise from a number
of sources including albedo changes, cast shadows and depth discontinuities in
the scene. Our system focuses its efforts on recovering the 3D position of these
features so that their motions can be synthesized correctly. In the current imple-
mentation these feature points are recovered from image sequences by employing
the epipolar plane image (EPI) analysis techniques proposed by Bolles, Baker,
and Marimont [1]. The output of this procedure resembles the output of an edge
extraction system where the edgels are augmented with accurate depth informa-
tion. In the sequel we will demonstrate that it is possible to produce compelling
novel views based on this information.

Section 3 will describe a principled approach to reasoning about the 3D
structure of the scene based on the quasi-sparse feature set produced by the EPI
analysis. This analysis proceeds by considering the freespace volumes defined by
the depth maps associated with each viewpoint. This analysis provides us with
an implicit description of the 3D structure of the scene and allows us to correctly
reproduce occlusions and disocclusions in the synthetic views. Importantly, this
analysis could also be applied to the 3D results returned by range finders, stereo
systems and structure from motion algorithms.

For the purposes of this discussion, previous approaches to the image based
rendering problem can be divided into three categories. The first set of ap-
proaches are based on the plenoptic sampling approach described by Levoy and
Hanrahan [9] and Gortler et al [5] . In these schemes, novel views are reproduced
by sampling the appropriate rays from the input images. Shum and He [19] de-
scribe an interesting and effective approach for extending these techniques to
immersive environments using a sampling system based on concentric mosaics.
The method proposed in this paper differs from the techniques in this category
by attacking the view generation problem as a morphing task rather than a
plenoptic sampling problem.

The second category of approaches consists of techniques which proceed by
constructing a detailed geometric model of the scene in the form of per pixel
depth information for every image in the data set. Laveau and Faugeras [8],
Pollefeys et al [13] , Kanade et al [7] and Werner et al [23,6] all propose stereo
based techniques for recovering the required depth or disparity maps from the
input image data. Other researchers assume that the depth maps can be obtained
from auxiliary range sensors [15,12]. Once these depth maps have been obtained,
it is a relatively straightforward matter to produce a novel view of the scene by
computing where each of the pixels in the original views will appear in the
novel image. The Layered Depth Image representation proposed by Shade et
al. [18] provides a particularly efficient method for rendering data sets of this
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form. These authors also describes a method for determining the relative depth
of points in the scene by estimating the motion of various layers in the input
imagery.

The problem with recovering dense depth maps from image sequences is that
there are two important situations where it is exceedingly difficult for tradi-
tional correlation-based stereo algorithms to produce accurate depth estimates.
The first situation corresponds to texture free regions in the scene, such as blank
walls, which do not produce a sufficiently distinctive correlation signature. Oc-
cluding edges in the scene can also cause significant difficulties since the regions
in the image surrounding such an edge will contain half occluded regions which
cannot be adequately matched between frames by the correlation metric. The
proposed method overcomes these problems by employing an epipolar plane
image analysis to recover the positions of the feature points rather than a cor-
relation based approach and by using an interpolation scheme which produces
acceptable results in texture free regions.

The third category of approaches consists of techniques that draw inspira-
tion from the image morphing schemes described by Chen and Williams [2]. Seitz
and Dyer [16] propose a technique for producing physically correct images by
interpolating between a given pair of views. Lhuiller and Quan [10,11] describe a
view morphing technique which also seeks to produce interpolated views which
correctly reproduce the motion of salient points in the scene. They describe a
scheme for triangulating the input image in such a way as to respect intensity
discontinuities. These papers demonstrate that it is possible to produce com-
pelling interpolated images from a relatively sparse set of correspondences. Both
of these approaches deliberately avoid the problem of estimating the actual 3D
locations of the feature points that are used as correspondences. This means
that the techniques can be applied to uncalibrated imagery but it also limits the
systems to producing views that lie along the straight line connecting the two
original images. The technique proposed in this paper eliminates this restriction
by estimating the actual 3D locations of the observed feature points. This allows
the system to predict where the features will appear in any viewpoint.

Genc and Ponce [4] propose an interesting approach to view interpolation by
characterizing mathematically the possible positions of a selected set of feature
points in the imagery. The proposed technique improves on this work by provid-
ing an automated technique for reproducing the motion of a much larger set of
features in the scene, all of the edgels, and a more direct method for specifying
the desired position of the novel viewpoint.

2 Obtaining Quasi-Sparse Feature Correspondences

As mentioned in the previous section, the Epipolar Plane Image (EPI) analysis
technique proposed by Baker, Bolles, and Marimont [1] is used to recover the 3D
positions of salient features in the scene. Other methods, such as feature based
stereo or structure from motion could also be used for this purpose without
affecting the correctness of subsequent arguments. EPI analysis is simply an
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expedient, reliable, automatic technique for recovering the correspondences we
are interested in.

In EPI analysis we consider the spatiotemporal intensity volume formed by
collecting images at regularly spaced intervals as the camera moves along an axis
parallel to one of the image axes. Figure 1a shows a slice of a typical spatiotem-
poral volume. This slice indicates how the intensity pattern along one row of the
image changes as the camera moves along an axis parallel to that row. Note the
characteristic banded structure of this image which can be explained by noting
that feature points in the scene will correspond to straight lines in the epipolar
plane imagery.

a. b.

Fig. 1. a. A typical epipolar plane image obtained from the imagery. b. The result of
applying the edge enhancement procedure to the epipolar plane image.

Each of these epipolar plane images is subjected to an analysis which seeks
to extract these straight line features. This analysis is based on the techniques
described by Baker et al [1] and Yamamoto [24]. A series of filters designed to
enhance edges at various orientations is run over each epipolar plane image and
the resulting edge elements are linked together to form straight line segments.
Line segments that are deemed long enough and straight enough are interpreted
as 3D feature points. Typical results obtained by invoking this procedure are
shown in Figure 1b. The 3D location of the corresponding feature point in the
scene is computed from the position and slope of the extracted line segments.
The end result of the EPI analysis is a set of 3D points corresponding precisely
to intensity discontinuities in the image.

In situations where the intensity discontinuity corresponds to the occluding
edge of a curved object the trajectory in the spatiotemporal volume will corre-
spond to the motion of the osculating ray. In most imaging situations this curve
will still be a line to a good approximation since there will not be much variation
in the position of the tangent point over the camera’s trajectory.

Note that unlike correlation based approaches, this method for recovering the
depth of feature points in the imagery does not assume that the intensity values
surrounding corresponding points in the images will be strongly correlated. It
simply exploits the fact that feature points in the scene correspond to straight
lines in the EPI. The resulting line fitting problem is heavily overdetermined
which serves to improve the accuracy and robustness of the method. This means
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that the technique produces accurate estimates for the depth of occluding edges
and other features that are problematic for correlation based methods. Occluding
edges are particularly salient features in the scene and it is important to correctly
predict where these features will appear in the novel view. Figure 2 shows an
example of how drastically image regions corresponding to occluding edges can
vary as the camera moves from one location to another.

Fig. 2. The two neighborhoods shown differ greatly in appearance, even though they
are centered around the same feature. Nevertheless, this feature corresponds to a single
edge in the EPI and can, therefore, be recovered accurately.

One limitation of EPI analysis is that it will have difficulty recovering the
depth of edges that are parallel to the direction of motion of the camera due to
the aperture problem. In other words, a horizontal camera motion can be used
to accurately recover the location of vertical edges but not horizontal edges and
vice versa.

For this reason the gantry robot shown in Figure 3a is used to move the
camera along two orthogonal axes. Images are acquired by scanning the camera
along a set of horizontal and vertical paths as shown in Figure 3b. EPI analysis
is applied to each scan in turn. For the images at the intersections of these
scan paths we can combine the results of the horizontal and vertical analysis to
produce depth estimates for all of the edgels in the image as shown in Figure 4.
We refer to this structure as a Quasi-Sparse depth map since we have estimates
for depth at a quasi-sparse collection of locations in the image, the intensity
boundaries.

2.1 Interpolating Depth Values

Once a quasi-sparse depth map has been obtained for a particular image, one
can produce a conservative approximation for the depth map associated with
that viewpoint by obtaining the Delaunay triangulation of the projections of
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a. b. c.

Fig. 3. a. The XY-positioning table used in the experiments b. An illustration of the
camera scan paths. c. The circles show the camera locations corresponding to the
intersections of the scan paths. For these camera positions the system can combine the
results of the horizontal and vertical analyses to produce a quasi-sparse depth map.

a. b.

Fig. 4. a. A sample image with the pixels corresponding to visible recovered points from
the horizontal camera motion shown in red. Notice that many points were recovered
near vertical edges, and few were recovered near horizontal edges. b. The same image,
but with visible recovered points shown in green. For vertical camera motion, there is
a bias towards recovery near horizontal edges.

the feature points that are visible in that image1 and linearly interpolating the
1/z values within each triangle. This corresponds to fitting planar surfaces to
each of triangles in the scene. To see this, consider the equation for a plane
in space, ax + by + cz = 1. Dividing each side of this equation by z we obtain
a(x/z)+b(y/z)+c = (1/z), that is 1/z is an affine function of x/z and y/z which
implies that a′u + b′v + c′ = (1/z) where (u, v) corresponds to the projection of
the point (x, y, z) in the image. We conclude that for a plane 1/z should be an
affine function of the image coordinates u, v. 2

Since the recovered scene points correspond to edges in the image, this con-
struction has the agreeable property that the triangles tessellate the image with-
out crossing image intensity discontinuities, which means that the resulting tri-
1 It is a simple matter to record where various extracted features appear in the spa-
tiotemporal volume used in the EPI analysis. We use this information to ensure that
only the features that are known to be visible in a particular viewpoint are used to
construct the depth map associated with that view.

2 Hardware based texture mapping schemes also exploit this fact to their advantage.
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angles have a strong tendency to correspond to facets of actual surfaces in the
scene. Even triangles that do not correspond to surface facets encompass homo-
geneous regions in the image, such as blank walls, which can be morphed to the
novel view in a convincing manner. The scheme also has an adaptive sampling
property in that regions of the image that have a lot of intensity discontinuities
are tessellated quite finely while other regions of the images that are less inter-
esting are covered with fewer facets. This is appropriate from the perspective of
view synthesis since we can usually get away with less refined interpolation in
portions of the image that correspond to untextured areas. Figure 5 shows the
results of a typical triangulation.

a. b.

c. d.

Fig. 5. a. An image taken from the intersection of a vertical and horizontal path. b.
The triangulation of the projections of the visible recovered points. Notice that the
vertices of these triangles lie along intensity edges. c. A close-up view of the left side of
the canister. d. A close-up view of the right side of the canister. Notice that texture-
free areas are covered by large triangles, while more detailed image areas have dense
triangulations.

At the end of this stage, the system has constructed a set of triangular facets
for each of the input images and the locations of the vertices of these triangles
in the scene are known. At this point the system can generate novel views of the
scene by supplying these triangles to a standard rendering pipeline and using the
original images as texture maps. The rendering system correctly accounts for the
parallax induced as a result of the motion of the virtual viewpoint and hidden
surface removal reproduces the majority of the occlusion and disocclusion events
that would be observed as the camera moves.
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Note that in this framework any of the original images could be morphed
to the novel viewpoint. In the current implementation the simple expedient of
choosing the closest original viewpoint as a basis for morphing is employed with
the idea that minimizing the difference in position between novel and original
viewpoints will minimize the errors introduced by the viewpoint morphing oper-
ation. Results obtained by applying this simple morphing operation to a sample
scene are shown in Figure 7. In most situations, this simple scheme produces ac-
ceptable results since it correctly reproduces the motion of the most perceptually
salient features in the image, the intensity edges.

Unlike plenoptic sampling techniques, this approach only requires us to store
the images taken at the intersections of the scanpaths and the associated depth
maps. However, we are still able to produce convincing synthetic images from a
reasonable range of viewpoints.

                                    

                                    

Fig. 6. 6 Original images of a doll house scene used in our view synthesis experiments

                                                

Fig. 7. Synthetic images produced by using the interpolated depth maps to morph the
original images to novel vantage points
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3 Reasoning about 3D Structure

While the procedure described in the previous section produces depth maps that
can be used to perform novel view synthesis, it cannot predict the appearance
of regions which are not visible from a given input view. In order to correctly
reproduce the appearance of these regions we must combine information from
multiple images into a composite description of the scene.

When accurate range scans are available, several excellent techniques are
available for merging this information into a coherent surface [3,7,20]. Unfortu-
nately, these techniques cannot be directly applied in this case since the interpo-
lated range maps may underestimate the depth of the scene in a given image. We
propose an alternative approach based on the following observation: while the
individual interpolated depth maps may underestimate the depth of the surface
in places, they do accurately predict the freespace in the scene. The following
theorem states this observation more concisely:
Freespace Theorem : Suppose that three recovered space points P , Q, and
R project to the pixel locations p, q, and r respectively in a given input image,
and suppose further that �pqr is one of the Delaunay triangles formed in that
image. Then the tetrahedron formed by the camera center and the space triangle
�PQR must consist entirely of free space, i.e. no surface in the scene intersects
this tetrahedron.

p

q

r

a

b
c

d

e

Fig. 8. If the space triangle �PQR is occluded by another surface in the scene when
viewed from a particular vantage point then the corresponding triangle in that image,
�pqr, would contain points corresponding to the boundary of the occluding surface.
This would preclude the triangle �pqr from the Delaunay triangulation of the image.

Proof: Assume, to the contrary, that there is a surface within this tetrahe-
dron. Then the surface cannot occlude any of the points P, Q, or R (or else the
occluded point would not be visible in the image). Therefore the boundary of
the occluding surface must lie at least partially inside the tetrahedron. Points
from the boundary would then show up as edges in either the EPI generated by
horizontal camera motion or the EPI generated by vertical camera motion, and
so we would expect this to cause at least one point to be recovered that has its
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projection inside �pqr (see Figure 8). This contradicts our assumption that p,
q, and r are part of a single Delaunay triangle, since the interiors of Delaunay
triangles cannot contain other vertices3. Hence, the tetrahedron must consist
entirely of free space. ♣

Note that this argument rests on the assumption that we have a procedure
that is capable of accurately reconstructing the depths of the majority of the
edge features in an image. If the reconstruction system only returned the depths
of isolated corner features in the image, this property might not hold.

We can use the freespace theorem to draw conclusions about the 3D structure
of the scene. First consider the star shaped freespace volumes defined by the
interpolated depth maps associated with each of the input viewpoints. Then
consider the union of these freespace regions as shown in Figure 9. Notice that
the union provides a more accurate approximation of the structure of the scene
than any of the original depth maps. It is also important to notice that the input
depth maps need not be particularly accurate; they may underestimate the scene
depth in places but these errors can be discovered and corrected through the
freespace union procedure.

Given the coordinates of a point in space, P , we can easily test whether that
point is in the union of the freespace volumes by projecting the point into each of
the original viewpoints and determining whether the depth of the point P with
respect to the image center is less than the depth of the corresponding entry in
the original interpolated depth map for that image.

This procedure can be represented by an indicator function Φ(P ) : R3 → [0, 1]
which returns 0 whenever the point P lies within the union of the freespace
volumes and 1 otherwise. This function can be thought of as an implicit repre-
sentation of the total freespace volume.

Armed with this function, Φ(P ), we can determine where a ray in space
intersects the freespace boundary by sampling this function at various points
along the ray in search of a transition. Once a transition has been found it can
be localized rapidly using standard bisection search techniques [14].

This ray intersection procedure can be used to determine the depth from any
given vantage point to the freespace boundary as shown in Figure 9. It can also
be used to determine whether or not a particular point is visible from a given
camera position since this amounts to testing whether the ray between the given
point and the camera center lies entirely in freespace.

The boundary of the freespace volume can be thought of as a fair approxi-
mation for the surface geometry in the sense that it will correspond to a surface
which is consistent with all of the available information. Notice, however, that
the actual surface may contain regions that are not visible from any of the cam-
era positions. The freespace union method will still produce reasonable results
in these situations.

3 In fact, the defining property of Delaunay triangulations is that the interior of the
circumcircle of every triangle does not contain any other vertices; however, we do
not require such a strong property for our argument.
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P

Fig. 9. The first row of figures depicts the freespace volumes associated with the tri-
angulations of each of the 3 input images. The union of these volumes provides a more
accurate approximation of the 3D structure of the scene than any of the original depth
maps. It is a simple matter to construct a function Φ(P ) which indicates whether a
particular point P lies within the union of the freespace volumes.

One could, in principle, construct an explicit representation for the freespace
boundary from the indicator function Φ(P ) by invoking an isosurface algorithm
such as Marching Cubes [17]. However, this would involve deciding on an appro-
priate discretization of the scene volume. Coarse discretizations would result in
meshes that failed to capture fine details of the surface but fine discretizations
would produce exceedingly large meshes. Fortunately, novel views of the scene
can be synthesized without the aid of an explicit surface.

4 Novel View Synthesis

The techniques described in the previous section can be employed to refine the
conservative depth maps associated with each of the input images. For every
pixel in a given input image we can construct the ray passing between the camera
center and the pixel center and determine where that ray intersects the freespace
boundary. This analysis gives us a refined estimate for the depth of the scene at
that pixel.

The resulting depth maps can be further refined by applying a smoothing
procedure similar to anisotropic diffusion which takes into account the locations
of intensity discontinuities in the original image and preserves salient depth dis-
continuities in the scene. The ultimate goal of this smoothing procedure is to
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produce depth maps that have crisp boundaries corresponding to edges in the
intensity image. In this sense, the method is similar in spirit to the scheme pro-
posed by Tao, Sawhney and Kumar [21,22]. However, our approach to producing
these depth maps based on an analysis of the freespace volume is completely dif-
ferent.

                                    

Fig. 10. The first column of figures corresponds to the input images, the second column
depicts the original interpolated depth maps and the last column shows the results
of applying the freespace analysis procedure to refine the depth maps. Notice that
freespace analysis correctly recovers many of the sharp depth discontinuities that were
missing in the original interpolated depth maps.

Figure 10 shows the results of applying this procedure to typical input im-
ages. The refined depth maps shown in Figure 10 are remarkably accurate con-
sidering that they were produced from quasi-sparse depth samples. Note that
in both cases the procedure correctly recovers many of the sharp depth discon-
tinuities associated with occluding edges in the scene, discontinuities that were
not present in the original interpolated depth maps. When these depth maps are
used to morph the corresponding input images to a novel vantage point, these
depth discontinuities can produce holes in the synthetic image. This problem is
handled by morphing several input views to the new viewpoint and combining
the resulting images to fill the gaps. Figures 12 and 13 show some of the results
obtained by applying this view synthesis procedure to actual image data.

The scene with the Lego blocks was chosen precisely because the texture free
surfaces and occluding edges would pose a challenge for most correlation based
stereo algorithms. Notice that the view synthesis procedure correctly reproduces
the appearance of the distant green block which is seen through the window of
the foreground Lego block. This demonstrates that the system is able to reason
correctly about the complex 3D structure of the scene.
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Fig. 11. Original images of a scene of blocks that were used to produce novel views
                                                

Fig. 12. Synthetic images produced by freespace analysis method.
                                                

Fig. 13. Synthetic images produced by freespace analysis method.

Figure 14 shows a side by side comparison of actual images and the cor-
responding synthetic views. The normalized correlation coefficient between the
synthetic views and the actual images is greater 0.94 in both cases.

5 Conclusions

This paper describes an approach to novel view synthesis based on a quasi-
sparse set of feature correspondences. This scheme hinges on the observation that
human viewers tend to be sensitive to the motion of intensity discontinuities so
the system focuses its efforts on recovering accurate estimates for the depths of
these features. The resulting quasi-sparse depth maps resemble the output of an
edge extraction procedure where the edgels have been augmented with accurate
depth information. In each of the input images a Delaunay triangulation of the
feature points is used to produce an interpolated depth maps which provide an
approximation of the surface structure that can be used to morph the input
views to novel vantage points.

We have also presented a principled approach to reasoning about the 3D
structure of the scene by analyzing the union of the freespace volumes associ-
ated with each of the interpolated depth maps. This freespace union procedure
provides a powerful constraint which allows us to produce relatively accurate
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a.

            

b.

c.

            

d.

            

Fig. 14. The first column corresponds to synthetic views and the second to actual
images of the scenes. Note that the view synthesis procedure correctly reproduces the
motion of the green block which is viewed through the window of the foreground lego
block.

depth maps from quasi-sparse feature correspondences in multiple images. Im-
portantly, the arguments made about analyzing the freespace volumes could also
be applied to situations where depth information is obtain using other means
such as range finders or stereo systems. This analysis allows us to correctly
reproduce occlusions and disocclusions in the synthetic views.

5.1 Future Work

The current system makes use of Epipolar Plane Image analysis since it provided
a simple and accurate automated method for obtaining the depth of the salient
features in the scene. It should be possible to obtain similar information about
the scene features from standard video sequences by applying structure from
motion techniques. It should also be possible to extend the view synthesis tech-
nique so that it could take advantage of correspondences provided by correlation
based stereo methods whenever they are available.

Better methods for smoothing the refined depth maps based on information
in the intensity images are being investigated. We also intend to consider exten-
sions of the scheme that will allow us to model how the radiance of observed
scene points changes as a function of viewing direction so that we can correctly
reproduce specularities and other view dependent effects [15].
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Abstract. The lack of eye contact in desktop video teleconferencing substantially
reduces the effectiveness of video contents. While expensive and bulky hardware is
available on the market to correct eye gaze, researchers have been trying to provide
a practical software-based solution to bring video-teleconferencing one step closer
to the mass market. This paper presents a novel approach that is based on stereo
analysis combined with rich domain knowledge (a personalized face model). This
marriage is mutually beneficial. The personalized face model greatly improved
the accuracy and robustness of the stereo analysis by substantially reducing the
search range; the stereo techniques, using both feature matching and template
matching, allow us to extract 3D information of objects other than the face and
to determine the head pose in a much more reliable way than if only one camera
is used. Thus we enjoy the versatility of stereo techniques without suffering from
their vulnerability. By emphasizing a 3D description of the scene on the face part,
we synthesize virtual views that maintain eye contact using graphics hardware.
Our current system is able to generate an eye-gaze corrected video stream at about
5 frames per second on a commodity PC.
Keywords: Stereoscopic vision, Eye-gaze correction, Structure from motion.

1 Introduction

Video-teleconferencing, a technology enabling communicating with people face-to-face
over remote distances, does not seem to be as widespread as predicted. Among many
problems faced in video-teleconferencing, such as cost, network bandwidth, and reso-
lution, the lack of eye-contact seems to be the most difficult one to overcome[18]. The
reason for this is that the camera and the display screen cannot be physically aligned in a
typical desktop environment. It results in unnatural and even awkward interaction. Spe-
cial hardware using half-silver mirrors has been used to address this problem. However
this arrangement is bulky and the cost is substantially high. What’s more, as a piece of
dedicated equipment, it does not fit well to our familiar computing environment, thus its
usability is greatly reduced. We aim to address the eye-contact problem by synthesizing
videos as if they were taken from a camera behind the display screen, thus to establish
natural eye-contact between video-teleconferencing participants without using any kind
� This work was mainly conducted while the first author was at Microsoft Research as a summer
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of special hardware. The approach we take involves three steps: pose tracking, view
matching, and view synthesis. We use a pair of calibrated stereo cameras and a person-
alized face model to track the head pose in 3D. The use of strong domain knowledge (a
personalized face model) and a stereo camera pair greatly increase the robustness and
accuracy of the 3D head pose tracking. The stereo camera pair also allows us to match
parts not modelled in the face model, such as the hands and shoulders, thus providing
wider coverage of the subject. Finally, the results from the head tracking and stereo
matching are combined to generate a virtual view. Unlike other methods that only “cut
and paste" the face part of the image, our method generates natural looking and seamless
images, as shown in figure 1.

Fig. 1. Eye-gaze Correction: The two images shown on the left are taken from a pair of stereo
cameras mounted on the top and bottom sides of a monitor; the image shown above is a synthesized
virtual view that preserves eye-contact.

There have been attempts to address the eye-contact problem using a single camera
with a face model [12],[10], or using dense stereo matching techniques[19], [15]. We
will discuss these approaches in more details in Section 2. With a single camera, we
found it difficult to maintain both the real-time requirement and the level of accuracy
we want with head tracking. Existing model-based monocular head tracking methods
[11], [4], [2], [7], [1] either use a simplistic model so they could operate in real time but
produce less accurate results, or use some sophisticated models and processing to yield
highly accurate results but take at least several seconds to compute. A single-camera
configuration also has difficulties to deal with occlusions. Considering these problems
with a monocular system, we decided to adopt a stereo configuration. The important
epipolar constraint in stereo allows us to reject most outliers without using expensive
robust estimation techniques, thus keeping our tracking algorithm both robust and simple
enough to operate in real-time. Furthermore, two cameras usually provide more coverage
of the scene.

One might raise the question that why we do not use a dense stereo matching algo-
rithm. We argue that, first, doing a dense stereo matching on a commodity PC in real
time is difficult, even with today’s latest hardware. Secondly and most importantly, a
dense stereo matching is unlikely to generate satisfactory results due to the limitation on
camera placement. Aiming at desktop video conferencing applications, we could only
put the cameras around the frame of a display monitor. If we put the cameras on the
opposite edges of the display, given the normal viewing distance, we have to converge
the cameras towards the person sitting in front of the desktop, and such a stereo system
will have a long baseline. That makes stereo matching very difficult; even if we were
able to get a perfect matching, there would still be a significant portion of the subject
which is occluded in one view or the other. Alternatively, if we put the cameras close to
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Fig. 2. Camera-Screen displacement causes the lose of eye-contact.

each other on the same edge of the monitor frame, the occlusion problem is less severe,
but generalization to new distant views is poor because a significant portion of the face is
not observed. After considering various aspects, we have decided to put one camera on
the upper edge of the display and the other on the lower edge, and follow a model-based
stereo approach to eye-gaze correction.

2 Related Works

In a typical desktop video-teleconferencing setup, the camera and the display screen
cannot be physically aligned, as depicted in figure 2. A participant looks at the image
on the monitor but not directly into the camera, thus she does not appear to make eye
contact with the remote party. Research [23] has shown that if the divergence angle (α)
between the camera and the display is greater than five degrees, the loss of eye-contact is
noticeable. If we mount a small camera on the side of a 21-inch monitor, and the normal
viewing position is at 20 inches away from the screen, the divergence angle will be 17
degrees, well above the threshold at which the eye-contact can be maintained. Under
such a setup, the video loses much of its communication value and becomes un-effective
compared to telephone.

Several systems have been proposed to reduce or eliminate the angular deviation
using special hardware. They make use of half-silvered mirrors or transparent screens
with projectors to allow the camera to be placed on the optical path of the display. A
brief review of these hardware-based techniques has been given in [14]. The expensive
cost and the bulky setup prevent them to be used in a ubiquitous way.

On the other track, researchers have attempted to create eye-contact using computer
vision and computer graphics algorithms. Ott et al. [19] proposed to create a virtual
center view given two cameras mounted on either side of the display screen. Stereo-
scopic analysis of the two camera views provides a depth map of the scene. Thus it is
possible to “rotate" one of the views to obtain a center virtual view that preserves eye
contact. Similarly, Liu et al. [15] used a trinocular stereo setup to establish eye contact. In
both cases, they perform dense stereo matching without taking into account the domain
knowledge. While they are generic enough to handle a variety of objects besides faces,
they are likely to suffer from the vulnerability of brute-force stereo matching. Further-
more, as discussed in the previous section, we suspect that direct dense stereo matching
is unlikely to generate satisfactory results due to the constraint of camera placement
imposed by the size of the display monitor – a problem that may be less severe back in
the early 90’s, when the above two algorithms were proposed .

Cham and Jones at Compaq Cambridge Research Laboratory [6] approached this
problem from a machine learning standpoint. They first register a 2D face model to
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Fig. 3. The components of our eye-gaze correction system

the input image taken from a single camera, then morph the face model to the desired
image. The key is to learn a function that mapps the registered face model parameters to
the desired morphed model parameters [12]. They achieve this by non-linear regression
from sufficient instances of registered-morphed parameter pairs which are obtained from
training data.As far as we know, their research is still in a very early stage, so it is not clear
if this approach is capable of handling dramatic facial expression changes. Furthermore,
they only deal with the face part of the image – the morphed face image is superimposed
on the original image frame, which sometime leads to errors near the silhouettes due to
visibility changes.

The GazeMaster project at Microsoft Research [10] uses a single camera to track
the head orientation and eye positions. Their view synthesis is quite unique in that they
first replace the human eyes in a video frame with synthetic eyes gazing in the desired
direction, then texture-map the eye-gaze corrected video frame to a generic rigid face
model rotated to the desired orientation. The synthesized photos they published look
more like avatars, probably due to the underlying generic face model. Another drawback
is that, as noted in their report, using synthetic eyes sometime inadvertently changes the
facial expression as well.

From a much higher level, this GazeMaster work is similar to our proposed approach,
in the sense that they both use strong domain knowledge (a 3D face model) to facilitate the
tracking and view synthesis. However, our underlying algorithms, from tracking to view
synthesis, are very different from theirs. We incorporate a stereo camera pair, which
provides the important epipolar constraint that we use throughout the entire process.
Furthermore, the configuration of our stereo camera provides much wider coverage
of the face, allowing us to generate new distant views without having to worry about
occlusions.

3 System Overview

Figure 3 illustrates the block diagram of our eye-gaze correction system. We use two
digital video cameras mounted vertically, one on the top and the other on the bottom
of the display screen. They are connected to a PC through 1394 links. The cameras are
calibrated using the method in [24]. We choose the vertical setup because it provides
wider coverage of the subject and higher disambiguation power in feature matching.
Matching ambiguity usually involves symmetric facial features such as eyes and lip
contours aligned horizontally. The user’s personalized face model is acquired using a
rapid face modelling tool [16]. Both the calibration and model acquisition require little
human interaction, and a novice user can complete these tasks within 15 minutes.
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With these prior knowledge, we are able to correct the eye-gaze using the algorithm
outlined as follows:

1. Background model acquisition
2. Face tracker initialization
3. For each image pair, perform

– Background subtraction
– Temporal feature tracking in both images
– Updating head pose
– Correlation-based stereo feature matching
– Stereo silhouette matching
– Hardware-assisted view synthesis

Currently, the only manual part of the system is the face tracker initialization which
requires the user to interactively select a few markers. We are currently working on
automatic initialization.

The tracking subsystem includes a feedback loop that supplies fresh salient features
at each frame to make the tracking more stable under adversary conditions, such as
partial occlusions and facial expression changes. Furthermore, an automatic tracking
recovery mechanism is also implemented to make the whole system even more robust
over extended period of time. Based on the tracking information, we are already able to
manipulate the head pose by projecting the live images onto the face model. However, we
also want to capture the subtleties of facial expressions and other foreground objects, such
as hands and shoulders. So we further conduct correlation-based feature matching and
silhouette matching between the stereo images. All the matching information, together
with the tracked features, is used to synthesize a seamless virtual image that looks as if
it were taken from a camera behind the display screen. We have implemented the entire
system under the MS Windows environment. Without any effort spending on optimizing
the code, our current implementation runs about 4-5 frames per second on a single CPU
1 GHz PC.

4 Stereo 3D Head Pose Tracking

Our stereo head pose tracking problem can be stated as follows:

Given (i) a set of triplets S = {(p,q,m)} at time t, where p and q are respectively
points in the upper (first) and the lower (second) camera images, and m is their
corresponding point in the face model, and (ii) a pair of images from the stereo
cameras at time t + 1,

determine (i) S′ = {(p′,q′,m)} at time t + 1 where p′ and q′ are the new positions
of p and q, and (ii) compute the head pose, so that the projections of m in time t+1
are p′ and q′ in the stereo image pair, respectively.

We use the KLT tracker to track feature points p,q from time t to t + 1 [22]. Note
that there is one independent feature tracker for each camera, thus we need apply the
epipolar constraint to remove any stray point. The epipolar constraint states that if a
point p = [u, v, 1]T (expressed in homogeneous coordinates) in the first image and a
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point q = [u′, v′, 1]T in the second image correspond to the same 3D point m in the
physical world, they must satisfy the following equation:

qT Fp = 0 (1)
where F is the fundamental matrix that encodes the epipolar geometry between the two
images [9]. In fact, Fp defines the epipolar line in the second image, thus Equation (1)
means that the point q must pass through the epipolar line Fp and vice versa.

In practice, due to camera noise and inaccuracy in camera calibration and feature
localization, we define a band of uncertainty along the epipolar line. For every triplet
(p′,q′,m), if the distance from q′ to the p′s epipolar line is greater than a certain
threshold, this triplet will be discarded. We use a distance threshold of three pixels in
our experiment.

After we have removed all the stray points that violate the epipolar constraint, we
update the head pose, represented by a 3 × 3 rotational matrix R and a 3D translation
vector t, so that the sum of re-projection errors of m to p′ and q′ is minimized. The
re-projection error e is defined as

e =
∑

i

‖ p′
i − φ(A0(Rmi + t) ‖2 + ‖ q′

i − φ(A1[R10(Rmi + t) + t10]) ‖2 (2)

where φ(·) represents the standard pinhole projection, A0 and A1 are the cameras’
intrinsic parameters, and (R10, t10) is the transformation from the second camera’s
coordinate system to the first camera’s. Solving (R, t) by minimizing (2) is a nonlinear
optimization problem. We can use the head pose from time t as the initial guess and
conduct the minimization by means of, for example, the Levenberg-Marquardt algorithm.

After the head pose is determined, we replenish the matched set S′ by adding more
good feature points selected using the criteria in [22]. A good feature point is a point
with salient textures in its neighborhood. We must be careful not to add feature points in
the non-rigid parts of the face, such as the mouth region. To do so, we define a bounding
box around the tip of the nose that covers the forehead, eyes, and nose region. Any good
feature points outside this bounding box will not be added to the matched set. However,
they will be used in the next stereo matching stage, which we will discuss in Section
5.2.

The replenish scheme greatly improves the robustness of the tracking algorithm. Our
experiments have shown that our tracking can keep tracking under large head rotations
and dramatic facial expression changes.

4.1 Tracker Initialization and Auto-Recovery

The tracker needs to know the head pose at time 0 to start tracking. We let the user
interactively select seven landmark points in each image, from which the initial head
pose can be determined. The initial selection is also used for tracking recovery when the
tracker loses tracking. This may happen when the user moves out of the camera’s field of
view or rotates her head away from the cameras. Fortunately, for our video-conferencing
application, we could just send one of the video streams un-modified for these cases.
When she turns back to look at the screen, we do need to continue tracking with no human
intervention, which requires automatic recovery of the head pose. During the tracking
recovery process, the initial set of landmark points is used as templates to find the best
match in the current image. When a match with a high confidence value is found, the
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tracker continues the normal tracking. Our recovery scheme is effective because unlike
most other tracking applications, we only need to track the user when she is looking at
the display window. This is exactly the scenario when the initial landmark templates are
recorded.

Furthermore, we also activate the auto-recovery process whenever the current head
pose is close to the initial head pose. This prevents the tracker from drifting. A more
elaborated scheme that uses multiple templates from different head poses can further
improve the effectiveness of automatic tracker reset. This can be further extended to a
non-parametric description of head poses that can self-calibrate over time.

5 Stereo View Matching

The result from the 3D head pose tracking gives a set of good matches within the rigid
part of the face between the stereo pair. To generate convincing and photo-realistic
virtual views, we need to find more matching points over the entire foreground images,
especially along the contour and the non-rigid parts of the face. We incorporate both
feature matching and template matching to find as many matches as possible. During
this matching process, we use the reliable information obtained from tracking to constrain
the search range. In areas where such information is not available, such as hands and
shoulders, we relax the search threshold, then apply the disparity gradient limit to remove
false matches. To facilitate the matching (and later view synthesis in Section 6), we rectify
the images using the technique described in [17], so that the epipolar lines are horizontal.

5.1 Disparity and Disparity Gradient Limit

Before we present the details of our matching algorithm, it is helpful to define disparity,
disparity gradient, and the important principle of disparity gradient limit, which will be
exploited through out the matching process.

Disparity is well defined for parallel cameras (i.e., the two image planes are the
same) [9], and this is the case because we perform stereo rectification such that the
horizontal axes are aligned in both images. Given a pixel (u, v) in the first image and
its corresponding pixel (u′, v′) in the second image, disparity is defined as d = u′ − u
(v = v′ as images have been rectified). Disparity is inversely proportional to the distance
of the 3D point to the cameras. A disparity of 0 implies that the 3D point is at infinity.

Consider now two 3D points whose projections are m1 = [u1, v1]T and m2 =
[u2, v2]T in the first image, and m′

1 = [u′
1, v

′
1]

T and m′
2 = [u′

2, v
′
2]

T in the second
image. Their disparity gradient is defined to be the ratio of their difference in disparity
to their distance in the cyclopean image, i.e.,

DG =
∣∣∣∣

d2 − d1

u2 − u1 + (d2 − d1)/2

∣∣∣∣ (3)

Experiments in psychophysics have provided evidence that human perception im-
poses the constraint that the disparity gradient DG is upper-bounded by a limit K. The
limit K = 1 was reported in [5]. The theoretical limit for opaque surfaces is 2 to ensure
that the surfaces are visible to both eyes [20]. Also reported in [20], less than 10% of
world surfaces viewed at more than 26cm with 6.5cm of eye separation will present
with disparity gradient larger than 0.5. This justifies use of a disparity gradient limit
well below the theoretical value (of 2) without imposing strong restrictions on the world
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surfaces that can be fused by the stereo algorithm. In our experiment, we use a disparity
gradient limit of 0.8 (K = 0.8).

5.2 Feature Matching Using Correlation
For unmatched good features in the first (upper) image, we try to find corresponding
points, if any, in the second (lower) image by template matching. We use normalized
correlation over a 9 × 9 window to compute the matching score. The disparity search
range is confined by existing matched points from tracking, when available.

Combined with matched points from tracking, we build a sparse disparity map for the
first image and use the following procedure to identify potential outliers (false matches)
that do not satisfy the disparity gradient limit principle. For a matched pixel m and a
neighboring matched pixel n, we compute their disparity gradient between them using
(3). If DG ≤ K, we register a vote of good match for m; otherwise, we register a vote of
bad match for m. After we have counted for every matched pixel in the neighborhood of
m, we tally the votes. If the “good" votes are less than the “bad" votes, m will be removed
from the disparity map. This is conducted for every matched pixel in the disparity map;
the result is a disparity map that conforms to the principle of disparity gradient limit.

5.3 Contour Matching
Template-matching assumes that corresponding images patches present some similarity.
This assumption may be wrong at occluding boundaries, or object contours. Yet object
contours are very important cues for view synthesis. The lack of matching information
along object contours will result in excessive smearing or blurring in the synthesized
views. So it is necessary to include a module that extracts and matches the contours
across views in our system.

The contour of the foreground object can be extracted after background subtraction.
It is approximated by polygonal lines using the Douglas-Poker algorithm[8]. The con-
trol points on the contour are further refined to sub-pixel accuracy using the “snake"
technique[13]. Once we have two polygonal contours, denoted by P = {vi|i = 1..n}
in the first image and P ′ = {v′

i|i = 1..m} in the second image, we use the dynamic
programming technique (DP) to find the global optimal match across them.

Since it is straightforward to formulate contour matching as a dynamic programming
problem with states, stage, and decisions, we will only discuss in detail the design of the
cost functions (The reader is referred to Bellman’s book about dynamic programming
techniques [3]). There are two cost functions, the matching cost and the transition cost.
The matching cost function C(i, j) measures the “goodness" of matching between seg-
ment Vi = vivi+1 in P and segment V ′

j = v′
iv

′
i+1 in P ′. The lower the cost, the better

the matching. The transition cost function W (i, j|i0, j0) measures the smoothness from
segment Vi0 to segment Vi, assuming that (Vi, V

′
j ) and (Vi0 , V

′
j0

) are matched pairs of
segments. Usually, Vi and Vi0 are continuous segments, i.e., ‖i0 − i‖ ≤ 1. It penalize
for matches that are out of order. The scoring scheme of DP, formulated as a forward
recursion function, is then given by

M(i, j) = min( M(i − 1, j − 1) + C(i, j) + W (i, j|i − 1, j − 1),
M(i, j − 1) + C(i, j) + W (i, j|i, j − 1),
M(i − 1, j) + C(i, j) + W (i, j|i − 1, j) ) .
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The Matching Cost. It takes into account the epipolar constraint, the orientation dif-
ference, and the disparity gradient limit.

Fig. 4. Applying the epipolar constraint to contour matching.

– The epipolar constraint: We distinguish three configurations, as shown in Figure 4
where the red line is the contour in the first (upper) image; the blue line is the contour
in the second (lower) image. The dotted lines are the corresponding epipolar lines.
In Figure 4(a), segment bc and segment qr are being matched, and Ce = 0. The
epipolar constraint limits qr corresponding to segment b′c′, instead of bc. In Figure
4(b), the epipolar constraint tells that segment ab cannot match segment rs because
there is no overlap. In that case, a sufficiently large cost (Thighcost) is assigned
to this match. When the orientation of at least one line segment is very close to
that of epipolar lines, intersection of the epipolar line with the line segment cannot
be computed reliably. In that case, the cost is the average inter-epipolar distance
(de = (e1 + e2)/2), as illustrated in the figure. In summary, the epipolar constraint
cost for a pair of segment (Vi, V

′
j ) is

Ce =




de if Vi or V ′
j is close to horizontal lines;

0 if Vi or V ′
j overlaps;

Thighcost otherwise.
(4)

– The orientation difference: It is defined as a power function of the orientation
difference between the proposed matching segments (Vi, V

′
j ). Let ai and aj be

orientation of Vi and V ′
j , the orientation difference is

Ca = (
|ai − aj |

Ta
)n (5)

where Ta is the angular difference threshold, and n is the power factor. We use
Ta = 30◦ and n = 2.

– The disparity gradient limit: It is similar to that used in template matching. How-
ever, we do not want to consider feature points in matching contour segments because
the contour is on the occluding boundary, where the disparity gradient with respect
to the matched feature points is very likely to exceed the limit. On the other hand, it
is reasonable to assume that the disparity gradient limit will be upheld between the
two endpoints of the segment. We adopt the disparity prediction model in [25]. That
is, given a pair of matched points (mi,m′

i), the disparity of a point m is modeled
as

d = di + Dini (6)
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where di = ‖m′
i − mi‖, Di = ‖m − mi‖, and ni ∼ N(0, σ2I) with σ = K/(2 −

K). A pair of matched segments contains two pairs of matched endpoints (ms,m′
s)

and (me,m′
e). We use (ms,m′

s) to predict the disparity of me, and compute the
variance of the “real" disparity from the predicted one. Similarly we also compute
the variance of the predicted disparity of ms using (me,m′

e). As suggested in [25],
the predicted variance should be less restrictive when the point being considered is
away from the matched point, which leads to the following formulae:

σi = [σmax − σmin](1 − exp(−D2
i /τ

2)) + σmin (7)
where the range [σmin, σmax] and τ are parameters. We use σmin = 0.5, σmax =
1.0, and τ = 30.
Now we can finally write out the disparity gradient cost. Let ds = ‖m′

s − ms‖,
de = ‖m′

e − me‖, D1 = ‖me − ms‖, D2 = ‖m′
e − m′

s‖, and ∆d = de − ds; σe

and σs are computed by plugging in D1 and D2 into (7); the disparity gradient cost
is given by

Cd = ∆d2/σ2
e + ∆d2/σ2

s . (8)

Combining all the above three terms, we have the final matching cost as:
C = max (Thighcost, Ce + waCa + wdCd) (9)

where wa and wd are weighting constants. The match cost is caped by Thighcost. This
is necessary to prevent any corrupted segment in the contour from contaminating the
entire matching. In our implementation, Thighcost = 20, wa = 1.0, and wd = 1.0.

The Transition Cost. In contour matching, when two segments are continuous in one
image, we would prefer that their matched segments in the other image are continuous
too. This is not always possible due to changes in visibility: some part of the contour can
only be seen in one image. The transition cost (W ) is designed to favor smooth matching
from one segment to the next, while taking into account discontinuities due to occlusions.
The principle we use is again the gradient disparity limit. For two consecutive segments
Vi and Vi+1 in P , the transition cost function is the same as the one used in matching
cost – equation (8), except that the two pairs of matched points involved are now the
endpoint of Vi and the starting point of Vi+1 and their corresponding points in P ′.

6 View Synthesis

From the previous tracking and matching stages, we have obtained a set of point matches
and line matches that can be used to synthesize new views. Note that these matches
contain not only the modeled face part, but also other foreground part such as hands
and shoulders. This is yet another advantage of our stereovision-based approach. We
could obtain a more complete description of the scene geometry beyond the limit of the
face model. Treating these matches as a whole, our view synthesis methods can create
seamless virtual imagery. We implemented and tested two methods for view synthesis.
One is based on view morphing [21] and the other uses hardware-assisted multi-texture
blending. The view morphing technique allows to synthesize virtual views along the path
connecting the optical centers of the two cameras. A view morphing factor cm controls
the exact view position. It is usually between 0 and 1, whereas a value of 0 corresponds
exactly to the first camera view, and a value of 1 corresponds exactly to the second
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camera view. Any value in between represents a virtual viewpoint somewhere along the
path from the first camera to the second.

In our hardware-assisted rendering method, we first create a 2D triangular mesh
using Delaunay triangulation in the first camera’s image space. We then offset each
vertex’s coordinate by its disparity modulated by the view morphing factor cm, [u′

i, v
′
i] =

[ui + cmdi, vi]. The offset mesh is fed to the hardware render with two sets of texture
coordinates, one for each camera image. Note that all the images and the mesh are in
the rectified coordinate space. We need to set the viewing matrix to the inverse of the
rectification matrix to “un-rectify" the resulting image to its normal view position. This
is equivalent to the post-warp in view morphing. Thus the hardware can generate the
final synthesized view in a single pass. We also use a more elaborate blending scheme,
thanks to the powerful graphics hardware. The weight Wi for the vertex Vi is based on
the product of the total area of adjacent triangles and the view-morphing factor, as

Wi =
∑

S1
i ∗ (1 − cm)∑

S1
i ∗ (1 − cm) +

∑
S2

i ∗ cm
; (10)

where S1
i are the areas of the triangles of which Vi is a vertex, and S2

i are the areas of the
corresponding triangles in the other image. By changing the view morphing factor cm,
we can use the graphics hardware to synthesize correct views with desired eye gaze in
real-time. Because the view synthesis process is conducted by hardware, we can spare
the CPU for more challenging tracking and matching tasks.

Comparing these two methods, the hardware-assisted method, aside from its blazing
speed, generates crisper results if there is no false match in the mesh. On the other
hand, the original view morphing method is less susceptible to bad matches, because it
essentially uses every matched point or line segment to compute the final coloring of a
single pixel, while in the hardware-based method only the three closest neighbors are
used.

Regarding the background, it is very difficult to obtain a reliable set of matches since
the baseline between the two views is very large, as can be observed in the two original
images shown in Fig. 1. In this work, we do not attempt to model the background at all,
but we offer two solutions. The first is to treat the background as unstructured, and add
image boundary as matches. The result will be ideal if the background has a uniform
color; otherwise, it will be fuzzy as shown in the synthesized view shown in Fig. 1.
The second solution is to replace the background by anything appropriate. In that case,
view synthesis is only performed for the foreground objects. In our implementation,
we overlay the synthesized foreground objects on the image from the first camera. The
results shown in the following section were produced in this way.

7 Experiment Results

We have implemented our proposed approach using C++ and tested with several sets
of real data. Very promising results have been obtained. We will first present a set of
sample images to further illustrate our algorithm, then we will show some more results
from different test users. For each user, we built a personalized face model using a
face modelling tool[16]. This process, which takes only a few minutes and requires no
additional hardware, only needs to be done once per user. All the parameters in our
algorithm are set to be the same for all the tests.
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(a) The input im-
age pair

(b) Tracked fea-
ture points with
epipolar line su-
perimposed

(c) Extracted
foreground
contours

(d) Rectified im-
ages for stereo
matching

(e) Delaunay triangulation over
matched points

(f) Final synthesized view (un-
cropped)

Fig. 5. Intermediate results of our eye-gaze correction algorithm

Figure 5 shows the intermediate results at various stages of our algorithm. It starts
with a pair of stereo images in Fig. 5(a); Fig. 5(b) shows the matched feature points,
the epipolar lines of feature points in the first image are drawn in the second image.
Fig. 5(c) shows the extracted foreground contours: the red one (typically a few pixels
far away from the "true" contour) is the initial contour after background subtraction
while the blue one is the refined contour using the “snake" technique. In Fig. 5(d) we
show the rectified images for template matching. All the matched points form a mesh
using Delaunay triangulation, as shown in Fig. 5(e). The last image (Fig. 5(f)) shows the
synthesized virtual view. We can observe that the person appears to look down and up
in the two original image but look forward in this synthesized view.

During our experiments, we captured all test sequences with resolution 320x240 at
30 frames per second. Our current implementation can only run at 4 to 5 frames per
second. The results shown here are computed with our system in a “step-through" mode.
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Except the manual initialization performed once at the beginning of the test sequences,
the results are computed automatically without any human interaction.

Fig. 6. Sample results from the first test sequence. The top and bottom rows show the images
from the top and bottom cameras. The middle row displays the synthesized images from a virtual
camera located in the middle of the real cameras. The frame numbers from left to right are 108,
144, 167 and 191.

The first sequence (Figure 6) shows the viability of our system. Note the large dispar-
ity changes between the upper and lower camera images, making direct template-based
stereo matching very difficult. However, our model-based system is able to accurately
track and synthesize photo-realistic images under the difficult configuration, even with
partial occlusions or oblique viewing angles.

Our second sequence is even more challenging, containing not only large head mo-
tions, but also dramatic facial expression changes and even hand waving. Results from
this sequence, shown in Figure 7, demonstrated that our system is both effective and
robust under these difficult conditions. Non-rigid facial deformations, as well as the
subject’s torso and hands, are not in the face model, yet we are still able to generate
seamless and convincing views, thanks to our view matching algorithm that includes
a multitude of stereo matching primitives (features, templates, and curves). Templates
matching finds matching points, as many as possible, in regions where the face model
does not cover, while contour matching preserves the important visual cue of silhouettes.

8 Conclusions

In this paper, we have presented a software scheme for maintaining eye contact during
video-teleconferencing. We use model-based stereo tracking and stereo analysis to com-
pute a partial 3D description of the scene. Virtual views that preserve eye contact are then
synthesized using graphics hardware. In our system, modeled-based head tracking and
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Fig. 7. Sample results from the second test sequence. The upper and lower rows are the original
stereo images, while the middle rows are the synthesized ones. The triangular face model is
overlayed on the bottom images. From left to right and from top to bottom, the frame numbers
are 159, 200, 400, 577, 617, 720, 743, and 830.
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stereo analysis work hand in hand to provide a new level of accuracy, robustness, and ver-
satility that neither of them alone could provide. Experimental results have demonstrated
the viability and effectiveness of our proposed approach.

While we believe that our proposed eye-gaze correction scheme represents a large
step towards a viable video-teleconferencing system for the mass market, there are
still plenty of rooms for improvements, especially in the stereo view matching stage.
We have used several matching techniques and prior domain knowledge to find good
matches as many as possible, but we have not exhausted all the possibilities. We believe
that the silhouettes in the virtual view could be more clear and consistent across frames if
we incorporate temporal information for contour matching. Furthermore, there are still
salient curve features, such as hairlines and necklines, that sometimes go unmatched.
They are very difficult to match using a correlation-based scheme because of highlights
and visibility changes. We are investigating a more advanced curve matching technique.
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Abstract. Position disparity between two stereoscopic images, com-
bined with camera calibration information, allow depth recovery. The
measurement of position disparity is known to be ambiguous when the
scene reflectance displays repetitive patterns. This problem is reduced if
one analyzes scale disparity, as in shape from texture, which relies on
the deformations of repetitive patterns to recover scene geometry from
a single view.
These observations lead us to introduce a new correlation measure based
not only on position disparity, but on position and scale disparity. Local
scale disparity is expressed as a change in the scale of wavelet coefficients.
Our work is related to the spatial frequency disparity analysis of Jones
and Malik (ECCV92). We introduce a new wavelet-based correlation
measure, and we show its application to stereopsis. We demonstrate its
ability to reproduce perceptual results which no other method of our
knowledge had accounted for.

Introduction

Position disparity is a well-known cue used for stereoscopic depth reconstruction,
but it is not the only one. Jones and Malik have demonstrated the importance of
frequency disparity information in stereopsis [4,5], and perceptual results have
shown that stereo image pairs created with bandpass filtered noise, and designed
to contain frequency disparity information, but no position disparity informa-
tion, lead to slant perception [12]. In shape from texture, which studies the
recovery of scene depth from the monocular image of a homogeneously textured
object, the shape cue comes from the scale or the frequency disparity between
different positions in the image [3,6].

Many stereoscopic algorithms which produce dense disparity maps require a
measure of similarity between regions from the image pair, and define disparity
as the local translation maximizing this similarity. In order not to be sensitive
to noise, the similarity measure is usually based on averages of image intensities
over a region. A geometrical problem arises when the local scene element being
viewed is not fronto-parallel: because of projective distortion, the shapes and
sizes of corresponding image patches are not identical in the two images. Since the
distortion parameters depend on the local orientation of the scene whose shape
is being computed, an iterative scheme must be used, in order to improve the
similarity measure by using the scene shape calculated at the previous step [2].

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 495–509, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Repetitive texture (regular grating, woven fabric), is difficult to handle with
classical similarity measures because they produce many local maxima. We intro-
duce a new similarity measure, incorporating a scale disparity constraint, which
we observe in practice to lift the repetitive texture ambiguity.

Wavelets, whose parameters are position and scale, are ideally suited to define
a correlation measure based on position and scale disparity. Wavelet methods
have been proposed for stereopsis in the context of coarse-to-fine disparity mea-
surement [9,10]. The method proposed here is related to [8], in which an affine
transformation between image patches is measured at the output of a set of
filters.

We demonstrate through numerical examples in 1D and 2D that our wavelet-
based correlation is smooth and well-behaved and generally displays only one
local maximum in the presence of repetitive texture. This makes it a good in-
gredient for stereopsis algorithms which rely on a similarity measure [13].

1 Wavelet Analysis of Distortion

In this paper, we neglect occlusion effects, which can be taken into account at a
higher level, for instance in a cooperative stereopsis algorithm [13]. We suppose
the stereoscopic pair of images Il and Ir to satisfy

Il(x) = Ir(d(x)) .

where
d(x) = d(x1, x2) = (d1(x1, x2), d2(x1, x2))

is a continuous map, which we call the disparity1 between Il and Ir. Let ψ(x)
be a wavelet, i.e. a two-dimensional oscillating function whose spatial support is
localized around (0, 0) and whose spatial frequency support concentrates around
a frequency ξ �= (0, 0). A Gabor wavelet, which is a Gaussian window modulated
to oscillate at a frequency ξ, satisfies these requirements. Let u be a position in
R2 and let S denote a positive definite 2 × 2 matrix. An affine transformation

ψu,S(x) = (detS)−1ψ(S−1(x− u)) .

modifies the space-scale localization of the wavelet to position u and frequency
ST ξ, where ST is the matrix transpose of S.

The wavelet coefficients of I are defined by

W (u, S) = 〈I, ψu,S〉 =
∫
I(x)ψ∗

u,S(x) dx . (1)

The squared amplitude of wavelet coefficients |W (u, S)|2 measures the energy
contained in a surface patch of the image I centered at u, around spatial
frequency ST ξ.
1 Disparity is generally defined as d(x) − x.



Wavelet-Based Correlation 497

Let us compare the wavelet coefficients of Il (denoted Wl(u, S)) to those
of Ir (denoted Wr(u, S)), supposing for the moment that the disparity d
between the two images is an affine transformation

d(x) = d(u) + J × (x− u) ,

where J is a 2 × 2 matrix. A simple change of variable2 in (1) yields

Wl(u, S) =Wr(d(u), J S) .

This relationship between wavelet coefficients makes apparent the position and
scale disparities between the two images.

In the case of a general, no longer affine, disparity, if d is differentiable,
it can be approximated, locally around a position u, by its first-order Taylor
approximation

d(x) ≈ d(u) + J(u) × (x− u) ,

where J(u) is the 2 × 2 Jacobian matrix of d at position u

J(u) =



∂d1
∂u1

(u)
∂d1
∂u2

(u)

∂d2
∂u1

(u)
∂d2
∂u2

(u)


 .

If Il were a smooth image, it would be possible to extend the Taylor approxima-
tion to the image, and obtain

Il(d(x)) ≈ Il(d(u) + J(u) × (x− u))

Unfortunately, even in the absence of sharp discontinuities, an image cannot be
assumed to be smooth on account of measurement noise. One can however model
the image as the realization of a stochastic process, whose covariance is smooth
away from the diagonal. Then one can show [1] that the variances of wavelet
coefficients satisfy

E[|Wl(u, S)|2] ≈ E
[|Wr(d(u), J(u)S)|2

]
. (2)

2 Correlation Measure

We choose a correlation measure between images Il and Ir of the form

ρ =
2 (Featl,Featr)

(Featl,Featl) + (Featr,Featr)
(3)

2 The change of variable is the motivation for the L1 normalization of the wavelet,
instead of the more classical L2 normalization.
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where Featl and Featr are features relative to the two images, and ( , ) is an
inner product in feature parameter space. Clearly, ρ ≤ 1 and ρ = 1 if and only
if Featl = Featr. Section 4.2 comments on this choice of correlation ratio.

Relationship (2) allows to derive a correlation measure which combines po-
sition disparity d and scale disparity J . Given a collection of scaling matrices Si

(typically less than 5), let

Featl(u, Si) = E
[|Wl(u, Si)|2

]

and for a given position disparity d and scale disparity J , let

Feat(d,J)
r (u, Si) = E

[|Wr(d(u), J(u)Si)|2
]
.

We define the features at a position u as the collection of wavelet coefficient
variances at preselected scales:

Featl(u) = {Featl(u, Si)}{Si} (4)

Feat(d,J)
r (u) = {Feat(d,J)

r (u, Si)}{Si} . (5)

The inner product ( , ) is then simply

(Featl,Featr) =
∑
Si

Featl(u, Si) · Featr(u, Si) .

We finally obtain a correlation measure which depends on position disparity
d and scale disparity J :

ρ(u, d, J) =
2

∑
Si

Featl(u, Si) · Feat(d,J)
r (u, Si)∑

Si
(Featl(u, Si))2 + (Feat(d,J)

r (u, Si))2
. (6)

Note that one is in practice limited to a unique realization of the images.
In order to estimate the variance of wavelet coefficients, we rely on estimation
results from [1]. We estimate E[|W (u, S)|2] by averaging |W (v, S)|2 for v in
a neighborhood B(u) of u. This estimation procedure, which is proved to be
consistent, justifies the use of wavelet filters rather than Gaussian filters in the
correlation measure.

For a given scaling matrix Si, Featl(u, Si) is estimated with

F̂eatl(u, Si) =
∫

B(u)
|Wl(v, Si)|2 dv

and the corresponding Feat(d,J)
r (u, Si) is estimated with

F̂eatr
(d,J)

(u, Si) =
∫

B(u)
|Wr(d(v), J(v)Si)|2 dv .
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3 Local Shape Measurement

We have relaxed the classical stereopsis problem by introducing a new parameter
for image matching: scale disparity J . At first view, the problem may appear
more difficult to solve, because finding the best local match between Il and Ir
now requires to maximize ρ (defined in (6)) over d and J , instead of d only.

This difficulty disappears when recalling the objective, which is to measure
scene depth. At a given position u in image Il, position disparity d(u) and scale
disparity J(u) are both a function of the local position and orientation of the
scene element being viewed. Consider a simplified 2D geometry displayed in
Figure 3, where local orientation is defined by a unique angle θ, and position is
determined by the signed distance p from the surface tangent to a reference point
O. Appendix A gives the expressions of position disparity dp,θ and scale dispar-
ity Jp,θ. In 3D, local geometry would be expressed by three scalar parameters
(p, θ1, θ2).

p
θ

tangent

β

O

rightleft
image image

local scene
element

Fig. 1. Simplified 2D geometry.

The correlation measure ρ can then be reformulated as a function of p and θ
instead of d and J :

ρ(u, p, θ) =
2

∑
Si

Featl(u, Si) · Feat(dp,θ,Jp,θ)
r (u, Si)∑

Si
(Featl(u, Si))2 + (Feat(dp,θ,Jp,θ)

r (u, Si))2
. (7)
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4 Numerical Results

In this section, we compare the correlation measure ρ(u, p, θ) defined in (7) to
the classical area correlation ρ0(u, p, θ) defined by

ρ0(u, p, θ) =

∫
B(u) Ĩl(v) Ĩr(dp,θ(v)) dv(∫

B(u) Ĩl(v)
2 dv

∫
B(u) Ĩr(dp,θ(v))2 dv

)1/2 ,

where
Ĩl(v) = Il(v) − 1

area(B(u))

∫
B(u)

Il(v) dv

and
Ĩr(dp,θ(v)) = Ir(dp,θ(v)) − 1

area(B(u))

∫
B(u)

Ir(dp,θ(v)) dv .

4.1 One-Dimensional Results

Consider the following synthetic example: a one-dimensional signal covering a
straight line with position and orientation parameters p0 and θ0 is viewed by two
cameras, leading to two distorted one-dimensional signals Il and Ir (Figure 2).
The local scene geometry is specified by p0 = 0 and θ0 = .15 radians. The width
of the portion of image being viewed is .69 units in the real scene. The widths of
the perspective projections are .15 units in the left image, and .14 units in the
right image.

The following three examples compare ρ and ρ0 for repetitive texture, for the
extreme case with only scale disparity, and for non-repetitive texture.
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Fig. 2. Two stereo “images” Il (left) and Ir (right), high resolution (top), and low
resolution (bottom).
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Fig. 3. Correlation for the high-resolution stereo pair of Figure 2 (Example 1, modal-
ity 1). Left: classical correlation measure ρ0(u0, p, θ0) for fixed θ = θ0 (top) and
ρ0(u0, p, θ) (bottom). Right: new correlation measure ρ(u0, p, θ0) for fixed θ = θ0 (top)
and ρ(u0, p, θ) (bottom). The new correlation ρ is smoother than ρ0 and displays a
unique local maximum at the correct value (p, θ) = (p0, θ0).

Example 1: repetitive texture. A 1D repetitive texture stereo pair is dis-
played in Figure 2 both with a high resolution (512 pixels) and with a low
resolution (64 pixels).

We display ρ and ρ0 measured at a fixed position u0 in the middle of the left
image for −0.05 ≤ θ ≤ 0.35 and −.5 ≤ p ≤ .5 in three different modalities:

1. High-resolution images Il and Ir with 512 pixels (Figure 3);
2. Low-resolution images Il and Ir with 64 pixels (Figure 4);
3. High-resolution images Il and Ir corrupted by two distinct realizations of an

additive white Gaussian noise with variance equal to 1/15 of the standard
deviation of Il (Figure 6).

The wavelet used is the one-dimensional Gabor wavelet

ψ(x) = exp
(−x2) exp (−iξx) .

We select 5 scales si = 0.05 × (1.1)i for i = 0, . . . , 4, which are relatively coarse
compared to the width of image Il which is .15. The width of the averaging
window B(u0) is .015.



502 M. Clerc

−0.5 0 0.5
−1

−0.5

0

0.5

1

p

ρ 0

−0.5 0 0.5
0.2

0.4

0.6

0.8

1

p

ρ
−0.5

0
0.5

0

0.2

0.4

−1

−0.5

0

0.5

1

pθ

ρ 0

−0.5
0

0.5

0

0.2

0.4

0.4

0.6

0.8

pθ

ρ

Fig. 4. Correlation for the low-resolution stereo pair of Figure 2 (Example 1, modal-
ity 2). Left: classical correlation measure ρ0(u0, p, θ0) for fixed θ = θ0 (top) and
ρ0(u0, p, θ) (bottom). Right: new correlation measure ρ(u0, p, θ0) for fixed θ = θ0 (top)
and ρ(u0, p, θ) (bottom). The classical correlation ρ0 is blocky because of the low reso-
lution, whereas ρ is smooth, with a unique local maximum (which is not as precise as
in the first modality because of the low resolution).
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Fig. 5. Stereo pair Il (left) and Ir (right) corrupted by additive Gaussian noise.

Example 2: scale disparity only. We demonstrate that our correlation mea-
sure accounts for a stereoscopic depth perception experiment [12], in which there
is a spatial frequency disparity between images Il and Ir, but no position dis-
parity. Images Il and Ir in Figure 7 are created by projecting two independent
realizations of a colored noise according to a stereoscopic geometry with pa-
rameters (p0, θ0) = (0, .15). The numerical results in Figure 8 show that the
classical correlation measure ρ0, based on position disparity alone, has many lo-
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Fig. 6. Correlation for the noisy stereo pair of Figure 5 (Example 1, modality 3). Left:
classical correlation measure ρ0(u0, p, θ0) for fixed θ = θ0 (top) and ρ0(u0, p, θ) (bot-
tom). Right: new correlation measure ρ(u0, p, θ0) for fixed θ = θ0 (top) and ρ(u0, p, θ)
(bottom). Observe the smoothness of ρ compared to ρ0.
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Fig. 7. Two stereo “images” Il (left) and Ir (right) containing scale disparity informa-
tion, but no position disparity information.

cal maxima, whereas the correlation measure ρ which is based on scale disparity
information displays a unique local maximum at the correct position p0.

The wavelets and scales used in this example are the same as in Example 1.

Example 3: non-repetitive texture. Finally, we show the advantage of the
new correlation measure ρ over the classical one ρ0 in the case of a stereo pair
with no repetitive texture, but high-frequency oscillations, displayed in Figure
9. Because of the band-pass filtering performed by the Gabor wavelets, the cor-
relation measure ρ is smoother than the classical one, as displayed in Figure
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Fig. 8. Left: with only scale disparity information (stereo pair of Figure 7), the classical
correlation measure ρ0 fails. Right: on the other hand, the new correlation measure ρ
displays a unique local maximum at p = p0 and θ = θ0.
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Fig. 9. A stereo pair Il (left), Ir (right) with non-repetitive texture.

10. Note that this improvement could also have been obtained by applying a
low-pass filter to the stereo image pair, before computing the classical corre-
lation. However, this example is noteworthy because it shows the consistency
of the wavelet-based correlation measure, which can be applied successfully to
different types of images.

In this example we used a set of finer scales than in the two previous examples:
si = 0.015 × (1.1)i, for i = 0, . . . , 4.
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Fig. 10. Correlation for the non-repetitive stereo pair of Figure 9. Left: classical corre-
lation measure ρ0(u0, p, θ0) for fixed θ = θ0 (top) and ρ0(u0, p, θ) (bottom). Right: new
correlation measure ρ(u0, p, θ0) for fixed θ = θ0 (top) and ρ(u0, p, θ) (bottom). Right:
ρ(u0, p, θ0). Even in the absence of repetitive texture, ρ is smoother than ρ0 and does
not display spurious local maxima.

4.2 Choice of Correlation Ratio

We found the correlation measure (3) to be more discriminant than the wide-
spread correlation measure

(Featl,Featr)

(Featl,Featl)
1/2 (Featr,Featr)

1/2 . (8)

The above ratio (8) is equal to one as soon as Featl and Featr are collinear in
feature space, whereas (3) is not equal to one unless Featl and Featr are equal
in feature space. The possible advantage of (8) over (3) could be its immunity to
shading variations between the images, but we observed that shading variations
between images bring the maximum value of (3) down from one, without reducing
its high contrast.

4.3 Two-Dimensional Results

Two-dimensional stereoscopic pairs created synthetically by projecting a planar
image at position p0 and with orientation θ0 onto two cameras in the simplified
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geometry of Figure 3. We compare the classical correlation measure ρ0 to the
wavelet-based correlation measure ρ, for repetitive texture (the metallic panel
in Figure 11), and non-repetitive texture (the dog hair in Figure 13).

The correlation measure ρ is computed using two-dimensional Gabor wavelets

ψu,S(x) = detS−1 exp
(
−∥∥S−1(x− u)

∥∥2
)
exp

(−iξ · (
S−1(x− u)

))
.

The selected scaling matrices are of the form

Si = (1.05)i ×
(
0.05 0
0 0.05

)
for i = 0, . . . , 4.
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Fig. 11. A synthetic stereo pair, created from a photograph of a metallic panel.
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Fig. 12. Left: ρ0(u0, p, θ0) computed with the stereo pair of Figure 11. Right:
ρ(u0, p, θ0). The correct value for p is p0 = 0.

The numerical results displayed in Figures 12 and 14 for fixed θ = θ0 show
that the new correlation measure is smoother than the classical area-based cor-
relation, and displays a unique local maximum at the correct position p = p0,
for repetitive texture and non-repetitive texture alike.
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Fig. 13. Synthetic stereo pair, created from a photograph of dog hair.
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Fig. 14. Left: ρ0(u0, p, θ0) computed with the stereo pair of Figure 13. Right:
ρ(u0, p, θ0). The correct value for p is p0 = 0.

Conclusion

We have introduced a new correlation measure for stereopsis based on wavelet
coefficients of images, which has several interesting properties: it lifts the am-
biguity on disparity measurement due to the presence of repetitive texture, it
shows good performance at low resolution, in the presence of noise, as well as
for non-repetitive texture with high-frequency components. Moreover, it is able
to reproduce results on stereoscopic depth perception from scale disparity, in
the absence of any position disparity. These promising results indicate that, if
incorporated in a stereoscopy algorithm which deals with occlusions, this correla-
tion measure could significantly improve its performance. Further work includes
testing the algorithm on real data, and investigating the influence of surface
curvature.

A Disparity as a Function of Local Surface Position and
Orientation

We give the expressions of d(u) and J(u) as a function of p and θ in the case
of a locally planar surface element. Let the origin of the Cartesian coordinates
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be at the midpoint between the two optical centers, and let the line joining the
two optical centers define the x-axis. We assume both cameras to have the same
focal length, and we denote by c the half-length between the two optical centers.
We suppose that the viewing angles of the cameras with respect to the x-axis are
β and −β. In the simplified geometry of Figure 3, the position and orientation
of a local scene element are described by

– p, the distance between the surface tangent and a reference point O with
coordinates (xO, yO),

– θ, the angle between the surface tangent and the x-axis.

If the scene element is locally flat (i.e. neglecting its curvature), the distortion
map d is a homography

d(u) =
A+B u

C +Du
(9)

where
A = − cos(θ − β)X ′ + cos(θ + β)X
B = − sin(θ − β)X ′ − cos(θ + β)Y ′

C = − sin(θ + β)X − cos(θ − β)Y ′

D = − sin(θ − β)Y ′ + sin(θ + β)Y

with
X = cosβ (c+ xO − p sin θ) − sinβ (yO − p cos θ)
Y = sinβ (c+ xO − p sin θ) + cosβ (yO − p cos θ)

and X ′, Y ′ are obtained by replacing c by −c and β by −β in the expressions of
X,Y above. The Jacobian J(u) is calculated by differentiating (9) with respect
to u:

J(u) =
BC −AD

(C +Du)2
. (10)
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Abstract. In this paper, we formulate the stereo matching problem
as a Markov network consisting of three coupled Markov random fields
(MRF’s). These three MRF’s model a smooth field for depth/disparity,
a line process for depth discontinuity and a binary process for occlusion,
respectively. After eliminating the line process and the binary process by
introducing two robust functions, we obtain the maximum a posteriori
(MAP) estimation in the Markov network by applying a Bayesian belief
propagation (BP) algorithm. Furthermore, we extend our basic stereo
model to incorporate other visual cues (e.g., image segmentation) that
are not modeled in the three MRF’s, and again obtain the MAP solu-
tion. Experimental results demonstrate that our method outperforms the
state-of-art stereo algorithms for most test cases.

1 Introduction

Stereo vision infers scene geometry from two images with different viewpoints.
Classical dense two-frame stereo matching computes a dense disparity or depth
map from a pair of images under a known camera configuration. In general, the
scene is assumed Lambertian or intensity-consistent from different viewpoints,
without specularities, reflection, or transparency.

Stereo matching is difficult because of the following reasons.

– Noise: There are always unavoidable light variations, image blurring, and
sensor noise in image formation.

– Textureless region: Information from highly textured regions needs to be
propagated into textureless regions for stereo matching.

– Depth discontinuity: Information propagation should stop at object bound-
aries .

– Occlusion: Those occluded pixels in the reference view cannot be matched
with the other view.

Therefore, stereo matching is an ill-posed problem with inherent ambigu-
ities. Obviously, some constraints are needed to get a good “guess” of scene
structure. Many methods have been proposed to encode various constraints,
� This work was performed while the first author was visiting Microsoft Research Asia

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 510–524, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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e.g, intensity-consistency, local smoothness constraints, generalized order con-
straints, and uniqueness constraints. It has been shown that these constraints
can be modeled well as priors in the Bayesian approach to stereo matching.

In this paper, after reviewing related works in Section 2 on stereo matching,
and especially on the Bayesian approaches, we propose in Section 3 a Bayesian
stereo matching approach to explicitly model discontinuities, occlusion and the
disparity field in the Bayesian framework. In Section 4, Bayesian Belief Propaga-
tion is used to infer the stereo matching. The basic stereo model is then extended
in Section 5 to integrate multiple cues, e.g, region similarity. The experimental
results shown in Section 6 demonstrate that our model is effective and efficient.
Finally, we discuss in Section 7 why our stereo matching with belief propagation
outperforms the state-of-art stereo algorithms.

2 Related Works

In this section, we review related stereo algorithms and especially those using
the Bayesian approach. We refer the reader to a detailed and updated taxonomy
of dense, two-frame stereo correspondence algorithms by Scharstein and Szeliski
[21]. It also provides a testbed for quantitative evaluation of stereo algorithms.

A stereo algorithm is called a global method if there is a global objective
function to be optimized. Otherwise it is called a local method. The central
problem of local or window-based stereo matching methods is to determine the
optimal support window for each pixel. An ideal support region should be bigger
in textureless regions and should be suspended at depth discontinuities. The fixed
window is obviously invalid at depth discontinuities. Some improved window-
based methods, such as adaptive windows [16], shiftable windows [5] and compact
windows [23] try to avoid the windows that span depth discontinuities.

Bayesian methods (e.g., [11,1,5,8,15]) are global methods that model discon-
tinuities and occlusion. Geiger et al. [11] derived an occlusion process and a
disparity field from a matching process. Assuming an “order constraint” and
“uniqueness constraint”, the matching process becomes a “path-finding” prob-
lem what the global optimum is obtained by dynamic programming. Belhumeur
[1] defined a set of priors from a simple scene to a complex scene. A simplified
relationship between disparity and occlusion is used to solve scan line matching
by dynamic programming. Unlike Geiger and Belhumeur who enforced a piece-
wise smooth constraint, Cox et al. [8] and Bobick & Intille [5] did not require the
smoothing prior. Assuming corresponding features are normally distributed and
a fixed cost for occlusion, Cox also proposed a dynamic programming solution
using only the occlusion constraint and ordering constraints. Bobick & Intille
incorporated Ground Control Points constraint to reduce the sensitivity to oc-
clusion cost and complexity of Cox’s dynamic programming. These methods use
dynamic programming and assume that the occlusion cost is the same in each
scanline. Ignorance of dependence between scanlines results in the characteristic
“streaking” in the disparity maps.
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Fig. 1. A scene illustrates the geometry relationship among depth, discontinuities and
occlusions. O and O′ are optical centers of two cameraes. Discontinuities occur at
B′,C′,E′,F ′ and G′. Occlusion occur in [A,C] and [D,F ]

In general, Bayesian stereo matching can be formulated as a maximum a
posteriori MRF (MAP-MRF) problem. There are several methods to solve the
MAP-MRF problem: simulated annealing [12], Mean-Field annealing [10], the
Graduated Non-Convexity algorithm(GNC) [4], and Variational approximation
[14]. Finding a solution by simulated annealing can often take an unacceptably
long time although global optimization is achieved in theory. Mean-Field anneal-
ing is a deterministic approximation to simulated annealing by attempting to
average over the statistics of the annealing process. It reduces execution time at
the expense of solution quality. GNC can only be applied to some special energy
functions. Variational approximation converges to a local minimum. Graph Cut
(GC) [6] is a fast efficient algorithm to solve a MAP-MRF whose energy function
is Potts or Generalized Potts.

3 Basic Stereo Model

In our work, to handle occlusion and depth discontinuity explicitly, we model
stereo vision by three coupled MRF’s:D is the smooth disparity field of the refer-
ence view, L is a spatial line process located on the dual lattice and representing
explicitly the presence or absence of depth discontinuities in the reference view,
and O is a spatial binary process to indicate occlusion regions in the reference
view. Figure 1 illustrates these processes in the 1D case. By using Bayes’ rule,
the joint posterior probability over D, L and O given a pair of stereo images
(I = (IL, IR) where IL is the left and reference image) is:

P (D,L,O|I) = P (I|D,L,O)P (D,L,O)
P (I)

. (1)

Without occlusion, {D,L} are coupled MRF’s that model a piece-wise
smooth surface by two random fields: one represents the variable required to
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estimate, the other represents its discontinuities. This model was proposed by
[12]. However, the occlusion problem in stereo vision is not included in this kind
of model explicitly. In image formation, the piece-wise smooth scene is projected
on a pair of stereo images. Some regions are only visible in one image. There is
no matching pixel in the other view for each pixel in the occlusion region. We
assume that likelihood P (I|D,O,L) is independent of L because the observation
is pixel-based, and ignore the statistical dependence between O and {D,L}:.

P (I|D,O,L) = P (I|D,O), (2)

P (D,O,L) = P (D,L)P (O). (3)

The basic stereo model now becomes

P (D,O,L|I) = P (I|D,O)P (D,L)P (O)
P (I)

. (4)

3.1 Likelihood

Assuming observation noises follow an independent identical distribution(i.i.d),
we can define the likelihood P (I|D,O) as:

P (I|D,O) ∝
∏
s/∈O

exp(−F (s, ds, I)) (5)

where F (s, ds, I) is the matching cost function of pixel s with disparity ds given
observation I. Our likelihood considers the pixels only in non-occluded areas
s /∈ O because likelihood of the pixels in occluded areas can not be well defined.
We use the pixel dissimilarity that is provably insensitive to sampling [2]:

F (s, ds, I) = min{d(s, s′, I)/σf , d(s′, s, I)/σf}
where d(s, s′, I) = min{∣∣IL(s)− I−

R (s′)
∣∣ , |IL(s)− IR(s′)| , ∣∣IL(s)− I+

R (s′)
∣∣}, s′ is

the matching pixel in right view of s with disparity ds, I−
R (s′) is the linearly

interpolated intensity halfway between s′ and its neighboring pixel to the left,
I+
R (s′) is to the right, d(s′, s, I) is the symmetric version of d(s, s′, I) and σf is
the variance to be estimated.

3.2 Prior

Deriving appropriate priors to encode constraints directly is not only hard but
may also result in too many annoying hyper parameters to find the solution
easily. The Markov property asserts that the probability of a site in the field
depends only on its neighboring sites. By specifying the first order neighborhood
G(s) and N(s) = {t|t > s, t ∈ G(s)} of site s, the prior 3 can be expanded as:

P (D,L,O) ∝
∏
s

∏
t∈N(s)

exp(−ϕc(ds, dt, ls,t))
∏
s

exp(−ηc(os)) (6)



514 J. Sun, H.-Y. Shum, and N.-N. Zheng

where ϕc(ds, dt, ls,t) is the joint clique potential function of ds, dt and ls,t, and
ηc(os) is the clique potential function of os. ϕc(ds, dt, ls,t) and ηc(os) are user-
customized functions to force the constraints for stereo matching. ϕc(ds, dt, ls,t)
and ηc(os) also determine the distributions of {D,L,O}. To enforce spatial in-
teractions between ds and ls, we define ϕc(ds, ls) as follows:

ϕc(ds, dt, ls,t) = ϕ(ds, dt)(1− ls,t) + γ(ls,t) (7)

where ϕ(ds, dt) penalizes the different assignments of neighbor sites when no
discontinuity exists between them, and γ(ls,t) penalizes the occurrence of a dis-
continuity between site s and t.

Combining (5),(6) and (7), our basic stereo model becomes:

P (D,O,L|I) ∝ ∏
s/∈O

exp(−F (s, ds, I))
∏
s
exp(−ηc(os))∏

s

∏
t∈N(s)

exp(−(ϕ(ds, dt)(1− ls,t) + γ(ls,t))).
(8)

4 Approximate Inference by Belief Propagation

In the last section, we model stereo matching by three coupled MRFs. After con-
verting MRFs to the corresponding Markov network, the approximate inference
algorithm Loopy Belief Propagation can be used to approximate the posterior
probability for stereo matching.

4.1 From Line Process to Outlier Process

It is hard not only to specify appropriate forms of ϕ(ds, dt), γ(ls,t) and ηc(os), but
also to do inference in a continuous MRF and two binary MRFs. Fortunately, the
unification of line process and robust statistics [3] provides us a way to eliminate
the binary random variable from our MAP problem. If we simplify ηc(os) by
ignoring the spatial interaction of occlusion sites1

ηc(os) = η(os) (10)

we can rewrite our MAP problem as:

max
D,L,O

P (D,L,O|I) = max
D

{
max

O

∏
s
exp(−(F (s, ds, I)(1− os) + η(os)))

max
L

∏
s

∏
t∈N(s)

exp(−(ϕ(ds, dt)(1− ls,t) + γ(ls,t)))

} (11)

1 The complete form of ηc(os) should be:

ηc(os) = η(os) +
∑

t∈N(s)

η′(os, ot) (9)

where η(os) is a single-site clique potential function that penalizes the occurrence
of occlusion, and η′(os, ot) is a pair-site cliques potential function that penalizes the
different assignments of os and ot.



Stereo Matching Using Belief Propagation 515

−20 −15 −10 −5 0 5 10 15 20
0

1

2

3

4

5

x

ρ 
(x

)

−20 −15 −10 −5 0 5 10 15 20
0

1

2

3

4

5

x

ρ 
(x

)

−20 −15 −10 −5 0 5 10 15 20
0

1

2

3

4

5

x

ρ 
(x

)

e = 0.01, σ = 1.0 e = 0.01, σ = 2.0 e = 0.1, σ = 2.0

Fig. 2. Robust function ρ(x) = − ln((1− e) exp(− |x|
σ
) + e) derived from TV model.

Now, we upgrade the binary process lst and os to analog process last and oa
s

(“outlier process”[3]) by allowing 0 ≤ last ≤ 1 and 0 ≤ oa
s ≤ 1. For the first term,

max
O

∏
s
exp(−(F (s, ds, I)(1− oa

s) + η(oa
s)))

= exp(−min
O

∑
s (F (s, ds, I)(1− oa

s) + η(oa
s)))

(12)

where min
O

∑
s (F (s, ds, I)(1− oa

s) + η(oa
s)) is the objective function of a robust

estimator. The robust function of this robust estimator is

ρd(ds) = min
oa

s

(F (s, ds, I)(1− oa
s) + η(oa

s)) (13)

and for the second term, we also have a robust function ρp(ds, dt):

ρp(ds, dt) = min
las,t

(ϕ(ds, dt)(1− las,t) + γ(las,t)). (14)

We get the posterior probability over D defined by two robust functions:

P (D|I) ∝
∏
s

exp(−ρd(F (s, ds, I))
∏
s

∏
t∈N(s)

exp(−ρp(ds, dt)). (15)

Thus, we not only eliminate two analog line processes via an outlier process
but also model outliers in measurements. We convert the task of modelling the
priors of the occlusion process and depth discontinuity process explicitly into
defining two robust functions that model occlusion and discontinuity implicitly.

In this paper, our robust functions are derived from the Total Variance(TV)
model [18] with the potential function ρ(x) = |x| because of its discontinuity
preserving property. We truncate this potential function as our robust function:

ρd(ds) = − ln((1− ed) exp(−|F (s, ds, I)|
σd

) + ed)

ρp(ds, dt) = − ln((1− ep) exp(−|ds − dt|
σp

) + ep)

Figure 2 shows different shapes of our robust functions. By varying parameters
e and σ, we control the shape of the robust function, and therefore the posterior
probability.
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Fig. 3. Local message passing in Markov Network. In ”max-product” algorithm, the
new message sent from node x1 to x2 is: mnew

1,2 ← κmax
x1

ψ12(x1, x2)m1m3,1m4,1m5,1.

The belief at node x1 is computed as: b1 ← κm1m2,1m3,1m4,1m5,1

.

4.2 Belief Propagation

The model that is most similar to our posterior probability (15) is Scharstein &
Szeliski’s [20]. Unlike Scharstein & Szeliski, where a nonlinear diffusion algorithm
is used, we address this MAP problem by Belief Propagation. Belief Propagation
is an exact inference method proposed by Pearl[19] in the belief network without
loops. Loopy Belief Propagation is just Belief Propagation that ignores the ex-
istence of loops in the networks. It has been applied successfully to some vision
[9] and communication [24] problems despite the presence of network loops.

The posterior probability (15) over D is exactly a Markov Network in the
literature of probabilistic graph models as shown in Figure 3. In the Markov
Network, random variable ds in our stereo model is represented by a hidden
node xs. A “private” observation node ys is connected to each xs. Each ys is a
vector where each element is the matching cost given different assignments of
node xs. By denoting X = {xs} and Y = {ys}, (15) can be represented with xs

and ys:
P (X|Y ) ∝

∏
s,t:s>t,t∈N(s)

ψst(xs, xt)
∏
s

ψs(xs, ys) (16)

where
ψst(xs, xt) = exp(−ρp(xs, xt))) (17)

ψs(xs, ys) ∝ exp(−ρd(F (s, xs, I))) (18)

ψst(xs, xt) is called compatibility matrix between node xs and xt, and ψs(xs, yt)
is called the local evidence for node xs. If the disparity level is L, ψst(xs, xt) is
a L× L matrix and ψs(xs, ys) is a L-length vector.

Belief Propagation is an iterative inference algorithm that propagates mes-
sages in the network. Let mst(xs, xt) be the message that node xs sends to xt,
ms(xs, ys) be the message that observed node ys sends to node xs, bs(xs) be the
belief at node xs. Note that mst(xs, xt), ms(xs, ys) and bs(xs) are all 1D vec-
tors. We simplify mst(xs, xt) as mst(xt) , and ms(xs, ys) as ms(xs). There are
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two kinds of BP algorithms with different message update rules: “max-product”
and “sum-product”, which maximize the joint posterior of the network, and
the marginal posterior of each node, respectively. The standard “max-product”
algorithm is shown below.

1. Initialize all messages as uniform distributions
2. Update messages iteratively for i=1:T

mi+1
st (xt)← κmax

xs

ψst(xs, xt)mi
s(xs)

∏
xk∈N(xs)\xs

mi
ks(xs)

3. Compute beliefs

bs(xs)← κms(xs)
∏

xk∈N(xs)

mks(xs)

xMAP
s = argmax

xk

bs(xk)

For example, in Figure 3, the new message sent from node x1 to x2 is up-
dated as: mnew

1,2 ← κmax
x1

ψ12(x1, x2)m1m3,1m4,1m5,1. The belief at node x1

is computed as: b1 ← κm1m2,1m3,1m4,1m5,1 (the product of two messages is
component-wise product). And κ is the normalization constant.

5 Integrating Multiple Cues

More constraints and priors (e.g., edges, corners, junctions, segmentation,
visibility) can be incorporated to improve stereo matching. For instance, a
segmentation-based stereo algorithm [22] has been recently proposed based on
the assumption that the depth discontinuities occur on the boundary of the seg-
mented regions. In [22], the segmentation results are used as hard constraints. In
our work, we make use of image segmentation but incorporate segmentation re-
sults into our basic stereo model as soft constraints (prior) under a probabilistic
framework.

With additional cues, we extend the basic stereo model (15):

P (D,O,L|I) ∝∏
s
exp(−ρd(F (s, ds, I))∏

s

∏
t∈N(s)

exp(−ϕc(ds, dt, ls,t)) exp(−ρpcue(ds, dt)) (19)

where ρpcue(ds, dt) encodes some constraints between sites. To integrate region
similarities from image segmentation, we define ρpcue(ds, dt) as:

ρpcue(ds, dt) = ρseg(ds, dt) =
{

0 seg(s) = seg(t)
λseg seg(s) 
=seg(t) (20)

where seg(s) is the label of the segmentation result at site s. The larger the
λseg, the more difficulty in passing the message between neighbor sites. In other
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Fig. 4. Left image is the first row of ψst(xs, xt) when node xs and xt are in same
region. Right image is the first row of ψst(xs, xt) when node xs and xt are in different
regions

words, the influence from neighbors becomes smaller as λseg increases. In our
experiments, the segmentation labels are produced by the Mean-Shift algorithm
[7]. The execution time is usually just a few seconds in all images used in our
experiments.

According to (15), the compatibility matrix ψst(xs, xt) can be rewritten as:

ψst(xs, xt) = exp(−ρp(xs, xt))) exp(−ρpcue(xs, xt))) (21)

Figure 4 shows the first rows of ψst(xs, xt) when xs and xt are in same region
and in different regions.

6 Experimental Results

In this paper, we evaluate the performance of our stereo algorithm using the
quality measures proposed in [21] with those measures based on known ground
truth data listed in Table 1. In particular, BŌ represents the overall performance
of a stereo algorithm.

Table 1. Quality measures based on known ground truth data

Percentage of bad matching pixels
in non-occlusion regions Ō

BŌ = 1
N

∑
s∈Ō (|d(s)− dT (s)| > δd)

Percentage of bad matching pixels
in textureless regions T̄

BT̄ = 1
N

∑
s∈T̄ (|d(s)− dT (s)| > δd)

Percentage of bad matching pixels
in depth discontinuity regions D

BD = 1
N

∑
s/∈D (|d(s)− dT (s)| > δd)

The test data set consists of four pairs of images: “Map”, “Tsukuba”, “Saw-
tooth” and “Venus” [21]. “Tsukuba” is a complicated indoor environment with
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slanted surfaces and contains a number of integer valued disparities. Other pairs
consist of mainly slanted planes.

Table 2 shows the results of applying our BP algorithm to all four pairs of
images. It also lists the results of other stereo algorithms. This table is courtesy
of Scharstein and Szeliski (see http://www.middlebury.edu/stereo/results.html
for details). Our results with and without image segmentation incorporated into
stereo matching are shown in the first and the second row, respectively.

For a complicated environment like “Tsukuba”, incorporating image segmen-
tation improves stereo matching significantly, with 40% error reduction in BŌ.
In fact, our algorithm ranks as the best for “Tsukuba” and outperforms Graph
Cut (with occlusion) [17] which was widely considered the state-of-art stereo
matching algorithm. Our algorithm competes well with other stereo algorithms
for the three other data sets, “Sawtooth”, “Venus” and “Map”. It is interesting
to note that for these three data sets with simple slanted surfaces, incorporating
image segmentation does not necessarily improve stereo matching, as seen from
the first and second rows.

Figures 5 and 6 show the results obtained by our algorithm. The segmentation
map is obtained by the Mean-Shift algorithm with default parameters suggested
by [7]. Note that a fixed set of parameters {ed = 0.05, σd = 0.6, ep = 0.01, σp = 8}
are used in our BP algorithm for all image pairs. Obviously, this set of parameters
is not the optimal for “Map” data because the disparity range of this data is
almost twice that of “Tsukuba” data’s disparity range.

The complexity of our BP algorithm is O(L2NT ) where N is the number
of pixels, L is the number of disparities, and T is the number of iterations. For
the “Tsukuba” data, it took 288 seconds on a Pentium III 500 MHz PC. It is
comparable or slightly better than the graph cut algorithm reported in [21].

The local oscillation phenomena of the BP algorithm also occurred in our
experiments. A time average operation is executed after a fixed number of iter-
ations: mt

st(xt) = mt−1
st (xt) +mt

st(xt). This heuristic worked well in our experi-
ments.

7 Discussion

Why BP works? The magic of the BP algorithm lies in its powerful message
passing. A message presents the probability that the receiver should be at a
disparity according to all information from the sender up to the current itera-
tion. Message passing has two important properties. First, it is asymmetric. The
entropy of the messages from high-confidence nodes to low-confidence nodes is
smaller than the entropy of the messages from low-confidence nodes to high-
confidence nodes. Second, it is adaptive. The influence of a message between a
pair of nodes with larger divergence would be weakened more.

Therefore, BP’s message passing provides a time-varying adaptive smooth-
ing mechanism for stereo matching to deal with textureless regions and depth
discontinuities naturally. In textureless regions, for example, the influence of a
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(a) Left (reference) Image (b) Ground Truth

(c) Textureless regions (d) Depth discontinuity regions

(e) Occlusion regions (f) Image segmentation

(g) “max-product” result (h) “max-product” result with segmentation

Fig. 5. The results on Tsukuba dataset. (a)-(e) are given.
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(a) Sawtooth (Truth) (b) Sawtooth (Our result)

(c) Venus (Truth) (d) Venus (Our result)

(e) Map (Truth) (f) Map (Max-product)

(g) Map (Bayes Diffusion) (h) Map (Sum-product)

Fig. 6. The results of Sawtooth and Venus based on the “max-product” algorithm
are shown in (b) and (d). For the Map data, the “max-product” result is shown in
(f). Bayesian diffusion results with BŌ = 0.20, BDD = 2.49 are shown in (g), while
“sum-product” results with BŌ = 0.16, BDD = 2.11 are shown in (h).
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Table 2. The performance of different stereo algorithms with fixed parameters on four
test image pairs. An underlined number is the best in its category.

- Tsukuba Sawtooth Venus Map
Algorithms

BŌ BT̄ BD BŌ BT̄ BD BŌ BT̄ BD BŌ BD
Belief prop. (seg) 1.15 0.42 6.31 0.98 0.30 4.83 1.00 0.76 9.13 0.84 5.27
Belief prop. 1.61 0.66 9.17 0.85 0.37 7.92 1.17 1.00 12.87 0.67 3.42
Graph cuts [21] 1.96 1.06 9.41 1.36 0.23 6.57 1.36 1.75 6.63 0.33 4.40
GC+occl. [17] 1.27 0.43 6.90 0.36 0.00 3.65 2.79 5.39 2.54 1.79 10.08
Graph cuts [6] 1.86 1.00 9.35 0.42 0.14 3.76 1.69 2.30 5.40 2.39 9.35
Realtime SAD [13] 4.25 4.47 15.05 1.32 0.35 9.21 1.53 1.80 12.33 0.81 11.35
Bay. diff. [21] 6.49 11.62 12.29 1.43 0.69 9.29 3.89 7.15 18.17 0.20 2.49
SSD+MF [21] 5.26 3.86 24.65 2.14 0.72 13.08 3.81 6.93 12.94 0.66 9.35
Dyn. prog. [21] 3.43 3.22 12.34 4.54 3.59 13.11 8.47 12.76 17.61 3.77 13.93
Scanl. opt. [21] 4.94 6.50 11.94 4.19 2.95 12.14 9.71 14.98 18.20 4.61 10.22

message can be passed far away. On the other hand, the influence in discontinu-
ous regions will fall off quickly. Figure 7 shows this adaptive smoothing procedure
in an example. In Figure 7, the image pair is modified from that used in [16]
and [20]. A linear ramp in the direction of the baseline is used as the underly-
ing intensity pattern. The disparity of background and foreground is 2 and 5,
respectively. Unlike [16] or [20], a smaller pure textureless square is overlapped
in the center of the foreground in the ramp1 pair.

We use entropy H(b) = −∑
i bilogbi to measure the confidence of the belief,

and the symmetric version of the Kullback-Leiber(KL) divergence KLs(b1‖b2) =∑
i (b

1
i )− b2

i )log(
b1i
b2

i

) to measure the difference between belief b1 and b2. Smaller
entropy represents higher confidence of a belief. Larger divergence represents
larger dissimilarity between beliefs. As shown in the figure, the entropy map of a
belief represents the confidence of disparity estimation for each node. Clearly, the
confidence of each node increases with each iteration. Note that the confidence
in occlusion regions and corners is lower than that in other regions. This shows
that the probabilistic method outputs not only a solution, but also its certainty.
The divergence map of a belief shows where message-passing is stopped. The
divergence map after convergence illustrates the ideal support regions.

Assumptions and future work. The Bayesian approaches have the advan-
tage over energy minimization techniques that all assumptions need to be made
explicitly. In fact, three important assumptions (2,3,10) are made in our model
in order to apply BP. Although good experimental results are obtained with
our model, it is worth investigating when these assumptions break. Many other
future directions can also be pursued. Naturally, we plan to extend our work to
multi-baseline stereo. We are also investigating how to improve stereo match-
ing with other Bayesian inference techniques based on Markov networks such as
generalized BP.
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left image right image disparity

entropy(0) divergence(0) disparity(0)

entropy(2) divergence(2) disparity(2)

entropy(8) divergence(8) disparity(8)

entropy(12) divergence(12) disparity(12)

entropy(16) divergence(16) disparity(16)

Fig. 7. Time-varying adaptive smoothing mechanism of the BP algorithm in stereo
matching is illustrated from row 2 to row 6. The input image pair and the ground
truth are shown in the first row. The number in the braces shows the iteration step.
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Symmetric Sub-pixel Stereo Matching
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Abstract. Two central issues in stereo algorithm design are the matching criterion
and the underlying smoothness assumptions. In this paper we propose a new stereo
algorithm with novel approaches to both issues. We start with a careful analysis
of the properties of the continuous disparity space image (DSI), and derive a new
matching cost based on the reconstructed image signals. We then use a symmetric
matching process that employs visibility constraints to assign disparities to a large
fraction of pixels with minimal smoothness assumptions. While the matching
operates on integer disparities, sub-pixel information is maintained throughout
the process. Global smoothness assumptions are delayed until a later stage in
which disparities are assigned in textureless and occluded areas. We validate our
approach with experimental results on stereo images with ground truth.

1 Introduction

The last few years have seen a dramatic improvement in the quality of dense stereo
matching algorithms [14]. A lot of this improvement can be attributed to better opti-
mization algorithms and better smoothness constraints [6,4,16]. However, a remarkable
amount of the improvement has also come from better matching metrics at the input [3].
In fact, Birchfield and Tomasi’s sampling-insensitive dissimilarity measure is used by a
number of today’s best performing algorithms [6,4].

Using something better than just pixel-sampled intensity differences is not a new
idea. For example, Matthies et al. interpolated scanlines by a factor of 4 using a cubic
interpolant before computing the SSD score [11]. Tian and Huhns wrote an even earlier
survey paper comparing various algorithms for sub-pixel registration [17]. In fact, some
stereo and motion algorithms have always evaluated displacements on a half-pixel grid,
but never mentioned this fact explicitly (P. Anandan, personal communication).

The set of initial matching costs that are fed into a stereo matcher’s optimization
stage is often called the disparity space image (DSI) [19,5]. However, while the concept
of stereo matching as finding an optimal surface through this space has been around
for a while [19,2,5], relatively little attention has been paid to the proper sampling and
treatment of the DSI.

In this paper, we take a more careful look at the structure of the DSI, including
its frequency characteristics and the effects of using different interpolators in sub-pixel
registration. Among the questions we ask are: What does the DSI look like? How finely
do we need to sample it? Does it matter what interpolator we use?

We also propose a number of novel modifications to the matching cost that produce
a better set of initial high-quality matches, at least in textured, unoccluded areas. It is

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 525–540, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



526 R. Szeliski and D. Scharstein

our contention that filling in textureless and occluded areas is best left to a later stage of
processing [5,6,4,16].

In the second half of the paper, we show how the local structure of the DSI can be used
to select certain matches, i.e., matches that are correct with high probability. (Intille and
Bobick [5] call such points ground control points.) We also develop an iterative algorithm
that adds more matches, using a combination of uniqueness enforcement (filling the DSI
with high costs in already matched columns), and doing more aggregation for pixels with
multiple possible matches. We present the final dense matching results of our approach,
which are comparable in quality to recent stereo matching algorithms, but which do not
require any global optimization algorithm.

The remainder of the paper is structured as follow. Section 2 presents our analysis
of the DSI and discusses minimal sampling requirements. Section 3 develops some
novel matching costs based on our analysis. The utility of these novel costs is validated
experimentally in Section 4. Section 5 presents our algorithm for establishing certain
matches and for iteratively adding more matches to this set. We conclude with some
ideas for future research.

2 Matching Costs

In this section, we look at how matching costs are formulated. In particular, we analyze
the structure of the DSI and its sampling properties and propose some improvements to
commonly used matching costs.

Given two input images, IL(x, y) and IR(x, y), we wish to find a disparity map
dL(x, y) such that the two images match as closely as possible

IL(x, y) ≈ IR(x − dL(x, y), y). (1)

(We assume that the images have been rectified to have a horizontal epipolar geometry
[12,9]. We will also want to impose some smoothness or other prior constraints on the
function dL(x, y).)

Define the 3D signed difference image (SDI) as the intensity (or color) difference
between the shifted left and right images,

SDIL(x, y, d) = IL(x, y) − IR(x − d, y). (2)

Let the raw disparity space image (DSI) be the squared difference (summed over all the
color bands),

DSIL(x, y, d) = ‖SDIL(x, y, d)‖2. (3)

Why do we use squared differences? The analysis for this case is simpler, and it also has
some other advantages we will discuss shortly. In the ideal (continuous, noise-free) case
with no occlusions, we expect DSIL(x, y, dL(x, y)) to be zero.

Unfortunately, we do not actually have access to continuous, noise-free versions
of IL(x, y) and IR(x, y). Instead, we have sampled noisy versions, ÎL(xi, yi) and
ÎR(xi, yi),

ÎL(xi, yi) = [IL ∗ h](xi, yi) + nL(xi, yi) (4)

ÎR(xi, yi) = [IR ∗ h](xi, yi) + nR(xi, yi), (5)
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where h(x, y) is the combined point-spread-function of the optics and sampling sensor
(e.g., it incorporates the CCD fill factor [18]), and nL is the (integrated) imaging noise.

Given that we can only evaluate the DSI at the integral grid positions (xi, yi), we have
to ask whether this sampling of the DSI adequate, or whether there is severe aliasing
in the resulting signal. We cannot, of course, reconstruct the true DSI since we have
already band-limited, corrupted, and sampled the original images. However, we can (in
principle) reconstruct continuous signals from the noisy samples, and then compute their
continuous DSI. The reconstructed signal can be written as

IL(x, y) =
∑

i

ÎL(xi, yi)g(x − xi, y − yi) (6)

= ĨL(x, y) + ñL(x, y), (7)

where g(x, y) is a reconstruction filter, ĨL(x, y) is the sampled and reconstructed version
of the clean (original) signal, and ñL(x, y) is an interpolated version of the noise. This
latter signal is a band-limited version of continuous Gaussian noise (assuming that the
discrete noise is i.i.d. Gaussian).

We can then write the interpolated SDI and DSI as

SDIL(x, y, d) = IL(x, y) − IR(x − d, y) and (8)

DSIL(x, y, d) = ‖SDI(x, y, d)‖2. (9)

What can we say about the structure of these signals?
The answer can be found by taking a Fourier transform of the SDI. Let us fix y for

now and just look at a single scanline,

F{SDI} = HL(fx) − HR(fx)ej2π(fx−fd), (10)

where HL and HR are the Fourier transforms of IL and IR.
Figure 1 shows the SDIs and DSIs for two scanlines taken from the 38th and 148th

row of the image in Figure 1a, along with their Fourier transforms. The first term in
(10) corresponds to the horizontal line in the SDI’s Fourier transform (second column
of Figure 1), while the second term, which involves the disparity, is the slanted line.

Squaring the SDI to obtain the DSI (third column in Figure 1) is equivalent to
convolving the Fourier transform with itself (fourth column in Figure 1). The resulting
signal has twice the bandwidth in x and d as the original SDI (which has the same
bandwidth as the interpolated signal). It is also interesting to look at the structure of
the DSI itself. The thin diagonal stripes are spurious bad matches (dark-light transitions
matching light-dark transitions), while the horizontal stripes are good matching regions
(the straighter and darker the better).

What can we infer from this analysis? First, the continuous DSI has significant
frequency content above the frequencies present in the original intensity signal. Second,
the amount of additional content depends on the quality of the interpolator applied to
the signal. Thus, when perfect band-limited reconstruction (a sinc filter) is used, the
resulting DSI signal only has twice the frequency of the image. It is therefore adequate
(in theory) to sample the DSI at 1/2 pixel intervals in x and d. When a poorer interpolant
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Fig. 1. Sample SDIs and DSsI and their Fourier transforms. (a) Original color image with two se-
lected scanlines; (b–c) profiles of second selected scanline (L148); notice how the sinc-interpolated
signals (red, solid) are more similar than the linearly interpolated ones (blue, dashed). (d–g) Signed
Difference Image (SDI) and its transform, and Disparity Space Image (DSI) and its transform for
L38, using perfect (sinc) interpolation; (h–k) same images using piecewise linear interpolation;
(l–o) same images for L148 and perfect interpolation. (See the electronic version of this paper for
color images.)

such as piecewise linear interpolation is used, the sampling may have to be much higher.
The same is true when a different non-linearity is used to go from the SDI to the DSI,
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e.g., when absolute differences or robust measures are used. This is one of the reasons we
prefer to use squared difference measures. Other reasons include the statistical optimality
of the DSI as the log likelihood measure under Gaussian noise, and the ability to fit
quadratics to the locally linearized expansion of the DSI.

We can summarize these observations in the following Lemma:
Lemma 1: To properly reconstruct a Disparity Space Image (DSI), it must be

sampled at at least twice the horizontal and disparity frequency as the original image
(i.e., we must use at least 1/2 pixel samples and disparity steps).

It is interesting to note that if a piecewise linear interpolant is applied between image
samples before differencing and squaring, the resulting DSI is piecewise quadratic.
Therefore, it suffices in principle to simply compute one additional squared difference
between pixels, and to then fit a piecewise quadratic model. While this does reconstruct
a continuous DSI, there is no guarantee that this DSI will have the same behavior near
true matches as a better reconstructed DSI. Also, the resulting minima will be sensitive
to the original placement of samples, i.e., a significant bias towards integral disparities
will exist [15].

For example, if the original signal is a fairly high-frequency chirp (Figure 2a), then
applying a piecewise linear interpolant will fail to correctly match the signal with a
fractionally shifted version. Figure 2b and c show the results of aggregating the original
raw DSIs with a 7-pixel filter (see Section 3). Clearly, using the linear interpolant will
result in the wrong disparity minimum being selected in the central portion (where the
central horizontal line is weak). One might ask whether such high-frequency signals
really exist in practice, but it should be clear from Figure 1b and c that they do.

3 Improved Matching Costs

Given the above analysis, how can we design a better initial matching cost? Birchfield
and Tomasi [3] and Shimizu and Okutomi [15] have both observed problems with integral
DSI sampling, and have proposed different methods to overcome this problem.

Birchfield and Tomasi’s sampling-insensitive dissimilarity measure compares each
pixel in the reference image against the linearly interpolated signal in the matching
image, and takes the minimum squared error as the matching cost. It then reverses the
role of the reference and matching images, and takes the minimum of the resulting two
cost measures. In terms of our continuous DSI analysis, this is equivalent to sampling the
DSI at integral x locations, and computing the minimum value vertically and diagonally
around each integral d value, based on a piecewise linear reconstruction of the DSI from
integral samples. We generalize Birchfield and Tomasi’s matching measure using the
following two ideas:

Symmetric Matching of Interpolated Signals First of all, we interpolate both signals
up by a factor s using an arbitrary interpolation filter. In this paper, we study linear
(o = 1) and cubic (o = 3) interpolants. We then compute the squared differences
between all of the interpolated and shifted samples, as opposed to just between the
original left (reference) image pixels and the interpolated and shifted right (matching)
image samples. This difference signal is then reduced back to the original horizontal
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Fig. 2. Chirp signal matching: (a) the continuous green signal is sampled discretely to obtain the
red and blue signals; (b) Disparity Space Image (DSI) for linear interpolation; (c) horizontally
aggregated DSI for sinc interpolation, showing correct minimum; (c) horizontally aggregated DSI
for linear interpolation, with incorrect minima near the center.

image sampling using a symmetric filter of width s and then downsampling. A higher-
order filter could potentially be used, but we wish to keep discontinuities in depth sharp
in the DSI, so we prefer a simple box filter.

Interval Matching If we wish to still apply the idea of a sampling-insensitive dissimi-
larity measure [3], we can still do this on the interpolated signals before downsampling.
However, rather than treating the reference and matching images asymmetrically and
then reversing the roles of reference and matching (as in [3]), we have developed the
following related variant that is based on interval analysis.

Figure 3 shows two signals that have been interpolated to yield the set of discrete
intensity samples shown as vertical lines. The original Birchfield-Tomasi measure com-
pares a pixel in the reference image with the interval in the matching image defined
by the center pixel and its two 1/2-sample interpolated values (rectangular boxes in
Figure 3b). It then performs this same computation switching the reference and match
images, and takes the minimum of the resulting two costs. Our version of the algorithm
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d=0

d>0

(a) (b) (c)

Fig. 3. Interval analysis: (a–b) two signals with their corresponding half-sample intervals; (c) three
intervals being compared (differenced).

simply compares the two intervals, one from the left scanline, the other from the right,
rather than comparing values against intervals. The unsigned difference between two
intervals is trivial to compute: it is 0 if the intervals overlap (Figure 3c), else it is the
gap between the two intervals. A signed difference could also be obtained by keeping
track of which interval is higher, but in our case this is unnecessary since we square the
differences after computing them.

When working with color images, we currently apply this interval analysis to each
color band separately. In principle, the same sub-pixel offset should be used for all three
channels, but the problem then becomes a more complicated quadratic minimization
problem instead of simple interval analysis.

Local Minimum Finding (Quadratic Fit) An alternative to doing such interval analysis
is to directly compute the squared differences, and to then fit a parabola to the resulting
sampled DSI. This is a classic approach to obtaining sub-pixel disparity estimates [17,1,
11], although applying it directly to integer-valued displacements (disparities) can lead
to severe biases [15].

When the DSI has been adequately sampled, however, this is a very useful alternative
for estimating the analytic minimum from the (fractionally) sampled DSI. In order to
reduce the noise in the DSI before fitting, we apply spatial aggregation first. In this paper,
we study both fixed and shiftable square windows, as these perform quite well [14], at
least in textured areas. (We will deal with untextured areas in Section 5.)

Collapsing the DSI Finally, once the local minima in the DSI at all pixels have been
adequately modeled, we can collapse the DSI back to an integral sampling of disparities.
This step is often not necessary, as many stereo matchers do their optimization at sub-
pixel disparities. It does, however, have several potential advantages:

– For optimization algorithms like graph cuts [6] where the computation complexity is
proportional to the square of the number of disparity level, this can lead to significant
performance improvements.

– Certain symmetric matching algorithm such as dynamic programming and the tech-
nique developed in Section 5 require an integral sampling of disparity to establish
two-way optima.
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To collapse the DSI, we find the lowest matching score within a 1
2 disparity from each

integral disparity, using the results of the parabolic fitting, if it was used. We also store the
relative offset of this minimum from the integral disparity for future processing and for
outputting a final high-accuracy disparity map. Alternately, sub-pixel estimates could
be recomputed at the end around each winning disparity using one of the techniques
described in [17], e.g., using a Lucas-Kanade gradient-based fit [10] to nearby pixels at
the same disparity.

4 Experimental Evaluation of Matching Costs

Since there are so many alternatives possible for computing the DSI, how do we choose
among them? From theoretical arguments, we know that it is better to sample the DSI
at fractional disparities and to interpolate the resulting surface when looking for local
minima. However, real images have noise and other artifacts such as aliasing and depth
discontinuities. So, how do we choose?

In order to answer this question, we apply the techniques introduced in this sec-
tion to the four test sequences described in [14], which are also available on the Web
(http://www.middlebury.edu/stereo/). Two of these sequences are shown in Figure 4a.
(The other two are omitted due to space limitations.) At this point, we are only inter-
ested in the accuracy of these techniques in unoccluded textured areas; techniques for
estimating the disparities of the remaining pixels will be presented in the next section.

For the analysis in this section, we select textured pixels as follows: compute the
squared horizontal gradient at each pixel (averaging the left and right values to remain
symmetrical), and average these values in a 3×3 neighborhood. Then, threshold the
averaged squared value to obtain the textureless masks shown in Figure 4c. We currently
use a threshold of 9 gray levels squared.

The parameters that we vary in our experiments are as follows:

– s = 1, 2, 4 interpolation rate (inverse of fractional disparity)
– o = 1, 3 interpolation order (linear or cubic)
– i: symmetric matching of interpolated scanlines (on or off)
– d: dissimilarity metric (squared differences SD or interval differences ID)
– f : sub-pixel fit of disparities after aggregation (on or off)

The parameters that we hold fixed in the algorithm are the matching criterion (squared
differences), the window size (7×7), and the fact that the windows are shiftable. We
also collapse the DSI to an integer-valued sampling, so that the final winner-take-all is
performed on integer disparities (with the stored sub-pixel minimum estimates used to
compute the final sub-pixel disparity).

The statistics that we gather are the number of pixels that are “bad” matches, i.e.,
whose floating point disparity differs from the ground truth by more than 1.5 pixels.
(We use 1.5 instead of 1 in order to tolerate small disparity deviations due to possible
vertical misregistration.) Table 1 shows the percentage of bad matches for each of the
four data sets as a function of our variable parameters. We only show results using cubic
interpolation (o = 3); linear interpolation gives comparable, but (on average) slightly
inferior results.
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(a): Tsukuba Venus

(b): ground truth disparity maps and occluded/textureless maps

(c): traditional shiftable-window SSD results (SD, s=1)

(d): interval difference results (ID, s=1)

(e): improved (fractional pixel) shiftable-window SSD results (SD, s=4, f =0, i=1)

(f): improved (fractional pixel) interval difference results (ID, s=4, f =0, i=1)

Fig. 4. Test images and associated maps: (a) input images; (b) true disparity maps and occluded
(black) and textureless (white) regions (the gray regions are the ones for which we collect statis-
tics); (c) traditional shiftable SSD results (disparity map and error map); (d) interval difference
(asymmetric Birchfield-Tomasi dissimilarity); (e) fractional disparities with symmetric matching;
(f) fractional disparities with symmetric matching and interval difference.
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Table 1. Percentage of bad matching pixels for various matching cost options. The numbers
highlighted in boldface are the best matching variants for each dataset.

Image d s = 1 s = 2 s = 4
f : 0 1 0 1
i : 0 1 0 1 0 1 0 1

Sawtooth SD 0.37 0.36 0.30 0.38 0.39 0.35 0.29 0.37 0.42
ID 0.22 0.20 0.12 0.18 0.16 0.22 0.20 0.25 0.26

Venus SD 1.33 1.10 1.23 1.21 1.34 1.08 1.19 1.16 1.29
ID 4.04 1.33 4.68 1.43 4.82 1.26 1.52 1.38 1.65

Tsukuba SD 4.38 3.69 3.51 3.73 6.84 3.72 3.43 3.77 3.37
ID 6.54 3.25 3.15 3.62 3.22 3.67 3.17 3.65 3.26

Map SD 4.72 3.85 3.25 3.84 3.24 3.66 3.20 3.64 3.22
ID 3.15 5.77 2.38 3.05 2.55 2.92 2.19 2.95 2.28

In Table 1, we have highlighted in boldface the lowest score for each of the four data
sets. As one can see, there is no single setting that consistently outperforms the others,
although sub-pixel fitting usually leads to slightly worse results, probably because it
is sensitive to noise in the DSI. Figure 4 shows the results corresponding to the first
(s = 1) and seventh (s = 4, f = 0, i = 1) columns. Note how the seventh column
consistently outperforms both the original SD (squared difference) and ID (asymmetric
interval difference) algorithms. Using interval analysis instead of sub-pixel fitting seems
to usually result in lower errors, although it can lead to problems both during min-
finding (this Section) and when establishing certain matches (Section 5) because many
reasonable matches can yield a matching cost of 0.

Carefully examining the error maps in Figure 4 shows that the main effects of using
the fractional disparity matching scores seems to be getting better results at strong
intensity discontinuities. The remaining errors seem to be a combination of the classic
“fattening” effect seen near disparity discontinuities (which is characteristic of local
analysis), and some errors in repeated textures such as the video tapes in the Tsukuba
image, which could be ameliorated with more aggregation or global optimization.

In summary, while there are no clear winners among the different cost variants, it
can be seen that symmetric interpolated matching (i=1 and s=2 or s=4) usually out-
performs traditional, integer-based matching. The benefit of interval matching depends
on the winner selection strategy.

5 Symmetric Matching Process

We now turn to the second part of our method: the symmetric matching process. Using
an interpolated matching cost that is insensitive to aliasing, we can determine the quality
of matches based on the cost distribution in the DSI after a small amount of initial aggre-
gation. Throughout this section we use symmetric matching with 1

2 pixel interpolation
(SD, s = 2, f = 0, i = 1). We are not using interval matching (ID) since this tends to
“round down” good matching costs to 0, making it more difficult to draw conclusions
from the cost value distributions.
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d=5 . . . . . . . d=5 . . . O . . O d=5 . . . O O O O
d=4 . . . . . . . d=4 . . . O . O . d=4 . . . O O O .
d=3 . . . . . . . d=3 . . . O O . . d=3 . . . O O . .
d=2 . . . M . . . d=2 . . . M . . . d=2 . . . M . . .
d=1 . . . . . . . d=1 . . O O . . . d=1 . . O O . . .
d=0 . . . . . . . d=0 . O . O . . . d=0 . O O O . . .
x=0 1 2 3 4 5 6 x=0 1 2 3 4 5 6 x=0 1 2 3 4 5 6

(a) (b) (c)

Fig. 5. Illustration of uniqueness and ordering constraints. The figures symbolize part of an x-d
slice through the DSI. (a) A proposed match M for x = 3 and d = 2. (b) Other matches O ruled
out by the uniqueness constraint. The vertical line eliminates other matches for the reference (left)
pixel; the diagonal line eliminates other matches for the matching (right) pixel. Many asymmetric
algorithms only enforce the former. (c) Some algorithms (not ours) enforce the ordering constraint,
and disallow all matches in the two triangular regions.

Fig. 6. Example cost value distributions (vertical DSI columns) for three locations in the Tsukuba
images. We show both initial (raw) values and after aggregation with a 5×5 window. (a) Locally
constant image region near the nose of the bust. Aggregation recovers the correct minimum. (b)
Repetitive texture (video tapes on shelf), yielding two local minima. (c) Textureless region (shadow
under the table), resulting in many low-cost values.

Our algorithm starts by selecting a subset of high-confidence matches, and then
aggregates the DSI with increasingly larger windows to disambiguate matches in un-
textured areas. (A related technique that starts with high-confidence corner matches
has been proposed by Zhang and Yang [20].) For easier reasoning about visibility, we
collapse the DSI to integer sampling, as discussed in Section 3.

5.1 Selecting Certain Matches

There are two basic tests to determine whether a match is certain, i.e., correct with high
probability. First, there should be a clear minimum among all candidate cost values.
Second, the minima for both left-to-right and right-to-left matching should agree [7,5],
which can be checked by examining the vertical and diagonal columns in disparity space
(Figure 5b).

While the second test is easy to implement, the definition of a clear minimum is less
straightforward. Using one of the improved matching costs developed in the previous
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section ensures that a correct match yields a low matching cost, even in high-frequency
image regions. Thus, a minimum corresponding to a correct match should have a low
cost value. Conversely, a large minimum value indicates an occluded pixel that has no
correct match. At many pixels, however, there will be multiple low cost values that
cannot always be disambiguated. Figure 6 illustrates three different cost distributions,
which help motivate the following definition:

We define a match (x, y, d) with cost C = DSI(x, y, d) to be certain if

1. C is the minimum cost in both columns, i.e.,

C ≤ DSI(x, y, d′) ∀d′ �= d, and
C ≤ DSI(x− d+ d′, y, d′) ∀d′ �= d; (11)

2. C is a strong minimum in at least one column, i.e.,

C ≤ m DSI(x, y, d′) ∀d′ �= d, or
C ≤ m DSI(x− d+ d′, y, d′) ∀d′ �= d

(12)

for a given winner margin m < 1.

The winner margin m needs to be chosen low enough to avoid false positives (i.e.,
incorrect matches labeled certain). On the other hand, a higher margin results in a higher
fraction of pixels being matched. Table 2a demonstrates this trade-off using the Tsukuba
images from Figure 4. It shows the error rate among the certain matches and the total
fraction of pixels matched as a function of winner margin m.

For lowest error rates, a small amount of aggregation is necessary. Here we aggregate
the initial cost values with a 5×5 window. Note that unlike in Section 4, we do not need
to explicitly label pixels as textureless, since this is subsumed by our test for match
certainty.

5.2 Reasoning about Visibility and Occlusions

Before discussing how we can propagate certain matches to ambiguous regions, we
briefly address how visibility constraints enter the matching process. Since we eventually
need to assign matches even where there is no clear minimum among the cost values,
we need to ensure that the uniqueness constraint is enforced. We can achieve this by
altering the cost values “shadowed” by certain matches. Every time a new certain match
has been assigned, we set the cost values for other matches eliminated by the new match
(i.e., the O’s in Figure 5b) to a large value Cmax. This prohibits the future assignment
of low-cost matches in the diagonal DSI column. Altering the cost values can also help
disambiguate multiple good matches, especially on the perimeter of textureless regions.

After the certain matches have been found and the costs have been altered as de-
scribed, new certain matches may emerge where competing low cost values have been
changed to Cmax. The process is thus repeated until no new certain matches can been
found. Typically, this process yields an increase in certain matches of about 5–10%.

We have also experimented with enforcing the ordering constraint by assigning
Cmax to all O’s in Figure 5c. We found, however, that this yields too few additional
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Table 2. (a) Percent of bad certain matches (disparity error > 1) and fraction of pixels matched as a
function of winner margin m for the Tsukuba image pair. Lower margins result in fewer errors but
leave more pixels unmatched. (b) Performance of our matching algorithm while aggregating with
increasing window size w (see Section 5.3 and Figure 7) using a constant margin m = 0.5. The
last row shows the percentage of bad pixels in unoccluded regions after the remaining unmatched
regions have been filled in.

Margin m Bad Matched

1.0 12.1% 96%
0.9 9.5% 90%
0.8 6.0% 81%
0.7 4.0% 73%
0.6 3.2% 66%
0.5 2.8% 59%
0.4 2.4% 53%
0.3 2.1% 45%

(a)

Final w Pass Bad Matched

5 1 2.8% 59%
9 2 3.8% 83%

13 3 4.0% 90%
17 4 4.0% 91%
21 5 4.0% 91%

21 5* 4.9% 100%

(b)

certain matches to warrant the inability to deal with narrow occluding objects imposed
by the ordering constraint.

The second advantage of eliminating matches by setting their costs to Cmax is that
occluded pixels can be detected more easily. We currently label all pixels as occluded
when their minimum cost value is more than 10 times the average cost value of all
certain matches. This works very well in textured areas with many certain matches,
whose Cmax values effectively rule out all disparities for pixels that must be occluded.
The disparities of occluded areas can be estimated fairly reliably by filling them with
the nearest background disparity on each scanline. This is the last stage in our matching
algorithm. First, however, the disparities in ambiguous regions need to be recovered,
which is discussed next.

5.3 Propagating Matches

To propagate certain matches into ambiguous matching regions, we propose an itera-
tive algorithm similar in spirit to adaptive-windows techniques [8,13,20]. Our algorithm
interleaves the selection of certain matches with further aggregation of the DSI, us-
ing successively larger windows. After each aggregation step, new certain matches are
selected among the previously uncommitted pixels. The algorithm converges quickly
because the large cost values Cmax are aggregated as well, which helps to rule out many
ambiguous matches.

Figure 7 shows the results of our algorithm on the Tsukuba image pair. We start by
aggregating with a 5×5 window, and then increase the window size by 4 after each
iteration. We use a constant winner margin m = 0.5. After 5 iterations, disparities
have been assigned to virtually all uncertain regions. The remaining occluded (high-
cost) regions are filled in as described in the previous section. Finally, we restore the
sub-pixel estimates computed before collapsing the DSI to integer disparities.
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iter = 1 iter = 2 iter = 3

iter = 4 iter = 5 final

Fig. 7. Resolving unmatched areas using increasing amounts of aggregation. The figure shows a
sequence of six (color) disparity maps as the matching process aggregates the DSI with windows
of size 5, 9, 13, 17, and 21, and selects certain matches after each pass. Uncertain matches are
shown in blue; high-cost (occluded) matches are shown in red. After the 5th pass, the remaining
unmatched areas are filled in. Underneath each disparity map is the corresponding disparity error
map (for certain matches only). Table 2b lists the statistics for each of the six disparity maps.

Table 2b lists the statistics for each of the five iterations. Note that the number of bad
matched pixels increases only slightly, and the final numbers are quite good. The overall
performance (4.9% bad unoccluded pixels) is comparable to most methods evaluated in
[14], except for the graph-cut method [6]. The overall running time for this experiment
is 4.7 seconds on a 750 MHz Pentium III machine.
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6 Conclusion

In this paper we have presented both novel matching costs and a new symmetric matching
algorithm. Our matching costs are based on interpolated image signals, and are moti-
vated by a frequency analysis of the continuous disparity space image (DSI). We have
explored several symmetric cost variants, including a generalized version of Birchfield
and Tomasi’s matching criterion [3]. While there is no clear winner among the different
variants, we have shown that our new costs result in improved matching performance,
in particular in high-frequency image regions. An added benefit is that the sub-pixel
information derived during the initial cost computation can be restored at the end for
the winning disparities, even if the intermediate matching process operates on integer
disparities.

Our second contribution, the symmetric matching algorithm, utilizes visibility con-
straints to find an initial set of high-confidence matches, and then propagates disparity
estimates into ambiguous image regions using successive aggregation of the DSI. Our
initial experiments show competitive performance for a method that does not perform
global optimization.

There are several issues we plan to address in future work. Relating to matching costs,
we have started to explore the effect of certain asymmetries that occur when collapsing
the subsampled DSI to an integer grid. We also want to evaluate our matching costs
with further experiments, and compare them with the method developed by Shimizu
and Okutomi [15]. Relating to disparity estimation, we plan to improve our current
algorithm and to test its performance on image pairs with narrow occluding objects that
violate the ordering constraint. In the longer term, we hope to achieve results competitive
with the graph-cut algorithm [6] by exploring new ways of imposing global smoothness
constraints in textureless areas.
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Abstract. We investigate a strategy for reconstructing of buildings from
multiple (uncalibrated) images. In a similar manner to the Facade ap-
proach we first generate a coarse piecewise planar model of the principal
scene planes and their delineations, and then use these facets to guide
the search for indentations and protrusions such as windows and doors.
However, unlike the Facade approach which involves manual selection
and alignment of the geometric primitives, the strategy here is fully au-
tomatic.
There are several points of novelty: first we demonstrate that the use
of quite generic models together with particular scene constraints (the
availability of several principal directions) is sufficiently powerful to en-
able successful reconstruction of the targeted scenes. Second, we develop
and refine a technique for piecewise planar model fitting involving sweep-
ing polygonal primitives, and assess the performance of this technique.
Third, lines at infinity are constructed from image correspondences and
used to sweep planes in the principal directions.
The strategy is illustrated on several image triplets of College buildings.
It is demonstrated that convincing texture mapped models are generated
which include the main walls and roofs, together with inset windows and
also protruding (dormer) roof windows.

1 Introduction

The objective of this work is the automated construction of 3D texture mapped
models of buildings from a number of close-range photographs of the scene.
Much research into automation in the photogrammetry community has con-
centrated on reconstruction from aerial, i.e. long-range, views (e.g. [3,5,9,15,19,
20]). For close-range photographs there are several manual systems available
(e.g. Facade [27], Canoma [1], PhotoModeller [2]) which may be used to produce
excellent piecewise polyhedral and piecewise quadric scene models of buildings.
Automated close-range reconstruction of buildings [11,12,21,26], is less thor-

oughly explored than long-range. Two recent papers represent well the spectrum
of approaches currently available. Dick et al [12] cast the problem as model based
recognition, and attempt to fit very strong models using a Bayesian framework.
The models are highly tuned to the scene (e.g. a gothic window for a chapel)
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and the strong priors (e.g. on height and width) considerably narrow down the
search. The method recognises these models in a single image, and other images
may then be used to verify these recognition hypotheses. At the other end of
the spectrum Tao et al [26] cast the problem as that of fitting piecewise planar
patches over multiple views. The patches are determined by (over-) segmenting
a reference image using colour, and subsequently larger regions are assembled
by merging 3D patches. In contrast to [12] the method cannot proceed if only a
single view is available as it is completely rooted in multiple view stereo. Both
methods produce excellent results.
In this paper we explore a strategy that is located in the ‘middle’ of this

spectrum: we fit quite generic models (planes, polyhedra). These are weaker than
the scene specific models of [12] but stronger than the planar patches employed
in [26]. Our approach is inspired by that of Facade [27] and proceeds in two
stages: first, a coarse piecewise planar model of the principal scene planes and
their delineations is generated; and second, this coarse model is used to guide
the search for fitting more refined polyhedral models of the indentations and
protrusions from the coarse model, such as windows and doors.
The method is targeted on architectural scenes which typically contain planes

orientated in three dominant directions which are perpendicular to each other,
for example the vertical sides of a building and the horizontal ground plane. The
strategy assumes that the scene contains three such principal directions and that
the images contain sufficient information to obtain the vanishing points of these
directions.
At the technological level we considerably extend the one parameter ‘plane-

sweep’ method that has been used by several previous researchers for plane
fitting [4,8,11,16]. The extensions are of two types: previously the method was
employed with calibrated cameras with known external orientation. Here we are
in an uncalibrated setting, and the directions for the sweep are computed from
vanishing points in the images. The second extension is to sweep not only planes,
but also polyhedral models.

2 Preliminaries

In this section we describe the stages of camera computation, vanishing point
detection, image point and line matching, and the estimation of the 3D counter-
parts of the points and lines. This is the necessary starting point in preparation
for the ‘clothing’ of the scene by planar primitives. These stages do contain novel
elements, but they are not the main issue of this paper so will only be described
briefly in the following paragraphs. They will be illustrated for the image triplet
shown in figure 1.

Projective Reconstruction: Interest points are matched between the image
triplet and a trifocal tensor estimated using standard robust methods (see [17]
for full details and citations). The result is a camera corresponding to each image
and a set of 3D points, defined up to an unknown projective transformation of
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(a) (b) (c)

Fig. 1. Three images of a Merton College court acquired with a hand held low cost
Olympus digital camera. The image size is 1024× 768 pixels.

3-space. The projective reconstruction computed from the images of figure 1
has 684 3D points, which after bundle adjustment achieve a RMS reprojection
accuracy of 0.14 pixels, with a maximum error of 1.01 pixels.

Vanishing points: Much previous work has been devoted to automatic van-
ishing point detection (e.g. [6,7,10,18,22,23,25,28]), and we employ a standard
method where lines are computed independently in each image, and the van-
ishing points corresponding to the three principal directions estimated using a
RANSAC method. The typical line sets used to compute the vanishing points are
shown in figure 2. The vanishing points are then matched across the images by a
simple combinatorial algorithm. The principal direction (which is a point in 3D,
the pre-image of a vanishing point) is estimated by minimising the reprojection
residuals from the lines supporting each vanishing point.

(a) (b) (c)

Fig. 2. Vanishing point computation. (a), (b) and (c) shows the lines (in white) sup-
porting the vanishing points corresponding to the three principal directions for the
first image of figure 1. The thick line in (b) and (c) is the horizon computed as the line
through the vanishing points.

These principal directions (which are points at infinity) then play an impor-
tant role throughout the reconstruction strategy. For example, in determining a
vertical facade plane by a RANSAC search on 3D point triplets, the directions
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provide two of the points with only one point required to be sampled from the
matched scene points. This is described in section 3.

Metric rectification: The approach used here to upgrade the projective re-
construction to metric is based on two metric constraints: the three principal
and orthogonal scene directions; and that the cameras have square pixels. The
method proceeds in three steps. First, the three principal directions (points at
infinity) are computed from their images (the vanishing points). This deter-
mines the plane at infinity as the plane defined by the three directions, and
consequently the projective reconstruction is upgraded to affine. Second, the
principal directions are forced to be mutually orthogonal. This determines a re-
construction which differs from metric only by a scaling in each of the principal
directions. In the last step, these scalings are determined (up to an overall scale)
using the constraint that the camera pixels are square by linearly minimizing an
algebraic residual.
This linear, non-iterative algorithm yields a very good initial estimate of

the metric cameras, i.e. both the internal and exterior orientation. For exam-
ple the computed internal parameters for the first image are: principal point
(580.5, 349.0), aspect ratio 1.00055, angle between image axes 89.8944◦, and
focal length 1085.4 pixels. Their further improvement is possible by a bundle
adjustment constrained by orthogonality and square pixels assumptions. The
reconstructed 3D point cloud after the metric rectification is shown in figure 3.

Fig. 3. Two views of the cloud of 3D points after metric rectification. The spheres
depict the camera centers.

Line matching: We use a local implementation of the line matching method
of Schmid and Zisserman [24]. Line segments are detected independently in each
image, and then matched across the triplet using a combination of photometric
constraints and trifocal geometry. In total 434 line segments are matched. Special
attention is paid to horizontal lines as these tend to lie in epipolar planes for
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typical acquisition geometries. The resulting ambiguity is resolved by a search
to register the photometric neighbourhood – a ‘line sweep’.
We then carry out another stage of processing where the lines are classified

into disjoint direction sets and re-estimated with this additional constraint. This
is crucial for (i) accuracy of the estimated 3D lines, and (ii) organizing the
subsequent search for higher level building primitives (planes, polygons). In more
detail, from the intersection point of the line with the plane at infinity, the
lines are labeled (using χ2 statistics on reprojection residuals) as belonging to
one of seven classes: principal direction (3), principal line (3), other (1). For
example if a line is vertical, then it intersects the plane at infinity at the vertical
direction. When it is re-estimated under this (hard) constraint, the minimization
of reprojection error is only over the two remaining parameters of the line. Figure
4 shows the resulting matched lines in 3D.

(a) (b)

Fig. 4. Reconstructed 3D lines, shown reprojected onto the first image (a) and in 3D
(b). Of 193 matched lines, there are 7 mismatches (mostly due to repeated structure
on the lawn). Of the rest, 168 lines go through a principal direction (e.g., vertical), 19
go through a principal line (e.g., are parallel to a wall), and none is unconstrained.

3 Coarse Model Fitting
The objective of this section is to automatically construct a coarse polyhedral
model of the scene, given the cameras, 3D points, directions and lines, whose
computation was described in the previous section. Numerous methods have been
given for plane and polyhedral fitting and we employ these with the addition of
direction constraints.
In overview we organize the search in the following stages: first we search for

planes intersecting two principal directions (typically walls). The intersections
of these planes give a partial delineation, and visibility is then used to determine
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which parts of the delineation are included. Second, we search for planes incident
with the selected wall planes and intersecting one principal direction (roofs). The
vertical walls are consequently completely delineated: above by the roof plane,
below by the ground plane, and laterally by other planes or the image boundary.
To give an example of a plane search, suppose we are searching for the vertical

wall. Two types of methods are employed. One is the standard RANSAC [13]
robust estimation. The novelty here is that samples are not simply based on three
random points, but on one of the following particular samples: one point and
a 3D line of the appropriate class (in this case not oblique); one point and the
appropriate line at infinity (the one corresponding to vertical planes); two points
and the appropriate point at infinity (e.g. the vertical direction). This ensures
that only planes of the required type are estimated, and has a considerable
advantage in reducing complexity – e.g. one finite 3D point match is sufficient
to instantiate a plane. The second type of method is plane sweeping which is
described in more detail below. Both types of method are attempted and the
result of the most successful is used. The other planes (e.g. the roof planes) are
searched for in a similar manner.

(a) (b) (c)

Fig. 5. Coarse model: wire frame projected to image 1 (a), shaded (b) and texture
mapped (c) 3D model.

In most cases to date finding the principal vertical planes is straightforward.
The ground plane often contains fewer point and line matches, and is found by
plane sweeping. Once the vertical and ground planes are known, the search for
roof planes is simpler because much of the erroneous data can now be ignored.
The coarse model is shown in figure 5.

3.1 Plane Sweeping

The objective here is to determine scene planes by a one parameter search (the
sweep) of a virtual plane. The support for the virtual plane as it is swept is
measured using the planar homography induced by the plane to define a point-
to-point mapping between the images, and aggregating cross-correlation scores
directly from the images. The novelty of the application here is that we define the
sweep about a line at infinity. A line determines a plane up to one parameter,
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Fig. 6. Plane sweep under translations along a principal scene direction. (a,b,c) show
images in figure 1a and 1b superimposed by a homography map corresponding to
a translating a virtual scene plane. This scene plane is parallel with the left wall.
The right-hand figures illustrates position of the wall and swept plane from a plan
view. (d) shows a plot of the score function against translation. The circles correspond
to the translations in (a,b,c), respectively. The middle translation is the one which
best registers the planes, and this is visible in (b) where the plane of interest is most
“focussed”.
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and in this case the parameter defines a translation of the plane since planes
through a line at infinity are parallel.
For example, to search for the ground plane, the horizontal line at infinity is

used, and the resulting sweep is in the vertical direction across the scene. When
the swept plane corresponds to the actual ground plane, then image regions
mapped by the homography will be highly correlated in the region correspond-
ing to the ground. By determining the swept plane which produces the highest
correlation (measured by an appropriate robust score function described below)
the true position of the ground plane is determined. The sweeping is illustrated
for one of the principal directions in figure 6.
Plane sweeping is able to determine scene planes even in the absence of any

point or line correspondences for that plane (as are required in RANSAC fitting).
The cross-correlation is measured as follows: first image points at significant

image gradients are determined (e.g., [14]); second, a sample of these points are
selected as the key points at which to measure the cross-correlation. Only these
points are used in order to improve the signal to noise ratio by discarding uninfor-
mative points in homogeneous image regions. Approximately 10% of image pixels
are selected as the keypoints. At each of the key points the cross-correlation is

sc
or

e

translation

mode B

mode A

(a) (b) (c)

(d) (e)

Fig. 7. (a) Aggregated similarity score in the neighbourhood of the wall plane com-
puted over three views. Mode A corresponds to the wall plane, and B to the plane
of the windows. The magnitude of the similarity scores for individual key points are
represented by pixel darkness in (b) for the swept plane at the position of mode A,
and (c) for the position of mode B. The key points belonging mostly to the wall plane
score highly (are dark) in (b) and those belonging to the window plane score highly
in (c). Points belonging to windows, (d), are obtained by thresholding depths at the
value denoted by the cross in plot (a). (e) Rectangles robustly fitted to clustered points
shown on the rectified facade.
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computed between the point’s neighbourhood and the corresponding neighbour-
hood in the other image mapped by the homography induced by the sweeping
plane. A neigbourhood size of 7× 7 pixels is used here. The cross-correlation is
computed between all pairs of images, and the result averaged. A score function
consists of the cross-correlations averaged over all points as a function of plane
translation. Typical score functions are shown in figure 6.

Performance assessment. In practice plane sweeping is a very powerful fitting
method, and we may ask why it is so successful. There are two main reasons: (i)
it correctly models and corrects for distortion of the correlation region between
the image, in a similar manner to wide baseline stereo matching (cf. stereo
rectification which doesn’t correct) – this is the reason that the matching of
individual key points is so precise (see figure 7b and c), and (ii) the scoring
function aggregates over a large number of points in order to estimate depth (cf.
traditional stereo where the depth of each point is estimated independently).

4 Refinement

In this section we refine the coarse polyhedral model computed in the previous
section by attempting to fit two types of polyhedral model to account for de-
viations from the plane. The models are a rectangular block (this fits to doors
and windows, described in section 4.1), and a wedge block (this fits to dormer
windows (in roofs) and wall protrusions, described in section 4.2).
These models are quite generic, and in contrast to the approach of [12] there

is no use of strong priors to define (for example) their aspect ratio. Fitting is
initiated in regions on either side of the fitted plane where there is evidence of a
perturbation from the plane. All models are fitted by variations on sweeping as
described below.

4.1 Fitting Rectangular Block Models

The idea is to determine regions of the plane which do not coincide with the
coarsely fitted scene plane, and then to model these regions as rectangles aligned
with the principal scene directions. Note, each region is modelled independently
and from depth information alone.
Points which lie behind the fitted plane (indentations) are determined by

thresholding depths of individual keypoints. The threshold value is obtained
from the score function recomputed for the image region corresponding to the
current facade, see figure 7a. Two modes are clearly discernable in the function
– one corresponding to the coarse facade plane, and the other to the window
plane.
The keypoints labeled by thresholding as being behind the wall are shown

in figure 7d. Contiguous regions (corresponding to each of the windows and
doors) are then computed by robustly clustering these points. The fitted plane
has essentially simplified this task to that of clustering a set of pixels in a 2D
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Fig. 8. Refining the position of the vertical window boundaries. (a) Search regions
consisting of two adjacent rectangles which are translated horizontally. In rectangle
A the similarity score is based on the wall plane. In rectangle B the window plane is
used. (b) plots the two scores and their product, which peaks at the actual window
boundary location (the dashed line). (c) For non-occluding window edges (the left one
in this case), a gap is inserted between the rectangles. The width of the gap is the
distance between the wall and window planes projected to the image.

initial

wedge front plane

axis
symmetry

segment
hypothesized

segment
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Fig. 9. Fitting a wedge model (to reconstruct a dormer window). (a) Fitting is initiated
if a single oblique 3D line segment (depicted in yellow) is detected. A symmetry related
line segment is determined by searching for intensity gradient maximum, the gradient
is summed along the hypothesized line segment. (b) The detected symmetric segment.
(c) The top and lower line segments are determined by a similar search. (d) The model
is then completed in a straightforward manner, using the known roof plane.

image as the analysis can be carried out on a rectified version of the image
(where the principal scene directions are orthogonal in the image). Standard
image processing methods, such as simple operations of binary morphology, are
used. Rectangular boxes are then fitted to the clusters. The resulting windows
boundaries are shown in figure 7e.
The window boundaries are then refined using a further correlation based

search, but now concentrated in the vicinity of the putative window boundary.
For each boundary a one-dimensional search is carried out perpendicular to that
boundary. For example for a vertical boundary the search is horizontal. Two
score functions are computed, one based on the homography induced by the
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wall plane, the other based on the homography induced by the window plane,
as illustrated in figure 8. For the wall plane the score is high when the pixels in
the rectangle belong to the wall and small otherwise. Conversely, for the window
plane homography the similarity score is high for window pixels, and low for wall
ones. The product of these two scores peaks at the actual window boundary, as
shown in the figure. In essence this is another sweep-like fitting of a model.

4.2 Fitting Wedge Models

Wedge shaped protusions are frequently found in architecture, for example they
might form part of the roof or a bay windows. We illustrate here how a wedge
model is instantiated and fitted automatically in order to reconstruct dormer
windows in the vicinity of a roof plane.
The method is demonstrated in figure 9. Initially, all reconstructed scene

lines that intersect exactly one principal line are considered as belonging to
a potential wedge shape. The principal line of the segment defines the wedge
front plane. If the other wedge edges have been matched and are available in
3D, finishing the wedge is straightforward. However, usually these lines are not
available – for example in figure 1 many dormer edges are not even detected
by the Canny edge detector due to the complicated roof texture. In this case
a search for a line segment symmetrical to the initial segment is performed.
The search is parametrized by a single parameter (the horizontal position of the
symmetry axis) and the true location maximizes the intensity gradient along
the segment. In a similar manner, the remaining wedge edges are localized. All
dormer windows in figure 1 are successfully reconstructed.

4.3 Results

The facade model updated with models found in sections 4.1 and 4.2, and texture
mapped from the appropriate images is shown in figure 10.
The results of applying the same algorithms (coarse then refinements) to an

another image triplet are shown in figure 11. In this case, a fitting algorithm
similar to one described in Section 4.2 automatically finds the protrusion in
the left wall. The algorithm works on the same principle, but uses a different
protrusion model. It is instantiated by the horizontal oblique edge at the top
of the protrusion. The dimensions of the protrusion are then found by sweeping
hypothesized edges in directions determined by the initial edge and the principal
directions. High gradient along the swept edge is used as evidence for the true
edge. Again, the classification of principal directions is crucial here.

5 Discussion
In this work we have systematically explored a particular strategy for scene
reconstruction.
Clearly a strategy of this type is not applicable to non-urban scenes (trees,

mountains) or cluttered interiors (rooms with tables, table legs, piles of books).
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(a) (b) (c)

(d) (e)

Fig. 10. The automatically computed 3D model augmented with indented windows
in the vertical planes, and dormer windows in the roof. (a) wire frame projected onto
the image, (b) shaded wireframe, (c) textured mapped 3D model. Compare the same
view of the coarse model (d) and the augmented final model (e) – explicit modelling of
dormer windows and indented windows on the walls is clearly an improvement. Note,
in textured models the occluded parts of the roof and wall planes (e.g. behind the
dormer windows) are removed and appear as white.

A more interesting question is where it will fail in its targetted domain of ar-
chitectural scenes. By and large, and for obvious reasons, many buildings have
many horizontal and vertical parts (bricks, edges, windows, doors) so that a ver-
tical direction and line at infinity for horizontal plane may be estimated from
images. The weakest point of the current strategy is that two orthogonal hor-
izontal directions are not always available in the scene, e.g., on an octagonal
building, or a circular church. The lack of these directions affects the strategy at
several points. Fortunately, alternatives are available and these are currently be-
ing incorporated so that the strategy is not so limited. For example, when plane
sweeping for perturbations the direction of the sweep can simply be chosen as
perpendicular to the planes of the coarse geometric model.
One of the important contributions of this work is the development of fitting

geometric models by sweeping, and three new techniques are described in the
previous sections, namely sweeping scene planes about a line at infinity (used
for obtaining or refining positions of the main walls in section 3.1), correlation
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(a) (b) (c)

(d) (e)

(f) (g)

Fig. 11. (a,b,c) Input images of another court of Merton College, Oxford, acquired with
the same camera as figure 1. Reconstruction results: (d) reconstructed and classified
line segments, (e) model wire frame projected onto image 1, (f,g) final model with
indented windows and protrusion reconstructed.

based search for building edges using translating rectangles and inter image
homographies (used for refining window boundaries in section 4.1), and search for
local gradient maxima along translating line segments (used for dormer window
reconstruction in section 4.2). They have much in common: (i) A single unknown
parameter, making the search fast and simple. (ii) Evidence is aggregated over
relatively large region of interest, enabling features to be found that would not be
detected by local operators such as Canny edge detectors or correlation based
stereo on individual pixels. (iii) Results of the previous reconstruction stages
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allow sweep algorithms to focus only on relevant image parts, achieving a high
signal to noise ratio.
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15. M. Fradkin, M. Roux, and H. Mâıtre. Building detection from multiple views. In
ISPRS Conference on Automatic Extraction of GIS Objects from Digital Imagery,
September 1999.

16. A.W. Gruen. Adaptative least squares correlation: a powerful image matching
technique. S. Afr. Journal of Photogrammetry, Remote Sensing and Cartography,
3(14):175–187, 1985.

17. R. I. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision.
Cambridge University Press, ISBN: 0521623049, 2000.

18. G. F. McLean and D. Kotturi. Vanishing point detection by line clustering.
IEEE Transactions on Pattern Analysis and Machine Intelligence, 17(11):1090–
1095, 1995.

19. T. Moons, D. Frère, J. Vandekerckhove, and L. Van Gool. Automatic modelling
and 3D reconstruction of urban house roofs from high resolution aerial imagery.
In Proc. 5th European Conference on Computer Vision, Freiburg, Germany, pages
410–425, 1998.

20. S. Noronha and R. Nevatia. Detection and description of buildings from multiple
images. In Proc. IEEE Conference on Computer Vision and Pattern Recognition,
Puerto Rico, pages 588–594, 1997.

21. M. Pollefeys, R. Koch, and L. Van Gool. Self calibration and metric reconstruc-
tion in spite of varying and unknown internal camera parameters. In Proc. 6th
International Conference on Computer Vision, Bombay, India, pages 90–96, 1998.

22. C. Rother. A new approach for vanishing point detection in architectual environ-
ments. In Proc. 11th British Machine Vision Conference, Bristol, pages 382–391,
UK, September 2000.

23. F. Schaffalitzky and A. Zisserman. Planar grouping for automatic detection of
vanishing lines and points. Image and Vision Computing, 18:647–658, 2000.

24. C. Schmid and A. Zisserman. Automatic line matching across views. In Proc.
IEEE Conference on Computer Vision and Pattern Recognition, pages 666–671,
1997.

25. J. A. Shufelt. Performance evaluation and analysis of vanishing point detection
techniques. IEEE Transactions on Pattern Analysis and Machine Intelligence,
21(3):282–288, March 1999.

26. Hai Tao, Harpreet S. Sawhney, and Rakesh Kumar. A global matching framework
for stereo computation. In Int. Conf. Computer Vision, pages 532–539. IEEE
Computer Society, 2001.

27. C. Taylor, P. Debevec, and J. Malik. Reconstructing polyhedral models of archi-
tectural scenes from photographs. In Proc. 4th European Conference on Computer
Vision, Cambridge. Springer-Verlag, 1996.

28. T. Tuytelaars, L. Van Gool, M. Proesmans, and T. Moons. The cascaded Hough
transform as an aid in aerial image interpretation. In Proc. 6th International
Conference on Computer Vision, Bombay, India, pages 67–72, January 1998.



Stereo Matching with Segmentation-Based
Cooperation

Ye Zhang and Chandra Kambhamettu

Video/Image Modeling and Synthesis Lab
University of Delware, Newark DE 19716, USA,

{zhangye,chandra}@cis.udel.edu,
http://www.cis.udel.edu/∼vims

Abstract. In this paper we present a new stereo matching algorithm
that produces accurate dense disparity maps and explicitly detects
occluded areas. This algorithm extends the original cooperative algo-
rithms in two ways. First, we design a method of adjusting the initial
matching score volume to guarantee that correct matches have high
matching scores. This method propagates “good” disparity information
within or among image segments based on certain disparity confidence
measurement criterion, thus improving the robustness of the algorithm.
Second, we develop a scheme of choosing local support areas by
enforcing the image segmentation information. This scheme sees that
the depth discontinuities coincide with the color or intensity boundaries.
As a result, the foreground fattening errors are drastically reduced.
Extensive experimental results demonstrate the effectiveness of our
algorithm, both quantitatively and qualitatively. Comparison between
our algorithm and some other representative algorithms is also reported.

Keywords. Stereoscopic Vision, Occlusion Detection, Cooperative
Algorithm.

1 Introduction

Stereo matching has long been one of the central research problems and thus
one of the most heavily studied areas in computer vision. Traditional stereo
matching algorithms, also known as feature-based methods, only match points
with a certain amount of local information (such as zero-crossings or intensity
edges), with the disadvantage of producing only sparse disparity maps. However,
most modern applications (such as view synthesis, image-based rendering, z-
keying, and virtual reality) require dense, accurate disparity maps. Therefore,
we focus on dense stereo matching approaches in this paper.

Numerous dense stereo matching algorithms, including local matching (e.g.,
[16,10]), global optimization (e.g., [23,7]), dynamic programming (e.g., [2,14]),
and cooperative algorithms (e.g., [18,28]), have been proposed over the past
decades. An excellent taxonomy and evaluation of dense stereo algorithms can be
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found in [25]. According to the requirements of modern applications in computer
graphics and virtual reality, the disparity maps recovered by a stereo matching
algorithm should be smooth and detailed, i.e., continuous and even surfaces
should produce a region of smooth disparities with their boundaries precisely
delineated. Unfortunately, the disparity maps produced by most stereo match-
ing algorithms have foreground fattening errors due to disparity discontinuities.
Adaptive window [16] and iterative evidence aggregation [24] may sometimes
mitigate these errors to some extent. But they do not explicitly handle depth dis-
continuities and are computationally expensive. The segmentation based method
proposed in [27] assumes that the disparities are piecewise smooth and embed
this assumption into the planar representation of the disparities within individ-
ual image segments. This method is able to produce results with less fattening
errors. However, the planar assumption may be an oversimplification of a real
scene. Another difficult but critical problem in stereo matching is the handling of
occlusion. Some algorithms [3,15,5] have been proposed to use the ordering con-
straint to detect occlusions. However, this constraint may not be valid in a real
scene containing thin vertical foreground objects. Textureless areas pose another
challenge to stereo matching. Without enough local color/intensity variations,
local matching methods tend to generate arbitrarily wrong results. In this case,
global optimization is preferred since there are chances that the information from
correct matches can be propagated to the textureless areas.

Generally speaking, accurate stereo matching remains difficult due to depth
discontinuities, occluded and textureless areas, to name a few. In this paper,
we propose a new global stereo algorithm, segmentation-based cooperation, that
produces accurate dense disparity maps and explicitly detects occluded areas.
In our algorithm, the reference image is first segmented into homogeneous re-
gions and each image segment is labeled with a confidence level by using cross
validation. We then extend the original cooperative algorithms [18,28] in two
ways. First, we design a method of adjusting the initial matching score volume.
This method introduces a new concept, “feature disparity”, of a local patch
within an image segment. The feature disparity can be thought of as “good”
disparity information propagated within/among the image segments based on
certain confidence measurement criterion. The initial matching scores of the fea-
ture disparity are set to a relatively large value so as to guarantee that correct
matches have high initial matching scores. This technique raises the chances for
the following update (inhibition) process to locate the correct matches. Second,
we develop a scheme of choosing local support areas by enforcing image segmen-
tation information. In this scheme, two different kinds of local support areas,
matching support area and smoothing support area, are clearly distinguished.
This scheme sees that the depth discontinuities coincide with the color/intensity
boundaries. As a result, the foreground fattening errors are drastically reduced.

The rest of this paper is organized as follows. Section 2 discusses the gen-
eral assumptions in our algorithm. Section 3 presents the segmentation-based
cooperative algorithm. Extensive experimental results are reported in Section 4.
Section 5 concludes this paper.
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2 General Assumptions

All vision algorithms, explicitly or implicitly, embrace certain assumptions. For
stereo matching problem, the most widely adopted assumptions include unique-
ness and smoothness, i.e., the disparity maps have unique values and are con-
tinuous. In fact, these two assumptions are made not only in stereo matching
but also in motion analysis, where the motion displacements are assumed to be
unique and smooth. Some attempts [1,26] have been made to relax the unique-
ness assumption when transparent surfaces exist in the scene. However, dealing
with transparency is very difficult and the proposed methods [1,26] only work
in some simple situations. In this paper, we only consider the more usual case:
opaque scenes. Therefore, we still make the uniqueness assumption. The concept
of “inhibition area” proposed in cooperative algorithms [18] explicitly reflects the
uniqueness assumption. For two stereo images that are horizontally rectified, Fig.
1 [28] illustrates the inhibition area of a point (x, y) on the reference image when
assigned a disparity d. It is easy to see that the inhibition area consists of all
the possible 3D points that are projected to (x, y) on the reference image and
to (x+ d, y) on the other view. Since the inhibition area is explicitly considered
in the update functions, cooperative algorithms possess a global optimization
behavior.

Generally, the smoothness assumption is valid for the projected image ar-
eas of continuous and even surfaces. But at surface or object boundaries, this
assumption is often broken. If the matching algorithm is not aware of this, the
resultant disparity maps tend to be oversmooth, i.e., the details may be lost. A
lot of efforts [10,13,5,27] have been made to intelligently enforce the smoothness
constraint so that the disparity discontinuities can be well preserved. Inspired
by [27], we assume that the disparities vary smoothly within a homogeneous
image segment. However, unlike [27], we do not assume image segments as the
projected areas of planes, thus making our approach more general.

Finally, without loss of generality, we assume that the input images are well
rectified, i.e., the disparities are purely along one dimension.

3 Algorithm and Implementation

3.1 Initial Matching Score Volume

The image coordinate x, y and the disparity d defines a 3D disparity space. To
compute the stereo match for a point p(x, y) on the reference image, we need
to compute the matching score E0(x, y, d) at each disparity level. Therefore all
the matching scores for different points at different disparity levels form a 3D
volume 1 in this disparity space. This volume can be defined as

E0(x, y, d) = ρ(Ir, Il, x, y, d), (1)

1 This volume is also called Disparity-Space Image (DSI) in [25] and [5].
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(x, y)(x+d, y)

d

x

(x, y, d)

Inhibition Area

Left Camera RIght Camera

Fig. 1. The inhibition area illustrated on a slice of matching volume (y coordinate
is held constant). This illustration is based on a well-rectified image pair where the
disparity is purely along x dimension.

where Il, Ir are the intensity functions of the left and right images, respectively,
and ρ is the similarity measurement function (e.g., sum-of-squared-difference
(SSD), sum-of-absolute-difference(SAD), or normalized correlation). Although
we only discuss the two-frame case, it is straightforward to extend the matching
score volume to the multiple-frame case by simply summing up the scores from
other views since the matching score volume is associated with a fixed reference
image. For example, [20], [17] and [19] exploited this idea to compute multiple
baseline stereo by using sum-of-SSD (SSSD) or sum-of-SAD (SSAD).

3.2 Initial Matching Score Adjustment

Cooperative algorithms require that the correct matches produce high initial
matching scores. However, the opposite does not need to be true [28]. This
is because cooperative algorithms make decisions “globally” through inhibition
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and local support, thus possessing a good tolerance to false high-score matches.
However, due to projective distortion and inappropriate window sizes or image
noise, some correct matches may produce low initial matching scores. Therefore,
we need to adjust the initial matching score volume so that we can make sure
that correct matches are indeed labeled with high initial scores.

We exploit the ideas of cross validation and image segmentation to adjust
the initial matching scores. In this paper, we adopt the image segmentation al-
gorithm proposed in [8]. According to our assumptions, the disparities should
change smoothly within an image segment. In [27], these disparities have been
modeled as a plane, or a plane-plus-parallax. More advanced models for image
segments, such as a variable-order parametric model [4], have also been pro-
posed to represent the displacements during motion analysis. However, by using
model-based representation, the accuracy of the recovered disparities is limited
by the model’s ability to approximate the real surfaces. For example, if the scene
contains a spherical surface that is approximated by a plane model, the results
will not be accurate. In our work, we do not use any a priori model to repre-
sent the disparities in an image segment. Instead, we adopt a “multiresolution”
strategy to adjust the initial matching scores so that the update process can be
attracted towards the correct matches.

Image segmentation, in fact, is an information-based scale-space filtering.
In the segmentation map, the image portions with similar color or intensity,
and normally within the same neighborhood, are aggregated as a segment, thus
reducing the resolution. However, similar colors do not always mean similar
depths. For example, the projected image area of a very slanted Lambertian
surface with uniform texture tends to be classified as one image segment, while
the depths may change a lot within this segment. Based on this observation, to
adjust the matching volume, we first split each image segment into small local
patches (segments smaller than the pre-defined local patch size are deemed as
one patch. If the final remainder of a large segment after splitting is smaller than
the patch size, it is deemed as one patch). The splitting process is illustrated in
Fig. 2. Splitting a large segment into small local patches equals to increasing the
resolution of the disparities within this segment. We assume that, within each
small local patch, the disparities are very similar, i.e., if we assign an appropriate
disparity to all the points in the local patch, the corresponding patch in the other
view should be very similar to the original patch. We call this disparity “feature
disparity” of this local patch. We can find the feature disparity di of patch pi by
solving

di = argmax
d∈D

Sim(i, d), (2)

where Sim(i, d) is a similarity measurement when patch pi is assigned a disparity
d, D = (Dmin, Dmax) is the set of all the possible disparities.

However, performing exhaustive search in D to find the feature disparity of a
patch is not a good idea. The reasons are two-fold: one is that exhaustive search
is time-consuming; the other is that large search scope increases the chances for
image noise to overwhelm the correct results, as typically the local patch does
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(a) Image segmentation map (b) Splitted image segmentation map

Segment Local patch

Fig. 2. The process of splitting image segments.

not have much texture information. In our algorithm, we design a method to
reduce the search scope based on a confidence measurement of each segment. The
confidence measurements are delivered via cross validation2. First, a matching
score volume E0(x, y, d) is computed between a stereo pair I0 and I1 along the
epipolar line. The measured disparity is the one with the largest matching score.
We perform the similarity computation twice by reversing the roles of the two
images and consider as valid only those matches for which we measure the same
depth at corresponding points when matching from I0 to I1 and from I1 to I03.
To further increase the Signal/Noise ratio, we filter out those valid points that
are either isolated or have very large standard deviation in a small neighborhood.
Finally, we get an initial disparity map with few errors. Fua [11] pointed out that
as the Signal/Noise ratio decrease, the performance of cross validation degrades
gracefully in the sense that the density of matches decreases accordingly but the
ratio of correct to false matches remains high. In other words, a relatively dense
disparity map is almost a guarantee that the matches are correct (up to the
precision allowed by the resolution being used). In fact, to further guarantee the
correctness of the valid matches, we can adopt a simplified version of adaptive
windows [16] to perform the cross validation: We can perform cross validation
by using different sizes of local windows (e.g., 5 × 5 and 3 × 3) and consider as
valid only those matches for which we measure the same depth by using different
window sizes. Based on these observations, if we divide the reference image into
segments with homogeneous color/intensity, we can label the confidence level

2 It is also interesting to notice that from the perspective of cooperative algorithms,
cross validation is actually performed in the inhibition area.

3 Following this method, it is straightforward to extend cross validation to more than
two frames: Compute the valid disparities between I0 and I2, I3, ..., IN−1, respec-
tively. Then merge the results together and get a sparse initial “valid” disparity
map. If two sets of views produce different valid disparities, the one with higher
matching score wins. Also, the matching score in the matching score volume is up-
dated accordingly.
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of the disparities in each image segment according to the density of the valid
matches within the corresponding segment. That is,

L(s) =



V ALID if r ≥ α1;
SEMIV ALID if α2 ≤ r < α1;
INV ALID if r < α2,

(3)

where r is the ratio of valid disparity points in segment s, α1 and α2 are positive
thresholds, and V ALID, SEMIV ALID and INV ALID are all symbolic values.
V ALID means that we have high confidence on the disparity map within seg-
ment s. INV ALID means low confidence, and SEMIV ALID means medium
confidence. This labeling method reflects an assumption we have made: image
segments where the valid disparity points are dense are more reliable. Again,
Fua’s experiments [12] have shown that this assumption holds in most cases.

Once we have labeled the confidence level of image segments, we can compute
the feature disparity of each local patch by

1. If patch pi belongs to a V ALID segment s, find the minimum (dmini) and
maximum (dmaxi) disparities of all the valid points in s. Then solve

di = argmax
dmini−δ<d<dmaxi+δ

Sim(i, d), (4)

where δ is a small positive number, and di is the feature disparity of pi.
2. If patch pi belongs to a SEMIV ALID segment s, find the minimum (dmini)

and maximum (dmaxi) disparities of all the valid points in s and all its
neighboring segments. Solve Eq. 4, and di is the feature disparity of pi. If
patch pi belongs to an INV ALID segment s, di is undefined.

From above, we can see that for V ALID and SEMIV ALID segments, the
disparity range for searching feature disparity has been reduced. This will not
only improve the efficiency but also improve the robustness of the algorithm.
Notice that we do not compute the feature disparity for INV ALID segments.
This is because it is very possible that the INV ALID segments may be occluded
areas and no reliable information is available. The feature disparities computed
for Tsukuba head scene are illustrated in Fig. 3.

After we find the feature disparities for some patches, the initial matching
score volume is adjusted as

E0(x, y, d) =
{
C if ∃i (x, y) ∈ pi and d = di,
E0(x, y, d) else,

(5)

where di is the feature disparity for local patch pi and C is a relatively large
matching score. In our work, it is set as the maximum value of all the initial
match scores at point (x, y).

Compared with [27] where disparities in one segment are always iteratively
hypothesized according to the neighboring segments (we call this inter-segment
hypothesis), our method should be more efficient. For a segment with high con-
fidence, we search the feature disparity only within the valid disparity range of
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(a) (c)(b)

Fig. 3. Feature disparities computation: (a) initial valid disparity map, (b) image seg-
mentation map, (c) computed feature disparity map (black areas mean no definition).

this segment (we call this intra-segment hypothesis). Only for those segments
without enough confidence, we utilize the information from the neighbors. It is
also important to remember that the feature disparity is not the final disparity
value assigned to every point in one local patch. However, we believe that it
should be close to the correct disparities. Therefore, the feature disparity serves
as a force to drag the update process towards the correct disparities. It is still
the global cooperation that makes the final decision on the disparity values.

3.3 Segmentation-Based Local Support

Many stereo matching algorithms require a concept of “local support”, i.e., ag-
gregation of evidence from the neighboring pixels. This is because stereo match-
ing is in general ambiguous: there may be multiple equally good matches if the
matching score is computed independently at each point. Normally a support
region is a two-dimensional (x − y) or three-dimensional (x − y − d) neighbor-
hood of the current pixel. Traditional local support assumptions include: the
depth constancy assumption by Marr and Poggio [18,9], the disparity gradient
limit by Pollard, Mayhew and Frisby (PMF) [21], the disparity similarity func-
tion by Prazdny [22]. Kanade and Okutomi [16] presented a detailed analysis
of the relationship and differences among them. They also proposed a method
to adaptively adjust the SSD or correlation window size and shape according to
the variation of the local intensities and disparities.

However, it is important to realize that there are two kinds of “local sup-
port”. The first one is used to compute the matching score of a point given a
disparity. The matching score of a point is normally the similarity measurement
between a local area of the interested point and the local area in the other view
corresponding to the assigned disparity. We call this local area, often in the
form of a m×n window centered on the interested point, a “matching support”
area. The matching support area needs to be large enough to contain enough
color/intensity variations (texture information) for reliable matching, and be
small enough to avoid the effects of projective distortion. For example, the lo-
cal window used to compute the matching volume and the adaptive window in
[16] belong to the matching support. The underlying assumptions of this sup-
port are Lambertian surfaces, i.e., surfaces whose appearance does not vary with
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viewpoint. The other kind of local support is called the “smoothing support”.
The local support used in cooperative algorithm [28] belongs to this category.
The purpose of the smoothing support is mainly to propagate disparity infor-
mation within a neighborhood and make the resultant disparity maps smooth.
The underlying assumption is that the disparities do not vary much within the
smoothing support area of the interested point. In smoothing support area, we do
not need rich color/intensity variations (texture information). The only concern
is to make sure disparities actually do not change much within this area.

For simplicity, Zitnick and Kanade [28] chose a box-shaped 3D local smooth-
ing support area. The problem of this simple strategy is that the depth discon-
tinuities may be blurred because the smoothing support area may be applied
across the depth boundaries. In our work, we propose a scheme to choose the
smoothing support area by utilizing the image segmentation information. Specif-
ically, we define the 3D smoothing support area of a point (x, y) as

Φ(x, y, d) = {(x′, y′, d′)‖(x, y) ∈ pi ∧ (x′, y′) ∈ pi ∧ d′ ∈ [d− rd, d+ rd]}, (6)

where pi is the local patch within an image segment that contains (x, y), and rd
is a small positive number that defines the support along the d dimension. Since
the local patch within an image segment is used to define the x− y support, the
image segmentation information is explicitly enforced.

Then, we can define an aggregated matching score volume by averaging the
matching scores within the smoothing support areas:

An(x, y, d) =
1

N(x, y, d)

∑
(x′,y′,d′)∈Φ(x,y,d)

En(x′, y′, d′), (7)

where En is the matching volume, n is the iteration number, and N(x, y, d) is
the number of points in Φ(x, y, d).

Observing the definition of Φ carefully, we can notice that it has some inter-
esting characteristics. First, unlike common local support definitions, smoothing
support areas Φ of different points do not overlap with each other in the image
plane. Second, all the points in patch pi have the same aggregated matching
score. This means that the aggregation process can be implemented in a very
fast way. However, the drawback is that the disparity propagation within one
image segment may not be enough. Therefore, a substitute smoothing support
area of (x, y, d) can be defined as (x, y)’s local patch pi and pi’s neighbors, i.e.,

Φ′(x, y, d) = {(x′, y′, d′)‖ (x, y) ∈ pi∧
((x′, y′) ∈ pi ∨ ((x′, y′) ∈ pj ∧ pj is a neighbor of pi))∧
d′ ∈ [d − rd, d + rd]}.

(8)

Then the aggregated matching volume is defined as

A′
n(x, y, d) =

1
N ′(x, y, d)

∑
(x′,y′,d′)∈Φ′(x,y,d)

En(x′, y′, d′), (9)

where N ′(x, y, d) is the number of points in Φ′(x, y, d).
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A′
n(x, y, d) has the advantage of propagating more information through an

image segment because Φ′ overlap with each other in an image segment, thus
making the disparities within the image segment more smooth. In our imple-
mentation, we use Φ′ as local support areas. It is also worth mentioning that
weighted summation may be used in Eq. 9. For simplicity and efficiency reasons,
we use simple summation in our implementation.

3.4 Matching Score Update

The uniqueness assumption states that one pixel in the reference image has only
one match within a set of elements that project to the same pixel in the other
view. As illustrated in Fig. 1, the inhibition area of a point (x, y, d) can be
defined as all the elements that overlap this point when projected to an image.
This means that the inhibition area consists of two lines of sight. In other words,
the inhibition area Ψ of point (x, y) when assigned disparity d can be defined as

Ψ(x, y, d) = {(x′, y′, d′)‖ (x′, y′, d′) projected to (x, y) in the
reference view or (x+ d, y) in the other view}.

(10)

Many inhibition functions are available. Here we choose the one used by
Zitnick and Kanade [28] for it’s simplicity:

Rn(x, y, d) =

(
An(x, y, d)∑

(x′,y′,d′)∈Ψ(x,y,d)An(x′, y′, d′)

)α

, (11)

where Rn(x, y, d) denotes the amount of inhibition at (x, y, d) and α is a positive
constant called the “inhibition constant”. This constant controls the speed of
convergence. To guarantee that there is a single element within Ψ that will
converge to 1, α must be greater than 1. Then the update function can be
defined as

An+1(x, y, d) = A0(x, y, d) ∗Rn(x, y, d). (12)

To prevent oversmoothing to some extent, the initial aggregated match values
A0 are introduced in this update function to restrict the current match values.
Zitnick and Kanade [28] compared this update function with the original Marr
and Poggio [18] update function. Three advantages have been claimed: First, the
Marr and Poggio function used discrete match values, and was not well defined
for real scenes, while Eq. 12 uses continuous matching values and is well defined
for real scenes. Second, use of A0 maintains better disparity details. Third, Eq.
12 is much simpler and computationally efficient. In our work, we used this
update function and found that it worked excellently in our experiments. Fig. 4
illustrates an initial versus converged slice of the matching volume.
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(a) (b)

x

d

Fig. 4. The convergence of a slice in the matching score volume by applying Eq. 12:
(a) the initial slice, (b) the converged slice.

3.5 Occlusion, Confidence Measurement, and Subpixel Accuracy

Real scenes almost always contain occluded areas. Unfortunately, most stereo
algorithms are not able to handle occlusion explicitly. Instead, most of them
hypothesize disparities in occluded areas based on the disparities in the neigh-
borhood and may produce errors. Increasing the number of cameras is a natural
way to reduce occlusion, but it is not always feasible. Some research (e.g., [5])
have proposed finding occlusion and matches simultaneously by imposing the or-
dering constraint, which states that the objects maintain the same left-to-right
order in different views. However, the ordering constraint may mislabel visible
pixels as occluded, and this constraint may not be valid when there exist thin
vertical objects in the foreground.

In cooperative algorithms, the converged match values can be used as a nat-
ural criterion for occlusion detection [28]. Because no correct matches exist for
the occluded areas, the converged match values corresponding to occluded pix-
els should be small. Furthermore, the update (inhibition) process decreases the
match values of occluded pixels. However, for mutually occluded areas within the
disparity range, higher match values may occur in occluded areas. So, as long as
the mutually occluded areas do not have similar colors/intensities, all the con-
verged match scores at occluded pixels should be small. Thus, in our algorithm,
if a converged matching score is less than a threshold, the corresponding pixel is
labeled as occluded. Following the same logic, the converged match scores of the
resultant disparity map can be directly used as its confidence measurements.

In our algorithm, subpixel accuracy can be achieved via two ways. One is
to split the initial matching volume into half-pixel or quarter-pixel levels. The
matching scores at subpixel levels can be interpolated by fitting a curve (e.g., a
quadric) to the neighboring scores. The other way is to directly fitting a curve
to the final matching scores after the update process converges. We adopt both
methods in our implementation.

4 Experimental Results

We have implemented our segmentation-based cooperative (SBC) algorithm un-
der a PC platform. The algorithm takes about four seconds per iteration with
256 × 256 images on a Pentium III 800MHz machine. We have applied this al-
gorithm to real imagery. Fig. 5 illustrates the results on the head scene from
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(a) (b)

(d) (e) (f)

(c)

Fig. 5. Results on Tsukuba heads cene: (a) is the reference image. (b) is the ground
truth. (c), (d) and (e) are the disparity maps computed by using the GPM-MRF
algorithm [6], the cooperative algorithm [28], and the SBC algorithm, respectively. (f)
is the occlusion map computed by using the SBC algorithm.

University of Tsukuba. This data set consists of 25 images taken from a 5 × 5
camera array. Only two images along a horizontal row are used as the input data
to our algorithm. The head scene contains textureless areas such as the table
and the lampshade. It also contains thin structures such as the rods of the lamp.
Figures 5 (a) and (b) show the reference image and the ground truth, respec-
tively. For comparison purpose, Figures 5 (c), (d), (e) show the results produced
by using the GPM-MRF algorithm [6], the cooperative algorithm [28], and the
SBC algorithm, respectively. Fig. 5 (f) shows the detected occluded areas by the
SBC algorithm. We can see that the rods of the lamp, the shape of the head,
the outline of the desk and the profile of the camera are clearly preserved in our
result. We can also see that for thin structures (such as the rods of the lamp), our
algorithm produces least fattening errors. Our algorithm also correctly reports
the occluded areas, i.e., the right sides of the lampshade, the desk and the head,
the upper sides of the rods.

Since the head scene is provided with dense ground truth disparities, we
can quantitatively evaluate the SBC algorithm. Table 1 shows the comparison
between the SBC algorithm and some other representative algorithms. The error
rate is defined as the percentage of those disparity values with absolute errors
greater than one pixel compared with the ground truth. From the table we can
see that our algorithm produces very accurate results.

Fig. 6 presents the results on the CMU shrub scene and coal mine scene. The
disparity maps are smooth and maintain clear depth boundaries at the same
time. For the CMU shrub scene, the parking sign and the shrub boundaries are
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Table 1. Comparison of SBC and other algorithms on Tsukuba head scene

Algorithms Error > 1
SBC 1.2

Zitnick and Kanade[28] 1.4
GPM-MRF [6] 2.8

LOG-filtered L1 [6] 9.0
Normalized Correlation [6] 10.0

(a) (b) (c)

(d) (e) (f)

Fig. 6. Results on CMU shrub and coal mine scenes: (a) and (d) are the reference
images of shrub and coal mine scenes, respectively. (b) and (e) are the disparity maps
computed by using the SBC algorithm. (c) and (f) are the computed occlusion maps.

clearly preserved in the produced disparity map. Although the background (the
brick wall) contains a lot of repetitive patterns, our algorithm still recovered the
disparities correctly. For the CMU coal mine scene, the shapes of the buildings
are precisely delineated in the produced disparity map.

We also extended our algorithm to three-frame stereo matching by accumu-
lating the matching scores from all views. Fig. 7 shows the results by applying
our algorithm on a Triclops snapshot. The Triclops consists of three calibrated
camera heads configured as a “L” shape. Figures 7 (a), (c) and (d) show the
images acquired by the top, the left and the right camera, respectively. Fig. 7
(b) shows the computed disparity map. We can see that the outline of the person
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(a)

(c)

(b)

(d)

Fig. 7. Results on a three-view lab scene by using SBC algorithm: (a) top image, (b)
disparity map, (c) left image, (d) right image.

is clearly maintained. The depth relationships between the body, the hand and
the leg are accurately recovered.

We have further performed extensive experiments on other benchmark data
(such as the pentagon scene, the meter machine scene, etc.) and also on stereo
data produced in our lab. Our system has consistently produced accurate dis-
parity maps.

5 Conclusion

We have presented a new segmentation-based cooperative algorithm for stereo
matching. This algorithm extends the earlier cooperative algorithms [18,28] in
two ways. First, we designed a method of adjusting the initial matching score vol-
ume to guarantee that correct matches have high matching scores. This method
propagates reliable disparity information among/within image segments based
on the confidence labels of image segments, thus improving the robustness of the
algorithm. Second, we developed a scheme for choosing local support areas by
enforcing the image segmentation information. This scheme sees that the depth
discontinuities coincide with the color/intensity boundaries. As a result, the fore-
ground fattening errors are drastically reduced. We also show that the converged
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matching scores can be used as the confidence measurements and occluded areas
can be easily detected by setting a threshold on the converged matching scores.
Through extensive experiments, we demonstrate the effectiveness of our SBC
algorithm.

Our algorithm may produce oversmooth results when depth discontinuities
appear in a homogeneous image segment. One possible solution is to enforce
not only color/intensity segmentation information, but also depth segmentation
information. By doing so we can make sure that the smoothing support ar-
eas seldom overlap depth discontinuities, thus maintaining more detailed depth
boundaries.
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Abstract. Most 3D recording methods generate multiple partial recon-
structions that must be integrated to form a complete model. The coarse
registration step roughly aligns the parts with each other. Several meth-
ods for coarse registration have been developed that are based on match-
ing points between different parts. These methods look for interest points
and use a point signature that encodes the local surface geometry to find
corresponding points. We developed a technique that is complementary
to these methods. Local descriptions can fail or can be highly inefficient
when the surfaces contain local symmetries. In stead of discarding these
regions, we introduce a method that first uses the Gaussian image to
detect planar, cylindrical and conical regions and uses this information
to compute the rigid motion between the patches. For combining the
information from multiple regions to a single solution, we use a a Hough
space that accumulates votes for candidate transformations. Due to their
symmetry, they update a subspace of parameter space in stead of a sin-
gle bin. Experiments on real range data from different views of the same
object show that the method can find the rigid motion to put the patches
in the same coordinates system.
Keywords : Surface Registration, Surface geometry, Shape.

1 Introduction

Three-dimensional (3D) models of objects usually are not acquired in one piece.
We will refer to a partial reconstruction from a single view as patch. An im-
portant step in the procedure to integrate them is the registration. There are
good algorithms to do this, e.g. ICP [2,5] or the maximization of mutual infor-
mation [19]. Nevertheless, such registration algorithms require an initial, coarse
registration. Starting from very different initial positions they might not converge
to the correct solution. Providing such initial coarse registration automatically
is the goal of the work reported here.

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 572–586, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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1.1 Previous Work

Registration and 3D model-based recognition are closely related. For both ap-
plications, correspondences between 3D surfaces must be determined. Two ap-
proaches can be taken to represent surfaces for these tasks, global or local.

Global representations represent the entire surface. Some represent the entire
surface by a parametric surface [15]. Another global method is the extended
Gaussian image for which matching is based on correlating spherical maps [11,
13]. Because global representations represent the entire surface, they are not well
suited for the registration of several partial surfaces.

Local methods can handle partial surfaces better. They typically use a local
description of the surface geometry around special surface features. Correspon-
dences are determined by comparing these point signatures [6,7,8,12,21] and
the correct relative position between the patches is computed based on these
corresponding points. Several methods have been developed to find these point
correspondences. A good example is the work by Johnson and Hébert [12]. They
use so called spin images for describing the local geometry of all the surface
points. Yamani and Farag use a similar approach but apply a selection process
based on surface curvature to calculate the surface signatures only for points of
interest [21]. This work can also be seen as an extension to our previous work
[18] where we use bitangent curve pairs as landmarks on the surface. Bitangent
curve pairs represent a point pair with a common tangent plane sliding over the
surface. The type of surfaces we analyze here are degenerate cases of bitangency,
where bitangent curve pairs are not defined. For example, in a planar part all
points have the same tangent plane.

1.2 Problem and Chosen Approach

Point signatures are created based on local information. This is necessary to
have a compact description and for robustness against occlusion. However, such
local descriptions can become useless when the surface contains (local) symme-
try. For example, all points in a plane or on a cylinder will have exactly the
same signature and cannot be used to find corresponding points in this kind
of regions. Yamani and Farag [21] only calculate surface signatures in points
with higher curvature. They discard the points with low curvature because they
”are redundant and do not serve as landmarks of the object”. This is a problem
when all points of a patch have low curvature. The method we report here is
complementary because it focuses on points with low curvature, more precisely
points that have zero Gaussian curvature. We developed a method that detects
planar, cylindrical and conical parts in the surface patches and uses this infor-
mation to calculate the unknown transformation. Computing rigid motion from
many point correspondences has been studied by several authors [10,14]. The
problem they solve is typically highly overdetermined because many point cor-
respondences are available. These methods can not be used in the presence of
local symmetry, because no individual points can be identified and matched. In
this paper we introduce a method for computing the rigid motion by combining
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the constraints imposed by the detected planar, cylindrical and conical regions
in the surfaces. For example, two planes can be registered correctly while keep-
ing three degrees of freedom, two translational components parallel to the plane
and a rotation around the plane’s normal vector. They do not define a unique
transformation, but they do impose constraints on the possible transformations.
We analyze these constraints and combine them by updating a Hough space
where votes are accumulated for candidate transformations.

This paper is organized as follows. Section 2 describes how we detect the
planar, cylindrical and conical regions in the surfaces. Section 3 describes how
we calculate the transformation. Section 4 shows the results of the algorithm.
Section 5 concludes this paper.

2 Detecting Planes, Cylinders, and Cones

2.1 The Gaussian Image

The Gaussian image [4] maps the surface normal onto the Gaussian sphere. It
provides a unique representation for convex objects. IfG represents this mapping,
δO a patch on a surface and G(δO) the corresponding patch on the Gaussian
sphere , the Gaussian curvature K can be defined as

K = lim
δO→0

G(δO)
δO

(1)

Several extensions have been made to encode more information. The extended
Gaussian image (EGI) takes into account the area on the surface of points with
the same normal [11]. The complex extended Gaussian image (CEGI) adds the
distance of the tangent plane to the origin [13]. The spherical attribute im-
age (SAI) developed by Hébert, Ikeuchi and Delingette [9] also encodes surface
connectivity to provide a unique representation of the surface, up to rotation,
translation and scale. These representations are useful for recognition [11] and
pose determination [4] [13]. Sun and Sherrah use the EGI for symmetry detec-
tion [16].

When more information is encoded, creating the representation will be more
demanding. For some applications, a more complex representation is justified.
When building a database for object recognition for example, using more com-
plex models is reasonable because they can be created off-line and are used
many times. In our application, the models are created at runtime and used
only once. Using complex models is not practical, especially when many patches
are included.

As complementary information to that which our earlier work in [18] can
provide, we only want to detect the presence of planar, cylindrical and conical
regions. For this, we use the orientation histogram, which is a discrete version
of the extended Gaussian image. It is used to find candidate regions for fitting a
shape. For these candidates, the type of shape and their parametric representa-
tion will be computed. We will refer to the planar, conical and cylindrical regions
that we look for as ‘shapes’. For a region to be classified as a shape, we require
that it is connected.
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2.2 Finding Special Regions

The orientation histogram is used for detecting planar, conical and cylindrical
regions in a surface. The Gaussian image G maps a surface patch δO in a planar,
cylindrical or conical region on a region on the Gaussian sphere with zero area,
and points in such regions therefore have a zero Gaussian curvature. Because of
this, the shapes we look for generate high values in the orientation histogram.
All points in a planar part have the same surface normal and are mapped on the
same point on the Gaussian sphere. A cone or cylinder is mapped onto a circle
on the Gaussian sphere. This is illustrated in fig. 1.

a b

Fig. 1. (a) An example object. (b) The orientation histogram or needle map. Triangles
of the unit sphere are histogram bins. The normal to the triangle is also shown with a
length proportional to the histogram value. The isolated big peaks correspond to the
planes of the box. The circular configuration of smaller peaks corresponds to the cone.

To locate candidate regions we detect peaks in the orientation histogram.
Neighboring bins are combined to form clusters. For non-convex objects, such
a cluster can contain different shapes. For example, all points in parallel planar
regions will fall in the same cluster. The clusters are split so that they only
contain one shape. In a first step we split clusters based on the requirement that
the points in the shape have to be connected. It is easy to see that two parallel
but non-coplanar planar regions cannot be connected on the surface without
leaving the cluster. However, this can be possible for two cylindrical regions.
When a candidate region has been identified, we have to determine the type of
shape and its parametric representation. In a first step, we determine whether
the region can be planar or not. This is done by observing that for a plane,
all normals point in the same direction, while this is not the case for cones and
cylinders. If a region is classified as non-planar, we take a second step by splitting
the region into convex parts.

To validate the hypotheses, we will fit a parametric model and calculate the
Euclidean distance between the points that were used for fitting and the shape
represented by the parametric model.
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2.3 Fitting Models to the Data

We represent a plane by its equation

P : ax+ by + cz + d = 0 (2)

N(a, b, c) represents the normal to the plane. We require that it is a unit vec-
tor. Like this, the absolute value of the residue of this equation represents the
Euclidean distance between a point and the plane. We also require that the
normal is directed outward. This is done by giving it the same direction as the
corresponding bin in the orientation histogram.

Fitting a 3D plane to a set of points is a text book least square problem.
Suppose we have a number of points X(x, y, z) and have to determine the pa-
rameters (a, b, c, d). Least squares will minimize the residue of this equation and
as such minimize the Euclidean distances of the points to the plane. Fitting of
cones and cylinders to data is a lot more complicated. One approach is to use
the generic equation of a quadric :

q(x, y, z) = ax2+by2+cz2+2hxy+2 gxz+2 fyz+2ux+2 vy+2wz+d = 0 (3)

The parameters of this equation can also be determined by a linear least
square method, similar to the plane. This however poses two problems. First,
the residue of this equation is not the Euclidean distance, but an algebraic dis-
tance. Bolle and Cooper [3] use a different parameterization of cylinders such
that the residue represents the Euclidean distance. The solution is found with a
non-linear optimization, which is computationally expensive. Secondly, no guar-
antee exists that the resulting quadric represents a cone or a cylinder. Especially
when only partial data is available and in the presence of noise, the fitting
can result in other types of quadrics. This is illustrated in figure 2. Werghi et
al. [20] developed a method for constraining the solution to for example a cylin-
der. They introduce Lagrange multipliers to impose constraints on the unknown
parameters. The nonlinear constrained optimization problem is solved with a
Levenberg-Marquardt method. This leads to a computationally expensive nu-
merical algorithm.

The reason why a procedure that minimizes the Euclidean distance is com-
plicated is that no closed form expression exists. We illustrate this by explaining
the procedure we use to calculate the distance between a point X1(x1, y1, z1)
and a quadric represented by (3). Let X(x, y, z) denote the (unknown) point on
the quadric that is closest to X1. This point can be found by minimizing the
square of the Euclidean distance between X1 and X :

d2(x, y, z) = (x − x1)
2 + (y − y1)

2 + (z − z1)
2 (4)

subject to the constraint (3), i.e. that X lies on the quadric. The function to be
minimized becomes:

d2(x, y, z) + λ q(x, y, z) (5)

Partial differentiation with respect to the unknowns (x, y, z, λ) leads to the fol-
lowing set of equations :
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a b

Fig. 2. (a) Surface with a conical region. Due to the partial nature of our data and
the geometry of the object, only a very small part of the mathematical cone is present
in the data. (b) Due to measurement noise, the quadric fitted to these points is not a
cone, but an ellipsoid.




x − x1 + λ ax+ λ hy + λ gz + λ u = 0
y − y1 + λ hx + λ by + λ fz + λ v = 0
z − z1 + λ gx+ λ fy + λ cz + λ w = 0

ax2 + by2 + cz2 + 2hxy + 2 gxz + 2 fyz + 2ux+ 2 vy + 2wz + d = 0

(6)

The first three equations are linear and can be solved for x,y and z. Sub-
stitution in the last equations leads to a polynomial in λ of degree 6. The real
roots are substituted in (4) and the one with the smallest distance is chosen.

It is clear that this distance is not a closed form solution. Using this for
calculating the residue in an iterative optimization procedure would be compu-
tationally expensive. We made a trade-off between accuracy and speed. As will
be clear in the next section, for our registration application there is no need
to have the most accurate parameters. For the parameter fitting we minimize
the algebraic distance. Only in a validation step we will calculate the Euclidean
distances.

3 Registration

In this section we explain how we compute the correct relative position of two
patches. We need to determine six degrees of freedom, three translation param-
eters and three rotation parameters. Assume we found a number of shapes and
their parametric representation as explained in the previous section. Because of
the symmetry of the shapes, a single pair of corresponding shapes does not result
in a unique transformation to align the surfaces. A pair of corresponding shapes
imposes constraints on the possible transformations, but will leave some degrees
of freedom. For example, when two planes are aligned, three degrees of freedom
remain. The planes can still be translated in directions parallel to the plane and
rotated around the plane’s normal N. Combining the constraints imposed by
all shapes can lead to a unique solution. For example, three non-parallel planes
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with different angles between them result in a unique solution. The second plane
still leaves a translation along the intersection line which is solved by the third
plane.

To combine the constraints imposed by all the shapes, we use a Hough
space [17]. Tian and Shah used a Hough space to recover 3D motion in 2D
images. They divide the input images in patches and for every patch, a candi-
date transformation is computed and generates a single vote in a single bin in
parameter space. In our application, updating the parameter space for candidate
corresponding shapes is more complicated, because many possible transforma-
tions exist and many bins have to be updated. The benefit of using a voting
scheme is that no matching is needed, and matching for example partial planar
parts would be difficult. For all shapes found on one surface, we update param-
eter space for all shapes of the same type on the other surface, unless we have
additional information that can eliminate some possibilities.

For practical reasons, we do not directly work in the six dimensional pa-
rameter space. Instead, we separate rotation and translation, each in a three
dimensional parameter space. We will first determine the rotation and then the
translation. Separating rotation and translation has several advantages. First, a
6D parameter space would be memory and computationally expensive. Second,
initially we do not know the bounds of the possible translations. After applying
the rotation we can calculate the bounds for the translation.

We will describe our method by the constraints imposed by a pair of corre-
sponding planes. The extension for cones and cylinders is straightforward. Let
SR be the reference surface and SM the moving surface. We will determine the
Euclidean transformation that, when applied to SM , best aligns both patches.
We denote the unknown rotation and translation that aligns SM to SR by RMR

and TMR respectively. We represent a translation as T(tx, ty, tz) and a rotation
around an axis A(ax, ay, az) over an angle α is represented by three angles

R(α, β, γ). (7)

β and γ represent the direction of the axis, α the angle of rotation around this
axis. Without loss of generality, we assume

az ≥ 0, ‖ A ‖= 1, (8)

If az < 0, we invert the axis A and the angle α. β represents the angle of the
projection of the axis in the xy plane and the x axis, γ represents the angle of
the axis with the xy plane. We require that

0 ≤ α < 2π, −π ≤ β < π, 0 ≤ γ ≤ π
2 (9)

β and γ are calculated as

β = arctan
(

ax

ay

)

γ = arccos
(√

a2
x + a2

y

) (10)
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3.1 Aligning Planes

Assume we have a pair of planes for which we will investigate the constraints
imposed on the transformation parameters. Let Pm be a plane on the moving
surfaces that we want to align to the plane Pr on the reference surface, each
with their parametric representation

Pr : aRx+ bRy + cRz + dR = 0
Pm : aMx+ bMy + cMz + dM = 0 (11)

Their respective unit normal vectors (pointing outward) are NR and NM. One
possibility to determine these constraints is to use the general representation
of a rotation and translation, determine how the parameters of Pm are trans-
formed and identifying with the parameters of Pr. This leads to a system of four
equations which is not easy to solve symbolically because of two reasons. First,
because of the rotation, the problem becomes nonlinear in the unknown param-
eters. Second, we have less equations than unknowns. Since the equations can
be made polynomial, Gröbner bases [1] allowed us to find a solution. However,
solving for planes is hard, but solving this for quadrics becomes infeasible. We
found the same solution by looking at it geometrically. The two planes can be
aligned in two steps :

1. We rotate Pm such that it becomes parallel to PR. This is the same as
making the normals parallel and can be done by a rotation R1 with axis
A1 = NR ×NM over an angle α1 = arccos (NR·NM) .

2. We translate Pm such that it aligns to PR. This is done by translating along
NR over a distance |dM | − |dR|,

T1 = (|dM | − |dR|)NR (12)

We extend this solution to all possible solutions by adding two operations :

1. A rotation Rp around the reference NR, the normal of the reference plane,
over a free angle αp

2. A translation Tp(txp, typ, tzp) parallel to the reference plane. This can be
expressed as

aRtxp + bRtyp + cRtzp = 0 (13)

We conclude that any transformation that aligns the planes can be described
as a sequence of four operations : Tp ◦ Rp ◦ T1 ◦ R1. In general, rotations and
translations are not commutative, but here we can change the order of Rp and
T1, because T1 is a translation along the axis of Rp. Translations and rotations
can be combined to a single rotation followed by a single translation :TMR◦RMR

with TMR = Tp ◦T1 and RMR = Rp ◦R1.

3.2 Determining the Rotation RMR

To find a rotation that can align all shapes and hopefully aligns the surfaces we
first examine the constraint imposed by a pair of corresponding planes that have
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to be made parallel. For a plane pair, RMR has one free parameter, αp. This
αp is a parameterization of a 3D curve in the parameter space (α, β, γ). This is
illustrated for a simple surface with 2 planar parts in figure 3. Every possible
plane pair (Pm,Pr) generates such a curve. Rotations that can align all planes
are found at intersections of curves that correspond to matching plane pairs.
For finding these intersections, the three dimensional rotation parameter space

Fig. 3. The rotation parameter space showing the constraints imposed by 2 plane
pairs. This generates four mathematically closed curves in parameter space. In this
visualization, the curves are not closed because the values represented are angles defined
in the interval [0, 2π[. The circles indicate two intersection points, which correspond to
the two possibilities to align two pairs of planes.

is discretized by dividing the volume defined by (9) with a rectilinear grid. This
grid subdivides the volume into a number of bins. The center of the bin serves
as a quantization for all points in the volume defined by the bin. The size of the
bins determines the accuracy of the solution. The bins will be used to count the
number of curves that visit them.

For all possible pairs (Pm,Pr), we update the bins that are visited by their
constraint curve. The free parameter αp is varied from 0 to 2π and for all val-
ues, the corresponding RMR is calculated. The bin containing this rotation is
updated. This process is repeated for all possible plane pairs (Pm,Pr). The re-
sulting parameter space is illustrated in figure 5 (a) for a surface with 6 planar
parts as shown in figure 4. The bins that have been visited by the highest num-
ber of curves are used as candidate rotations. The accuracy of the rotation is
limited by the resolution of the bins. For candidate rotations we do a refinement
step. For such a candidate some of all the possible plane pairs can be eliminated
because the candidate rotation does not align them. A Levenberg-Marquardt
optimization is used in which the sum of the angles between remaining plane
combinations serves as the error function.
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a b

Fig. 4. (a) A test surface consisting of six planes. It is a box that tapers off along x, y
and z. The surface does not have global symmetry such that a unique solution exists.
(b) The surface after rotation and translation.

3.3 Determining the Translation TMR

We first examine the constraint on the possible translations imposed by a pair
of corresponding planes. Since TMR = T1 +Tp,

Tp = TMR −T1. (14)

Substituting (14) in (13) results in a constraint in the parameter space for
TMR(tx, ty, tz) :

aRtx + bRty + cRtz − aRtx1 − bRty1 − cRtz1 = 0, (15)

or by substituting (12) :

aRtx + bRty + cRtz − (|dM | − |dR|) = 0 (16)

This means that the constraint imposed by aligning two planes represents a plane
in the translation space. The translation that is able to align all corresponding
planes is found as the intersection of all their corresponding constraint planes.

To find this solution, we take a similar approach as used for finding the
rotation. The translation parameter space is discretized and for every constraint
plane the visited bins are updated. An update in the translation space will update
more bins, since we have two degrees of freedom. An additional complication is
that initially, no bounds for the solution exist. Updating is done efficiently by
using a recursive subdivision scheme. We also take into account the candidate
rotations found as described in the previous section. This allows us to calculate
the bounds for the translation. It also allows us to reduce the number of plane
pairs for which we have to update the translation parameter space. Only plane
pairs are kept which, after applying the rotation, are parallel.

Figure 5 (b) shows an example of the translation space. The bins that have
been visited by the highest number of constraint planes are selected. The trans-
lation represented by a bin is an approximation due to the discretization of the
parameter space. However, we can perform an inexpensive refinement step. We
select the constraint planes that intersect the selected bin and the intersection
of the remaining constraint planes is calculated with a least square method.
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a b

Fig. 5. Parameter spaces for the surfaces of figure 4. (a) The orientation parameter
space. The circle indicates the intersection point of 6 curves. (b) The translation pa-
rameter space. Only bins which have been visited by at least two constraint planes are
shown.

3.4 Extension to Cones and Cylinders

After aligning two cones or cylinders, a rotational degree of freedom around
their axis remains. Theoretically, the position of the top of a cone can fix the
translation. However, as illustrated in figure 2, we have very partial data and
often it is impossible to get an accurate estimate of the top of the cone. Because
of this, the top is not used in determining the transformation and we only use the
axes of cones and cylinders. Aligning these axis is very similar to aligning planes.
Updating the rotation parameter space is the same as for a pair of planes, but in
stead of aligning normals, the axes are aligned. The difference is that the axes do
not have a direction and because of this, two possibilities for the initial rotation
R1 have to be taken into account. The translation constraint imposed by a pair
of axes is a straight line in translation parameter space. The point-direction
representation of this constraint line is

T(tx, ty, tz) = XR −XM + tAR, (17)

in which XM represents a point on the axis of the reference shape. XM is a point
on the axis of the moving shape after applying the rotation that was computed.
AR represents the axis direction of the reference shape.

3.5 Validation

The procedure as explained in the previous sections does not always lead to a
unique solution although the data presents enough information. For example,
because the rotation is calculated independently, sometimes more than one ro-
tation exists that can make all planes parallel, even though only one of them
leads to the correct translation. A typical example is data containing planes in
three perpendicular directions, such that three possible rotations exist. When
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multiple possibilities remain, the best one is chosen by ‘measuring’ the distance
between the patches after applying the corresponding transformation. The dis-
tance measure used is the number of points on SM that find a partner point on
SR at close range.

4 Experiments

Figure 6 shows the orientation histogram and the shapes that are found for
the surface in figure 2 (a). The shapes found provide enough constraints for
registration. Figure 7(a) shows the same surface subject to a known rotation and
translation. This transformation is correctly found by our method as illustrated
in figure 7(b). The orientation space has 180 × 180 × 45 bins resulting in a one
degree accuracy. The translation space has 100 × 60 × 70 bins. The solution is
correct taking into account the discretization of the parameter space.

a b

Fig. 6. (a) The orientation histogram for the partial reconstruction from an engine
casting from figure 2 (a). The largest peak corresponds to the large parallel planar
regions. On the lower side of the sphere, a circle of smaller peaks can be observed.
They correspond to the conical part (b) The regions in which a shape was found
(gray). The darkest parts do not belong to any shape. 13 shapes are detected on this
surface. 11 are classified as planar. The most planar conical part has been incorrectly
classified as planar.

Figure 8 shows two partial reconstructions of an engine casting taken from
different views. In this example, the rotation histogram results in two candidate
rotations. This results in two possible solutions, shown in 9(a) and (b). The
second solution is chosen in the validation step.

5 Summary and Conclusions

We developed a technique for the coarse registration of surface patches that is
complementary to methods that look for features of interest and describe the
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a b

Fig. 7. (a) The surface of figure 2 (a), after applying a translation T(5, 5, 5) and a
rotation of 100 degrees around an axis with direction (1, 1, 1). (b) Both surfaces after
applying the transformation that was found.

Fig. 8. Two partial reconstructions of an engine casting.

local geometry around them. Such methods could fail for surfaces containing
regions with local symmetries, whereas the proposed method exploits their in-
formation to perform registration. Our method uses an orientation histogram to
detect regions on a surface that are planar, conical or cylindrical. A parametric
surface is fitted to the points in such a region. A symmetric shape present in
both patches leaves degrees of freedom but does pose constraints on the possible
transformations. For combining the constraints imposed by the special regions,
we use a Hough space where votes are accumulated for candidate transforma-
tions. Transformations that have high votes are validated and the transformation
that best aligns both surfaces is selected. Experiments show that this method is
able to position partial views that were taken over a wide baseline.

Future work will include the integration of the technique reported here with
feature signature methods, which also generate candidate transformations that
could be integrated in the voting scheme. The points of the surface can be split



Coarse Registration of Surface Patches with Local Symmetries 585

a

b

Fig. 9. The solution found for the surfaces of figure 8. For this example, two possible
rotations are found. These possibilities differ by a rotation of 180 degrees around the
axis of symmetry of the central part. (a) Solution when the wrong rotation is used. (b)
Correct solution.

based on curvature. For points with high curvature, a point signature method
could be used, and the method proposed here for the low curvature points.
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Abstract. This paper addresses the problem of large scale multiview
registration of range images captured from unknown viewing directions.
To reduce the computational burden, we decouple the local problem of
pairwise registration on neighboring views from the global problem of
distribution of accumulated errors. We define the global problem over
the graph of neighboring views, and we show that this graph can be
decomposed into a set of cycles such that the optimal transformation
parameters for each cycle can be solved in closed form. We then describe
an iterative procedure that can be used to integrate the solutions for the
set of cycles across the graph. This method for error distribution does not
require point correspondences between views, and therefore can be used
together with robot odometry or any method of pairwise registration.
Experimental results demonstrate the effectiveness of this technique on
range images of an indoor facility.

1 Introduction

To build three dimensional models using a range scanner, multiple scans are
usually required due to occluded surfaces and limitations in the field of view
of the scanner. These multiple scans must then be registered within a common
coordinate frame before a coherent parametric description of the object can be
formed. The registration of two views is most often performed through a variant
of the iterative closest point registration algorithm [4,7,30,17,8,6,24,14], although
methods based on matching features [10] or maximum likelihood search [28,18]
are also often used. However, registration of more than two views is a somewhat
more difficult problem, and there is not yet consensus on the best approach. Chen
and Medioni, and Masuda both incrementally register views against a growing
global union of view points [7,17]. Pulli also performs incremental registration
against a growing set, but includes a backtracking step when global error be-
comes unacceptable [21]. Pennec describes a method that alternates between
computing an average shape for the set of images, and registration of the scans
against the mean shape [19]. Bergevin et al. place all views into a global frame of
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reference, and then repeatedly select a view and register it against all others [3].
Blais and Levine use simulated annealing to simultaneously minimize a cost met-
ric based on the total distance between all matches in all views [5]. Stoddart et
al. find pairwise correspondences between points in all views, and then iteratively
minimizing correspondence errors over all views using a descent algorithm [27].
Eggert et al. improve on this technique, adding special processing for boundary
points and a multiresolution framework [9]. Williams and Bennamoun suggested
a further refinement by including individual covariance weights for each point
[13]. Sawhney et al. and Shum and Szeliski perform the global alignment of two
dimensional mosaics by non-linear minimization of distance between point cor-
rispondences [22,26]. Benjemaa and Schmitt propose a nonlinear solution based
on the quaternion representation [1]. Their formulation is a multiview exten-
sion of the pairwise solution proposed by Horn [11], and using distance between
pairwise correspondences as the optimization criteria.

When there are large numbers of views, or when information such as odom-
etry is used in conjunction with point correspondences, the global registration
parameters can be solved as the parameters that minimize error with respect to
the estimates of the relative motion between view pairs. Lu and Milios solve this
problem by linearizing the rotational component [16]. This formulation is useful
when the total rotational error is small. In this paper, we propose an analytic
method for solving the global registration parameters using the relative motion
between view pairs as the error criteria. This criteria does not require lineariza-
tion, and therefore can be used even when the accumulated rotational error is
large. Furthermore, since this criteria does not require point correspondences,
our multiview registration method can be used together with robot odometry
and any pairwise registration. Our overall approach is to build up a graph that
describes the neighboring of views, and then decompose the graph into basis
cycles. We solve the nonlinear system over each basis cycle in closed form, and
the solutions for the constituent basis cycles are merged using an averaging tech-
nique.

2 Error Distribution in a Cycle

We shall take as given that the translation can be decoupled from the rotation,
and solved using a linear method [16,1,23]. This effectively decouples the rota-
tion and translation problem, allowing us to analyze rotation and translation
separately. For the remainder of the paper, we consider only the rotations.

Let the captured views lie within coordinate frames V1, · · · ,Vn, where two
frames Vi and Vj are related by the rotation and translation (Ri,j , ti,j). A
point pj in frame Vj can be described in frame Vi according to the change of
coordinates

pi = Ri,jpj + ti,j . (1)

This change of coordinates between neighboring views can be found using a
pairwise registration procedure; we shall call these measurements. When each
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view is connected only to its immediate neighbors in a cycle of views (see fig.
1, the measurements {(R1,2, t1,2), · · · , (Rn,1, tn,1)} are an overparameterization
of the space with six extra degrees of freedom, and therefore the composition
of these changes of coordinates about the cycle may not be identity. We define
a cycle consistent if its associated rotations or rigid transformations compose
to identity. Our goal is to find a new set of rigid transformations, which we
call estimates and denote {(R̂1,2, t̂1,2), · · · , (R̂n,1, t̂n,1)}, that is consistent and
that minimizes the mean squared error in frame space between the estimate and
measurement.

V2

V3

V4

R   , t3,4 3,4

R   , t2,3 2,3

V1

Vn

Vn-1

R   , tn,1 n,1

R     , tn-1,n n-1,n

1,2R   , t1,2

Fig. 1. A cycle of view-pairs where view V1 has been aligned with V2, V2 aligned with
V3, and so on.

Considering only rotation, the estimates that minimizes the mean squared
angular error between the estimate and measurement can be solved in closed
form [23]. Define the matrix Ek,k+1 to be the rotation such that

R1,2 · · ·Rk,k+1Ek,k+1Rk+1,k+2 · · ·Rn,1 = I.

That is, Ek,k+1 removes the error that occurs when composing the measurement
rotations about the cycle from frame k+1 all the way back to frame k+1 (see fig.
2 left). We represent fractional portions of this error matrix using the notation
E<α>

k,k+1, where E<α>
k,k+1 shares the same axis of rotation as Ek,k+1, but the angle

of rotation has been scaled by α. The best estimate for the rotation Rk,k+1 is
given by

R̂k,k+1 = E<1/n>
k−1,k Rk,k+1 = Rk,k+1E

<1/n>
k,k+1 . (2)

This idea is shown in the right half of fig. 2. This estimate is both correct, in the
sense that it commutes to identity about the cycle, and optimal in the sense of
minimizing mean squared angular error with respect to the measurements [23].

3 Error Distribution in a Graph

Given that we know how to find optimal relative rotations which satisfy the
consistency constraint about a single cycle, we now consider a finite number
of views connected pairwise by edges in a graph structure. We seek to satisfy
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R1,2

R2,3

E 2,3

R3,4

R4,1

2

1

34

2

R2,3

3
R3,4

4

R4,1

1

R1,2 E 1,2
<1/4>

E 2,3
<1/4>

E 3,4
<1/4>

E 4,1
<1/4>

Fig. 2. (Left) Ek,k+1 applied to Rk,k+1 create a consistent cycle. (Right) E<1/n>
k,k+1

applied to each Rk,k+1 creates an optimal set of estimates.

the consistency constraint about all circuits in the graph while minimizing error
from the initial measurements. We limit our attention to finite, connected, and
simple undirected graphs (i.e. having neither loops nor parallel edges), for which
each edge lies within at least one cycle. Graphs that are not connected may be
processed component by component, and edges that do not lie within any cycle
may be given estimates equal to their initial measurements.

Our method for distributing the rotation error is described in algorithm 1.
First, choose a set of cycles that form a cycle basis, which will be described in
proposition 1. Next, distribute the error about each cycle independently, record-
ing the best rotation for each edge. Finally, since some edges may be contained
in more than one cycle, average all rotation estimates for a given edge [20]. Be-
cause of this averaging, consistency is not guaranteed. However, it will be shown
in proposition 2 that a repetition of this process will reduce the inconsistency to
zero.

We define a circuit to be a closed path that may contain repeated edges
or nodes, and a cycle to be a circuit that contains neither repeated edges nor
repeated nodes. From graph theory we know that any circuit in a graph can be
represented as a linear combination of a set of basis cycles in the edge space of
the graph T [2]. This result is used to prove the validity of loop analysis in circuit
theory, where the superposition principle allows currents to be added together in
linear combinations. For non-commutative groups such as rotations, we establish
a slightly weaker result to guarantee consistency throughout all circuits in the
graph.

Proposition 1 Let T be a spanning tree for a graph G, and let B be the set
of cycles formed by adding a single edge not in T to T . If the cycles in B are
consistent then all circuits in G are consistent.

Proof: Let us represent a circuit as a string, each token in the string representing
a node traversed from start to finish. The initial and final token in the string
must be the same. For example, the circuit going from a to b to c back to a
would be represented abca. The circuit abca is consistent if Ra,bRb,cRc,a = I.
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We define four operations that operate on circuits: (a) node insertion, (b)
node deletion, (c) circuit insertion, and (d) circuit deletion. If X and Y are
substrings, a, b, and c are nodes, and C is a circuit that starts and finishes on
c, these operations are described grammatically as follows:

XabaY ← XaY (a)
XaY ← XabaY (b)
XCY ← XcY (c)
XcY ← XCY (d).

Node insertion and node deletion preserve the consistency of a circuit, since going
a to b back to a inserts or deletes RabRba = I into the composition of rotations.
Similarly, if the circuit C is consistent, then circuit insertion and circuit deletion
preserve the consistency of a circuit because the operation inserts or deletes
RC = I.

Now suppose that we are given an initial graph which is a spanning tree.
All circuits in the graph can be formed by a sequence of node insertion oper-
ations from of a single node and therefore the graph is consistent. Proceeding
inductively, we assume that a partial graph containing the initial spanning tree
is consistent, and we add an edge ab. The edge ab, when added to the initial
spanning tree, forms a single cycle C = ab...a in B. By hypothesis, both C and
it’s reverse circuit ba...b are consistent.

Consider any circuit in this new partial graph. By a sequence of node dele-
tions, it is equivalent to a circuit that contains substrings of a and b of length
at most two. For example, two node deletions applied to the substring ababab
yields ab, which has length of two. Next, each substring of length two can be
modified, using circuit expansion with C = ab...a (or ba...b) into a substring that
contains two substrings of a and b, one of length three and one of length one.
For example, xbay is equivalent to xbCy = xbab...ay. Finally, we apply node
deletion to the length three substrings of a and b to find an equivalent circuit
that contains substrings of a and b of length at most one. This final circuit does
not contain the substring ab or ba, and therefore was a circuit in the partial
graph before adding the new edge. Hence all circuits in the new partial graph
are consistent, and by induction G is consistent. �

This proposition is weaker than the results found using superposition. Al-
though B is indeed a set of basis cycles [2], there are some sets of basis cycles
that cannot be constructed using the spanning tree method. However, this prop-
erty is not restricted to graphs of rotations. This property holds for graphs of
any non-commutative group, including affine and projective transforms.

Proposition 2 The rotation error distribution algorithm (algorithm 1) con-
verges to a consistent graph.

Proof: Let the graph have n edges and k basis cycles. Consider some edge i,
with measurement Ri, and estimates from m > 1 different cycles: R̂1

i , · · · , R̂m
i .
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The measurement error of edge i in cycle j before distribution is ∠R̂j
i (Ri)−1.

When we average the estimates to find R̂i, because the averaging minimizes
deviation from the estimates, its total contribution to deviation over all cycles
is decreased

m∑

j=1

∠R̂j
i (R̂i)−1 <

m∑

j=1

∠R̂j
i (Ri)−1.

Furthermore, the edges that are not in the spanning tree now contribute zero
deviation. Hence, the deviation is reduced by at least a fixed percentage per iter-
ation, and the sum deviation from identity about all basis cycles monotonically
decreases. From proposition 1, we conclude that this procedure converges to a
consistent graph. �

Algorithm 1 Error Distribution
Given graph, basis cycles, and measurements
R0 ← measurements
repeat

for all basis cycles in graph do
Use Ri−1 to compute rotation estimates for each edge in cycle

end for
for all edges in graph do
Average all rotation estimates for this edge and add to Ri

end for
until convergence

4 Multiview Registration

The global error distribution method described in section 3 is used together with
any pairwise registration algorithm to perform completely automatic globally
consistent multiview range image registration. As described in algorithm 2, the
pairwise registration method is run for a while to find locally good fits for each
pair. Then the error distribution method is run to convert the local fits into a
global fit. This global fit then provides feedback into the local algorithm, giving
it new initial conditions for the next set of local fits.

5 Experimental Results

Figure 3 shows 9 views from an sequence of range images taken from on board
of a mobile robot in an indoor environment. The range sensor is a structured
light range camera that uses a DLP data projector and CCD camera to compute
range points as described by Trobina [29]. The range of the sensor is between
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Algorithm 2 Multiview Registration
Let T be the initial set of pairwise transformations over a graph of views
repeat
Use pairwise registration to update T
Use error distribution to update T

until convergence

about 3 to 8 meters, with a noise standard deviation of about 1 cm at 5 meters.
The total volume captured by the 9 views is about 5× 5× 5 meters.

A graph of neighboring views, shown in figure 4, was constructed manually for
these images. In future work we wish to consider automatic construction of the
graph, building on the work of Sawhney et al. [22], Kang et al. [15], and Huber
[12]. After the graph is found, a spanning tree for the graph was found, as shown
in bold on the graph. These neighboring views were registered pairwise using a
maximum likelihood matching procedure that uses both valid and missing data
points to align the pair of views [25].

The final output of three iterations of algorithm 2 is shown in figure 5, where
each of the nine views is rendered in a different color. Errors due to registration

View 1 (refl) View 1 (range) View 2 (refl) View 2 (range) View 3 (refl) View 3 (range)

View 4 (refl) View 4 (range) View 5 (refl) View 5 (range) View 6 (refl) View 6 (range)

View 7 (refl) View 7 (range) View 8 (refl) View 8 (range) View 9 (refl) View 9 (range)

Fig. 3. Reflectance and range images of an indoor scene.
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Fig. 4. Graph of neighboring views for range images in figure 3. The spanning tree for
the graph is shown in bold.

errors are consistently lower than 0.5 cm, half of the noise standard deviation of
the sensor.

6 Discussion

The error distribution method described in equation 2 is easily modified to per-
form error distribution on a simply weighted graph, where the weights are real
valued coefficients that reflect our relative confidence in the rotation estimates.
However, it is not clear how this framework can be modified to include covari-
ance, or unequal weights for different directions of rotation. Using real covariance
matrices is possible, but this implies linearization of the rotations which limits
utility to small rotational error. Using point correspondences to determine the
covariance is also problematic. Because the correspondences are only valid in
a small region, any covariance information obtained through point correspon-
dences is suspect.

The chief benefit of the graph representation is that it allows updates to
proceed locally on each cycle. We believe that this approach may offer insight into
related high dimensional sensing problems, including multiview two dimensional
image registration, structure from motion, and multisensor fusion. Related sensor
readings can be put into a graph structure, and cycles within the graph can be
analyzed independently. The nonlinear analysis will be facilitated by the simpler
structure of a single cycle compared to the entire graph.

7 Summary

We have described a general multiview registration algorithm that distributes
pairwise error accumulated over multiple views back to its constituent views in
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Fig. 5. (Top) Overview of registration results. Each of the nine views is rendered in a
different color. (Bottom) Detail of registration results near the step ladder.
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a fair manner. Any pairwise registration algorithm may be used to generate the
estimates of relative motion between each pair of views, and the accumulated
error is distributed to all views. By posing the problem as the minimization of
error between coordinate frames, this method is useful for large scale registration
problems that may involve hundreds of views.

Acknowledgments. This material is based upon work supported by DOE un-
der Award No. DE-FG04-86NE37969.
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Abstract. We report here on the problem of estimating a smooth pla-
nar curvea γ : [0, T ] → IR2 and its derivatives from an ordered sample of
interpolation points {γ(t0), γ(t1), . . . , γ(ti−1), γ(ti), . . . , γ(tm−1), γ(tm)},
where 0 = t0 < t1 < . . . < ti−1 < ti < . . . < tm−1 < tm = T, and
the ti are not known precisely for 0 < i < m. Such situtation may ap-
pear while searching for the boundaries of planar objects or tracking the
mass center of a rigid body with no times available. In this paper we
assume that the distribution of ti coincides with more-or-less uniform
sampling. A fast algorithm, yielding quartic convergence rate based on
4-point piecewise-quadratic interpolation is analysed and tested. Our al-
gorithm forms a substantial improvement (with respect to the speed of
convergence) of piecewise 3-point quadratic Lagrange intepolation [19]
and [20]. Some related work can be found in [7]. Our results may be of
interest in computer vision and digital image processing [5], [8], [13], [14],
[17] or [24], computer graphics [1], [4], [9], [10], [21] or [23], approxima-
tion and complexity theory [3], [6], [16], [22], [26] or [27], and digital and
computational geometry [2] and [15].
Keywords: shape, image analysis and features, curve interpolation

1 Introduction

Let γ : [0, T ] → IRn be a smooth regular curve, namely γ is Ck for some k ≥ 1
and γ̇(t) �=0 for all t ∈ [0, T ] (with 0 < T < ∞). Consider the problem of
estimating γ from an ordered m+ 1-tuple

Q = (q0, q1, . . . , qm)
a This research was conducted under an Australian Research Council Small Grant1,2

Additional support was received under an Alexander von Humboldt Research
Fellowship.2
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of points in IRn, where qi = γ(ti), and 0 = t0 < t1 < . . . < ti−1 < ti < . . . <
tm−1 < tm = T . If the ti are given then γ can be approximated in a variety of
ways.

Example 1. Let γ be Cr+2 where r > 0, and take m to be a multiple of r. Then
Q gives m

r subsets of r + 1-tuples of the form

(q0, q1, . . . , qr) , (qr, qr+1, . . . , q2r) , . . . , (qm−r, qm−r+1, . . . , qm) .

The jth r+ 1-tuple can be interpolated by a polynomial γ̂j : [t(j−1)r, tjr] → IRn

of degree r, and the track-sum γ̂ of the γ̂j is everywhere-continuous, and C∞

except at tr, t2r, . . . , tm−r. Suppose that sampling is uniform i.e. ti = iT
m for

0 ≤ i ≤ m. Then γ̂(t) = γ(t) +O( 1
mr+1 ) for t ∈ [0, T ], and ˙̂γ(t) = γ̇(t) +O( 1

mr )
for t �=tr, t2r, . . . , tm−r. The error in length can be shown to be O( 1

mr+1 ) or
O( 1

mr+2 ), accordingly as r is odd or even (see Theorem 1 in [19]).

In practice the ti might not be given for 0 < i < m.

Example 2. Let γ be C4 curve in IRn. For 0 ≤ ε ≤ 1 the ti are said to be
ε-uniformly sampled when there is an order-preserving Ck reparameterization
φ : [0, T ] → [0, T ] such that

ti = φ(
iT

m
) +O(

1
m1+ε

) .

Although the set Q does not arise from perfectly uniform sampling, we can
pretend that they do, and apply the method of Example 1. This is done in [19]
and [20] with a view to estimating the length d(γ) of γ. So far as γ and its
derivatives are concerned the proof of Theorem 2 in [19] gives estimates of γ and
γ̇ with uniform O( 1

m1+2ε ) and O( 1
m2ε ) errors, respectively. The latter implies

that d(γ̂) − d(γ) = O( 1
m4ε ) (see Theorem 2 in [19]). So when the distribution of

the ti is most nearly uniform (ε = 1) piecewise-quadratic Lagrange interpolation
gives good estimates for γ, γ̇, and d(γ), namely cubic, quadratic and quartic,
respectively. At the other extreme, where ε = 0, the methods of Example 1 have
very little value. The extension of ε-uniform sampling for ε > 1 could also be
considered. This case represents, however, a very small perturbation of uniform
sampling (up to φ-order-preserving shift) which seems to be of less interest in
applications. Nevertheless, by repeating the argument used in Theorem 2 (see
[19]) it can be shown, that the case ε > 1 renders for γ, γ̇, and d(γ) estimation
with piecewise-quadratic Lagrange interpolation the same results as for ε = 1.

A typical instance is shown in Figure 1, where ordinary Lagrange interpola-
tion by piecewise-quadratics does not work well.

In general a less restrictive hypothesis than ε-uniformity is that the ti should be
sampled more-or-less uniformly in the following sense.

Definition 1. Sampling is more-or-less uniform when there are constants 0 <
Kl < Ku such that, for any sufficiently large integer m, and any 1 ≤ i ≤ m,

Kl

m
≤ ti − ti−1 ≤ Ku

m
.
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Fig. 1. 7 data points (m = 6), with 3 successive triples interpolated by piecewise-
quadratics, giving length estimate π + 0.0601035 for the semicircle (shown dashed).

With more-or-less uniform sampling, increments between successive parameters
are neither large nor small in proportion to T

m .

Example 3. For 0 < i < m set ti = (3i+(−1)i)T
3m . Then sampling is more-or-less

uniform, with Kl = T
3 ,Ku = 5T

3 . Let γ : [0, π] → IR2 be the parameterization
γ(t) = (cos t, sin t) of the unit semicircle in the upper half-plane. When m is
small the image of γ̂ does not much resemble a semicircle, as in Figure 1, where
m = 6.

Example 4. For 0 < i < m let ti be random (according to some distribution)
in the interval [ (3i−1)T

3m , (3i+1)T
3m ]. Then sampling is more-or-less uniform, with

Ku,Kl as in Example 3.

Example 5. Choose θ > 0 and 0 < Ll < Lu. Set s0 = 0. For 1 ≤ i ≤ m
choose δi ∈ [Ll

m , Lu

m ] independently from (say) the uniform distribution. Define
si = si−1 + δi for i = 1, 2, . . . ,m. The expectation of sm is Lu+Ll

2 and the
standard deviation Lu−Ll

2
√

3m
. So if m is large sm ≈ Lu+Ll

2 with high probability.

For 0 ≤ i ≤ m, define ti = siT
sm

. Set

Kl =
2LlT

Lu + Ll
− θ , Ku =

2LuT

Lu + Ll
+ θ .

Then with high probability for m large, the sampling (t0, t1, t2, . . . , tm) from
[0, T ] is more-or-less uniform with constants Kl,Ku.



616 L. Noakes and R. Kozera

More-or-less uniform sampling is invariant with respect to reparameterizations,
namely if φ : [0, T ] → [0, T ] is an order-preserving C1 diffeomorphism, and if
(t0, t1, . . . , tm) are sampled more-or-less uniformly, then so are (φ(t0), φ(t1), . . . ,
φ(tm)). So reparameterizations lead to further examples from the ones already
given. From now on take n = 2 and suppose that γ is C4 and (without loss)
paramerized by arc-length, namely ‖γ̇‖ is identically 1. The curvature of γ is
defined as

k(t) = det(M(t)) , (1)

where M(t) is the 2 × 2 matrix with columns γ̇(t), γ̈(t). Suppose that k(t) �= 0
for all t ∈ [0, T ], namely γ is strictly convex. Let the ti be sampled more-or-less
uniformly. Then in section 2 we show how to carry out piecewise 4-point quadratic
interpolations based on Q. This approximation scheme is rather specialised, and
much more elaborate than Lagrange interpolation. On the other hand it works
well in cases such as in Figure 1. More precisely, from the proof of [18] Theorem
1, we obtain

Theorem 1. Let γ be strictly convex and suppose that sampling is more-or-less
uniform. Then we can estimate γ and γ̇ from Q with O( 1

m4 ) and O( 1
m3 ) errors

respectively.

As a consequence of the last theorem we obtain d(γ̂) − d(γ) = O( 1
m4 ) (see

[18]). Applying piecewise 4-point quadratic interpolation to the data of Figure
1, gives a much more satisfactory estimate of the semicircle than Lagrange in-
terpolation. This can be seen in Figure 2.

Fig. 2. Piecewise 4-point quadratic using 7 data points (m = 6) from a semicircle
(shown dashed). Length estimate: π − 0.00723637.

The improvement is the result of a serious effort to estimate the parameters
ti from Q. Although in practice it is difficult to discern a problem, our piecewise
4-point quadratic estimates γ̃ are usually not C1. In theory, at least, this is a
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serious defect since γ is C4. In section 3 we show how to refine the construction in
section 2, replacing γ̃ by a C1 curve with the same properties of approximation
to γ.

2 Piecewise 4-Point Quadratics

Let Q be sampled more-or-less uniformly from γ, and suppose (without loss)
that m is a positive integer multiple of 3. For each quadruple (qi, qi+1, qi+2, qi+3),
where 0 ≤ i ≤ m − 3, define a0, a1, a2 ∈ IR2 and Qi(s) = a0 + a1s+ a2s

2, by

Qi(0) = qi , Qi(1) = qi+1 , Qi(α) = qi+2 and Qi(β) = qi+3 .

Then a0 = qi, a2 = qi+1 − a0 − a1, and we obtain two vector equations

αa1 + α2(p1 − a1) = pα , βa1 + β2(p1 − a1) = pβ , (2)

where (p1, pα, pβ) ≡ (qi+1 − qi, qi+2 − qi, qi+3 − qi). Then (2) amounts to four
quadratic scalar equations in four scalar unknowns a1 = (a11, a12), α, β. Set

c = −det(pα, pβ) , d = −det(pβ , p1)/c , e = −det(pα, p1)/c , (3)

where c, d, e �= 0 by strict convexity, and define

ρ1 =
√

e(1 + d − e)/d , ρ2 =
√

d(1 + d − e)/e . (4)

Then (2) has two solutions (see Appendix 1)

(α+, β+) =
(1 + ρ1, 1 + ρ2)

e − d
, (α−, β−) =

(1 − ρ1, 1 − ρ2)
e − d

(5)

provided ρ1, ρ2 are real and e− d �= 0. In Appendix 1 it is also shown that these
conditions hold, and in Appendix 2 it is proved that precisely one of (5) satisfies
the additional constraint

1 < α < β . (6)

From now on, supposeb that k(t) < 0, for all t ∈ [0, T ]. Define now

l(t) =
det(dγ

dt ,
d3γ
dt3 )

k(t)

and let l = l(ti). Then it is proved in [18] that

(α+, β+) =
((ti+2 − ti)(1 +

l(ti+2−ti+1)
6 ), (ti+3 − ti)(1 +

l(ti+3−ti+1)
6 ))

ti+1 − ti
+O(

1
m2 ) .

(7)
b The other case, where k(t) is everywhere positive, is dealt with by considering the
reversed curve γr(t) = (γ1(T − t), γ2(T − t)).
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Note that here a third-order Taylor’s expansion of γ is needed to justify the
asymptotic behaviour of approximation results claimed in Theorem 1. Hence
the assumption of γ ∈ C4 is imposed. On the other hand, the justification
of Appendices 1 and 2 requires only a second-order Taylor’s expansion of γ
and therefore a weaker restriction on smoothness of curve γ, namely γ ∈ C3 is
required. Set now (α, β) = (α+, β+). Then, for 0 ≤ s ≤ β, Qi(s) = qi+a1s+a2s

2,
where

a1 =
pα − α2p1

α − α2 =
pβ − β2p1

β − β2 , a2 =
αp1 − pα

α − α2 =
βp1 − pβ

β − β2 . (8)

The quadratics Qi, determined by Q and i, need to be reparameterized for
comparison with the original curve γ. In doing so, let ψ : [ti, ti+3] → [0, β] be
the cubic given by

ψ(ti) = 0 , ψ(ti+1) = 1 , ψ(ti+2) = α , ψ(ti+3) = β .

For m large ψ is an order-preserving diffeomorphism, and we define γ̃i = Qi ◦ψ :
[ti, ti+3] → IR2. Then γ̃i is polynomial of degree at most 6. It turns out (as part
of a difficult proof, given in [18]) that

γ̃i(t) = γ(t) +O(
1
m4 ) and ˙̃γi(t) = γ̇(t) +O(

1
m3 ) , for t ∈ [ti, ti+3] .

Then the track-sum γ̃ of the arcs swept out by the Q3j gives a O( 1
m4 ) uni-

formly accurate approximation of the image of γ. Although γ̃ is not C1 at
t3, t6, . . . , tm−3, the differences in left and right derivatives are O( 1

m3 ), and hardly
discernible whenm is large. In section 3 we show how to correct this minor defect.

The experiments verifying the rate of length estimation are discussed in [18].

3 C1 Approximations

Instead of using 4-point quadratics as estimates of segments of γ, we can use
them to estimate slopes of γ at t0, t1, . . . , tm. Except for i = 0,m there is more
than one choice of 4-point quadratic whose domain contains ti. The choice does
not appear to be critical, but for 0 < i < m we used estimates calculated from
quadratics whose domain contained ti in the interior.

It is then straightforward to produce a C1 piecewise quadratic γ̂ interpo-
lating the given data points with the estimated slopes (for instance using the
deCastlejau construction [3]). In practice γ̂ seems slightly preferable to the al-
ready excellent estimate γ̃.

Example 6. Compared with the large discontinuities in derivatives at data points
3, 5 (from the right) in Figure 1, the tiny corner at the middle data point 4 in
Figure 2 is only just discernible. The modification to a C1 piecewise quadratic
removes this blemish. Although there are only 7 sample points, and the ti are
unknown for 0 < i < 6, the estimate γ̂ shown in Figure 4 is difficult to distinguish
from the underlying semicircle.
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Fig. 3. A piecewise 4-point quadratic approximation to a spiral (singular point ex-
cluded), using the more-or-less uniform sampling of Example 3 and 61 data points
(m = 60). True length: 173.608, estimate: 173.539, piecewise 3-point quadratic esti-
mate: 181.311.
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Fig. 4. C1 piecewise-quadratic using 7 data points (m = 6) from a semicircle (shown
dashed).
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4 Concluding Remarks

Lagrange interpolation is reasonably effective for sporadic data when the ti are
distributed in an ε-uniform fashion and ε ∈ (0, 1]. Better results are achieved
with larger values of ε (see [19] and [20]). In general, the less restrictive condition,
that the ti be distributed more-or-less uniformly, is less straightforward, but (for
strictly convex planar curves) the piecewise 4-point quadratic estimate of section
2 works well. The estimate γ̃ of section 2 is piecewise-polynomial, but not C1.
In section 3 we showed how to replace γ̃ by a piecewise-quadratic C1 curve γ̂.

There is also some analogous work for estimating lengths of digitized curves;
indeed the analysis of digitized curves in IR2 is one of the most intensively studied
subjects in image data analysis. A digitized curve is the result of a process (such
as contour tracing, 2D skeleton extraction, or 2D thinning) which maps a curve-
like object (such as the boundary of a region) onto a computer-representable
curve. As before, γ : [0, T ] → IR2 is a strictly convex curve parameterized by arc-
length. An analytical description of γ is not given, and numerical measurements
of points on γ are corrupted by a process of digitization: γ is digitized within an
orthogonal grid of points ( i

m , j
m ), where i, j are permitted to range over integer

values, and m is a fixed positive integer called the grid resolution. Depending on
the digitization model [11], γ is mapped onto a digital curve and approximated
by a polygon whose length is an estimator for that of γ (see [2], [5], [8], [12], [13],
[14] or [24]). We expect to revisit these issues in future.

Related work on interpolation, length estimation, noisy signal reconstruction
and complexity involved can be found in [1], [4], [6], [7], [9], [10], [16], [17], [21],
[22], [23], [25], [26] or [27].
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5 Appendix 1

In this Appendix we solve (2). Note that α (and β) cannot vanish as otherwise,
by (2), the vector pα = q2 − q0 = 0 (pβ = q3 − q0 = 0) - a contradiction as
interpolation points Q are assumed to be different. Similarly, as q2 �=q1 and
q3 �=q1 we have α �= 1 andβ �= 1. Thus elimination ofa1 from (2) and further
simplification yields

αβ(α − β)p1 = (β − β2)pα − (α − α2)pβ . (9)

Consider now two vectors p⊥
β = (−pβ2, pβ1) and p⊥

α = (−pα2, pα1), which are
perpendicular to pβ and pα, respectively. Taking the dot product of (9) first
with p⊥

β and then with p⊥
α results in

αβ(α − β) < p1|p⊥
β > = (β − β2) < pα|p⊥

β > ,

αβ(α − β) < p1|p⊥
α > = −(α − α2) < pβ |p⊥

α > .

Since α and β cannot vanish and < pα|p⊥
β >�= 0 and< pβ |p⊥

α >�= 0 hold
asymptotically (as γ is strictly convex) we obtain

α(α − β) < p1|p⊥
β >

< pα|p⊥
β >

= (1 − β) ,
β(α − β) < p1|p⊥

α >

< pβ |p⊥
α >

= α − 1 . (10)

Note that by (3) and convexity of γ, c �= 0 asymptotically. A simple verification
shows:

c = − < pβ |p⊥
α >=< pα|p⊥

β > . (11)

Similarly

d =
− < p1|p⊥

β >

c
, e =

− < p1|p⊥
α >

c
.

The latter coupled with (11) yields

d =
− < p1|p⊥

β >

< pα|p⊥
β >

, e =
< p1|p⊥

α >

< pβ |p⊥
α >

which combined with (10) renders

α(α − β)d = β − 1 , β(α − β)e = α − 1 . (12)

The first equation of (12) yields

α2d+ 1 = β(1 + dα) . (13)

Note that (1 + dα) �= 0 as otherwise sinceα �= 0 we would haved = −α−1 and
by (13) α2d + 1 would vanish which combined with d = −α−1 would lead to
α = 1, a contradiction. Thus by (13)

β =
α2d+ 1
1 + dα

. (14)
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Substituting (14) into the second equation of (12) yields

α2d+ 1
1 + dα

(1 − α)e = α − 1

and taking into account that α �= 1 results in

(d2 − de)α2 + 2dα+ 1 − e = 0 . (15)

Assuming temporarily
∆ = 4de(1 + d − e) > 0 (16)

we arrive at (5). Having found (α±, β±) the corresponding formulae (8) follow
immediately. To show (16) recall that

d =
det(pβ , p1)
det(pα, pβ)

and e =
det(pα, p1)
det(pα, pβ)

. (17)

As det(v, w) = ‖v‖‖w‖sin(σ) (where σ is the oriented angle between v and w)
for convex γ both e < 0 and d < 0 hold. Thus to justify (16) it is enough to
show 1 + d − e > 0. In fact, as γ is strictly convex all of above inequalities are
separated from zero. The second-order Taylor’s expansion of γ at t = ti yields

γ(t) = γ(ti) + γ̇(ti)(t − ti) + (1/2)γ̈(ti)(t − ti)2 +O(
1
m3 )

as 0 < T < ∞ and γ ∈ C4 (in fact we need here only C3). Thus taking into
account that γ(ti) = qi, γ(ti+1) = qi+1, γ(ti+2) = qi+2, and γ(ti+3) = qi+3 we
have

p1 = γ̇(ti)(ti+1 − ti) + (1/2)γ̈(ti)(ti+1 − ti)2 +O(
1
m3 ) ,

pα = γ̇(ti)(ti+2 − ti) + (1/2)γ̈(ti)(ti+2 − ti)2 +O(
1
m3 ) , (18)

pβ = γ̇(ti)(ti+3 − ti) + (1/2)γ̈(ti)(ti+3 − ti)2 +O(
1
m3 ) .

Introducing γ2(t) = γ̇(ti)(t − ti) + (1/2)γ̈(ti)(t − ti)2 and coupling it with (18)
and more-or-less uniformity results in:

det(pβ , pα) = det(γ2(ti+3), γ2(ti+2)) +O(
1
m4 ) ,

det(p1, pβ) = det(γ2(ti+1), γ2(ti+3)) +O(
1
m4 ) , (19)

det(pα, p1) = det(γ2(ti+2), γ2(ti+1)) +O(
1
m4 ) .

Set now P(c, d, e) = c(1 + d − e). Thus by (3) and (17) we have

P(c, d, e) = det(pβ , pα) + det(p1, pβ) + det(pα, p1) .
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The latter combined with (1) and (19) yields

P(c, d, e) = (1/2)k(ti)(ti+1 − ti+2)(ti+1 − ti+3)(ti+2 − ti+3) +O(
1
m4 ) . (20)

Similarly, by repeating the previous analysis we obtain

c = (1/2)k(ti)(ti+3 − ti)(ti+2 − ti)(ti+2 − ti+3) +O(
1
m4 ) . (21)

Upon coupling (20) and (21) some factorization renders (note that curvature
k(t) is here bounded and separated from zero):

1 + d − e =
(ti+2 − ti+1)(ti+3 − ti+1)

(ti+3 − ti)(ti+2 − ti)
+O(

1
m
) . (22)

As sampling is more-or-less uniform (see Definition 1) the latter amounts to

0 <
K2

l

3K2
u

≤ (ti+2 − ti+1)(ti+3 − ti+1)
(ti+3 − ti)(ti+2 − ti)

+O(
1
m
) .

Hence (16) follows.

6 Appendix 2

In this Appendix we show that one of the pairs (α±, β±) satisfies (6). More
precisely, if curvature of curve γ satisfies k(t) < 0 then the pair (α+, β+) fulfills

1 < α+ < β+ . (23)

The opposite case involves the pair (α−, β−). It is sufficient (due to the analogous
argument) to justify the first case only. To prove (23) we combine more-or-less
uniformity, convexity of γ, with (3) and (18) to obtain for R(c, d) = cd which
coincides with

R(c, d) = det(γ2(ti+1), γ2(ti+3)) +O(
1
m4 )

= (1/2)k(ti)(ti+1 − ti)(ti+3 − ti)(ti+3 − ti+1) +O(
1
m4 ) .

Hence

d =
−(ti+1 − ti)(ti+3 − ti+1)
(ti+2 − ti)(ti+3 − ti+2)

+O(
1
m
) . (24)

Similarly (taking also into account (24)) we arrive at

e =
−(ti+1 − ti)(ti+2 − ti+1)
(ti+3 − ti)(ti+3 − ti+2)

+O(
1
m
) ,

e

d
=

(ti+2 − ti+1)(ti+2 − ti)
(ti+3 − ti+1)(ti+3 − ti)

+O(
1
m
) .
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Thus the latter combined with (22) yields

e

d
(1 + d − e) =

(ti+2 − ti+1)2

(ti+3 − ti)2
+O(

1
m
) ,

e − d = 1 − (ti+2 − ti+1)(ti+3 − ti+1)
(ti+3 − ti)(ti+2 − ti)

+O(
1
m
) .

(25)

Hence Taylor’s Theorem coupled with (4) and first equation from (25) renders

ρ1 =
(ti+2 − ti+1)
(ti+3 − ti)2

+O(
1
m
) .

Finally, the second equation from (25) and further factorization in (5) results in

α+ = 1 +
ti+2 − ti+1

ti+1 − ti
+O(

1
m
) . (26)

A similar analysis used to prove (26) shows that

β+ = 1 +
ti+3 − ti+1

ti+1 − ti
+O(

1
m
) . (27)

Because sampling is more-or-less uniform the formulae (26) and (27) guarantee
that 1 < α+ < β+.
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Abstract. One of the problems that hinders the application of conven-
tional methods for shape-from-shading to the analysis of shiny objects
is the presence of local highlights. The first of these are specularities
which appear at locations on the viewed object where the local surface
normal is the bisector of the light source and viewing directions. High-
lights also occur at the occluding limb of the object where roughness
results in backscattering from microfacets which protrude above the sur-
face. In this paper, we consider how to subtract both types of highlight
from shiny surfaces in order to improve the quality of surface normal
information recoverable using shape-from-shading.

1 Introduction

Shape-from-shading is concerned with recovering surface orientation from local
variations in measured brightness. There is strong psychophysical evidence for
its role in surface perception and recognition [12]. Some of the pioneering work
in the area was performed by Horn and his co-workers [10]. However, despite
considerable effort over the past two decades, reliable shape recovery from shad-
ing information has proved an elusive goal [10]. The reasons for this are twofold.
Firstly, the recovery of surface orientation from the image irradiance equation
is an under-constrained process which requires the provision of boundary condi-
tions and constraints on surface smoothness to be rendered tractable. Secondly,
real-world imagery rarely satisfies these constraints. Several authors have at-
tempted to develop shape-from-shading methods which overcome these short-
comings. For instance, Oliensis and Dupuis [18], and Bichsel and Pentland [3]
have developed solutions for which shape-from-shading is not under-constrained,
but which require prior knowledge of the heights of singular points of the surface.
Meanwhile, Kimmel and Brookstein have shown how the apparatus of level-set
theory can be used to solve the image irradiance equation as a boundary value
problem [11]. Frankot and Chellappa [8] have focused on the differential geome-
try of the recovered surface and develop a Fourier domain approach for imposing
integrability constraints. Ferrie and Lagrarde [7] have used the Darboux-frame
smoothing method of Sander and Zucker [21] to impose constraints from dif-
ferential geometry on the recovered needle-map. A detailed comparative review
of these and other related methods for shape-from-shading can be found in the
recent comprehensive survey paper of Zhang, Tsai, Cryer and Shah [27].
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The observation underpinning this paper is that although considerable effort
has gone into the recovery of accurate surface geometry, existing shape-from-
shading methods are confined to situations in which the reflectance is predomi-
nantly Lambertian. When the surface under study is shiny, then the estimated
geometry may be subject to error. The main problem that can occur is that
surface intensity highlights may lead to misestimation of surface curvature. The
most familiar example here is that of surface specularities. These occur at lo-
cations on the surface where the local surface normal direction is the bisector
of the light source and viewing directions For this reason, if specular hihglights
can be accurately located, then they can provide important cues that can be
used to constrain the recovery of surface shape. However, there is a less well
known effect that results in limb brightening. This is due to surface roughness
and results from oblique scattering from microfacets that protrude above the
limb perpendicular to the line of sight.

The problem of non-Labmertian and specular reflectance has been widely
studied [13,22]. For instance, Healey and Binford [9] have shown how to simplify
the Beckmann distribution [1] using a Gaussian approximation to the distribu-
tion of specular angle. This simplification can be used in conjunction with the
Torrance and Sparrow model [23] to model intensity variations in the analysis of
surface curvature. In a comprehensive treatment of specular shape-from-shading
Brelstaff and Blake [5] have analysed the geometric constraints provided by spec-
ularities, and have shown how to detect specularities using Lambertian irradiance
constraints. Drawing on psychophysics, Blake and Bulthoff [4] have developed
a computational model of the shape information available to a moving observer
from the apparent movement of specularities. Several authors have looked criti-
cally at the physics underlying specular reflectance. For instance, Nayar, Ikeuchi
and Kanade [16] have shown that the Torrance and Sparrow model [23] is appli-
cable to the modelling of the specular lobe rather than the specular spike. Wolff
[24] also has a model which combines diffuse and specular reflectance compo-
nents, in which the parameters are chosen on the basis of the known physical
properties of particular surfaces. In a series of recent papers, Lin and Lee have
shown how specular reflections due to multiple light-sources can be located in
multi-band imagery [14]. Finally, Nayar, Fang and Boult [17] have used polari-
sation filters to detect specular reflection.

There has also been a considerable body of work devoted to reflectance from
rough surfaces. As noted above, this process is responsible for limb brightening.
Oren and Nayar [19] have developed a model which can be used to account for
reflectance from surfaces with a rough microfacet structure. Dana, Nayar, Van
Ginneken and Koenderink [6] have catalogued the BRDF’s for 3D surface tex-
tures. Recently, Magda, Kriegman, Zickler and Belhumeur [15] have commented
on how shape can be recovered from surfaces with arbitrary BRDF’s. Finally,
Wolff [24] has shown how the Fresnel term can be used to model reflectance from
a variety of surfaces.

In this paper our aim is to incorporate both specular and rough limb re-
flectance into the shape-from-shading process. This is a two-step process. First,
we make estimates of the local surface normals using geometric constraints on
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the directions of Lambertian and specular reflectance to recover surface normal
directions. The approach is a probabilistic one, which uses a mixture model to
estimate the posterior mean direction of Lambertian and specular reflectance.

Once the posterior mean surface normals are to hand, then we can perform
photometric correction on the original image. This is again a two-step process.
First, we subtract specularities using the Torrance and Sparrow model. Second,
we correct the residual non-specular component using the Oren and Nayar model.
The result is a corrected Lambertian image from which both local specularities
and limb-brightening effects are removed. By applying a Lamertian shape-from-
shading algorithm to the corrected image, we obtain an improved estimate of
the surface normal directions.

2 Reflectance Geometry

In this section we outline the geometry of the reflectance processes which
underpin our shape-from-shading model. We adopt a two-component model in
which the predominantly Lambertian surface reflectance exhibits local specular
highlights.

2.1 Specular Reflectance

The first component of our reflectance process is concerned with modelling local
specular highlights on the observed surface. For specular reflection the surface
normal, the light source direction and the viewing direction are coplanar. The in-
cidence angle is equal to the angle of specular reflectance. Hence, for specular re-
flection, the direction of the surface normal N (n)

S is the bisector of the light source
(L) and the viewing (V ) directions and the unit-vector is N

(n)
S = (L+V )

‖L+V ‖ . It is
important to stress that the surface normal for the specular reflectance compo-
nent is fully constrained if the light source direction and the viewing direction are
known. We therefore keep the specular surface normal direction fixed throughout
our iterative recovery of the needle-map. The geometry of the specular reflectance
process is illustrated in Figure 1a.

2.2 Lambertian Reflectance

In the case of Lambertian reflectance from a matte surface of constant albedo il-
luminated with a single collimated light-source, the observed intensity is indepen-
dent of the viewing direction. The observed intensity depends only on the quan-
tity of absorbed light, and this in turn is proportional to the cosine of the inci-
dence angle. Suppose that L is the unit-vector in the direction of the light source
and that NL(i, j) is the unit-vector in the surface normal direction for Lamber-
tian reflectance at the pixel (i, j). According to Lambert’s law, the observed
image intensity at the pixel with coordinates (i, j) is E(i, j) = NL(i, j) · L.

Lambert’s equation provides insufficient information to uniquely determine
the surface normal direction. However, as recently observed by Worthington and
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Fig. 1. Geometry of the specular reflectance and the needle-map update process.

Hancock [26], the equation does have a simple geometric interpretation which can
be used to constrain the direction of the surface normal. The equation specifies
that the surface normal must fall on the surface of a right-cone whose axis is
aligned in the light-source direction L and whose apex angle is cos−1(E).

Worthington and Hancock [26] exploit this property to develop a two-step
iterative process for shape-from-shading. The process commences from a config-
uration in which the surface normals are placed on the position on the irradiance
cone where their projections onto the image plane are aligned in the direction
of the local (Canny) image gradient. This geometry is illustrated in figure 1b.

In the first step, the surface normal directions are subjected to smooth-
ing in such a way as to satisfy curvature consistency constraints. The resulting
smoothed surface normal N̂

(n)
L will not fall on the irradiance cone and will hence

not satisfy Lambert’s law. To overcome this problem, in the second step of the
process the smoothed surface normal is rotated onto the nearest location on the
irradiance cone. The resulting surface normal, which satisfies Lambert’s law, is

N
(n+1)
L = N̂

(n)
L cos(θ) + (R × N̂

(n)
L ) sin(θ) (1)

where the rotation axis and the rotation angle are given by

R =
N̂

(n)
L × L

‖N̂
(n)
L × L‖

, θ = cos−1(N̂
(n)
L · L) − cos−1(E) (2)

In Worthington and Hancock’s shape-from-shading method, which deals with
matte surfaces that are free from specularities, these smoothing and back-
projection steps may be interleaved and iterated until convergence, i.e. a stable
needle-map is obtained.

3 Probabilistic Framework

The aim in this paper is to use a previously reported Bayes-decision scheme for
separating the two reflectance modes [20]. We compute the a posteriori prob-
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abilities of specular or Lambertian reflectance. This is done using the iterated
conditional modes algorithm of Besag [2]. Although the method has notoriously
poor global optimisation properties, we use it here because it is simple and rel-
atively efficient.

The aim is to label pixels according to the reflectance mode from which
they originated. The class identity for the pixel (i, j) at iteration n is denoted
by ω

(n)
i,j . The class-identity may be drawn from the set Ω = {S,L} where S is

the specular reflectance label and L is the Lambertian reflectance label. For each
image location, we maintain a specular surface normal and a Lambertian surface
normal which satisfy the geometric constraints outlined in Section 2. At iteration
n of the algorithm the currently available estimates of the two surface normals
are respectively N

(n)
L (i, j) and N

(n)
S (i, j). In the case of the specular component,

the normal direction is in the direction of local specular reflection, and does not
change with iteration number. In the case of Lambertian reflectance, the surface
normal direction varies with iteration number, but is always projected to be
positioned on the irradiance cone.

To develop our decision process, we require two probabilistic modelling in-
gredients. The first of these are separate probability density functions which can
be used to represent the distributions of surface normals for the two reflectance
components. We evaluate these densities at the posterior mean surface normal
M (n)(i, j) computed at iteration n. The reason for doing this is that the current
values of the two normals are guaranteed to satisfy the geometric constraints
outlined in Section 2. As a result, they will be associated with vanishing angular
error. Accordingly, we let q

(n)
i,j (L) = p(M (n)(i, j)|ω(n)

i,j = L) be the probabil-
ity distribution for the posterior mean surface normal under the Lambertian
reflectance model. Similarly, we let q

(n)
i,j (S) = p(M (n)(i, j)|ω(n)

i,j = S) denote
the distribution function for the posterior mean surface normal for the specular
reflectance component.

The second probabilistic ingredient is a smoothness prior for the selected sur-
face normal. This component of the model incorporates contextual information.
Indexing the surface normals according to their pixel locations, suppose that
Γ

(n)
i,j = {M (n)(k, l)|(k, l) ∈ Gi,j} is the set of posterior mean surface normals in

the neighbourhood Gi,j of the pixel (i, j). We let P (n)
i,j (L) = P (N (n)

L (i, j)|Γ (n)
i,j )

be the conditional probability (or smoothness prior) of the Lambertian surface
normal at the location (i, j) given the field of surrounding posterior mean sur-
face normals. With these ingredients, then according to the iterated conditional
modes, the probability that the pixel (i, j) belongs to the Lambertian class at
iteration n is

P (ω(n)
i,j = L|M (n)(i, j)) =

q
(n)
i,j (L)P (n)

i,j (L)∑
Λ∈Ω q

(n)
i,j (Λ)P (n)

i,j (Λ)
(3)

The probability that the surface normal belongs to the specular class is the
complement, These probabilities can be used to separate the two reflectance
modes. With these probabilities to hand, we can update the estimate of the



Highlight Removal Using Shape-from-Shading 631

posterior mean surface normal in the following manner

M (n+1)(i, j) = N
(n)
S (i, j)P (ω(n)

i,j = S|M (n)(i, j))

+ N
(n)
L (i, j)P (ω(n)

i,j = L|M (n)(i, j)) (4)

4 Probability Distributions

To apply the Bayes framework for the posterior mean surface normal estimation,
we require probability distributions for Lambertian and specular reflectance,
together with a smoothness prior for the surface normal directions.

Specular Reflection. The modelling of specular reflectance and specular high-
lights has attracted considerable attention in the computer vision and computer
graphics communities [23,1,9]. Here we are interested in two approaches to the
problem. The first of these is concerned with modelling specular intensities. Here
the model of Torrance and Sparrow [23] captures the physics of scattering by the
micro-facet structure of a surface. The second approach is to model the angular
distribution associated with the reflected light in the proximity of specularities.
Here the Beckmann distribution [1] provides a relatively simple model which
captures the angular shape of the specular spike. Healey and Binford [9] have
an alternative model which can be used to model the distribution of specular
intensities for regions of high surface curvature.

We use the Torrance and Sparrow model to distribution of specular intensi-
ties. According to this model, the specular intensity is given by

I
(n)
S (i, j) =

(
K
F

π

)
G

(M (n) · V )
D(α)

(M (n) · L)
(5)

The model is controlled by four terms. The first of these is the Fresnel term which
is close to unity, i.e. F ∼= 1.0. Secondly, there is the geometrical attenuation factor

G = min

[
1, 2

(M (n) · NS)(M (n) · V )
(V · NS)

, 2
(M (n) · NS)(M (n) · L)

(V · NS)

]
(6)

Thirdly, there is the facet slope function which we model using the Beckmann
distribution [1] to model the distribution of the angle α = cos−1(M (n)(i, j) ·
N

(n)
S (i, j)) between the posterior mean surface normal M (n)(i, j) and the pre-

dicted direction of the specular spike N
(n)
S . The distribution is

D(α) =
1

σ2
S cos4 α

exp

[
−
(
tan(α)
σS

)2
]

(7)

where σS is a parameter which controls the angular shape of the distribution.
This distribution can be used to model the shape of both the specular spike and
the specular lobe. It makes no attempt to model the distribution of specular
intensities.
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Fourthly, and finally, K is a constant which normalizes the equation. We
assume that the observed specular intensities follow a Gaussian distribution
with variance σ2

S . Under these assumptions we can write

q
(n)
i,j (S) =

1√
2πσS

exp


−1

2

(
E(i, j) − I

(n)
S (i, j)

σS

)2

 (8)

This distribution models the variation in specular intensity resulting from the
physical variation in specular reflectance direction.

Lambertian Reflectance. Our model of the Lambertian reflectance process
assumes that the observed intensity values follow a Gaussian distribution with
variance σ2

L. The mean intensity is (M (n) · L). Under these assumptions we can
write

q
(n)
i,j (L) =

1√
2πσL

exp

[
−1
2

(
E(i, j) − M (n)(i, j) · L)

σL

)2]
(9)

Smoothness Prior. Our model for the surface normal smoothness prior is
based on the average value of the inner product of the surface normal at the
location (i, j) with the surrounding field of surface normals. We write

P
(n)
i,j (Λ) =

1
2|Gi,j |

[
|Gi,j | +

∑
(k,l)∈Gi,j

N
(n)
Λ (i, j) · M (n)(k, l)

]
(10)

When the posterior mean surface normals from the neighbourhood Gi,j are
aligned in the direction of N

(n)
Λ (i, j), then P

(n)
i,j (Λ) = 1, the larger the mis-

alignment then the smaller the value of smoothness prior.

5 Specularity Subtraction

Having described the Bayes framework and the associated two-mode reflectance
model, we are now in a position to perform specularity removal. In this sec-
tion we describe a shape-from-shading algorithm which leads to images free of
specularities.

We commence by initialising the algorithm. The initial Lambertian surface
normal N

(0)
L (i, j) is constrained to lay on the irradiance cone in the direction

of the image gradient. The subsequent iterative steps of the algorithm are as
follows:

– 1: The field of posterior mean surface normals (initially equal to N
(0)
L ) is

subjected to local smoothing. Here we use the curvature sensitive smoothing
method [26]. The smoothed surface normal is denoted by M

(n)
R (i, j).
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– 2: We update the current estimate of the Lambertian surface normal by
projecting the smoothed posterior mean surface normal onto the nearest
location on the irradiance cone. This gives us the revised surface normal
N

(n)
L .

– 3: With the M
(n)
R (i, j) to hand we compute the conditional measure-

ment densities q(N)
i,j (L) and q

(N)
i,j (S) for the two reflectance modes. Taking

M
(n)
R (i, j), N

(n)
L and N

(n)
S , we compute the smoothness priors P (n)

i,j (L) and

P
(n)
i,j (L). Then, we compute the updated a posteriori probabilities for both

reflectance modes.
– 4: Using N

(n)
L and N

(n)
S and the updated a posteriori probabilities, we com-

pute the new posterior mean surface normal M (n+1)(i, j) and we return to
step 1.

The steps of the algorithm are summarised in Figure 1b. The posterior mean
surface normals delivered by our shape-from-shading algorithm can be used for
the purposes of reconstructing the specular intensity component IS using the
Torrance-Sparrow model given in equation 5. With the reconstructed specular
intensity to hand, we can compute the matte reflectance component IM (i, j) =
E(i, j) − IS(i, j).

6 Correcting for Limb-Brightening

As mentioned earlier, there may also surface brightness anomalies due to rough
reflectance from the limbs of objects. Our aim in this section is to show how the
Nayar and Oren model can be used to further correct the images obtained by
specular subtraction for limb-brightening.

It is well-known that there are a large number of situations where Lambert’s
law is significantly in error. These include locations near the occluding contour of
objects under any illumination conditions. It also applies to situations where the
angle of illumination incidence is greater than 50◦ relative to the viewing direc-
tion. Here there will be significant departures from Lambertian reflectance both
near the occluding boundary and over a large portion of object area bounded
on one side by the shadow boundary with respect to illumination [25]. These
non-Lambertian effects are observable for both shiny and rough surfaces.

Oren and Nayar have a qualitative reflectance model for rough surfaces [19].
For a point on a rough surface with illuminant incidence angle θi and viewing,
or reflectance angle, θr the reflectance functions is

Lr(θi, θr, φr − φi;σ) =
ρ

π
E0 cos(θi)(A+Bmax [0, cos(φr − φi)] sin(α) tan(β))

(11)
where A = 1.0 − 0.5 σ2

σ2+0.33 , B = 0.45 σ2

σ2+0.09 and α = max[θi, θr] , β =
min[θi, θr]. It is important to note that the model reduces to the Lambertian
case when σ = 0. Here, we aim to utilize this model to deduce a corrected Lam-
bertian reflectance image from the matte component delivered by our specular
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Fig. 2. Plots showing the behaviour of the Oren and Nayar model for rough surfaces.

subtraction method. To do this, we assume that the surface roughness σ is almost
constant and the reflectance measurements are obtained in the plane of incidence
i.e. (φr = φi = 0). We also confine our attention to the case where the angle
between the light source and the viewing directions is small, i.e. θr = θi = θ.
With these two restrictions, we can write cos(φr − φi) = 1 and α = β = θ.
Hence, the non-specular (or diffuse) intensity predicted by the simplified Oren
and Nayar model is

IM (i, j) = A cos θ +B sin2 θ (12)

Hence, the matte intensity consists of two components. The first of these is a
Lambertian component A cos θ. The second is the non-Lambertian component
B sin2 θ which takes on it maximum value where θ = π

2 , i.e. close to the oc-
cluding boundary. To perform Lambertian correction, we proceed as follows. At
every pixel location, we use Equation (12) to estimate the angle θ using the
subtracted matte intensity and solving the resulting quadratic equation in cos θ.
The solution is

cos θ =
A∓√A2 − 4B(IM (i, j) −B)

2B
(13)

We take the sign above which results in a value of A cos θ which is closest
to the matte intensity IM (in the majority of cases this involves taking the
solution associated with the minus sign). This hence allows us to reconstruct the
corrected Lambertian reflectance image IL = A cos θ. It also gives us an estimate
of the opening angle of the Lambertian reflectance cone. This can then be used
in the Worthington and Hancock shape-from-shading scheme which assumes the
Lambertian reflectance model to recover improved surface normal estimates.

In Figure 2a we show the Lambertian reflectance cos θ (equation 13) as a
function of the roughness parameter σ and the matte intensity IM . When the
roughness is zero, then the Lambertian and matte intensities are equal to one
another. When the roughness increases, then the departures from Lambertian
reflectance become more marked.
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In Figure 2b we plot the ratio IL

IM
as a function of the incidence angle θ.

The different curves are for different values of the roughness parameter σ. For
zero roughness, the ratio is flat, i.e. the reflectance is purely Lambertian. As
the roughness increases, then so the value of the ratio decreases by increasing
the incidence angle. For normal incidence, the ratio is always unity, i.e. the
reflectance is indistinguishable from the Lambertian case, whatever the value of
the roughness parameter is.

7 Experiments

The images used in our experiments have been captured using an Olympus 10E
camera. The objects studied are made of white porcelain and are hence shiny.
Each object has been imaged under controlled lighting conditions in a darkroom.
The objects have been illuminated using a single collimated tungsten light source.
The light source direction is recorded at the time the images are captured.

To ground-truth the surface highlight removal process, we have used a pair of
polaroid filters. We have placed the first filter between the light source and the
illuminated object. The second filter was placed between the illuminated object
and the camera. For each object we have collected a pair of images. The first of
these is captured when the second filter (i.e. the one between the camera and the
object) is rotated until there is maximal extinction of the observed specularities.
The second image is obtained when the polaroid is rotated through 90 degrees,
i.e. there is minimal extinction of the specularities. We refer to the polarisation
conditions of the former image as “uncrossed” and of the latter as “crossed”.

In Figure 4 we show the results obtained for three of the objects used in our
study. The objects are a porcelain bear, a porcelain vase and a porcelain urn. The
top row of the figure shows the images obtained with uncrossed polaroids while
the second row shows the images obtained with crossed polaroids. The third
row shows the difference between the crossed and uncrossed polaroid images.
The strongest differences occur at two different locations. Firstly, there are the
positions of specularities. From the uncrossed polaroid images it is clear that
there are several quite small specular reflections across the surface of the bear.
The vase has larger specularities on the neck and the centre of the bulb. The
urn has a complex pattern of specularities around the handles. From the crossed
polaroid images it is clear that most of the specular structure is removed. The
second feature in the difference images are the locations of occluding object
limbs, where oblique scattering occurs.

In the fourth row of Figure 4, we show the matte images IM obtained af-
ter specularity subtraction using the Torrance and Sparrow model, The fifth
row shows the reconstructed specular intensity obtained using the Torrance and
Sparrow model, i.e. IS . The sixth row shows the difference between the corrected
matte images in the fourth row and the uncrossed polaroid images in the top
row. Turning our attention to the matte images and the specular images, it is
clear that for each of the objects the specular structure is cleanly removed and
the matte appearance is close to that obtained with the crossed polaroids. Also,
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Fig. 3. Intensity plots for different reflectance components across the neck of the vase.

the pattern of specularities obtained in each case corresponds to that obtained
by subtracting the crossed polaroid images from the uncrossed polaroid images.

In Figure 5 we investigate the shape information recoverable. The top row
shows the Lambertian images after correction for rough limb reflectance using
the simplified Oren and Nayar model, i.e. IL. The second row shows the difference
between the corrected Lambertian images and the uncrossed polaroid images.

In the third row we show the needle-maps obtained when we apply shape-
from-shading to the images obtained only by specular subtraction, i.e. IM . In
the fourth row of the figure we show the needle maps obtained when the shape-
from-shading is applied to the corrected Lambertian images (IL) appearing in
the top row of this Figure. The fifth row of Figure 5 shows the difference in
needle-map directions for the matte (IM ) and Lambertian images (IL). Here the
main differences occur at the limbs of the objects.

The sixth row of Figure 5 show the curvedness estimated using the surface
normals delivered by the corrected Lambertian images. In the case of the urn
the ribbed structure emerges well. The complex surface structure of the bear, in
particular the boundaries of the arms and legs, is clearly visible. For the urn the
symmetric structure of the neck and the bulb is nicely preserved.

In Figure 6 we show some image reconstructions obtained from the Lamber-
tian image surface normals. The images in the figure are organised into three
pairs of rows. In each pair the top row shows the image reconstructions. The
lower row shows the differences between the reconstructed images and the sub-
tracted matte images (the fourth row of Figure 4). The first pair of rows show
the results obtained using a simple Lambertian model, the second pair are the
results obtained with the Oren and Nayer method, and the final pair show the
results obtained using Wolff’s Fresnel model. The images in the second pair
show almost no difference with the matte components. However, the remaining
two pairs show stronger patterns of difference. This suggests that the correction
process using the Oren and Nayar model has been performed successfully. The
reason for this is that the reconstructed images are almost identical to the matte
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Fig. 4. Applying our specular SFS to separate the specular and matte components.
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Fig. 5. Surface normals obtained by running SFS over matte and Lambertian images.
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Fig. 6. Reconstructed images using Lambertian, Oren-Nayar and Wolff models.
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images. It is also clear that the images reconstructed using the Oren and Nayar
model are brighter than the ones reconstructed using the Lambertian model,
whereas, the images reconstructed using the Wolff model are darker than both
of them.

In Figure 3 we provide some analysis of the different reflectance models used
in our experiments. In the left hand panel of the figure, the solid curve is the
intensity cross-section along a horizontal line crossing the uncrossed image of the
neck of the vase shown in Figure 4. The dashed-curve shows the matte image IM

resulting from specular subtraction, while the dotted curve is the specular com-
ponent IS reconstructed using the Torrance and Sparrow model. The specularity
on the neck is clearly visible as a peak in the solid curve. This peak is cleanly
subtracted in the matte (dashed) curve. In the right-hand panel we focus on the
corrected Lambertian image. Here the solid curve is the matte reflectance IM

obtained by specular subtraction. The dashed curve is the corrected Lambertian
reflectance IL. The differences between the two curves are small except at the
limbs of the object. To examine the effect of the model in more detail, the dotted
curve shows the ratio of corrected Lambertian and matte reflectance ρ = IL

IM
.

The ratio drops rapidly towards zero as the limbs are approached. Also shown
on the plot as a dash-dot curve is the predicted value of the ratio based on the
assumption that the object has a circular cross-section. If x is the distance from
the centre and r is the radius of the circle, then value of the ratio at a distance

x from the centre is ρ(x) =
A
√

1−( x
r )2

A
√

1−( x
r )2+B( x

r )2
. This simple model is in reasonable

agreement with the empirical data.

8 Conclusions

In this paper we have shown how to use shape-from-shading to perform photo-
metric correction of images of shiny objects. Our approach is to use estimated
surface normal directions together with reflectance models for specular and rough
reflectance to perform specularity removal and rough limb-correction. Specular-
ities are modelled using the Torrance and Sparrrow model while the rough limb
brightening is modelled using the Oren and Nayar model. We commence by us-
ing an iterated conditional modes algorithm to extract surface normals using a
mixture of specular and matte reflectance directions. The resulting surface nor-
mal directions are used to perform specularity subtraction. Finally, we correct
the residual matte reflectance component for rough limb scattering using the
Oren and Nayar model. The resulting corrected Lambertian images can be used
as input to a conventional shape-from-shading algorithm and result in improved
recovery of object-geometry.
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Abstract. Computing reflective symmetries of 2D and 3D shapes is a classical
problem in computer vision and computational geometry. Most prior work has fo-
cused on finding the main axes of symmetry, or determining that none exists. In this
paper, we introduce a new reflective symmetry descriptor that represents a mea-
sure of reflective symmetry for an arbitrary 3D voxel model for all planes through
the model’s center of mass (even if they are not planes of symmetry). The main
benefits of this new shape descriptor are that it is defined over a canonical parame-
terization (the sphere) and describes global properties of a 3D shape. Using Fourier
methods, our algorithm computes the symmetry descriptor in O(N4 log N) time
for an N × N × N voxel grid, and computes a multiresolution approximation
in O(N3 log N) time. In our initial experiments, we have found the symmetry
descriptor to be useful for registration, matching, and classification of shapes.

1 Introduction

Detecting symmetry in 3D models is a well studied problem with applications in a large
number of areas. For instance, the implicit redundancy in symmetric models is used to
guide reconstruction [1,2], axes of symmetry provide a method for defining a coordinate
system for models [3], and symmetries are used for shape classification and recognition
[4,5].

Despite its intuitive appeal, symmetry has been under-utilized in computer-aided
shape analysis. Most previous methods have focused only on discrete detection of sym-
metries – i.e., classifying a model in terms of its symmetry groups (either a model has
a symmetry, or it does not) [2,6,7,8,9,10,11,12,13]. Accordingly, they provide limited
information about the overall shape of an object, and they are not very useful for shapes
that have no symmetries. In contrast, in the context of shape analysis, we believe that it
is just as important to know that a model does not have a particular symmetry, as it is to
know that it does.

The objective of our work is to define a continuous measure of reflective symmetry
(over any plane for any 3D model) and use it to build a concise shape signature that is
useful for registration, matching, and classification of 3D objects. Our approach is to
define a reflective symmetry desciptor as a 2D function that gives the measure of invari-
ance of a model with respect to reflection about each plane through the model’s center of
mass. For example, Figure 1 shows a car, cube and chair (top) and their corresponding
reflective symmetry descriptors (bottom). The descriptors are drawn by scaling unit vec-
tors on the sphere in proportion to the measure of reflective symmetry about the plane
through the center of mass and normal to the vector. Note that the reflective symmetry

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 642–656, 2002.
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Fig. 1. A visualization of the reflective symmetry descriptor for a car, a cube, and a chair. The
visualization is obtained by scaling unit vectors on the sphere in proportion to the measure of
reflective symmetry about the plane through the center of mass, normal to the vector.

descriptor provides a continuous measure of reflective symmetry for all planes through
the center of mass, and has peaks corresponding to the planes of symmetry, or near
symmetry, of the models. For example, the symmetry descriptor of the chair in Figure 1
has strong peaks corresponding to its left-right symmetry, it has smaller horizontal and
vertical peaks corresponding to the seat and back of the chair, but it also has a strong
peak corresponding to the plane that reflects the back of the chair into the seat. Thus, in
the case of the chair, the reflective symmetry descriptor describes not only the different
parts of the chair, but also their spatial relationships.

For shape analysis tasks, the potential advantages of the reflective symmetry de-
scriptor are four-fold. First, it characterizes the global shape of the object, and thus it
is well-suited for the matching of whole objects (as is often needed for searching large
databases of 3D objects). Second, it is defined over a canonical 2D domain (the sphere),
and thus it provides a common parameterization for arbitary 3D models that can be
used for alignment and comparison. Third, it is insensitive to noise and other small
perturbations in a 3D model, since each point on the symmetry descriptor represents an
integration over the entire volume, and thus similar models which only differ in their fine
details have similar symmetry descriptors. Finally, it describes the shape of an object
in terms of its symmetry features, which provide distinguishing shape information for
many objects (look around your office and consider classifying objects based on their
symmetries). This approach is quite different from existing shape descriptors, and thus
in addition to being useful on its own, it may be helpful to use in conjunction with other
representations.

In this paper, we describe our initial research in defining, computing, and using
reflective symmetry descriptors. Specifically, we make the following contributions: (1)
we define a new continuous measure for the reflective symmetry of a 3D voxel model with
respect to a given plane, (2) we describe efficient algorithms to compute the reflective
symmetry measure for all planes through the center of mass of a 3D model, and (3) we
present experimental results evaluating the utility of reflective symmetry descriptors for
registration and classification of 3D models. In our tests, we find that reflective symmetry
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descriptors are more effective than commonly used shape descriptors (e.g., moments [14]
and shape distributions[15]) for registering and classifying 3D models.

The remainder of the paper is organized as follows. Section 2 contains a brief review
of related work. Next, Section 3 introduces our new measure of reflective symmetry
for voxel models, and Section 4 describes an efficient algorithm for computing a shape
descriptor based on this measure. Section 5 discusses some of the properties of the reflec-
tive symmetry descriptor, while Section 6 presents experimental results acquired during
tests in shape registration and classification applications. Finally, Section 7 contains a
brief summary of our work and a discussion of topics for future work.

2 Related Work

Existing approaches for reflective symmetry detection have mainly focused on finding
perfect symmetries of a 2D or 3D model [6,7]. For instance, early work in this area is
based on efficient substring matching algorithms (e.g., [16]). However, since substring
matching is inherently a binary question, these algorithms can only find perfect symme-
tries and are highly unstable in the presence of noise and imprecision; thus they are not
suitable for most shape registration and matching applications.

In the case of voxel grids, methods for symmetry detection have been proposed
using the covariance matrix [11,12], taking advantage of the fact that eigenspaces of
the covariance matrix must be invariant under the symmetries of the model. These
methods are efficient and work in all dimensions but have the disadvantage that they
only work when the eigenspaces of the covariance matrix are all one-dimensional. In
the case of the cube, for example, the covariance matrix is a constant multiple of the
identity, every vector is an eigenvector, and no candidate axes of symmetry can be
determined. Additionally, the covariance matrix can only identify candidate axes and
does not determine a measure of symmetry. So, further evaluation needs to be performed
to establish the quality of these candidates as axes of symmetry. Methods for symmetry
detection in 2D using more complex moments and Fourier decomposition have also been
described [8,9,10,13], though their dependence on the ability to represent an image as a
function on the complex plane makes them difficult to generalize to three-dimensions.

In the work most similar to ours, Marola [8] presents a method for measuring symme-
try invariance of 2D images. However, because of its use of autocorrelation, the method
cannot be extended directly to three-dimensional objects. In related work, Zabrodsky,
Peleg and Avnir [2] define a continuous symmetry distance for point sets in any dimen-
sion. Unfortunately, it relies on the ability to first establish point correspondences, which
is generally difficult. Additionally, while the method provides a way of computing the
symmetry distance for an individual plane of reflection, it does not provide an efficient
algorithm for characterizing a shape by its symmetry distances with respect to multiple
planes.

Our approach differs from previous work on symmetry detection in that we aim to
construct a shape descriptor that can be used for registration, matching, and classification
of 3D shapes based on their symmetries. The key idea is that the measure of symmetry
with respect to any plane is an important feature of an object’s shape, even if the plane
does not correspond to a reflective symmetry of the shape. By capturing this idea in a
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structure defined on a canonical parameterization, we can compare models by comparing
their symmetry descriptors. This basis for comparison provides a means for shape regis-
tration, matching, and classification. In this respect, our goals are similar to previously
described shape descriptors [17,18,19,20], of which some recent examples include spin
images [21], harmonic shape images [22], shape contexts[23,24], and Extended Gaus-
sian Images [25]. Similarly, our descriptor is related to several shape representations
that characterize symmetries with respect to local axes, such as medial axes [26], shock
graphs [27], and skeletons [28,29]. However, our reflective symmetry descriptor differs
from these structures in that it characterizes global symmetry features of a 3D model,
and thus it provides shape information orthogonal to these other descriptors.

In the following sections, we describe our methods for computing the reflective
symmetry descriptor. There are two main challenges. First, we must describe a new
notion of symmetry distance that can be used to measure the invariance of a 3D voxel
model with respect to reflection about any plane. Second, we must develop an algorithm
for computing the reflective symmetry descriptor that is more efficient than the brute
force O(N5), algorithm for N × N × N voxel grids.

3 Defining the Symmetry Distance

The first issue is to define a measure of symmetry for a 3D model with respect to reflection
about a plane. While previous work has proposed symmetry measures for 2D images
and 3D point sets, we seek such a measure for 3D models based on a solid mathematical
framework. This allows us to prove valuable properties of the descriptor.

We define the symmetry distance of a function with respect to a given plane of
reflection as the L2-distance to the nearest function that is invariant with respect to the
reflection. Specifically, we treat a voxel model as a regular sampling of a function and use
the L2-norm on the space of functions. For a function f and a reflection γ this translates
into the equation:

SD(f, γ) = min
g|γ(g)=g

‖f − g‖.

Using the facts that the space of functions is an inner product space and that the functions
that are invariant to reflection about γ define a vector subspace, it follows that the
nearest invariant function g is precisely the projection of f onto the subspace of invariant
functions. That is, if we define πγ to be the projection onto the space of functions invariant
under the action of γ and we define π⊥

γ to be the projection onto the orthogonal subspace
then:

SD(f, γ) = ‖f − πγ(f)| = ‖π⊥
γ (f)‖

so that the symmetry distance of f with respect to γ is the length of the projection of f
onto a subspace of functions indexed by γ.

In order to compute an explicit formulation of the projection of f onto the space of
functions invariant under the action of γ, we observe that reflections are orthogonal trans-
formations (that is, they preserve the inner product defined on the space of functions).
This lets us apply a theorem from representation theory [30] stating that a projection of a
vector onto the subspace invariant under the action of an orthogonal group is the average
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of the vector over the different elements in the group. Thus in the case of a function f
and a reflection γ we get:

SD(f, γ) =
∥∥∥∥f − 1

2
(f + γ(f))

∥∥∥∥ =
∥∥∥∥f − γ(f)

2

∥∥∥∥ (1)

so that up to a scale factor the symmetry distance is simply the L2-difference between
the initial function and its reflection.

As an example, Figure 2 demonstrates this process of projection by averaging. The
image on the left shows a picture of Jackie Chan. The image on the right is the closest
image that is symmetric with respect to the gray line. It is obtained by averaging the
original with its reflection. The L2-difference between these two images is the measure
of the symmetry of the initial image with respect to reflection about the gray line.
Equivalently, according to Equation 1, the symmetry distance is half the L2-distance
from the original image to its reflection.

Fig. 2. An image of Jackie Chan (left) and its projection onto the space of images invariant under
reflection through the gray line (right). The image on the right is obtained by averaging the image
on the left with its reflection about the gray line.

4 Computing the Reflective Symmetry Descriptor

The second issue is to build a shape descriptor for a 3D model based on symmetry dis-
tances. We define our reflective symmetry descriptor as a representation of the symmetry
distances for all planes through the model’s center of mass. This definition captures
global symmetry information and can be parameterized on the domain of a sphere.

In order to use this reflective symmetry descriptor in practical applications, we
must develop efficient algorithms for computing it. A naive algorithm would explic-
itly compute the symmetry distances in O(N3) time for each of the O(N2) planes in an
N × N × N voxel model, requiring O(N5) time overall. Our approach is to leverage
the Fast Fourier Transform to reduce the computation time to O(N4 log N) and to use
multiresolution methods to provide a good approximation in O(N3 log N).

We present our method for efficiently computing the reflective symmetry descriptor
of a voxel grid in four steps. First, we show how the Fast Fourier Transform can be
used to compute the reflective symmetries of a function defined on a circle efficiently
(Section 4.1). Second, we show how the case of a function f defined on the unit disk
can be reduced to the case of a function on a circle by decomposing f into a collection
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Fig. 3. Reflection about α
maps a point with angle θ to
the point with angle 2α − θ.

Fig. 4. The reflective symmetry descriptor of a 2D image
can be obtained by decomposing the image into concentric
circles and computing the reflective symmetry descriptors
on each of the circles.

of functions defined on concentric circles (Section 4.2). Third, through a collection of
mappings we show how to reduce the question of finding the symmetry descriptor of
a function on a sphere to the question of finding the symmetry desriptor for a function
on a disk (Section 4.3). Fourth, we show how the reflective symmetry descriptor of a
voxel grid can be computed by decomposing the grid into a collection of concentric
spheres and applying the methods for symmetry detection of functions defined on a
sphere (Section 4.4).

We conclude this section by describing a method for efficiently computing a mul-
tiresolution approximation to the descriptor, which provides comparable quality at low
resolutions in far less time (Section 4.5).

4.1 Functions on a Circle

In order to define the reflective symmetry descriptor for a function on a circle we would
like to compute the symmetry distance for reflections about all lines through the origin
efficiently. In particular, for a given function f on the circle and any reflection γ we
would like to compute the measure of invariance of f with respect to γ. Denoting by γα

the reflection about the line through the origin with angle α and using the fact that this
reflection maps a point with angle θ to the point with angle 2α − θ (see Figure 3) we
can apply Equation 1 to obtain:

SD(f, γα) =

√√√√√√
L2-norm︷ ︸︸ ︷

‖f‖2

2
−

convolution term︷ ︸︸ ︷∫ 2π

0

f(θ)f(2α − θ)
2

dθ

This formulation provides an efficient method for computing the reflective symmetry
descriptor of a function defined on a unit circle because we can use the Fast Fourier
Transform to compute the value of the convolution term for all angles α in O(N log(N))
time, where N represents the number of times f is sampled on the circle.
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4.2 Functions on a Disk

As with functions on a circle, the reflective symmetry descriptor of a function on a disk is
a mapping that associates to every angle α the measure of the invariance of the function
with respect to the reflection about the line with angle α. To compute the reflective
symmetry descriptor we observe that these reflections fix circles of constant radius, and
hence the symmetries of a function defined on a disk can be studied by looking at the
restriction of the function to concentric circles. Figure 4 shows a visualization of this
process where the image of Superman is decomposed into concentric circles and the
reflective symmetry descriptor of the image is computed by combining the reflective
symmetry descriptors of the different circular functions.

To make this observation explicit we reparameterize the function f(x, y) into polar
coordinates to get the collection of functions {f̃r} with:

f̃r(θ) = f(r cos θ, r sin θ),

where r ∈ [0, 1] and θ ∈ [0, 2π], and we set γα to be the reflection about the line
through the origin with angle α. Using Equation 1 and applying the appropriate change
of variables we get:

SD(f, γα) =

√∫ 1

0
SD2(f̃r, γα)rdr

showing that we can take advantage of the efficient method for computing the reflective
symmetry descriptor of a function on the circle to obtain an O(N2 log N) algorithm for
computing the reflective symmetry descriptor of an N × N image.

This method is similar to the method presented in the works of Marola and Sun et al.
[8,10] in its use of autocorrelation as a tool for reflective symmetry detection. The
advantage of our formulation is that it describes the relationship between autocorrelation
and an explicit notion of symmetry distance, defined by the L2 inner-product of the
underlying space of functions, and provides a method for generalizing the definition of
symmetry distance to 3D.

4.3 Functions on a Sphere

The reflective symmetry descriptor of a function defined on the surface of a sphere is
a mapping that gives the measure of reflective invariance of a model with respect to
reflections about every plane through the origin. To compute the reflective symmetry
descriptor of a function on a sphere we fix a North pole and restrict our attention to
those planes passing through it. The values of the reflective symmetry descriptor for the
restricted set of reflections can be efficiently computed by breaking up the function into
its restrictions to the upper and lower hemisphere and projecting each of these restrictions
to a disk. Figure 5(left) shows a visualization of this process for the restriction to the
upper hemisphere. Note that reflections through planes containing the North pole map
the upper hemisphere to itself and correspond to reflections about lines in the projected
function.

In particular if we parameterize the sphere in terms of spherical coordinates:

Φ(φ, θ) =
(
cos φ, sinφ cos θ, sinφ sin θ

)
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Fig. 5. To compute the reflective symmetry descriptor of a function defined on the sphere for planes
passing through the North pole we observe that these planar reflections correspond to reflections
about lines in the projected functions (left). We observe that a great circle must intersect every
plane through the origin (right) so letting the North pole vary over a great circle and computing
the projection at every step we obtain the symmetry distance for all planes.

with φ ∈ [0, π] and θ ∈ [0, 2π], the restriction to the upper hemisphere corresponds to
the restriction φ ∈ [0, π/2]. Unfolding the restriction of f to the upper hemisphere along
lines of constant latitude gives a function f̃u defined on a disk of radius π/2:

f̃u(φ cos θ, φ sin θ) = f (Φ(φ, θ))

√
sinφ

φ
.

We can obtain f̃l, the projection of the lower hemisphere, in a similar fashion. Letting γα

represent both the reflection of the sphere about the plane through the North pole with
constant angle of longitude α and the reflection of the disk about the line with angle α
we get:

SD(f, γα) =
√

SD2(f̃u, γα) + SD2(f̃l, γα)

so that with the correct parameterization and scaling of the projections, the symmetry
distance for the reflection γα can be obtained from the symmetry distances of the projec-
tions of f . (Note that rather than doing a true projection onto the plane perpendicular to
the North pole, we actually unfold the hemisphere in terms of its angles of latitude. This
allows us to avoid the sampling problems that would otherwise result due to a vanishing
Jacobian near the boundary of the disk.)

In order to compute the value of the reflective symmetry desciptor for all planes
through the origin, not just those passing through the North pole, we use the fact that if
we fix a great circle on the sphere, any plane through the origin must intersect the great
circle in at least two points (Figure 5(right)). This allows us to compute the values of the
reflective symmetry descriptor for all planes by walking (half of) the great circle and at
each point projecting onto a disk to compute the measure of symmetries for those planes
containing the current North pole. Since the symmetry descriptor of the projection onto
a disk can be computed in O(N2 log N) and since we preform O(N) such projections,
this method gives an O(N3 log N) algorithm for computing the reflective symmetry
descriptor of a function on the sphere, sampled at O(N2) points.
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4.4 Functions on a Voxel Grid

As with a function defined on a sphere, the reflective symmetry descriptor of a voxel
model is a function that gives the measure of invariance of the model with respect
to reflection about every plane through the origin, where we assume that the model’s
center of mass has been translated to the origin. As in Section 4.2, we can use the fact that
reflections fix lengths to transform the problem of computing the reflective symmetry
descriptor of a voxel grid into a problem of computing the reflective symmetry descriptors
of a collection of functions defined on a sphere. In particular, if f is a function defined
on the set of points with radius less than or equal to 1 then we can decompose f into
a collection of functions {f̃r} where f̃r is a function defined on the unit sphere and
f̃r(v) = f(rv). After changing variables, the measure of symmetry of f with respect to
a reflection γ becomes:

SD(f, γ) =

√∫ 1

0
SD2(f̃r, γ)r2dr

and we obtain the value of the symmetry descriptor of f as a combination of the values of
the symmetry descriptors of the spherical functions {f̃r}, giving a method for computing
the reflective symmetry descriptor of an N × N × N model in O(N4 log N).

4.5 Multiresolution Approximation

Our algorithm for computing the reflective symmetry descriptor takes O(N4 log N) time
at full resolution. However, using Fourier decomposion of the restriction of the function
to lines through the origin, we are able to compute a good multiresolution approximation
to it in O(N3 log N) time. This approximation is useful in most applications because
symmetry describes global features of a model and is apparent even at low resolutions.
Given a function f defined on the set of points with radius less than or equal to 1 we
decompose f into the collection of one-dimensional functions by fixing rays through
the origin and considering the restriction of f to these rays. This gives a collection of
functions {f̃v}, indexed by unit vectors v, with f̃v(t) = f(tv)t and t ∈ [0, 1]. Expanding
the functions f̃v in terms of their trigonometric series we get:

f̃v(t) = a0(v) +
∞∑

k=1

(
ak(v)

cos(2kπt)√
2

+ bk(v)
sin(2kπt)√

2

)
.

The advantage of this decomposition is that the functions ak(v) and bk(v) are functions
defined on the sphere, providing a multiresolution description of the initial function f .
Applying the appropriate change of variables and letting γ denote a reflection about a
plane through the origin we get:

SD(f, γ) =

√√√√SD2(a0, γ) +
∞∑

k=1

(
SD2(ak, γ) + SD2(bk, γ)

)
.

Thus a lower bound approximation to the reflective symmetry descriptor can be obtained
in O(N3 log N) time by only using the first few of the functions ak and bk.
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(a) Voxel Model
(128x128x128)

(b) 4 coef
(12 sec)

(c) 8 coef
(14 sec)

(d) 32 coef
(31 sec)

(e) 128 coef
(122 sec)

Fig. 6. (a) A 1957 Chevrolet model, (b-d) the approximations of its symmetry descriptor using
the first 4, 8, and 32 spherical coefficient functions, and (e) the descriptor at full resolution.

The advantage of this multiresolution decomposition is that for binary voxel models
we can show that the approximations converge quickly to the true value of the reflective
symmetry descriptor at every point. In particular, if c represents the complexity of the
model (i.e. the number of times a line through the origin will enter and exit the shape) then
the approximation using only the first k Fourier coefficient functions differs from the true
reflective symmetry descriptor in proportion to c/k. (This follows from the fact that if
g(t) is the characteristic function of c disjoint segments contained on the interval [0, 2π]
then

∫
sin(2kπt)g(t)dt ≤ c/k.) This result is demonstrated empirically in Figure 6(b-e),

which shows the symmetry descriptor computed for a Chevrolet using 4, 8, 32, and 128
Fourier coefficient functions, respectively. Note that using only the first eight Fourier
coefficient functions results in an approximation that is barely distinguishable from the
higher resolution versions.

5 Additional Properties of the Reflective Symmetry Descriptor

In addition to being a function that is both parameterized over a canonical domain and
describes a model in terms of its symmetries, the reflective symmetry descriptor has
provable properties valuable for shape analysis:

Stability: The reflective symmetry descriptor is stable in the presence of high-frequency
noise. To see this, we rewrite the reflective symmetry descriptor of a function f , defined
on a circle, in terms of its Fourier coefficients:

SD(f, γα) =

√
1
2

∑
k

(‖ak‖2 + a2
kei2kα).

This equation demonstrates that the contribution of different frequencies to the reflec-
tive symmetry descriptor depends only on their Fourier coefficients. In contrast, shape
descriptors that involve computation of model derivatives, either as normals or gradients
[25,10], have the property of amplifying the contribution of high-frequency components,
making them unstable in the presence of high-frequency noise.

Globality: The differences in the reflective symmetry descriptors of two different models
at a single point provides a lower bound for the overall similarity of the two models.
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The proof of this bound derives from the fact that the symmetry distance of a function f
with respect to a reflection γ is defined as the length of the projection π⊥

γ (f) (Section 3).
Since we know that for any orthogonal projection π and any vectors v and w we have
‖v‖ ≥ ‖π(v)‖ and ‖v − w‖ ≥ ∣∣‖v‖ − ‖w‖∣∣ it follows that:

‖f − g‖ ≥ ∣∣‖π⊥
γ (f)‖ − ‖π⊥

γ (g)‖∣∣ = |SD(f, γ) − SD(g, γ)|

so that the difference in the values of two symmetry descriptors at a single point provides
a lower bound for the L2-difference of the corresponding models.

6 Results

In this section, we show the reflective symmetry descriptors of a wide variety of models
and demonstrate the efficacy of the descriptor as a shape analysis tool by showing how
models can be registered and classified using the descriptor.

6.1 Test Database

Our test database consisted of 90 polygonal models categorized by a third party into 24
different classes. Using a simple rasterization method, the interior of each model was
voxelized into a 128 × 128 × 128 grid.

Figures 7 and 8 show a number of models from the test database with their corre-
sponding reflective symmetry descriptors. The full symmetry descriptor for each model
was computed in 122 seconds on an 800 MHz Athlon processor with 512 MB of RAM.
Note that the descriptors vary from model to model, with different patterns of undula-
tions and sharp peaks, demonstrating that the symmetry descriptor is a rich function,
capable of describing large amounts of information about shape.

Fig. 7. A number of models from different classes with their reflective symmetry descriptors,
demonstrating the variability and richness of the descriptor.
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Fig. 8. A number of representative models with their corresponding symmetry descriptors. Note
that the descriptor remains consistent within a class.

6.2 Registration Results

In this section, we test how well the symmetry descriptors of models can be used for
registration. To do this we hand-aligned all pairs of models within a class. For each pair of
models, we computed the axis of the rotation which brings the two models into alignment
and then searched for the rotation along that axis that minimizes the L2-distance between
the corresponding symmetry descriptors.

Figure 9 compares errors in registration using the reflective symmetry descriptor
with errors using principal axis alignment. The graphs show the percentage of pairwise
registrations that resulted in a given error, where error is measured as the difference
in the rotation angles between the user-specified and the computed rotations. Note that
reflective symmetry descriptors register different models within the same class to within
5 degrees of what a human would do in 95% of the tests as opposed to the covariance
approach that only registers to within 5 degrees 55% of the time.

These results indicate that registration using the reflective symmetry descriptor does
a better job of aligning models than the classic principal axis method. We believe that
the trouble with using principal axis alignment is two-fold. First, in the case that an
eigenspace of the covariance matrix is more than one-dimensional, a unique eigenvector
cannot be determined. Second, the contribution of points to the covariance matrix scales
quadratically with their distance from the center, so that small changes in a model that
occur far from the center can drastically change the principal axes. Figure 10 demon-
strates this by showing the principal axes of three different mugs. Note that changes in
the position and shape of the handle, and changes in the cylindrical nature of the mug give
rise to principal axes that are differently aligned. The reflective symmetry descriptor, by
contrast, remains stable throughout these variances (Figure 8 bottom row.)
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Fig. 9. A comparison of registration using the reflective symmetry descriptor (left) with registration
using principal axes (right). The graphs show the percentage of pairwise registration that resulted
in a given rotation error.

Fig. 10. A collection of mugs with their principal axes. The figure demonstrates that minor
variances within a class can drastically affect the orientation of the principal axes.

6.3 Classification Results

We also evaluated the discriminating power of the reflective symmetry descriptor with
respect to the task of object classification. In order to do this efficiently, we generated
rotation-invariant signatures for the symmetry descriptor based on the distribution of their
values. In particular, we obtained the first eight approximating Fourier coefficient func-
tions (as describes in Section 4.5) and generated histograms for each of their reflective
symmetry descriptors. The histograms contained 100 bins, with the k-th bin containing
the measure of the points on the sphere whose corresponding symmetry distance was
in the range [k/100, (k + 1)/100]. We measured model similarity by comparing the
obtained histograms using the Earth Mover’s Distance [31].

We performed a sequence of leave-one-out classification experiments for each model
based on the measure of model similarity. Table 1 compares the results of model clas-
sification using the symmetry distribution with the classification results obtained using
higher order moments [14] and shape distributions [15], two other global shape de-
scriptors used for matching and classification. In order to provide a base measure of
performance, the table also presents the results when the similarity measure returns a
random number. The quality of the classification was measured using three metrics [15].
The Nearest Neighbor value is the percentage of models whose closest match belonged
to the same class. The First Tier and First Two Tiers values corresponds to the percentage
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of models in the first (n−1) and 2(n−1) nearest matches that belonged to the same class
as the query model, where n is the class size. They provide measures of classification
that normalize for the number of models within a class. Note that reflective symmetry
descriptors classify models as well or better than the other shape descriptors for all three
classification criteria.

Table 1. Comparison of results of the model matching experiment using 4th and 7th order
moments, shape distributions and symmetry descriptors.

Comparison Method Nearest Neighbor First Tier First Two Tiers Time

Random 6% 4% 9%
Moments (4th Order) 34% 40% 48% 0.1 seconds
Moments (7th Order) 24% 33% 38% 0.25 seconds
Shape Distributions 44% 64% 62% 0.35 seconds
Symmetry Descriptors 52% 69% 71% .15 seconds

7 Conclusion and Future Work

In this paper, we have introduced the reflective symmetry descriptor, a function associat-
ing a measure of reflective invariance of a 3D model with respect to every plane through
the center of mass. It has several desirable properties, including invariance to translation
and scale, parameterization over a canonical domain, stability, and globality that make it
useful for registration and classification of 3D models. We have shown how to compute
it efficiently, and conducted preliminary experiments that show its usefulness for shape
registration and classification.

This work suggests a number of questions that we would like to address in future
research: (1) Can the symmetry descriptor be used for other shape analysis tasks, such
as learning a statistical classifier of shape? (2) Can the multiresolution properties of the
descriptor be used to develop more efficient search algorithms, e.g., for registration and
recognition? (3) Can other theoretical properties of the descriptor be proven, such as
showing when 3D models can have the same descriptor? Answers to these questions
will further our understanding of how symmetry defines shape.
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Abstract. We analyze walking people using a gait sequence represen-
tation that bypasses the need for frame-to-frame tracking of body parts.
The gait representation maps a video sequence of silhouettes into a pair
of two-dimensional spatio-temporal patterns that are near-periodic along
the time axis. Mathematically, such patterns are called “frieze” patterns
and associated symmetry groups “frieze groups”. With the help of a
walking humanoid avatar, we explore variation in gait frieze patterns
with respect to viewing angle, and find that the frieze groups of the gait
patterns and their canonical tiles enable us to estimate viewing direction
of human walking videos. In addition, analysis of periodic patterns al-
lows us to determine the dynamic time warping and affine scaling that
aligns two gait sequences from similar viewpoints. We also show how gait
alignment can be used to perform human identification and model-based
body part segmentation.

1 Motivation

Automated visual measurement of human body size and pose is difficult due to
nonrigid articulation and occlusion of body parts from many viewpoints. The
problem is simplified during gait analysis, since we observe people performing
the same activity with certain time period. Although individual gaits vary due
to factors such as physical build, body weight, shoe heel height, clothing and
the emotional state of the walker, at a coarse level the basic pattern of bipedal
motion is the same across healthy adults, and each person’s body passes through
the same sequence of canonical poses while walking [6]. We have experimented
with a simple, viewpoint-specific spatio-temporal representation of gait. The
representation collapses a temporal sequence of body silhouette images into a
periodic two-dimensional pattern. This paper explores the use of these frieze
patterns for viewing angle determination, human identification, and non-rigid
gait sequence alignment.

2 Related Work

Many approaches to analyzing gait sequences are based on tracking the body
as a kinematic linkage. Model-based kinematic tracking of a walking person was
� This work is supported in part by ONR N00014-00-1-0915 and NSF # IIS-0099597.

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 657–671, 2002.
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pioneered by Hogg [11], and other influential approaches in this area are [2,4].
These approaches are often brittle, since the human body has many degrees of
freedom that cannot be observed well in a 2D image sequence. Our work is more
closely related to approaches based on pattern analysis of spatio-temporal repre-
sentations. Niyogi and Adelson delineate a person’s limbs by fitting deformable
contours to patterns that emerge from taking spatio-temporal slices of the XYT
volume formed from an image sequence [17]. Little and Boyd analyze temporal
signals computed from optic flow to determine human identity from gait [14].
Analyzing features over a whole temporal sequence is a powerful method for
overcoming noise in individual frames.

Liu and Picard [15] propose to detect periodic motions by treating temporal
changes of individual pixels as 1D signals whose frequencies can be extracted.
Seitz and Dyer [18] replace the concept of period by the instantaneous period,
the duration from the current time instant at which the same pattern reappears.
Their representation is effective in studying varying speed cyclic motions and
detecting irregularities. Cutler and Davis [5] also measure self-similarity over
time to form an evolving 2D pattern. Time-frequency analysis of this pattern
summarizes interesting properties of the motion, such as object class and number
of objects.

Fig. 1. Spatio-temporal gait representations are generated by projecting the body sil-
houette along its columns (FC) and rows (FR), then stacking these 1D projections over
time to form 2D patterns that are periodic along the time dimension. A 2D pattern
that repeats along one dimension is called a “frieze” pattern.

3 A Spatio-Temporal Gait Representation

Consider a sequence of binary silhouette images b(t) ≡ b(x, y, t), indexed spa-
tially by pixel location (x, y) and temporally by time t. Form a new 2D image
FC(x, t) =

∑
y b(x, y, t), where each column (indexed by time t) is the vertical

projection (column sum) of silhouette image b(t), as shown in Figure 1. Each
value FC(x, t) is then a count of the number of silhouette pixels that are “on” in
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column x of silhouette image b(t). The result is a 2D pattern, formed by stacking
column projections together to form a spatio-temporal pattern. A second pattern
FR(y, t) =

∑
x b(x, y, t) can be constructed by stacking row projections. Since a

human gait is periodic with respect to time, FC and FR are also periodic along
the time dimension. A two-dimensional pattern that repeats along one dimen-
sion is called a frieze pattern in the mathematics and geometry literature, and
group theory provides a powerful tool for analyzing such patterns (Section 4.1).

Figure 2 shows the column projection frieze pattern FC extracted from a
roughly 30 second long sequence of a person walking along a test course. Note
the changes in appearance of the frieze pattern as the walking direction changes.
In our experiments, body silhouette extraction is achieved by simple background
subtraction and thresholding, followed by a 3x3 median filter operator to sup-
press spurious pixel values. Silhouettes across a gait sequence are automatically
aligned by scaling and cropping based on bounding box measurements so that
each silhouette is 80 pixels tall, centered within a window 80 pixels wide by 128
pixels high. Background subtraction is a commonly used method for extract-

Fig. 2. Frieze pattern extracted from a 30 second long walking sequence. Note the
changes in appearance of the frieze pattern as the walking direction changes.

ing body silhouettes from a stationary background scene [7,20]. It is difficult
for kinematic trackers to automatically identify and fit individual limb positions
from such data. This is because background subtraction often yields noisy sil-
houettes with holes, fragmented boundaries, and extra parts due to background
clutter and shadows. However, by distilling a sequence of silhouettes into a pe-
riodic pattern that can be smoothed and analyzed using robust signal analysis
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techniques, our “holistic” approach to gait analysis is better able to deal with
noisy silhouette data.

4 Model-Based Gait Analysis

With the aid of a 3D walking humanoid model, we have studied how the spatio-
temporal frieze patterns described above vary with respect to camera view-
point. Our model of human body shape and walking motion is encapsulated
in a VRML/H-Anim 1.1 compliant avatar called “Nancy”. 1 Nancy’s 3D poly-
hedral body parts were generated by a graphics designer, and the gait motion,
specified by temporal sequences of interpolated rotations at each joint, is based
on the motion sequence of a real person in “The Human Figure in Motion” by
Eadweard Muybridge. We have ported Nancy into an open-GL program that
generates 2D perspective views of the avatar given a camera position and time
step within the gait cycle. Figure 3 illustrates variation of the column projection
frieze patterns FC defined in Section 3 when Nancy’s gait is seen from different
viewing directions. The diversity inspires us to seek an encoding for these dif-
ferent types of frieze patterns in order to determine viewpoint from frieze group
type. One candidate for categorizing frieze patterns is by their symmetry groups.

(a) (b)

Fig. 3. (a) A database of gait sequences is generated from 241 sample viewpoints. The
subject is a walking humanoid avatar (motion sequence is from a real person). (b) Some
gait patterns of the avatar “Nancy” viewed from different directions.

4.1 Frieze Symmetry Groups Classification

Any frieze pattern Pi in Euclidean space R2 is associated with a unique symmetry
group Fi, where i = 1..7,∀g ∈ Fi, g(Pi) = Pi. These seven symmetry groups are
1 c©1997 Cindy Ballreich, 3Name3D / Yglesias, Wallock, Divekar, Inc.
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called frieze groups, and their properties are summarized in Figure 4 and Table 1.
Five different types of symmetries can exist for frieze patterns: (1) translation,
(2) 2-fold rotation, (3) horizontal reflection (4) vertical reflection, and (5) glide-
reflection. A frieze pattern can be classified into one of the 7 frieze groups based
on what combination of these 5 primitive symmetries are present in the pattern
[16] (Table 1).

(A) (B)

Fig. 4. (A) The seven frieze patterns (P1...P7) in Euclidean space R2. (B) The subgroup
relationship among the seven frieze symmetry groups (F1...F7 in Table 1). Fi → Fj

means Fi is a subgroup of Fj .

We are interested in classifying imperfect and noise-contaminated frieze pat-
terns generated from real human gaits. There are two important and intertwined
computational issues for frieze symmetry group classification: 1) given an im-
perfect frieze pattern, how to decide whether or not it has certain types of sym-
metries; and 2) given the symmetry measures for a pattern, how to give each
of the seven frieze groups an equal chance to be chosen as the symmetry group
of the pattern, since these groups are not disjoint. The first issue is addressed
by establishing a distance measure between an imperfect periodic pattern and
frieze patterns. The second issue is addressed by using geometric AIC [12,13] for
symmetry group model selection.

Distance to the Nearest Frieze Patterns. We define the symmetry distance
(SD) of an approximately periodic pattern P to the set of all frieze patterns {Pn}
with frieze group Fn as

SDn(P ) = min
Q∈{Pn}

{
tN∑
i=1

(
pi − qi

si

)2

} (1)

where N is the number of pixels in a tile (smallest 2D repeating region), t is
the number of tiles being studied, pi and qi are intensity values of corresponding
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Table 1. Symmetries of frieze pattern tiles (N is number of pixels in one tile)

Symmetry translation 2-fold Horizontal Vertical Glide Degrees of
Group rotation reflection reflection reflection Freedom
F1 yes no no no no N
F2 yes no no no yes N/2
F3 yes no no yes no N/2
F4 yes yes no no no N/2
F5 yes yes no yes yes N/4
F6 yes no yes no no N/2
F7 yes yes yes yes no N/4

pixels of pattern P and Q ∈ {Pn} respectively, and si is the standard deviation
of the frieze pattern at pixel i. For independent Gaussian noise, the distance
SDn has a χ2 distribution with tN degrees of freedom.

The symmetry distance measure is defined with respect to a frieze pattern
Q ∈ {Pn} that has the minimal distance to P . We can show that this pattern
Q can be constructed as follows: (1) For t > 1 and n = 1, Q is the pixel-wise
average of all the tiles in P . (2) For t = 1 and n > 1, Q = (On(P )+P )

2 , where
On(P ) is the pattern obtained by applying the set of symmetry operations in
Fn to P . (3) For t > 1 and n > 1, Q is the pixel-wise average of each Q obtained
above. Our definition of frieze pattern symmetry distance in pixel intensity space
is analogous to that of Zabrodsky et.al. [21,13] for polygon distance in vertex
location space.

Geometric AIC for Frieze Group classification. The frieze symmetry
groups form a hierarchical structure (Figure 4B) where frieze group F1 is a
subgroup of all the other groups and so on. For example, a frieze pattern P3
(with vertical reflection symmetry) is a more general pattern type than P5 or
P7, since any P5 or P7 frieze with more complicated symmetries also has vertical
reflection symmetry. But this implies that the distance of a pattern P to P3
is always no greater than the distance to P5, since the set of P5 patterns is a
subset of the P3 patterns. If no care is taken, a symmetry group classification
algorithm based on raw symmetry distance scores will always favor P3 over P5.
To address this problem, we adopt the concept of Geometric-AIC (G-AIC) pro-
posed by Kanatani [12,13]. Given two possible frieze patterns whose symmetry
groups have a subgroup relationship, G-AIC states that we should prefer Fm

over Fn if
SDm

SDn
< 1 +

2(dn − dm)
r(tN) − dn

(2)

where dm and dn are the degrees of freedom for frieze patterns of Fm and Fn re-
spectively, and r is the codimension. Since the data space (the intensity space) is
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dimension one, and our model space (point in multidimensional intensity space)
dimension is 0, the codimension r = 1 − 0 = 1.

(b) (f) (g)(e)(a) (c) (d)

Fig. 5. Determining the degrees of freedom of frieze patterns by how many constraints
a pixel intensity has to satisfy. The figure shows the corresponding pixels that must
have the same intensity values in (a) two tiles of a P1 pattern; (b)-(g) a tile from frieze
pattern P2...P7 respectively.

The degrees of freedom (DOF) of a frieze pattern depends on how the inten-
sity of each pixel on the pattern is constrained. For frieze patterns with transla-
tion symmetry only, the only constraint for each of the tN pixels is to have the
same intensity value as the pixel t units to the left. Thus its DOF is N . On the
other hand, pixels on a P3 pattern have to satisfy a vertical reflection symmetry
constraint, and thus half of the pixel intensities need to be the same as the other
half. So the DOF of a P3 pattern is N/2. The last column of Table 1 and Figure
5 explain the DOFs of the seven frieze groups. In summary, we would prefer to
classify a pattern P as having frieze group Fm rather than Fn if

SDm(P )
SDn(P )

<
t

t − 1
, for m = 2, 3, 4, 6 and n = 1 (3)

SDm(P )
SDn(P )

<
2t

2t − 1
, for m = 5, 7 and n = 2, 3, 4, 6 (4)

SDm(P )
SDn(P )

<
2t + 1
2t − 2

, for m = 5, 7and n = 1 (5)

4.2 View Direction Estimation

To study the effects of viewpoint on human gait appearance we have generated
a database of 241 walk sequences, indexed by viewing direction azimuth and
elevation, by sampling the view sphere at roughly every 10 degrees (Figure 3).
This type of detailed study is perhaps only possible given a generative model,
since the cost of gathering such data experimentally would be prohibitive. Fig-
ure 6 shows the frieze groups associated with the 241 column projection frieze
patterns FC generated from Nancy’s gait when viewed from these directions.
Row projection frieze patterns FR exhibit less variation with respect to group
structure, and are not used in this section.

The underlying assumption in the current approach is that the distribution of
symmetry groups of the gait patterns from different views of the computer model
can provide guidance for determining the viewing angle of an observed human
subject’s gait. Figure 7 shows a comparison among corresponding avatar and two
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Fig. 6. Symmetry group labelings of the frieze patterns of a humanoid avatar viewed
from different directions on the upper hemisphere (Figure 3). Each sample point on
the hemisphere is projected to the plane of elevation 0 degrees. Since the shape and
motion of the avatar is based on a real person, the symmetry group distribution map
above is NOT perfectly symmetrical with respect to the 0o (Frontal view) and 180o

(Back view) line.

individual human subject (one male, one female) frieze patterns, viewed from
six different viewing angles. One can observe that frieze patterns from the same
view point share the same frieze symmetry group, and their tiles have a similar
appearance. We also observe that the avatar frieze patterns are visually similar to
the patterns extracted from gait video of real human subjects. In another word,
the gait frieze patterns so computed are more similar across different subjects
than across viewing directions.

Given an observed human subject gait pattern P = FC (Section 3), we use a
moment-based method (Section 5.1) to align the model friezes Pi from each of
the 241 candidate viewing directions to the subject frieze. Applying PCA to a
typical tile from P and taking the non-dominant PCA components that are most
sensitive to discriminate pattern variations, the closest K nearest neighbors are
found in this subspace. We used a dual elimination method to decide which angle
values from these K neighbors we can count on. The first condition is that P and
Pi have the same symmetry group. The second condition is that corresponding
pixels of tiles from P and Pi must have similar intensities. Results for classifying
viewing direction for two human subjects is listed in Table 2.

In this framework we have assumed affine camera models, thus only one view-
ing direction (specified by azimuth and elevation) is estimated for a ray directed
towards the center of the person. However, the data used in the experiment
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Fig. 7. View of FC frieze patterns from six different angles. Left: Avatar Nancy (motion
sequence is extracted from a real female person). Middle: human subject # 1 (male).
Right: human subject # 2 (female).

Table 2. View direction estimation using frieze groups, for two real human subjects
viewed from six different cameras

Camera Sym. Ground truth subj 1 estimate subj 2 estimate
ID Group View Dir. elevation azimuth elev azim elev azim
3 F7 L. side 15.4 83.2 50 75 10 80
5 F3 L. front 12.0 37.4 30 160 80 45
7 F5 Frontal 25.0 359.8 20 0 20 0
13 F3 R. back 11.4 234.9 20 200 20 240
16 F3 R. front 11.9 314.5 40 334 10 20
17 F5 Back 26.5 181.4 20 180 20 180

comes from a perspective camera, and due to the proximity of the subject, the
difference in viewing ray elevation between their head and feet is roughly 28
degrees. This partly explains why estimation of azimuth angles tends to be more
accurate than elevation angles. Furthermore, much more accurate estimations of
viewing angles are achieved for frieze patterns with non-F3 groups (Table 2). This
can be explained by the multiple possible angle ranges for P3 patterns (Figure
6). We have dealt with this using majority votes and robust median estimators.
Although having the same symmetry group is only a necessary condition for two
gait patterns to share the same viewing direction, our initial experiments show
that this condition yields better estimation accuracy than not using symmetry
groups at all. Accuracy would be further improved by using these cues in com-
bination with other constraints, for example geometric constraints on azimuth
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and elevation provided by approximate knowledge of ground plane and direction
of travel [19].

5 Spatio-Temporal Gait Alignment

Consider two gait sequences, represented by two pairs of frieze patterns FC(x, t),
FR(y, t) and F ′

C(x′, t′) , F ′
R(y′, t′). We seek to align the patterns temporally and

spatially, as a precursor for further correspondence-based analysis. Temporal
alignment of gait sequences amounts to aligning frieze patterns horizontally,
thereby determining a mapping between time variables t and t′. Spatial align-
ment means finding a mapping between pixel locations (x, y) in sequence 1 and
(x′, y′) in sequence 2. We restrict this to a four parameter affine mapping, and
show that it can be found by aligning the corresponding row and column friezes
along their vertical dimensions.

Spatio-temporal alignment of two video sequences is typically treated within
a framework of 3D space-time volumetric warping [3]. However, representing
human activity using line projection frieze patterns collapses the problem down
to 2D spatial pattern alignment. Temporal alignment of these frieze patterns is
further simplified by the periodic nature of the patterns themselves, allowing us
to use simple periodic signal analysis in place of expensive dynamic time warping
procedures [8].

5.1 Moment-Based Gait Alignment

It is well known that the first and second moments of two binary silhouettes can
be used to determine an affine transformation that coarsely aligns them, and
that some of the moments of a silhouette image can be computed from its row
and column projections [1]. This forms the basis of our gait alignment method.

First, we generalize the concept of moments of a binary image to cover a
time series of moments computed from a sequence of binary images. Define a
moment sequence as mij(t) =

∑
x

∑
y xiyjb(x, y, t), which is a sequence of single-

frame binary silhouette moments, indexed by time. Note that m00(t) is just the
area of the binary silhouette over time, while x̄(t) ≡ m10(t)/m00(t) and ȳ(t) ≡
m01(t)/m00(t) are the coordinates of the silhouette centroid over time. Similarly,
define a central moment sequence as µij(t) =

∑
x

∑
y(x−x̄(t))i(y−ȳ(t))jb(x, y, t),

which is a sequence of moments measured after translating each silhouette so
that its centroid is at the origin. The second central moments measure the spread
of silhouette pixels about the centroid, and can be used to derive the principal
axis of the silhouette shape.

Since we are summarizing each sequence of silhouettes with frieze patterns,
we are concerned only with moments that can be computed from row and column
projections. For example, consider silhouette area

m00(t) =
∑

x

∑
y

b(x, y, t) =
∑

x

(∑
y

b(x, y, t)

)
=
∑

x

FC(x, t)
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which can thus be computed from the frieze pattern as well as the original silhou-
ette sequence. Any moment sequence mij(t) or central moment sequence µij(t)
with either i or j (or both) equal to zero can be computed from frieze patterns
FC(t) and FR(t). In the present case, we will use m00(t), m10(t), m10(t), µ20(t),
and µ02(t). Note that the second central moment µ11(t) can not be determined
from the two frieze patterns, and we will therefore not be able to adjust skew or
principle axis rotation when aligning silhouette shapes using friezes alone.

We now present an algorithm for moment-based gait alignment. To a first
approximation, the temporal alignment between the two periodic gait sequences
can be represented as t′ = ρ t+φ, where ρ corrects for the relative stride frequency
and φ corrects for the relative phase difference (position within a stride). The
average stride frequency of each gait sequence is found by taking signal m00(t),
“whitening” it by subtracting its mean and dividing by its standard deviation,
then autocorrelating to find peaks occurring at a fundamental frequency. From
some viewpoints this is the stride frequency, and from others it is half the stride
frequency (e.g. a bipedal gait viewed from the side looks self-similar halfway
through a full stride). Whether the autocorrelation of m00(t) yields peaks at
half the stride frequency is viewpoint dependent, and can be calibrated using
the walking avatar model. Let f and f ′ denote the average frequencies of the two
gait sequences, computed from m00 of sequence 1 and m′

00 of sequence 2. Then
ρ = f ′/f . To determine the relative phase, we crop a subsequence of temporal
length f from m00(t), expand or contract it by ρ, then correlate with m′

00. The
average lag of prominent peaks of the correlation result determines the relative
phase. There may be a two-fold ambiguity in the phase from those viewpoints
for which the autocorrelation of m00 yields peaks at half the stride frequency.
For people close to the camera, the perspective effects are usually enough to
uniquely determine the phase. For people far away, however, it can be difficult
to distinguish between left foot forward or right foot forward on the basis of
silhouette moment information alone.

After determining the temporal mapping between t and t′, we now align the
frieze patterns spatially. Given the moments that we can compute from frieze
patterns, we determine the two translations and two scale factors that relate
(x, y) and (x′, y′) for corresponding time steps in the two sequences. Dropping
the time variables from the notation, this affine transformation is found to be

[
x′

y′

]
=



√

µ′
20 m00

µ20 m′
00

0

0
√

µ′
02 m00

µ02 m′
00


 [x − m10/m00

y − m01/m00

]
+
[

m′
10/m′

00
m′

01/m′
00

]

Whether to allow both scale factors to vary independently for each time step,
to enforce their ratio to be constant, to compute a temporal average for each, or
other variations depends on the application and on the amount of noise one can
expect in the underlying silhouette data.
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5.2 Applications of Gait Alignment

We illustrate the utility of moment-based frieze alignment with two applications.
The first involves comparing frieze tiles to classify a walking person’s identity
given a prior training set of gait data. The second application concerns matching
a walking humanoid model to gait silhouette data from a real person, in order
to locate specific body parts in each frame.

Human Identification. Given a dataset of gait sequences collected from one
camera viewpoint, we want to analyze a new sequence to determine which person
it is. Our approach is to create row and column silhouette projection friezes for
each sequence, warp them all temporally to a canonical frequency and phase
using the first half of the above alignment procedure, then cut out several tiles
corresponding to individual strides from each sequence. These aligned frieze
tiles are compared using normalized correlation, and subject classification is
performed by nearest neighbor matching on correlation scores. This approach
implicitly captures biometric shape cues such as body height/width ratio, body-
part proportions, stride length and amount of arm swing.

(a) (b) (c)

Fig. 8. Confusion matrices for nearest neighbor classification of 25 human subjects
using gait frieze pattern tiles. (a) Result from training and testing on non-overlapping
slow walking gait sequences. Classification rate is 100%. (b) Training on slow walk,
testing on fast walk. Classification rate is 100%. (c) Training on slow walk, testing on
walking carrying a ball (to inhibit arm swing). Classification rate is 81%. Blank rows
in (b) and (c) denote subjects for which there is no corresponding test data available.

To test this approach, we use the CMU MoBo database [9], which contains
motion sequences of 25 subjects walking on a treadmill. Each subject is recorded
performing four different types of walking: slow walk, fast walk, inclined walk,
and slow walk holding a ball (to inhibit arm swing). Figure 8 shows results
achieved for side views, for gait combinations slow-slow, slow-fast and slow-ball.
For the slow-slow experiment, the gallery consisted of tiles from the first five
seconds of each subject’s slow walk gait sequence, and the probe set consists of
tiles from the last five seconds of the same sequences. For both slow-fast and
slow-ball, the classification algorithm is trained on all tiles from the slow walk
sequences, and tested on all tiles from the other two gait sequences. We see that
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the results are quite good, even across different gait types. Although the match
similarity metric is simple normalized correlation, each tile succinctly represents
both spatial and temporal information from an entire stride subsequence.

Model-Based Body Part Analysis. Assume that we know the camera view-
point, and have rendered a walking humanoid model from that viewpoint. We
now have a sequence of model body silhouettes that can be matched against a
real gait sequence. After spatio-temporal gait alignment, the temporal pairing
of each frame of the data sequence with a corresponding model frame is known,
along with a four parameter affine transformation that aligns those two binary
silhouettes. Thus, for each frame, we can project the model silhouette contour
onto the data silhouette image. A sample frame showing an overlayed model con-
tour found through automatic gait sequence alignment is shown in Figure 9A.
The aligned model contour does not exactly coincide with the person’s body

(a) (b) (c) (d)

Fig. 9. (a) Moment-based alignment of model and data silhouettes. (b) Sampled points
from model and data silhouette contours. (c) Results of non-rigid thin-plate spline
alignment of the two sets of sample points. (d) Model silhouette warped by thin-plate
spline transform, overlayed on data silhouette.

outline due to a variety of factors, including differences in body shape and joint
angle kinematics between the avatar and the human being (e.g. body proportions
and amount of arm swing), as well as small differences in camera perspective
between the model and data viewpoints. However, note that the overall temporal
and spatial alignment is quite good, in the sense that the aligned model tells us
what body parts should be visible, and roughly where they should appear in the
image. More importantly, we know which body parts are occluded and should
not be considered for further analysis in this frame.

To illustrate what can potentially be done given this initial alignment be-
tween model and data silhouettes, we uniformly sample points from along each
silhouette contour and use a program for non-rigid point matching to compute
a thin-plate spline transformation between them [10]. Figure 9 shows, from left
to right, the initial model contour alignment, the two sampled point sets, the



670 Y. Liu, R. Collins, and Y. Tsin

resulting point sets after warping non-rigidly by a thin-plate spline, and the
new warped model contour overlayed over the data silhouette. The agreement
between contours is now much improved. The success of the non-rigid point
matcher in this case is due in large part to the accuracy of the model silhouette
topology, as determined by moment-based alignment of gait frieze patterns. More
examples are shown in Figure 10. Model-based gait analysis using frieze patterns
offers an efficient alternative to kinematic body part tracking for determining
the location of individual body parts in each frame of a gait sequence.

(a) (b) (c)

Fig. 10. Spatially and temporally aligned model silhouette overlayed on original image
for three views taken simultaneously by synchronized cameras. We plan to use results
like these for further model-based body part analysis, ultimately leading to 3D body
reconstruction and motion capture of a walking human.

6 Summary

We have presented a periodic pattern representation for analyzing gait sequences.
Silhouette row and column projections are stacked over time to form frieze pat-
terns that can be analyzed using the mathematical theory of symmetry groups.
With the help of a walking humanoid avatar, we have studied the correlation be-
tween the seven frieze symmetry groups and gait viewing direction, and have de-
veloped practical techniques for classifying imperfect frieze patterns. Our future
work will explore methods for more efficient and accurate viewpoint estimation
from frieze patterns, and extend our mathematical methods for imperfect pat-
tern analysis to patterns that are periodic along two dimensions. We have also
presented a moment-based method for aligning frieze gait patterns both tempo-
rally and spatially. The method has applications in determining human identity
from gait biometrics, and it provides an efficient alternative to frame-by-frame
tracking approaches for locating and delineating body parts.



Gait Sequence Analysis Using Frieze Patterns 671

References

1. B.K.P.Horn. Robot Vision. MIT Press, 1986.
2. C. Bregler and J. Malik. Tracking people with twists and exponential maps. In

Proc. IEEE Computer Vision and Pattern Recognition, pages 8–15, 1998.
3. Y. Caspi and M. Irani. A step towards sequence-to-sequence alignment. In IEEE

Computer Vision and Pattern Recognition, pages II:682–689, 2000.
4. T.J. Cham and J.M. Rehg. A multiple hypothesis approach to figure tracking. In

Proc. IEEE Computer Vision and Pattern Recognition, pages II:239–245, 1999.
5. R. Cutler and L. Davis. Robust real-time periodic motion detection, analysis

and applications. IEEE Trans on Pattern Analysis and Machine Intelligence,
22(8):781–796, August 2000.

6. E.Ayyappa. Normal human locomotion, part 1: Basic concepts and terminology.
In Journal of Prosthetics and Orthotics, volume 9(1), pages 10–17. The American
Academy of Orthotists and Prosthetists, 1997.

7. A. Elgammal, D. Harwood, and L. Davis. Non-parametric model for background
subtraction. In European Conference on Computer Vision, pages 751–767, 2000.

8. M.A. Giese and T. Poggio. Morphable models for the analysis and synthesis of
complex motion patterns. International Journal of Computer Vision, 38(1):59–73,
June 2000.

9. R. Gross and J. Shi. The CMU motion of body (MoBo) database. Technical Report
CMU-RI-TR-01-18, Robotics Institute, Carnegie Mellon University, 2001.

10. H.Chui and A.Rangarajan. A new algorithm for non-rigid point matching. IEEE
Computer Vision and Pattern Recognition, pages 44–51, 2000.

11. D. Hogg. Model-based vision: A program to see a walking person. Image and
Vision Computing, 1(1):5–20, 1983.

12. K. Kanatani. Statistical Optimization for Geometric Computation : Theory and
Practice. North-Holland, 1996.

13. K. Kanatani. Comments on ”Symmetry as a Continuous Feature. IEEE Transac-
tions on Pattern Analysis and Machine Intelligence, 19(3):246–247, 1997.

14. J.J. Little and J.E. Boyd. Recognizing people by their gait: The shape of motion.
Videre, 1(2), 1998.

15. F. Liu and R. W Picard. Finding periodicity in space and time. In IEEE Interna-
tional Conference on Computer Vision (ICCV), 1998.

16. Y. Liu and R. T. Collins. A Computational Model for Repeated Pattern Per-
ception using Frieze and Wallpaper Groups. In Computer Vision and Pattern
Recognition Conference (CVPR’00), pages 537–544, Los Alamitos, CA, June 2000.
IEEE Computer Society Press. (http://www.ri.cmu.edu/pubs/pub 3302.html).

17. S.A. Niyogi and E.H. Adelson. Analyzing and recognizing walking figures in xyt.
In Proc. IEEE Computer Vision and Pattern Recognition, pages 469–474, 1994.

18. S.M. Seitz and C.R. Dyer. View-invariant analysis of cyclic motion. International
Journal of Computer Vision, 25:1–23, 1997.

19. T.N. Tan, G.D. Sullivan, and K.D. Baker. Recognizing objects on the ground-
plane. Image and Vision Computing, 12(3):164–172, April 1994.

20. K. Toyama, J. Krumm, B. Brumitt, and B. Meyers. Wallflower: Principles and
practice of background maintenance. In International Conference on Computer
Vision, pages 255–261, 1999.

21. H. Zabrodsky, S. Peleg, and D. Avnir. Symmetry as a continuous feature. IEEE
Transactions on Pattern Analysis and Machine Intelligence, 17(12):1154–1165, De-
cember 1995.

































Hierarchical Shape Modeling for Automatic Face
Localization

Ce Liu1, Heung-Yeung Shum1, and Changshui Zhang2

1 Visual Computing Group, Microsoft Research Asia, Beijing 100080, China
2 Department of Automation, Tsinghua University, Beijing 100084, China

lce@msrchina.research.microsoft.com

Abstract. Many approaches have been proposed to locate faces in an
image. There are, however, two problems in previous facial shape models
using feature points. First, the dimension of the solution space is too
big since a large number of key points are needed to model a face. Sec-
ond, the local features associated with the key points are assumed to be
independent. Therefore, previous approaches require good initialization
(which is often done manually), and may generate inaccurate localiza-
tion. To automatically locate faces, we propose a novel hierarchical shape
model (HSM) or multi-resolution shape models corresponding to a Gaus-
sian pyramid of the face image. The coarsest shape model can be quickly
located in the lowest resolution image. The located coarse model is then
used to guide the search for a finer face model in the higher resolution
image. Moreover, we devise a Global and Local (GL) distribution to
learn the likelihood of the joint distribution of facial features. A novel
hierarchical data-driven Markov chain Monte Carlo (HDDMCMC) ap-
proach is proposed to achieve the global optimum of face localization.
Experimental results demonstrate that our algorithm produces accurate
localization results quickly, bypassing the need for good initialization.

1 Introduction

Face detection and face localization have been challenging problems in computer
vision and machine perception. Face detection, for example, explores possible
locations of faces from an input image, and face localization accurately locates
the facial shape and parts, often from an initialized model. Appearance models
have been successfully used for face detection, where typically a square region
with an elliptic mask is used to represent a face image. Based on a large amount
of positive (face) and negative (non-face) samples, machine learning techniques
such as PCA [13], neural networks [9,11], support vector machines [6], wavelets
[10] and decision trees [14], are always used to learn the separating manifold of
faces and non-faces. By verifying patterns in a shifting window, the position of
a face can be derived.

However, an appearance model alone is not flexible enough to model shape
deformations and pose or orientation variations. Shape models, in particular
deformable shape models such as deformable template matching [15] and graph
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matching [4], have been used for face localization, i.e., finding accurate facial
shape and parts. A good example is the active shape model (ASM) [1] where
a Bayesian approach using a mixture of Gaussians is adopted. The prior of
shape and the likelihood of local features given each point are separately learnt,
and Bayesian inference is chosen to obtain the maximum a posteriori (MAP)
solution. They also developed and improved active appearance models (AAM)
[2] to locate faces.

There are, however, two problems with previous shape models for locating
faces. First, face localization is not automatic because of the huge solution space
of shape and position. Typically we have to use a large number of feature points
(e.g., around 80 in [1]) to represent faces. Good initialization must be provided
so that the optimization with MAP would converge to the global optimum.
Often manual initialization is required. Second, even if a good initialization is
provided, the localization results may not be accurate because the likelihood for
local features was not modeled properly in previous approaches. For instance,
distributions for features are assumed to be independent in the ASM model.

To address these two problems, we propose a hierarchical shape model (HSM)
for automatic face localization. Multiple levels of shapes (with feature points)
from coarse to fine, are employed to represent faces in a face image pyramid from
low-resolution to high-resolution. First, the coarsest shape model is located in
the lowest resolution image. Then we can gradually infer a finer shape in a
higher-resolution image from the located coarse shape in lower-resolution image.
Therefore, the uncertainty of the solution space is significantly reduced. Our
system can automatically find the face shape and location robustly and quickly.

In HSM, we model two types of priors: single-level distribution and condi-
tional distribution of a lower level given its higher level. Both of them are mod-
eled and learnt by a mixture of Gaussians. A key idea in HSM is the likelihood
modeling. The local image patterns associated with the feature points are NOT
assumed independent, but conditionally independent with respect to a hidden
variable. Specifically, we propose a novel global and local (GL) distribution to
model the joint distribution, also with a mixture of Gaussians. In addition, we
need to learn the data driven proposal density to guess the location of face based
on local image evidence.

To pursue global convergence of the solution, we employ a hierarchical data
driven Markov chain Monte Carlo (HDDMCMC) [12] method to explore the
solution space effectively. It is not only globally optimal compared with tra-
ditional gradient descent methods, but also efficient compared with common
Monte Carlo methods. All the distributions in HSM are modeled with Gaussian
mixtures, which can be reliably learnt by a reversible jump Markov chain Monte
Carlo method [8,3].

This paper is organized as follows. Section 2 introduces the framework of
HSM, including its formulation, Bayesian inference and the main concept of
HDDMCMC. The sampling details of HDDMCMC are introduced in Section
3. Section 4 talks about how to model four types of distributions in HSM and
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Fig. 1. Illustration of hierarchical shape model with three levels. Left is a Gaussian
pyramid of a face image. Right is the hierarchical shapes explaining the image in
corresponding levels.

briefly introduces the learning strategy. Experiments are shown in Section 5.
Section 6 summarizes this article.

2 Hierarchical Shape Model

2.1 Hierarchical Modeling for Facial Shape

Feature points used in face shape models may have semantic meanings. For
example, we usually choose corner and edge points of eyes, eyebrows, nose, mouth
and face contour to model a face. Let W = {(xi, yi), i = 1, · · · , n} denote the
shape, where (xi, yi) is the ith key point and n is the number of key points. Let
I denote the image containing the face. The task of face localization is to infer
W from I.

A hierarchical shape model (HSM) has multiple levels, W = {Wl, l =
1, · · · , L}, where W1 is the finest level of shape. The number of feature points
in Wl is nl and the jth feature point of Wl is denoted as W (j)

l . Each feature
point in coarse levels (W2, · · · ,WL) is generated as the weighted sum of chosen
feature points in W1. In practice, we choose nl+1 to be approximately half of nl.
A three-level HSM is shown in Fig 1. Let the Gaussian pyramid of image I be
{I1, · · · , IL}. Then the correspondence is established between shape domain Wl

and image domain Il. The most important property of HSM is that significant
semantic information is preserved across levels. As shown in Fig. 1, eyes, mouth,
face contour are all modeled even in the coarsest level.
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2.2 Bayesian Inference in Hierarchical Shape Model

Our task is to infer W = {W1, · · · ,WL} from image I1:

W∗ = argmax
W
p(W|I1) = argmax

W
p(W1, · · · ,WL|I1)

= argmax
W
p(WL|I1)

L−1∏
l=1

p(Wl|Wl+1, · · · ,WL, I1)

= argmax
W
p(WL|IL)

L−1∏
l=1

p(Wl|Wl+1, Il). (1)

p(WL|I1) = p(WL|IL) because the information of IL is enough to determineWL,
and so on to get p(Wl|Wl+1, Il). Obviously given Il and Wl+1, Wl only depends
on Il. We may have

W∗ = argmax
W

L∏
l=1

p(Wl|Il) = argmax
W

L∏
l=1

p(Il|Wl)p(Wl), (2)

which is equivalent to

W ∗
l = argmax

Wl

p(Il|Wl)p(Wl), l = L, · · · , 1. (3)

In HSM, we shall gradually optimize W ∗
l in Eqn.(3).

We decompose shape model Wl into two parts: the external parameters in-
cluding centroid Zl, scale sl and orientation θl, and the internal parameters wl.
With a linear transition matrix T(s,θ) to scale and rotate the shape wl, we get

Wl = T(s,θ)wl + Zl, T(s,θ)=s
[

cos(θ) sin(θ)
− sin(θ) cos(θ)

]
. (4)

It is reasonable to assume that the external and internal parameters are inde-
pendent

p(Wl) = p(wl)p(Zl)p(sl)p(θl). (5)

2.3 Hierarchical Data-Driven Markov-Chain Monte Carlo

The Markov chain Monte Carlo (MCMC) method is a tool to sample high-
dimensional distributions. It can be used in optimization if the objective function
itself is a pdf or could be converted to a pdf. Particularly if the objective function
is very complex with multiple peaks, MCMC has the good property of global
convergence because it ensures the Markov chain to reach the global optimum
with a certain probability. The inefficiency of MCMC could be improved by
data driven MCMC (DDMCMC)[12]. The traditional MCMC method randomly
walks through the parameter space while DDMCMC employs some heuristics
from data to guide the walks. In HSM, we should devise the salient proposal
density including both the heuristics given by the localization result on the
higher level, and local cues directly from the image. This leads to a hierarchical
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DDMCMC or HDDMCMC, which starts at the top level and propagates the
optimal solution from higher level to lower level.

At the top level, the optimal WL of IL is determined by Metropolis-Hastings
sampling. The Markov chain {WL(t)} to sample p(WL|IL) is driven by the tran-
sition probability at time t

α = min{1, p(W
′
L|IL)q(WL(t);W ′

L, IL)
p(WL(t)|IL)q(W ′

L;WL(t), IL)
} (6)

where W ′
L is sampled from proposal density q(W ′

L;WL(t), IL) and it is accepted
as WL(t+1) with probability α. The proposal density has two components, the
shape prior p(WL) and data-driven part, or local hints from image IL to the jth
feature point q(W (j)

L ;W (j)
L (t), IL). The optimal W ∗

L is selected from the samples
{WL(t)} with maximum a posterior (MAP) p(W ∗

L|IL).
The next is to find the optimalW ∗

l from the higher levelW ∗
l+1. The sampling

strategy is slightly different from Eqn.(6) because the localizationW ∗
l+1 will guide

the Markov chain in proposal density by

α = min{1, p(W
′
l |Il)q(Wl(t);W ′

l , Il,W
∗
l+1)

p(Wl(t)|Il)q(W ′
l ;Wl(t), Il,W ∗

l+1)
} (7)

where the proposal density q(W ′
l ;Wl(t), Il,W ∗

l+1) relies on W ∗
l+1 as well. The

proposal density again includes two parts, shape prior propagation p(Wl|W ∗
l+1)

and local hints q(W ′(j)
l ;W (j)

l (t), Il) from Il.
The hierarchical DDMCMC method (Eqn.(6) and (7)) is globally optimal

since we shall finally sample the finest posterior p(W1|I1). The information of
higher level shape W ∗

l+1 propagates to lower level Wl via proposal density, and
guides the Markov chain exploring the solution space p(Wl|Il). Thus, the er-
ror of W ∗

l+1 does NOT propagate to Wl. Since the entropy of p(Wl|W ∗
l+1, Il)

is much smaller than p(Wl|Il), the Markov chain will hardly walk to those un-
likely samples. Therefore, HDDMCMC is much more efficient than conventional
DDMCMC that directly samples W1 from input image I1.

3 Sampling Hierarchical DDMCMC

In this section, we explain the details of Metropolis-Hastings sampling Eqn.(6)
and (7). Since the propagation from higher level to lower level is more general
than sampling the top level, we focus on Eqn.(7). We shall also discuss how to
give good initializations in the top level.

3.1 Sampling Strategy

The basic task of MCMC is to sample a target density p(x), but in most cases it
is very difficult to directly sample p(x). Therefore a proposal density q(x′;x(t))
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Fig. 2. The flowchart of hierarchical DDMCMC in HSM. We use the propagation form
W3 to W2 as an example. The left branch is sampling the conditional prior from higher
level result, while the right branch is sampling the position of each feature point.

is designed so that it is easy to draw samples x′ ∼ q(x′;x(t)). In our HSM, the
proposal density q(W ′

l ;Wl(t), Il,W ∗
l+1) could be decomposed to

q(W ′
l ;Wl(t), Il,W ∗

l+1) = βp(W
′
l |W ∗

l+1) + (1 − β)q(W ′
l ;Wl(t), Il), (8)

where β is the probability of choosing prior propagation process p(W ′
l |W ∗

l+1)
and 1 − β is the probability of choosing data-driven process q(W ′

l ;Wl(t), Il), or
sampling the feature points directly from the image.

Sampling the first part of Eqn.(8), p(Wl|W ∗
l+1), is high-dimensional and non-

trivial. But if we model the joint distribution p(Wl,Wl+1) by a mixture of Gaus-
sians, then the conditional density p(Wl|Wl+1) is also a mixture of Gaussians
that can be derived from p(Wl,Wl+1). At the top level without any prior propa-
gation, we simply sample p(WL) which is also modeled as a mixture of Gaussians.
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To make it plausible to sample the second part of Eqn.(8), we design an
individual proposal q(W ′

l ;Wl(t), Il) for each feature point W ′(j)
l , j = 1, · · · , nl:

q(W ′
l ;Wl(t), Il) =

nl∏
j=1

q(W ′(j)
l ;W (j)

l (t), Il). (9)

We may use Gibbs sampling to simply flip the position of one feature point at
each time. Suppose the jth feature point is chosen, then after sampling,W ′

l differs
fromWl(t) only atW ′(j)

l . Sampling q(W ′(j)
l |W (j)

l , Il) means that we should find a
better position for the jth feature point, merely considering the local likelihood.
Let Γ(x,y) ⊂ Il denote a 5×5 image patch centered at (x, y) and N(W (j)

l ) be a
neighborhood, e.g. a 7×7 region centered at W (j)

l . We merely take into account
the possible positions of W ′(j)

l in the neighbor N(W (j)
l )

q(W ′(j)
l ;W (j)

l (t), Il)=
P (W ′(j)

l =(x, y)|Γ(x,y))∑
(x,y)∈N(W (j)

l
(t)) P (W

′(j)
l =(x, y)|Γ(x,y))

, (10)

where P (W ′(j)
l =(x, y)|Γ(x,y)) is the probability of the jth feature point lying at

position (x, y) given the local image pattern Γ(x,y). Thus it is easy to draw a
new sample W ′(j)

l via Eqn.(10). We define a salient map p(W (j)
l |Il) as

p(W (j)
l |Il) =

P (W (j)
l =(x, y)|Γ(x,y))∑

(x,y)∈Il
P (W (j)

l =(x, y)|Γ(x,y))
, (11)

to denote the distribution of the jth feature point at each position of image Il
according to local likelihood only. Eqn.(10) may be rewritten as

q(W ′(j)
l ;W (j)

l (t), Il)=
p(W ′(j)

l |Il)∑
W ′(j)

l
∈N(W (j)

l
(t)) p(W

′(j)
l |Il)

. (12)

Before the sampling process, we pre-compute the salient maps for all feature
points such that it is very fast to draw proposals.

3.2 Initialization by Generalized Hough Transform

Although HDDMCMC is insensitive to initializations, good initializations al-
ways help searching algorithms both in efficiency and accuracy. In HSM, the
initialization is given in the top level to initialize WL(0) in IL. Since the di-
mension of WL is fairly high, we first give an estimate of the global parameters
{ZL(0), sL(0), θL(0)}, and then estimate the position of each key point.

Suppose the lattice of image IL is Ψ . The proposal density of ZL associated
with sL and θL is
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q(ZL, sL, θL|IL) =
nL∑
j=1

∑
W

(j)
L

∈Ψ

p(ZL, sL, θL,W
(j)
L |IL)

=
nL∑
j=1

∑
W

(j)
L

∈Ψ

p(ZL, sL, θL|W (j)
L )p(W (j)

L |IL), (13)

where the salient map p(W (j)
L |IL) generates a hypothesis of the positions of

each feature point, and then the feature point would propagate the hypothe-
sis to the 4D global parameter space by p(ZL, sL, θL|W (j)

L ). This is in fact a
generalized Hough transform (GHT). The initialization of the outer parameters
{ZL(0), sL(0), θL(0)} is sampled from Eqn.(13), and the key points most likely
to be connected to ZL(0) via sL(0) and θL(0) are chosen to initialize WL(0).

4 Distribution Modeling and Learning

In the previous section we introduced the statistical framework of HSM and its
four distributions. Overall, in HDDMCMC, there are basically two densities, i.e.
conditional prior p(Wl|Wl+1) and salient map p(W (j)

l |Il) for us to draw propos-
als, and other two densities, prior p(Wl) and likelihood p(Il|Wl) to evaluate the
posterior. In this section we design different strategies to model them. We show
that all of them can be decomposed to a mixture of Gaussians model, which
could be reliably learnt by reversible jump Markov chain Monte Carlo method.

4.1 Prior p(Wl)

From prior decomposition Eqn.(4) and independence assumption Eqn.(5), we
model the distribution of external and internal parameters separately. The prior
distribution of the position Zl is uniform and omitted. The priors of scale sl and
orientation θl are modeled by Gaussians

p(sl) =
1√

2πσsl

exp{− (s− µsl
)2

2σ2sl

}, p(θl) = 1√
2πσθl

exp{− (θ − µθl
)2

2σ2θl

}, (14)

where µsl
, µθl

and σsl
, σθl

are the means and variances of sl and θl respectively.
They can be easily estimated from training samples.

To model the position, scale and orientation irrelevant shape p(wl) is non-
trivial due to its high dimensionality 2nl. Here we apply principal components
analysis (PCA) to reduce the dimension and obtain the principal components hl

(dim(hl) < dim(wl))

hl = BT
wl
(wl − µwl

), Wl = Bwl
hl + µwl

, (15)

where µwl
is the mean of p(wl), and each column vector of Bwl

is the eigenvector
of the covariance matrix of p(wl). Since hl can approximate wl very well with
much lower dimension, we may learn p(hl) rather than p(wl). We model p(hl)
with the Gaussian mixture
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p(hl) =
Kl∑
i=1

α
(i)
l G(hl;µ

(i)
l , Σ

(i)
l ), (16)

where G(hl;µ
(i)
l , Σ

(i)
l ) is a Gaussian distribution with mean µ(i)l and covariance

Σ
(i)
l . α(i)

l is the corresponding weight such that
∑Kl

i=1αi=1 and α(i)
l >0,∀ i. Kl

is the number of Gaussian kernels.

4.2 Conditional Prior p(Wl|Wl+1)

The conditional density p(Wl|Wl+1) plays an essential role in HSM and HDDM-
CMC because the localization of higher level W ∗

l+1 will propagate down via it.
Similar to Eqn.(5) we may have

p(Wl|Wl+1) = p(wl, Zl, sl, θl|wl+1, Zl+1, sl+1, θl+1)
= p(wl|wl+1)p(Zl|Zl+1)p(sl|sl+1)p(θl|θl+1). (17)

The conditional distributions p(Zl|Zl+1), p(sl|sl+1), p(θl|θl+1) are all modeled as
1D or 2D Gaussians, e.g., p(sl|sl+1) ∝ exp{−(sl − sl+1)2/λsl

} where λsl
scales

the variance of sl.
We, however, take a two-step approach to modeling p(wl|wl+1). We first

learn the joint distribution p(wl, wl+1) with a Gaussian mixture model. Then the
conditional prior p(wl|wl+1) has a closed form distribution, directly computed
by p(wl, wl+1) with parameters controlled by wl+1. We again use PCA to reduce
dimensions and in fact model p(wl|wl+1) by p(hl|hl+1).

4.3 Likelihood p(Il|Wl)

To evaluate the likelihood of an image given the shape in HSM, we only need to
take into account the pixels nearby each feature point. Let Γ

W
(j)
l

⊂ Il denote a

5×5 square patch around the jth feature point W (j)
l . Then we have

p(Il|Wl) = p(ΓW
(1)
l

, · · · , Γ
W

(nl)
l

). (18)

Directly modeling the above joint distribution is difficult. This is why previous
shape models (e.g., [1]) assumed independent distributions, i.e.

p(Γ
W

(1)
l

, · · · , Γ
W

(nl)
l

) =
nl∏

j=1

p(Γ
W

(j)
l

). (19)

However, this assumption is an oversimplification for the likelihood. For example,
what the left corner of the left eye looks like definitely depends on the appearance
of the left corner of the left eyebrow.

We now introduce global and local (GL) distributions to model likelihood.

Definition 1. The joint distribution of random variable X = {x1, · · · , xn} is
called a GL distribution if

p(X) =
∫
p(v)p(x1, · · · , xn|v)dv =

∫
p(v)

n∏
i=1

p(xi|v)dv, (20)

where v=f(X) is the hidden variable of X.
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Fig. 3. Illustration of a GL distribution when the hidden variable is chosen as the
principal components. The hidden variable v is determined by {xi}, but it also controls
each xi. {xi}s are never independent because xj would affect xi via v.

An intuitive explanation of the GL distribution is that each random variable
x1, · · · , xn is conditionally independent with respect to the hidden variable v,
and its distribution p(v) captures the global properties of X. Therefore each
random variable is not independent because they are connected by the hidden
variable, and meanwhile not too correlated because the conditional densities
p(xi|v), i = 1, · · · , n may be different. What we should do for GL is to select
hidden variable v=f(X) and do the integration.

Theorem 1. Let v = AX, where A is the principal components of X and
dim(v) 
 dim(X). Assume p(v) and p(xi|v) (i = 1, · · · , n) to be continuous
functions with finite optimums. The GL distribution can be approximated by

p(X) ≈ λp(AX)
n∏

i=1

p(xi|AX), (21)

where λ is a constant.

Proof. Since matrix A is the principal components of X, for a particular X
and a small ε there exists a small neighborhood Nv(X) = {p(X|v) > ε}. Since
the integration of p(v)

∏n
i=1 p(xi|v) in the whole set is p(X) <∞, the integration

can be approximated in Nv(X). The volume of the neighborhood Nv(X) exists
and is assumed to be δ due to the condition of p(v) and p(xi|v) (i= 1, · · · , n).
According to the mid-value theorem, there exists ξ ∈ Nv(X) such that

p(X) =
∫
p(v)

∏n
i=1 p(xi|v)dv

≈ ∫
Nv(X) p(v)

∏n
i=1 p(xi|v)dv

= δp(ξ)
∏n

i=1 p(xi|ξ). (22)

The point v = AX must lie at the center of Nv(x) because X ≈ AT v and the
conditional density p(X|AX) is fairly high. Since both ξ and AX lie in the
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very small neighbor Nv(X), we may also have ξ ≈ AX. This naturally leads to
Eqn.(21).

Theorem 1 gives us an approximation to evaluate the GL distribution by
PCA. The hidden variable lies in the eigenspace of the observed data which
captures the global correspondence as illustrated in Fig. 3. From another point of
view, the distribution of the hidden variable p(v) in eigenspace approximates the
observed one, and the approximation error is compensated by the local densities
p(xi|v).

When applying a GL distribution to modeling likelihood Eqn.(18), the di-
mension of Γ

W
(j)
l

is 25, still too high. We again employ PCA to reduce the di-

mension of Γ
W

(j)
l

to u(j)l . And vl is the hidden variable or principal components

of {u(1)l , · · · , u(nl)
l }. Thus the likelihood is approximated by

p(Il|Wl) ≈ p(vl)
nl∏

j=1

p(u(j)l |vl) = p−(nl−1)(vl)
nl∏

j=1

p(u(j)l , vl). (23)

Both p(vl) and p(u
(j)
l , vl) are assumed mixture of Gaussians.

4.4 Salient Map p(W (j)
l |Il)

From the definition of salient map Eqn.(11), the probability P (W (j)
l =

(x, y)|Γ(x,y)) is essential. Based on Bayesian law we may have

P (W (j)
l =(x, y)|Γ(x,y)) ∝ p(Γ

W
(j)
l

)p(W (j)
l ). (24)

p(W (j)
l ) is the prior distribution of the jth feature point, e.g., the left eye would

not lie at the upper-right of the image. p(Γ
W

(j)
l

) is just the independent com-
ponent of Eqn.(19). We also apply PCA to reduce Γ

W
(j)
l

and learn a Gaussian
mixture model in the reduced space.

4.5 Learning Gaussian Mixture by Reversible Jump MCMC

We have so far modeled all the distributions in HSM as a mixture of Gaussians
because of its flexibility in fitting arbitrary distributions. A traditional algorithm
of learning Gaussian mixture model is Expectation-Maximization (EM), which
needs as input the kernel number and often gets stuck in local minimums. To
solve this problem, we formulate the objective function under a MAP criterion
instead of MLE, with prior that restricts the number of Gaussian kernels based on
the minimum description length (MDL) criterion. Let {Y1, · · · , Ym} be observed
examples. The number of Gaussian kernels is k, and the parameter of the ith
kernel is αi, µi and Σi. Let θk = {αi, µi, Σi}k

1 . The Gaussian mixture model is
learnt via

(k∗, θ∗
k) = argmax

k,θk

p(k)
m∏

j=1

p(Yj ; θk) (25)

where p(k) ∝ exp{−λk log k} is the prior of the kernel number, and
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Level3

Level1
Level2

Level3

Level1
Level2

Fig. 4. A sampling tree of face prior shape from the top to the bottom level. For each
parent node wl+1, four child nodes are randomly sampled from p(wl|wl+1).

p(Yi; θk) =
k∑

j=1

αiG(Yi;µi, Σi).

Then a reversible jump Markov chain Monte Carlo is developed to explore
varying probability spaces, with the guarantee of global convergence [8,3]. There
are three processes in the reversible jump MCMC: diffusion to explore the same
space, split to divide one Gaussian kernel to two, and merge to combine two
kernels to one. So the sampler may randomly walk to samples with different
kernel numbers. The learning by reversible jump MCMC is robust, efficient and
reliable.

5 Experimental Results

Our experiments are conducted with a large number of frontal face images in
the FERET data set [7], AR data set [5] and other collections, with different
races and varying illuminations. We have selected 721 images as training data
and use others for testing. We also collected some face images with complex
backgrounds and lightings to test the robustness of our algorithm. Each training
image is normalized to the same scale and manually labelled with 83 key points,
including the most semantically important feature points such as the corners
of eyes, mouth and face contour. These samples form the training set of shape
{W1(i), i = 1, · · · , N}. Then we design {W2(i), i = 1, · · · , N} and {W3(i), i =
1, · · · , N} with 34 and 19 feature points, respectively.
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Once the three levels of shape samples and their corresponding Gaussian
pyramid are generated, we employ reversible jump Markov chain Monte Carlo
to learn the four elementary distributions, i.e., single level prior p(Wl), con-
ditional prior p(Wl|Wl+1), likelihood p(Il|Wl) and salient map p(W (j)

l |Il). To
justify the reliance of our learning algorithm, we build a sampling tree of hier-
archical facial prior shape. The root node of this tree is the coarsest shape w3
sampled from p(w3). Then for each parent node in the tree, e.g. wl+1(j), we
may get four child nodes {wlj(1), wlj(2), wlj(3), wlj(4)} randomly sampled from
p(wl|wl+1(j)), as shown in Fig 4. The samples generated in this hierarchical
shape tree demonstrate the reliability of both the conditional density modeling
via Gaussian mixture and learning by reversible jump MCMC. For example, we
observe that the root sample w3 seems to have a smile, and so do four child
samples at level 2 and sixteen samples at level 1. Obviously the magnitude of a
smile differs from level to level. Going from level 2 to level 1, we also observe that
the difference between the four children at level 1 generated by the same parent
node at level 2 is much smaller than that between those four nodes on layer

Hierarchical DDMCMC
Sampling Processes Output Result

Initialization from
Higher Level

Input Image

Gaussian Pyramid of Input

GHT

Fig. 5. The flowchart of gradually locating a face from low-resolution to high-resolution
in HSM. In this display, the pyramid does not go up by 2 (the size of the image at
higher level is more than a half of that at lower level), but in experiment it does.
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(a) (b) (c)

Fig. 6. Comparison between likelihood assumptions. (a) Input face image. (b) Local-
ization result with independence assumption to local features. (c) Localization result
with GL distribution for local features.

2, reflecting the fact that the finer level model represents the higher frequency
information.

Once all the distributions are learnt (there are 280 distributions to learn), we
employ HDDMCMC to locate a face in input image. We use a simple example
to illustrate our algorithm in Fig. 5. First we build the Gaussian pyramid of
the input image, and do the generalized Hough transform (GHT) to get the
initialization in the top level. Then the sampler of HDDMCMC draws random
samples from the posterior, and the optimal solution is achieved in the samples
by MAP criterion. By sampling the conditional face prior densities as shown in
Fig. 4, the optimal solution from higher level generates the initialization at the
lower level. This process is propagated to the finest level until the global optimal
solution is obtained. In each hierarchical sampling process, we have found that
2000 samples are sufficient. In our experiment, we observe that the initialization
from higher level is usually close to the ground truth. Therefore, our algorithm
runs very fast, taking 0.5s, 1.5s and 6s to output the face shape from coarse to
fine for an image of size 128×128.

We designed an experiment to demonstrate the importance of the GL dis-
tribution. We select a face image with significant side illumination and run two
HDDMCMC algorithms with the only difference that the local likelihood of each
feature point is independent or not1. The results are listed in Fig. 6, where (b)
and (c) are the results of the independent local likelihood and GL distribution,
respectively. It can be observed that the face contour is localized much more
accurately in (c) than in (b). The global property of the likelihood plays an

1 An interesting comparison could be between HSM with GL distribution and ASM
(with independent local likelihood). It is, however, fair to compare HSM with GL
distribution and with independent local likelihood.
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important role in face localization, which is appropriately modeled in the GL
distribution.

Finally we test our algorithm on some challenging face images, shown in Fig.
7. There are typically four cases: (a) intensive expression, (b) unusual lighting
condition, (c) noisy and low-quality image and (d) face very different from the
training data. Overall the results are satisfactory. It is interesting to note that
in (a) the bottom lip is mismatched to the bottom teeth. This is the drawback
of the shape model which merely takes into account the local image patterns
associated with the feature points. Note that no Asian faces are used in our
training data, yet we obtain good localization results in (b) and (d). Despite the
poor lighting condition in (b), our algorithm is able to generalized the learnt
distributions and obtain a good localization result. Because image (c) has very
low resolution, we up-sample it and still obtain good localization without false
alarm.

(b)

(d)(c)

(a)

Fig. 7. The results of HSM in face localization with challenging conditions. (a) Intensive
expression. (b) Unusual lighting. (c) Noisy and low-quality image. (d) Appearance that
is very different from the training data.



702 C. Liu, H.-Y. Shum, and C. Zhang

6 Summary

In this paper, we build a hierarchical shape model for faces and employ HD-
DMCMC to automatically locating a face in an image. In this way, two major
problems in previous shape models, i.e., huge solution space and rather inac-
curate model for likelihoods, are addressed. Even though MCMC is well known
for its inefficiency, the HDDMCMC runs very fast because (a) it proceeds from
coarse to fine with solution space sharply reduced and (b) salient proposal den-
sities integrating both top-down and bottom-up processes are designed to guide
the Markov chain. We model the joint distribution of local likelihoods via global
and local (GL) distributions to reserve the global correspondence and the local
details of local features associated with the key points. Our experimental re-
sults indicate that both modeling and learning of the distributions in HSM are
accurate and robust.

A large part of our work focuses on how to deal with high dimensional distri-
butions. The key idea in our approach is to simplify a complex correspondence by
introducing hidden variable. We have also found principal components analysis
and reversible jump MCMC are effective in linear dimensionality reduction and
density learning in HSM. In fact, the GL distribution can be applied to general
vision problems.
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Abstract. Free-form deformations (FFD) constitute an important geometric
shape modification method that has been extensively investigated for computer
animation and geometric modelling. In this work, we show that FFDs are also
very effective to fit deformable models to the kind of noisy 3–D data that vision
algorithms such as stereo tend to produce.
We advocate the use of Dirichlet Free Form Deformation (DFFD) instead of more
conventional FFDs because they give us the ability to place control points at
arbitrary locations rather than on a regular lattice, and thus much greater flexibility.
We tested our approach on stereo data acquired from monocular video-sequences
and show that it can be successfully used to reconstruct a complex object such as
the whole head, including the neck and the ears, as opposed to the face only.

1 Introduction

Free-form deformations (FFDs) constitute an important approach to geometric shape
modification that has been extensively investigated for computer animation and geomet-
ric modelling [15,3,9,2,13]. In the vision community, they have also been used to fit
parametric models to medical data [17,1] or animation masks to semi-automatically ex-
tracted silhouette data [12]. In this work, we show that FFDs also are also very effective
to fit deformable surface models to the kind of noisy 3–D data that vision algorithms
such as stereo tend to produce.

The initial FFD approach [15] and all subsequent ones involve embedding the object
model into a volume whose shape can be changed by moving a number of control
points. Here, we take the embedded object to be a triangulated mesh and the embedding
guarantees that each model vertex is influenced by the deformation of the control grid.

In this work, we advocate the use of Dirichlet Free Form Deformations (DFFDs)
[13] because, unlike more conventional FFDs, they do not require the control points to
lay on a regular rectangular grid. This is achieved by replacing the typical rectangular
local coordinates by generalized natural neighbor coordinates, also known as Sibson
coordinates[16]. That property give us the ability to place control points at arbitrary
locations—that is, on the object, inside of it or outside—rather than on a regular lattice,
and thus much greater flexibility. In particular, some of the control points can be important
feature points that must be controlled in a specific way.
� This work was supported in part by the Swiss National Science Foundation under contract

21-57075.99

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 704–717, 2002.
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This flexibility of DFFDs has been put to good use in earlier face-modelling
work [12]. That approach, however, takes silhouettes extracted from orthogonal im-
ages as input and does not allow for potential errors in the data. By contrast, we expect
our input data to be both noisy and possibly incomplete. We have therefore developed a
least-squares adjustment framework that lets us impose appropriate regularization con-
straints on the control mesh and obtain good fitting results even when using poor quality
data.

We chose to demonstrate and evaluate our technique mainly in the context of head-
modelling: More specifically, we use a technique we developed in earlier work [7] to
compute motion parameters for heads seen in uncalibrated video-sequences and compute
disparity maps from consecutive image pairs. We derive 3–D point clouds from these
maps and fit a complete head model, including face, ears and neck, to them. Given the
relative absence of texture one typically finds on faces and the uncalibrated nature of
the sequences, the point clouds cannot be expected to be error-free and, yet, we obtain
realistic models, whose geometry is correct and for which we can compute good texture
maps by averaging the gray levels in all the images of a sequence.

We concentrate on head-modelling to demonstrate our technique because it is the
application for which all the tools required to perform the complete reconstruction are
available to us. We will, however, argue that the approach is generic and can be applied
to any task for which deformable facetized models exist. In particular, we will show
that we can also use our approach for high-resolution modelling of the human ear. We
therefore view our contribution as the integration of a powerful shape deformation tool
into a robust least-squares framework.

In the remainder of this paper, we first describe DFFDs in more detail. We then
introduce our least-squares optimization framework and, finally, present results using
both calibrated and uncalibrated image sequences.

2 Dirichlet Free Form Deformation(DFFD)

FFDs and their many extensions, such as rational FFD, extended FFD, direct FFD,
NURBS based FFD and many others [15,3,2,8,11], are well known in the Computer
Graphics community. They are used to globally deform a shape by embedding it into
a volume controled by a small number of control points. The volume’s shape is then
deformed by moving the control points and the motion of the shape points is obtained
by interpolating that of the control points.

In the original FFD, the control points must be placed on a regular lattice, which
severely limits the range of allowable deformations that can be modeled. Most FFD
extensions aim at overcoming this limitation, often by using a more sophisticated in-
terpolant, but without addressing the basic problem that there is little flexibility in the
positioning of the control points. By contrast, DFFDs [13] remove the requirement for
regularly spaced control points that is the main conceptual geometric limitation of FFDs
by replacing rectangular local coordinates by generalized natural neighbor coordinates,
also known as Sibson coordinates, and using a generalized interpolant [4]. This idea
comes from the data visualization community that relies on data interpolation and, thus,
heavily depends on local coordinates.
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2.1 Sibson Coordinates

All FFDs can be viewed as a data interpolation scheme where the interpolating function
is a 3–D function specifying point displacements. The displacement is known at the con-
trol points and we want to interpolate it to the points of the object to deform. To this end,
DFFDs replace standard rectangular or barycentric coordinates that constrain the control
grid’s shape by Sibson coordinates [16]: Given a set of points P = {P0, P1, . . . , Pn},
these coordinates let us express any point within the convex hull of P as a linear com-
bination of its natural neighbors within P . To find them, we compute a 3-D Delaunay
triangulation and its Voronoi dual in which the cells are polyhedra.

A given point p may sit inside several several Delaunay spheres—that is, spheres
circumscribed around Delaunay tetrahedra—-and the vertices of all these tetrahedra are
taken to be the so-called natural neighbors. In other words, p is inside the sphere of
influence of its neighbours. Let this set of natural neighbors be Qk ⊂ P , where k is
number of points inflencing p. The elements of Qk are the natural neighbors of p and
their influence is expressed by the Sibson coordinates ui such that:

p =
k∑

i=0

uiPi, Pi ∈ Qk

with
∑k

i=0 ui = 1 and ui > 0.
These coordinates are “natural” in the sense that points in P that are closer to the

point p have greater influence on it, that is, the corresponding ui is larger. They are
computed using the partitioning of the space induced by the Voronoi diagram which is
the dual of the Delaunay triangulation.

2.2 Introducing Deformations

As will be discussed above, our goal is to deform a surface triangulation using the
vertices of a much sparser control triangulation, as our control points. We therefore
take the control points to the vertices of the control triangulation complemented by the
corners of the surface triangulation’s bounding box, so as to guarantee that the whole
object is contained in their convex hull.

Let P be this set of all control points and Po the set of vertices of the surface
triangulation. For each point p ∈ Po, we find its natural neighbors Qk⊂ P and the
corresponding Sibson coordinates. This is referred to as freezing the control mesh to the
object. Once computed, Sibson coordinates do not need to be changed when the object is
deformed. When we move some of the control points from the setQk, the displacement
of the model points is computed as follows:

∆po =
k∑

i=0

∆Piui (1)

where ∆Pi is displacements of control point from Pi ∈ Qk, i = 0, . . . , k . Finally,
new object point position is computed as:

p′
o = po +∆po, (2)

In short, the deformations are local and defined by the natural neighbors, which helps to
improve the flexibility of the approach and the realism in the final results.
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3 Least Squares Framework for DFFD Fitting

In this section, we introduce the framework we have developed to fit surface models such
as the ones of Fig. 1 to noisy image data. Our goal is to deform the surface—without
changing its topology, that is the connectivity of its vertices—so that it conforms to the
image data. In this work data is made of 3–D points computed using stereo. In standard
least-squares fashion, for each point xi, we write an observation equation of the form
d(xi, S) = obsi + εi, where S is a state vector that defines the shape of the surface,
d is the distance from the point to the surface and εi is the deviation from the model.
In practice d(x, S) is taken to be the orthonormal distance of x to the closest surface
triangulation facet. This results in nobs such observations forming a vector

F (S) = [..., d(xi, S) − obsi, ...]t1≤i≤nobs (3)

that we minimize in the least squares sense by minizing its square norm

χ2 = 1/2||F (S)||2|| .

In theory we could take the parameter vector S to be the vector of all x, y, and z
coordinates of the surface triangulation. However, because the image data is very noisy,
we would have to impose a very strong regularization constraint. For example, we have
tried to treat the surface triangulation as finite element mesh. Due to its great irregularity
and its large number of vertices, we have found the fitting process to be very brittle and
the smoothing coefficients difficult to adjust. This is why we chose to use the DFFD
deformation approach instead.

Fig. 1. (a,b) Complete head and neck animation model, shown as a wireframe and a shaded surface.
(c,d) generic ear model

3.1 DFFD Parametrization

We therefore introduce control triangulations such as the ones of Fig. 2. Their vertices
are points located at characteristic places on the human head or ear and defining their
rough shapes and serve as DFFD control points. Some of these control points also are
vertices of the surface model, while other are simply close to it and either inside or
outside of it. This ability to place the control points is unique to DFFDs as compared to
all other kinds of FFDs. The control triangulation facets will be used to introduce the
regularization constraint discussed below. We tried to use several levels of resolutions
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of control meshes, but we found that increasing the number of control points does not
influence final results of the deformation. This means that keeping low number of the
control points, as we did, greatly saves time for computation.

Fig. 2. Control triangulations for head (face (a) and profile (b)) and ear(c).

In our scheme, we take the state vector S to be the vector of 3-D displacements of
the DFFD control points, which is very natural using the DFFD formalism: As discussed
in Section 2.2, we first freeze the control mesh to the model vertices. This means that for
each vertex on the model we compute the influence of certain subset of control points.
Those influences are expressed in terms of the Sibson coordinates from Section 2.1 and
allows us to express displacement of every model vertex as the linear combination of
displacements of control points which influence them.

3.2 3D Observations

We use several sets of stereo pairs or triplets from the sequence of images of a given object
as our input data such as those of Fig. 3(a,b,c). We then ran a simple correlation-based
algorithm [5] to compute a disparity map for each pair or triplet and by turning each
valid disparity value into a 3–D point. This resulted in a large cloud of 3–D points that
form an extremely noisy and irregular sampling of the underlying global 3–D surface.
To reduce the size of the cloud and begin eliminating outliers, we robustly fitted local
surface patches to the raw 3–D points [6]. We then fed the centers of those patches,
shown in Fig. 3(d), as input to our surface fitting algorithm.

The center of each patch can then be treated as an attractor. The easiest way to handle
this is to model it as a spring attached to the mesh vertex closest to it. This, however, is
inadequate if one wishes to use facets that are large enough so that attracting the vertices,
as opposed to the surface point closest to the attractor, would cause unwarranted defor-
mations of the mesh. This is especially important when using a sparse set of attractors.
In our implementation, this is achieved by writing the observation equation as:

da
i = 0 + εi (4)
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where da
i is the orthogonal distance of the attractor to the closest facet, whose nominal

value is zero. It can be computed as a function of the x, y, and z coordinates of the vertices
of the facet closest to the attractor.

Because some of the observations, derived on the way explained above, may be
spurious, we weigh them to eliminate outliers. Weighting is done as the preprocessing
step, before the real fitting is started. In each iteration after fitting is done, we recompute
the attachments and also recompute the observation weightwi and take it to be inversely
proportional to the initial distance di of the data point to the surface triangulation. More
specifically we compute wi weight of the obsi as:

wi = exp(
di

di

), 1 ≤ i ≤ n (5)

where di is the median value of the di. In effect, we use di as an estimate of the noise
variance and we discount the influence of points that are more than a few standard
deviations away.

3.3 2D Observations

In our optimization framework besides 3D stereo observations we introduce also 2D
observations. For each vertex (xi, yi, zi) of the surface triangulation whose 2D projection
in image j is (uj

i , v
j
i ) is known, we can write two observation equations:

Pru(xi, yi, zi) = uj
i + εui

Prv(xi, yi, zi) = vj
i + εui

where Pru and Prv stand for the projection in u and v. In this way we do not need the
explicit 3D position of these feature points, only their 2D image location.

3.4 Regularization

Because there are both noise and potential gaps in the image data, we found it necessary
to introduce a regularization term comparable the one proposed in [1]. Since we start
with a generic model, we expect the deformation between the initial shape and the
original one to be smooth. This can be effectively enforced by preventing deformations
at neighboring vertices of the control mesh to be too different. If the control points
formed a continuous surface parametrized in terms of two parameters u and v, a natural
choice would therefor be to take this term to be

ED =
∑

s∈x,y,z

EDs (6)

EDs =
∫∫ (

∂

∂u
δs(u, v)

)2

+
(
∂

∂v
δs(u, v)

)2

du dv ,

where δs(u, v) stands for the displacement along the x,y or z coordinates at each point
of this control surface. In fact, the control surface is a triangulated one and we only have
deformation values at the vertices. We are therefore use a finite element approach to
compute EDs.
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Stiffness Matrix for C0 Triangular Elements. We write the EDs term of Eq. 6 as

EDs = λ/2
∑

1≤j≤n

ED
j
s

where ED
j
s represents a summation over a facet j and λ is a regularization coefficient.

In fact, we only know the deformations sj1,sj2 and sj3 at the vertices of the facet and we
treat it as a C0 triangular element. Over this specific facet, we write

δjs(u, v) = (1 − u− v)sj1 + usj2 + vsj3 (7)

where u, v ∈ [0, 1] and u+ v < 1. It is then easy to show that ED
j
s is the quadratic term

[s1s2s3]Kj
s


s1s2
s3


 ,

where Kj
s is a 3 × 3 symmetric matrix that only depends on the shape of the triangle

and, therefore, does not change during the optimization. These matrices can be summed
into a global stiffness matrix Ks so that EDs becomes

stKss

where s stands for the vector of displacements at each vertex in one of the three coordi-
nates. By summing these three terms, we obtain the final quadratic form or our complete
regularization term

ED(S) =
λ

2
StKS (8)

where S is the complete state vector.

Incorporating the Stiffness Matrix into the Least-Squares Framework. We use
the Levenberg-Marquardt algorithm [14] to iteratively minimize the square-norm of the
obervation vectorF (S) of Eq. 3.At each iteration, given the current stateS, the algorithm
attempts to find a step dS that minimizes

χ2(S + dS) = 1/2||F (S + dS)||2 = 1/2F (S + dS)tF (S + dS) . (9)

At the minimum, we should have

0 =
∂χ2

∂dS
= AtF (S + dS)
≈ At(F (S) +AdS) ,

where A is the jacobian of F . dS is therefore taken to be the solution of

AtAdS = −AF (S) . (10)
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Adding a regularization term means that instead of minimizing simply the χ2 term
of Eq. 9, we minimize

χ2(S) + ED(S) =
1
2
||F (S + dS)||2 +

λ

2
(S + dS)tK(S + dS) . (11)

At each iteration, we therefore solve

0 =
∂χ2

∂dS
+ λK(S + dS)

≈ At(F (S) +AdS) + λK(S + dS) .

dS therefore becomes the solution of

(AtA+ λK)dS = −AtF (S) − λKS . (12)

Note that solving Eq. 10 or 12 involves the same amount of computation so that our
regularization scheme adds very little to the computational complexity of the algorithm.
Note also that the proposed optimization scheme is a semi-implicit one very similar
to the one proposed for the original active contours [10] and that greatly improves the
convergence properties of the algorithm.

4 Results

We demonstrate and evaluate our technique mainly in the context of complete head, that
is including face, ears and neck, from calibrated and uncalibrated video sequences. We
show its flexibility by also using it to fit a generic ear model using a stereo-pair.

4.1 Calibrated Video Sequence

We first illustrate the effectiveness of our approach using relatively clean stereo data.
We use the sequence of forty 512x512 images where some are depicted by the first
row of Fig. 3. They were acquired with a video camera over a period of a few seconds
by turning around the subject who was trying to stand still. Camera models were later
computed using standard photogrammetric techniques at the Institute for Geodesy and
Photogrammetry, ETH-Zürich. The centers of the local surface patches fitted to the raw
stereo data shown on Fig. 3(d) are used as an input to our surface fitting algorithm.

We initialized the model by manually picking the five 2–D points overlaid in Fig. 3(b).
We used them to compute a 4x4 rotation-translation matrix Rt such that five specific
3–D points on the generic model—outside corners of the eyes, corners of the mouth
and tip of the nose—once multiplied by this matrix project as close as possible to the
hand-picked 2–D location. Because these points are not coplanar, this guarantees that,
when we multiply the generic model by this Rt matrix, we obtain an initial head model
that is roughly aligned with the point cloud. We use it as the surface model that we
deform using our DFFD approach, yielding the results shown in Fig. 3(e,f,g). In this
case we did not use additional 2D observations provided manualy. The resulting shape
corresponds to the real head shape except around the ears that stick out more from the real
head then from the reconstructed model. The reason for this behavior is because of well
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Fig. 3. Calibrated video sequence: (a,b,c) Three images chosen from the calibrated video sequence,
courtesy of IGP, ETH Zürich. (d) Centers of local surface patches fitted to the raw stereo data.
(e,f,g) Automatically obtained shaded model after fitting to the stereo data and projected using the
same perspective transform as that of the images. (h) Shaded model after interactive correction of
the ears.

known fact that minimizing orthonormal distance of data points to the closest surface
triangulation facet may have difficulty in deforming the model into concave objects [18].
More accurate deformation can be obtained when 2D projected observation are included
in the objective function what is used in the examples of uncalibrated video sequence
Fig. 4. One of the advantages of DFFD is that this can be fixed manually very quickly and
very intuitively by moving one control point per ear to produce the model of Fig. 3(h).

4.2 Uncalibrated Video Sequence

Fig. 4 depicts two examples of reconstruction from uncalibrated images. First row
shows images from differnet image sequences: one image from the stereo pair of im-
ages Fig. 4(a) and three frames from other uncalibrated video sequence. In both cases,
we had no calibration information about the camera or its motion. We therefore used a
model-driven bundle-adjustment technique [7] to compute the relative motion and, thus,
register the images. We then used the same technique as before [6] to derive the clouds
of 3–D points depicted by Fig. 4(e,f,g,h).

Because we used fewer images and an automated self-calibration procedure as op-
posed to a sophisticated manual one, the resulting cloud of 3–D points is much noisier
and harder to fit. Shaded models obtained after the fitting are dispicted on Fig. 4(i,j,k,l).
Notice they shaded models are shown in the same projection as the corresponding im-
ages on Fig. 4(a,b,c,d). In Fig. 4(d) and (l) we overlay on both the original image and the
shaded projection of the mask the outlines of the face. Note that they correspond to the
outlines predicted from the recovered 3–D geometry, thus indicating a good fit. These
models can also be reused to resynthesize textured images such as the ones of Fig. 5.
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Fig. 4. Uncalibrated video sequence: (a) One image from the stereo pair of images with overlayed
manualy provided 2D observations. (b,c,d) Three images from the uncalibrated video sequence out
of eight images. On the image (c) 2D observations are despicted. (d) The image with overlaid face
outline. (e,f,g,h) Centers of local surface patches fitted to the raw stereo data. (i,j,k,l)Automatically
recovered shaded head model projected using the (a),(b),(c) and (d) image camera models. (l) Face
outlines overlaid on the shaded projection in image (d).

We also animated generated models after the automatic fitting procedure using DFFD
and produced complex facial expressions Fig. 5(i,j).

Least-square adjustment is applied in several iterations for the same value of regular-
ization parameter λ. However, we tested how fitting to the uncalibrated data Fig. 4(b,c,d)
is influenced by different choice of regularization parameter, in our case ranging from
λ = 1.0 to λ = 10, and checked median error of the model to observations distance for
certain number of iterations what is depicted on the Fig. 6(a). It is easy to see that final
results do not depend on the choice of the regularization parameter since the median
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Fig. 5. Textured models we created from the calibrated video sequence:(a,b,c), from stereo pair
(d,e) and from uncalibrated video sequence:(f,g,h); Animated model showing complex facial
expressions(i,j)
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Fig. 6. (a) Least square median error for different regularization parameter λ ranging from 1.0 to
10.0 in respect to the number of iterations for video sequence whose three images are Fig. 4(b,c,d).
(b) Fitting time in respect to the input data complexity
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error of the model to observations distance does not greatly change with the increasing
of the regularization parameter.

4.3 Ear Modelling

Finally, we will show that we are also able to model some other complex geometrical
shapes such as human ear. The model we have is of very bad quality and we got it from
the web Fig. 1(c,d). Data are produced from two images taken with the structure light
Fig. 7(a). The control mesh is created manually Fig. 2(c), but this time there are no
control points which exactly match some of the points on the model. Once again we
demonstrated the power of DFFD based fitting to the noisy data. Results we obtained
are again realistic and reliable. Deformed model on Fig. 7(c) is close to the ear shown on
the Fig. 7(a). Using such complex shape to deform we can argue that the approach used
is generic enough that it could be applied to any shape for which we have triangulated
model.

(a) (b) (c)

Fig. 7. (a) Ear image “Courtesy of U. Maryland”, (b) data cloud, (c) automatically obtained shaded
deformed model shown in the same perspective as the ear on the image

4.4 Performance Measures

In our framework we use generic model of the human head including ears and neck from
Fig. 1(a,b) which consists of 1396 vertices and 2756 facets. This generic model is used
in all tests we performed to model heads. Control mesh is the one from Fig. 2(a, b).
Generic ear model from Fig. 1(c,d) is built of 1167 vertices and 1620 facets, while its
corresponding control mesh is shown on Fig. 2(c) has 46 vertces and 87 facets. System is
tested on ancient Silicon Graphic Octane work station with R12000 prosessor working
on 300MHz, and with 512Mb RAM memory.
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The process starts with freezing the control mesh to the surface triangulation com-
puting necessary Sibson coordinates. This is done once at the very begining and it is
used for all input data. Freezing the control mesh of the head takes 65s. On the Fig. 6(b)
is shown how the time for fitting depends on complexity of input data. Fitting time in-
cerases with the complexity of the data, but also depends on its configuration. For this
test the number of fitting steps is fixed to three iterations and the stiffness parameter is
set to λ = 1.0. Input data of the size 103, are fitted for the shorter time then the one
of the lower complexity 5 · 103, since its configuration is initially closer to the generic
model, so the least-square minimization converges faster.

5 Conclusion

In this work, we proposed to use the powerful DFFD extension to the conventional FFD
shape deformation approach to fit deformable surface models to noisy 3–D image data.
DFFDs give us the ability to place control points at arbitrary locations rather than on a
regular lattice, and thus much greater flexibility.We demonstrated the effectiveness and
robustness of our technique in the context of complete head modeling. We also showed
that, in fact, we can model any complex shape for which a deformable triangulated
model exists.For the specific application we chose, DFFDs offer the added benefit that
they can be used to animate the head models we create and to produce realistic human
expressions. The proposed framework could thus be extended to head motion tracking.

In future work we intend to investigate the possibility of using DFFDs to deform
implicit surfaces as opposed to the explicit ones we use here. In unrelated body-modelling
work, we found that implicit surface formulations lend themselves extremely well to
fitting to the kind of data because they allow us to define a distance function of data
points to models that is both differentiable and computable without search. Combining
both approaches should therefore produce an even more powerful modelling tool.
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Abstract. The instabilities of the medial axis of a shape under de-
formations have long been recognized as a major obstacle to its use in
recognition and other applications. These instabilities, or transitions, oc-
cur when the structure of the medial axis graph changes abruptly under
deformations of shape. The recent classification of these transitions in
2D for the medial axis and for the shock graph, was a key factor both
in the development of an object recognition system and an approach
to perceptual organization. This paper classifies generic transitions of
the 3D medial axis, by examining the order of contact of spheres with
the surface, leading to an enumeration of possible transitions, which are
then examined on a case by case basis. Some cases are ruled out as never
occurring in any family of deformations, while others are shown to be
non-generic in a one-parameter family of deformations. Finally, the re-
maining cases are shown to be viable by developing a specific example for
each. We relate these transitions to a classification by Bogaevsky of sin-
gularities of the viscosity solutions of the Hamilton-Jacobi equation. We
believe that the classification of these transitions is vital to the successful
regularization of the medial axis and its use in real applications.

1 Introduction

The practical use of the medial axis in visual tasks such as object recognition,
perceptual grouping, shape modeling and tracking, etc. is adversely affected by
the frequent and omni-present instabilities of the medial axis under deformations
of shape. Previous approaches have either embedded an implicit regularization
in the detection process [11,16] or have explicitly included a post-processing
“pruning” mechanism [13,15] an alternative to reducing the effect of the medial
axis instability is to utilize this instability to represent shape deformations: each
deformation sequence can be broken into a series of contiguous deformation
segments, where the medial axis topology does not change, connected by the
transition point itself. This annotation of a shape deformation by the medial
axis transitions, or discretization of a continuous path into a set of discrete
descriptors, has been key in the development of object recognition and perceptual
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grouping approaches using the medial axis in 2D [10,14]. This paper investigates
the transitions of the medial axis in 3D.

The transitions of the 2D Medial Axis under a one-parameter family of de-
formations were derived in [6] using results from transitions of the symmetry
set [4]. These consist of two transitions, A1A3 and A4

1, as shown in Figure 1.
The notation Ak

n implies k-fold tangency of order n, i.e., A2
1 indicates the most

generic situation of a circle tangent at two places each with regular tangency,
A3

1 indicates a circle tangent at three places each with regular tangency, and
A3 indicates a circle tangent at a curvature extremum. The three types A2

1, A
3
1,

and A3 are the only generic forms of the medial axis in 2D [8], while generic
transitions under a one-parameter family of deformations are the A1A3 and A4

1
transitions. The A1A3 transition occurs frequently due to boundary noise and is
recognized as one of the classical instabilities of the medial axis. This transition
is the result of formation of a bump on the boundary of the shape which initially
bends the medial axis, but when it grows in size it will eventually “break” the
axis leading to the growth of a new branch, Figure 1. The second medial axis
transition, the A4

1 transition, occurs when a smooth A2
1 curve segment on the

medial axis between two A3
1 points shrinks to a point so that the combination

of two three-contact A3
1 points leads to a single four-contact A4

1 point (this is
generic only in a family of curves), Figure 1 . As the shape is compressed along
the direction of the central A2

1 curve, this curve shrinks so that eventually its
A3

1 end-points overlap, as in the fourth figure in the bottom row of Figure 1, the
A4

1 transition. Additional deformations of the shape will form a new A2
1 axis by

swapping the pairing of the four branches coming into the A4
1 points.

Fig. 1. (Top) The A1A3 transition: the formation of a bump initially bends the related
portion of the medial axis, however, as the bump grows, at some point the axis forms a
discontinuity, the A1A3 transition after which a new axis grows at this point. (Bottom)
The A4

1 Transition: changes in the aspect ratio of a shape, e.g., as caused by compressing
it along a certain direction, can cause the central portion of the medial axis to shrink
to a point (A4

1 contact). Further deformation causes the growth of another axis in the
center. The transition itself can mediate the process of making the two sets of shapes
on either side equivalent.

The derivation and a complete classification of these transitions, which are
the instabilities of the medial axis, or its variant the shock graph, is significant
in many ways. For example, successful recognition relies on an understanding of
these points of instability so that the resulting medial axis graphs on either side
of the transition, which have different structures, can be explicitly related. In



720 P. Giblin and B.B. Kimia
            

            

Fig. 2. The key role of characterizing the medial axis transitions in a 2D object
recognition approach is highlighted. An arbitrary deformation sequence from one shape
to another is described by the set of transitions the medial axis experiences. This
“discretization” relies on the instabilities of the medial axis to reduce the search space
for finding the optimal deformation path to a practical range. Results of the optimal
sequence for a pair of planes are shown [14].

Fig. 3. The smoothing of the “L-shape” with noise and the square retain the coarse
scale boundary singularity (corner of the L) while removing the noise [17].

the approach described in [14] an equivalence relation is defined for all shapes
with the same shock graph topology, and another equivalence relation for all
deformation paths with an identical sequence of transitions. Shape similarity is
defined as finding the least action deformation path, where costs are associated
with each deformation segment between transitions. Thus, the problematic me-
dial axis instabilities are in fact used to advantage to effect stable recognition,
Figure 2.

These transitions are also of critical value to perceptual grouping opera-
tions [10]. Specifically, note that the smoothing of a boundary can be achieved by
deforming a shape to a neighboring transition. For example, since small pertur-
bations cause growth after the A1A3 transition, one can remove branches which
likely arose in this manner by retaining an A1A3 transition at that point [17],
Figure 3. Other group operations are described in [10].
The Local Form of 3D Medial Axis: The goal of this paper is to study
the transition of the medial axis of a 3D shape. The local form of the medial
axis points was classified into five types [7] based on the order of contact of the
corresponding sphere of tangency. The most typical example of a medial axis
point is the centers of ordinary bitangent spheres, A2

1 points. These A2
1 points
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organize as sheets with other neighboring A2
1 points. Less frequently, some medial

axis points have spheres which are tangent at three points, A3
1 points. These

organize into curves with neighboring A3
1 points, and often represent the central

axis of the shape. Note that the A3
1 curves are at the intersection of three A2

1
sheets. Another possibility is for the two A2

1 points to coincide to form an A3
curve, the rim curve, which bounds a single A2

1 sheet and corresponds to a ridge
on the surface. Much less frequently, some MA points may acquire four points of
tangency, A4

1 points. These are generic, in contrast to five points of tangency or
higher which disappear with small perturbations of the shape. The A4

1 points are
isolated from other A4

1 points, and form from the intersection points of six A2
1

sheets and four A3
1 curves. Finally, some MA points are centers of spheres with

regular A1 tangency at one point, and a higher-order A3 contact at another,
as denoted by the A1A3 notation. These points are isolated from other A1A3
points, but both end at an A1A3 point. These five types of MA points, namely
A2

1 (sheets), A
3
1 and A3 (curves), and, A4

1 and A1A3 (points) are the only generic
types of MA points in 3D.
Overview : We approach the problem of classifying the transitions of the medial
axis in 3D in two distinct ways. First, in Section 2 we examine how a generic
medial axis point can acquire additional non-generic contact by studying possible
interactions between each pair of generic medial axis types. Some interactions
can never occur, while others lead to transitions which are shown to be viable by
creating an example. Second, in Section 3 we relate these transitions of the 3D
medial axis to a classification of the singularity of viscosity solutions of Hamilton-
Jacobi equations. Finally, in Section 4 we describe examples for each transition
and illustrate its formation in a sequence of deformations.

2 Description of the Transitions of Medial Axes in 3D

In this section we shall describe how the possible transitions of generic 1-
parameter families of medial axes in 3D can be enumerated. The list we produce
is motivated by the work of Bogaevsky [2,1] and in Section 3 we give a brief
indication of the connection between his work and our list1.

We can approach the listing from several perspectives; first let us consider
the concept of specialization. If one singularity type, such as A2

1, specializes to
another, such as A3, this means that in a general family we can have a sequence
of A2

1 singularities which, in the limit, becomes A3. Equivalently, we can perturb
an A3 by an arbitrarily small amount so that it yields A2

1. We write A2
1 → A3 or

A3 ← A2
1. This specialization can indeed occur: as the two points of contact of a

bitangent sphere tend to coincidence, so the limit of these points of contact is a
ridge point of the surface (and in fact the line joining the points of contact has
for its limit a principal direction at the ridge point [5]). On the other hand, A3

1

1 It needs to be said here that technical difficulties, which are at present under active
consideration, make it impossible for us to be completely precise about the meaning
of ‘generic’ and about the equivalence relation which implicitly underlies our finite
list of pictures. However, there is no doubt that all cases have been considered and
there is no transition which ‘looks’ different from those we present here.
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does not specialize to A3, or, putting it the other way round, we cannot perturb
an A3 by an arbitrarily small amount so as to achieve A3

1.
Another principle which we need is that in a 1-parameter family of surfaces

we can expect singularities to occur which are of one higher codimension (or-
der of complexity) than those occurring for a single surface. Those for a single
surface are A2

1, A
3
1, A

4
1, A3andA1A3 and for a family of surfaces this list will be

augmented by singularities only involving Ak
n with odd n and codimensions (sum

of suffixes) adding to 5, (continuing to use the standard Arnold’s notation for
singularities, as described for example in [3]):

A5
1, A

2
1A3, A5, D5,

but D5, whose “normal form” as a function of two variables is x2y+ y4, is not a
local minimum, so does not occur in the medial axis context. Note that we might
also expect earlier singularities to produce new phenomena. The specializations
relevant to the present situation are then:2

A1 → A2
1 → A3

1 → A4
1 → A5

1

↓ ↓
A3 → A1A3 → A2

1A3

↓
A5

From this, other specializations can be deduced, for example when we perturb
A2

1A3 we can expect to find A1A3 (since A1 → A2
1) and also (for a different

perturbation) A4
1 (since A2

1 → A3).

The second approach is via the geometry of the situation. When one or more
singularities coalesce to a more complex one (as with A3

1 → A5) we can ask how
this happens geometrically. A useful result in this direction is the following.

Proposition 1 Let γ be a point of the medial axis of the surface M at which
the singularity is of the simplest kind, A2

1, so that the medial axis is smooth at
γ. We can therefore consider a sufficiently small neighborhood U of γ in 3-space,
contained within the maximal ball D (solid 3-sphere) whose center is γ, and
intersecting the medial axis in a smooth surface S. Then U does not contain any
points of the medial axis of M besides those in S. This means that A2

1 singular
points do not coalesce with others in making a more complex singularity: other
points of the medial axis cannot approach a smooth A2

1 point in order to ‘collide’
with it.
Proof. Let γ+ be one of the points of contact of the bitangent sphere centered
at γ and let p be a point on the radius of this sphere from γ to γ+ other than
γ itself. Suppose p is on the medial axis; then it is the center of a maximal ball
D′. This ball D′ cannot have the point γ+ in its interior since D′ would then
2 A convenient way to visualize these specializations is to think of functions of one
variable, y = f(x), with an Ak singularity being a k+1 fold root, and AkAl meaning
both a k + 1 fold and an l + 1 fold root of the same function. Thus A5 represents
a 6-fold root which can be perturbed for example into three 2-fold roots: A5 ← A3

1,
but not into four 2-fold roots: A4

1 does not specialize to A5.
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contain points outside M . In that case D′ must be small enough to be entirely
inside D, and of radius strictly smaller than the radius r of D. It follows that the
points where the boundary sphere of D′ is tangent to M must also be strictly
inside D, which is impossible since D is maximal. It now follows that all the radii
outwards from smooth points of the medial axis near γ fail to contain points of
the medial axis other than the points of the smooth A2

1 sheet near γ. But over a
smooth piece of the medial axis the boundary retracts to the medial axis along
the radii, so these radii fill out a neighborhood of γ in the surrounding 3-space,
and this completes the proof.

We note that the same approach used to isolate an A2
1 point from other

medial axis points can be applied in other situations: again, the radii out from
medial axis points γ to points of contact γ+ will be free from other medial axis
points. For example, two A3

1 curves cannot normally meet, but they can if they
lie on the same sheet of the medial axis: they can then approach and become
tangential. Similarly, A3, A1A3 and A4

1 points can only be “approached” along
sheets of the medial axis through them, not through the “empty space” between
the sheets.

We can now make a list of the possible transitions on medial axes in 3D, with
some commentary on each one. We envisage these as two singularities “ coalesc-
ing” or “colliding” and use the specialization method to reduce the number of
possibilities.
Collisions involving A3: In this and the other tables, the third singularity is the
simplest one which is a specialization of both colliding singularities A and B.

A B C ← A and C ← B See note
A3 A3 or A1A3 A5 (1)
A3 A3

1 A1A3 [type II] (2)
A3 A4

1 none—see above

Note (1). Two A3 curves could in principle collide by moving in a common
sheet of the medial axis, but since the contact points must remain on opposite
sides of the collision this would imply A2

3 at the transition, and this is not one
of our viable list of singularities.
Note (2). At the moment of collision the A3 and A3

1 curves must be tangential,
something that only happens generically for a family of surfaces. The condition
for this can be expressed in terms of the principal curvatures at the A3 point,
the derivative of one of these and the position of the other contact point, using
formulae of [5], but the result does not seem to be enlightening.
Other collisions involving A3

1:

A B C ← A and C ← B See note
A3

1 A3
1 A4

1 (3)
A3

1 A4
1 A5

1
A3

1 A1A3 A2
1A3 [type II]

Note (3). The two A3
1 curves must be tangent at the moment of collision. The

tangent to an A3
1 axis passes through the circumcenter of the triangle through
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the three contact points [5] so this implies that the four contact points for A4
1

will be coplanar.
Other collisions involving A4

1:

A B C ← A and C ← B See note
A4

1 A4
1 A5

1
A4

1 A1A3 A2
1A3[type I]

Other collisions involving A1A3 Here C = A5 although as we shall see, the A1A3
transition itself can produce two A1A3 singularities.

Table 1. A summary of the transitions of the medial axis arising from the interaction
of generic types presented in two distinct ways.

A B C ← A and C ← B
A3 A3 or A1A3 A5

A3 A3
1 A1A3-II

A3
1 A3

1 A4
1

A3
1 A4

1 A5
1

A3
1 A1A3 A2

1A3-II
A4

1 A4
1 A5

1

A4
1 A1A3 A2

1A3-I
A1A3 A1A3 A5, A1A3-I, A1A3-II

Transition Collision of Types
A4

1 A3
1 - A3

1

A5
1 A4

1 - A4
1, A4

1 - A3
1

A5 A1A3 - A1A3, A3 - A3

A1A3 − I A1A3 - A1A3

A1A3 − II A1A3 - A1A3, A3
1 - A3

A2
1A3 − I A4

1 - A1A3

A2
1A3 − II A3

1 - A1A3

In summary, there are seven transitions which could possibly arise, Table 1. In
Section 4 we show that the transitions do indeed arise in all cases by constructing
an example for each. However, we first relate these to the singularity classification
results of Bogaevsky in Section 3.

3 Relationship with the Work of Bogaevsky

In [2,1], I.A. Bogaevsky examines several related problems connected with the
classification of transitions (perestroikas) of “minimum functions”. That is, we
consider a local family of functions of the form F (t,x) = minf(t,x,y) where t is
a “time” parameter (so a single real parameter), x ∈ R3 and y, over which the
minimum is taken, is in a Euclidean space which for the medial axis application
would be 2-dimensional, corresponding to the 2-dimensional surface whose me-
dial axis is being considered. For each value of t close to some t0 (the moment of
transition) we can consider the set X of points x for which F is not differentiable.
It is this set which is pictured as it evolves through the transition. Bogaevsky
provides a complete list of these transitions, provided the function f is generic.
The pictures which we reproduce are in Figure 4 from [1].

There are also two special cases considered. The first one, described as “
shocks” (these are not the same as the shocks which we associate with a dynam-
ical construction of the medial axis) is one to which an “arrow of time” can be
associated, where in fact the local topology of the set X as above is “trivial”
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Fig. 4. From [1]. The 26 topologically different of perestroikas of the momentary shock
waves are shown by arrows. Those relevant to the medial axis are those shown by double
arrows. Single lines indicate the boundary of the depiction, double lines indicate rims,
A3 curves on the medial axis which correspond to ridges on the surface, and triple lines
indicate A3

1 curves. Concentric circles indicate an overlap of medial points.

(homotopic to a point) for all t ≥ t0: we might say loosely that moving through
the transition from t < t0 to t > t0 “simplifies the topology.” The arrow of time
is indicated on Bogaevsky’s diagrams and those without an arrow are transitions
where trivial topology is guaranteed only at t0.

The second special case is the one which concerns us most closely. Here,
the topology of X is trivial for all t close to t0, and this corresponds to the
well-known fact that the medial axis of a smooth compact connected surface is
contractible to a point. The arrow of time can then go either way. It is indicated
on the diagrams by a double arrow. The diagrams with a double arrow therefore
represent all the transitions on the medial axis, possibly including some extras
which cannot occur for surfaces, provided the family of distance functions is
generic3. Thus in this situation we have a family of surfaces parametrized say
by Γ (t,y) where t is the 1-dimensional time parameter and y is 2-dimensional.
We then define f(t,x,y) = ||x− Γ (t,y)||2. The usual medial axis is simply the

3 A technical difficulty that has so far not been resolved is whether this is equivalent
to studying the transitions of the medial axis for a generic 1-parameter family of
generic surfaces. Previous examples where this problem has arisen (e.g., the study of
caustics by reflection) have been answered positively, but each case needs a separate,
and rather lengthy investigation.
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A1A3-I A5
1 A4

1 A5 A1A3-II A2
1A3-I A2

1A3-II

Fig. 5. A summary figure of those singularities (perestroikas) of the viscosity solution
of the Hamilton-Jacobi equation, represented in Figure 4, that relate to the transitions
of the medial axis in 3D.

set of points for which the corresponding minimum function (minimum over y)
is not differentiable. The singularities in Figure 4 involving double arrows are
shown in summary form in Figure 5.

4 Examples and Illustrations

1) The A1A3-I Transition : Consider a medial axis sheet (A2
1 points) arising

from two boundary surfaces. An analogous deformation to that in Figure 1 is
where one of the boundary surfaces is protruded to form a bump. A good example
of a generic bump is a two-dimensional Gaussian with asymmetric sigmas, i.e.,

z = f(x, y) = Ae
−x2

2σ2
x e

−y2

2σ2
y where σx < σy. (1)

Since the high or principal curvature is along the yz plane, the medial axis sheet
arises from the centers of curvature of the curve z = f(x, 0), whose curvature
κ(x) given by

κ(x) =
f ′′(x, 0)

(1 + f ′(x, 0)2)
3
2
=

A

σ4
x

e
(−x2

2σ2
x
) (

x2 − σ2
x

)
.

In particular, κ(0) = −A
σ2

x
. This implies that in the absence of additional structure,

the Gaussian bump will form an A3 point at
(
0, 0, f(0, 0) + 1

κ(0) = A− σ2
x

A

)
. For

a bump which is barely visible, the ratio of σ2
x to A is very high, i.e., the spread of

the protrusion is much larger than its magnitude. Thus, the center of curvature
forms very far from the peak and the likely presence of any other structure
typically prevents the formation of the A3 point. As the salience of the bump
increases in a one parameter family of deformations, the ratio σ2

x

A decreases until
at some point, the (thus far non-maximal) sphere of curvature of the bump also
forms a contact elsewhere, forming an A1A3 transition. This is parallel to the 2D
case shown in Figure 1. From this point onward, the sphere is maximal and the
corresponding medial point emerges, undisturbed by other structure. Figure 6
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Fig. 6. The sketch (top row ) and two simulated views of the A1A3-I transition,
(Middle and Bottom rows).(Simulations from [12]).

shows a sketch of this transition, and a simulation with σy = 2.5, σx = 1 and a
sequence of increasing A, shown from two different views.

2) The A5
1 Transition: A second transition which also parallels the second

2D case shown in Figure 1 can be obtained by a shape deformation shrinking
an A3

1 curve segment with two four-contact A4
1 end-points so as to obtain a five

point contact A5
1 point. Since six sheets and four curves come together at an A4

1
point, the resulting A5

1 has six A3
1 curves and nine sheets: the common curve

disappears from each leaving six in total; of the six sheets three are common to
the two A4

1 points leaving nine in total.
An example can be easily created by simply considering the polyhedral

shape formed from the tangent planes at each of five points on a sphere, rep-
resenting the shphere of contact at the A5

1 transition shape. A perturbation
of the five points so that they are no longer on a sphere, e.g., by moving a
point in or out of the sphere generates shapes on either side of the transition.
Specifically, consider five points {p1, p2, p3, p4, p5} on a (unit) sphere and the
planes Ti tangent to the sphere at pi = (xi, yi, zi) represented by the nor-
mal vector ni = (cos θi cosφi, sin θi cosφi, sinφi), i = 1, . . . , 5. Consider also
(θi, φi) ε

{
(0, 0), (π

2 , 0), (
−π
2 , 0), (0, π

2 ), (0,
−π
2 )

}
. In this non-generic situation, the
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skeleton has an A5
1 point, but any small variation in these angles, leads to the

generic situation with two A4
1 points, Figure 7.

Fig. 7. A sketch and two views of the simulation of the A5
1 transition.(Simulations

from [12]).
Note that these simulations are hard to see for two reasons : (i) From each view, the 3D
structure of interest is occluded by intervening structure, so that only an interactive 3D
visualization is fully effective in perceiving this; (ii) The medial axis, which is computed
from point cloud data, is noisy and needs to be regularized. Successful regularization of
the medial axis requires an understanding of how it is affected by small perturbances,
precisely the topic of the paper! We expect to apply the transitions derived here for
regularization of the medial axis in the near future.

3)The A4
1 Transition : In this transition two A3

1 curves approach each other
with tangent planes to their respective sheets aligned at the moment of collision.
Each of the three contact A3

1 points shares two points with the other so that at
the transition we have a four point contact A4

1 medial axis point. Beyond this
point there is a topological split in the tangential plane, due to collision of the
two A3

1 curves, creating a gap in the middle of the two A3
1 curves connected

via a newly generated transversal sheet bounded by two new A3
1 curves, ending

at the two newly generating A4
1 points on either end. An example can be cre-

ated by deforming a cylinder with a roughly rectangular base, Figure 8. This
could be generated by moving a rectangular shape, e.g., as generated by say a
superquadric, in the z direction, leading to two A3

1 curves parallel to z-direction-
axis. Now, to move the two A3

1 curves towards each other, we can pinch a “waist”
in the cylinder and decrease the size of the waist until transition point where the
two A3

1 curves become tangent at an A4
1 point. With additional pinching two A4

1
points move in opposite directions. Specifically, consider the 3D superquadric
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(
x

a1f(z)

) 2
ε

+
(

y

a2f(z)

) 2
ε

= 1,where 0 < ε < 2, 0 < a1 < a2, f(z) =
z2 − 1 + a3

a3
,

(2)

so that at z = ±1 we have f(z) = 1,i.e., the cross section is independent of
the parameter a3. We then vary a3 to change the extent by which the tube is
“squeezed”, Figure 8.

(a) (b) (c) (d)

Fig. 8. Sketch and Example of Perestroika with an A4
1 point.(Simulations from [12]).

4) The A5 Transition : In this transition, in the course of a deformation
sequence, two surface ridges approach each other and combine into one. Each
ridge is manifested as an A3 curve on the medial axis, terminating at an A1A3.
A common A3

1 axis connects the two ridges close to the A5 transition. To create
an example, one can initially use the A1A3 transition to generate a ridge and a
corresponding A3 medial curve hanging onto a newly generated A3

1 curve. This
can then be followed by a second A1A3-I transition to generate another ridge,
and move the newly generated A3 curve to split the existing A3

1 curve via an
A1A3-II transition, to arrive at the picture at the bottom of the A5 transition,
Figure 5.

It is interesting to approach this transition on the medial axis from the per-
spective of transition on ridges. These transitions have been studied extensively
in [9]. The only transition of ridges which is manifested in the medial axis is the
A5 transition where two A4 turning points approach to form the A5, Figure 9.
The segment of the ridge between the two A4 turning points is not visible on
the medial axis, in the sense that it does not give rise to maximal spheres. The
portions of the ridge, which can be visible lead to two A3 curves, which must
each end in an A1A3 before the A4 turning points are reached.
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A4

A4

A
5

Fig. 9. The only transition of ridges which
is manifested in medial axis: two A4 turn-
ing points, bounding an “invisible” portion
of the ridge approach each other and form
an A5 point at the transition. The entire
ridge is visible after this point.

x

y

z

Fig. 10. Generating an A5 transition
shape which can then be perturbed to give
shapes on either sides of the transition.

We can generate a shape with A5 contact and perturb it to see the effect
of changes at the A5 transition. Consider the following graph of f(x) and its
curvature:

f(x) = x2 + bx3 + cx4 + · · · , κ(x) =
2 + 6bx+ 12cx2

[1 + (2x+ 3bx2 + 4cx3 + · · · .)] 32 .

Thus, the distance of (x, f(x)) from the center of curvature (0, 1
2 ) is

d2(x) = x2+(x2+bx3+cx4+· · ·− 1
2
)2 = −bx3+(1−c)x4+2bx5+(b2+2c)x6+· · ·

To get an A5 contact we need to have b = 0, c = 1, but a non-zero coefficient of
x6, which can be ensured by simply ignoring all higher order terms in f(x) after
x4, since b2 + 2c = 2 �= 0.

We can now generate a 3D shape by translating this graph as a profile and
slightly perturbing it to general shapes on either sides of the transition, Figure 10,

y2 = x2 +
(

z + a1
a2

)
x3 + x4.

The parameter a2 when high enough ensures that near z = 0 the function behaves
as x2 + x4. The parameter a1=0 gives the transition shape, but perturbing a1
to non-zero values should interfere with the formation of A5 contact at z = 0.

We now construct an example where a ridge is added to an object which
already has a “prominent” ridge using the transition shown in Figure 6. As the
newly formed ridge approaches the existing ridge it “dissolves” into it, taking
a new identity, as the left to right sequence in the A5 transition sketched in
Figure 11 illustrates. Specifically, the example is generated from a cylinder with
an elliptical base which is “pinched” in the middle x2

a2
1
+ y2

a2
2
= z2−1+a3

a3
, where

a1 > a2 controls the aspect ratio of the ellipse (eccentricity) and a3 ≥ 1 controls
the size of the “waist”, Figure 11(a). This formulation ensures that the z2 = 1
level sets are the same as a3 is altered.

Now, consider placing a “bump” near the ridge in the central portion, through
an A1A3-I transition, Figure 11(b), as explained earlier. As the “bump” travels
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Fig. 11. The A5 transition is a merging of two ridges into one. In this example we
begin with an existing ridge (ridge of elliptical cylinder), create a new one (red tab),
move it towards the original ridge until they merge.

towards the ridge, the rib corresponding to the ridge and the A3
1 axis correspond-

ing to the bump experience an A1A3-II transition, Figure 11(c). After this point,
we have two situations, the top main ridge connected with the new ridge and
similarly for the bottom main ridge, which are candidates for the A5 transition.
Note that the original ridge has somewhat flattened due to the nearby placement
of the new bump. Thus, its effect is manifested in the A3 axis on each side. Note
that a requirement of the shrinkage of the A3 axis in this transition is that the
A3 curve becomes tangent to it.
5) The A1A3-II Transition : In this transition two curves, one A3 and one
A3

1, approach each other, become tangent, and then split into two portions each,
grouped at the new A1A3 points. It is rather straightforward to generate exam-
ples for this transition: by “flattening ” a ridge, its A3 (rim) curve moves into
the A2

1 sheet it is on. If this sheet is bounded by an A3
1 curve elsewhere, the

A3 and A3
1 curves can eventually collide, Figure 12, top row. Alternatively, the

ridge can be fixed and the “width” of the shape can be reduced, thus moving
the A3

1 curve closer to the A3 curve, with the same effect. In the first case, we
sweep a parabola along the z axis, widening it at z = 0, and closing it up with a
“top” at y = 1. Note that the parabola y = ax2, has curvature 2a at its vertex,
so that when sweeped it generates a ridge and a corresponding A3 curve (rim),
Figure 12. By a modification, we can make this parabola bulge in the middle
while keeping z = ±1 sections constant. y =

[
a1(1− z2) + a2z

2
]
x2, so that at

z = 0, the curvature of the cross section is 2a1, while at z = ±1 the curvature
of the section is 2a2. Alternatively, one can close up the graph y = a1x

2 with a
“top” y = a2z

2, as illustrated in Figure 12, middle row.
6) The A2

1A3-II Transition: This transition describes the interaction of a
ridge curve endpoint A1A3 with a distinct central axis curve A3

1. The ridge
initially “hangs off” a “central” portion of some medial axis sheet, as generated
by the A1A3-I example (the only way to generate a new ridge!). The latter sheet
typically intersects two other sheets at an A3

1 curve. Now, as the ridge is moved
so that its corresponding endpoint A1A3 on the medial axis moves towards the
latter A3

1 axis, it is possible for the two to interact at some point. Since the end
points of a rim are A1A3 points, we expect these to approach the A3

1 curves
transversally. At the point of collision the A1A3 contact sphere of the rim-end
encounters the third boundary surface (i.e., the third contact in the A3

1 curve not
represented by the A2

1 sheet). Thus, it becomes an A2
1A3 contact point joining
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(a) (b) (c) (d)

Fig. 12. (Top row) : The flattening of the central portion of this parabolic shape
moves the ridge-related A3 curve (rim) up towards the central axis A3

1 curve until they
collide at an A1A3-II transition. After this point the A3

1 and A3 curves both split into
two pieces joined at two newly formed A1A3 points. Note that the medial axis between
these points is a smooth A2

1 sheet. (Middle Row): An alternate form. (Bottom Row)
: The simulation of the medial axis evolution showing the Perestroika at an A1A3-II
point.(Simulations from [12]).

the A3 and A3
1 curves corresponding to the ridge and its base, respectively, with

the two A3
1 half portion of the original A3

1 curves. After this point, as the ridge
is pushed further along, the A3 contact of the ridge pairs off with the newly
acquired A1 contact and form an A1A3. The A2

1A3 contact becomes tangent at
the original three points and the sides of the ridge for an A4

1 contact. Four A3
1

curves come together at this point, Figure 13.
A shape which gives rise to this transition can be constructed as follows:

consider the shape used in Figure 8, generated by Equation 2, or the parabolic
“gutter” in Figure 12. Create a bump using the A1A3-I transition by adding a
Gaussian, Equation 1, in the central portion of the shape. We give this bump a
random orientation θ,

y(x, z) = Ae
−(x cos(θ)+z sin(θ))2

2σ2
1 e

−(−x sin(θ)+z cos(θ))2

2σ2
2 . (3)

The bump can then be placed on the surface and positioned roughly on the
central portion, Figure 13, and then moved until its base on the medial axis (the
A3

1 curve generated by the bump) collides with the A3
1 curve of the main shape,

Figure 13(b). Thereafter, the base is split into two segments one on each of the
corresponding sheets of the A3

1 curve. The simulation using a parabolic gutter is
shown in Figure 14.



Transitions of the 3D Medial Axis 733

Fig. 13. The A2
1A3-I transition. A “bump” (blue) is placed so that it modifies the

central sheet of the medial axis (green). As the bump is moved left towards the A3
1

curve on the left side of the object, the A1A3 point of the bump eventually hits the A3
1

axis creating an A2
1A3 transition. Beyond this point the “base” of the bump is on two

distinct sheets.

Fig. 14. Example of Perestroika with an A2
1A3-I point.(Simulations from [12]).

7) The A2
1A3-II Transition : This transition describes the process of creating

a ridge whose base is on an A3
1 medial axis curve itself, as opposed to the central

portion of an A2
1 sheet, i.e., in creating the ridge in the A1A3 transition, the

A1A3 medial point arises not on an A2
1 sheet but on the A3

1 curve.
This transition is related to the previous A2

1A3-I transition, but instead of
using an A1A3 transition to generate a ridge positioned on a medial sheet and
then moved to collide with the A3

1 axis, it is generated and then moved right on
the A3

1 axis. A shape deformation corresponding to this transition then applies
an A1A3 transition of the form of Equation 3 but positioned on one of the
true constant curves of the A3

1 medial curve on the surface, with the amplitude
increasing. Initially when A is small, the effect is to perturb the A3

1 axis slightly.
But with increasing A the transition is reached, and finally the ridge becomes
apparant as the rightmost figures in Figures 13 and 14.
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Abstract. We present a novel method for inferring three-dimensional shape from
a collection of defocused images. It is based on the observation that defocused
images are the null-space of certain linear operators that depend on the three-
dimensional shape of the scene as well as on the optics of the camera. Unlike most
current work based on inverting the imaging model to recover the “deblurred”
image and the shape of the scene, we approach the problem from a new angle by
collecting a number of deblurred images, and estimating the operator that spans
their left null space directly. This is done using a singular value decomposition.
Since the operator depends on the depth of the scene, we repeat the procedure for
a number of different depths. Once this is done, depth can be recovered in real
time: the new image is projected onto each null-space, and the depth that results
in the smallest residual is chosen. The most salient feature of this algorithm is its
robustness: not only can one learn the operators with one camera and then use them
to successfully retrieve depth from images taken with another camera, but one can
even learn the operators from simulated images, and use them to retrieve depth
from real images. Thus we train the system with synthetic patterns, and then use
it on real data without knowledge of the optics of the camera. Another attractive
feature is that the algorithm does not rely on a discretization or an approximation
of the radiance of the scene (the “deblurred” image). In fact, the operator we
recover is finite-dimensional, but it arises as the orthogonal projector of a semi-
infinite operator that maps square-integrable radiance distributions onto images.
Thus, the radiance is never approximated or represented via a finite set of filters.
Instead, the rank of the operator learned from real data provides an estimate of the
intrinsic dimensionality of the radiance distribution of real images. The algorithm
is optimal in the sense of L2 and can be implemented in real time.

1 Introduction

A real imaging system involves a map from a 3-D environment to a 2-D surface which
is function of the optical settings (e.g. focal length, lens diameter etc.) and the shape
of the scene. The intensity at each pixel in an image also depends upon the radiance
distribution1 “glued” to the observed surface.
� This research is sponsored by ARO grant DAAD19-99-1-0139 and Intel grant 8029.
1 We do not distinguish between the radiance and the reflectance of a scene since both camera

and lights are not moving.

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 735–745, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Estimating shape from defocus consists in retrieving the depth information of a
scene exploiting the blurring variation of a number of images captured at different focus
settings. Together with depth, one can also recover the radiance distribution. Thus, the
whole system is not only useful as a modality to retrieve depth with a single camera,
but can also be used, for example, to enhance pictorial recognition systems by providing
shape cues.

Defocused images are typically modeled as the result of a linear operator with a
kernel that depends upon the optics of the camera as well as the three-dimensional shape
of the scene, acting on an “ideal” deblurred image. The process can be expressed as:

Ip(x, y) =
∫
hs

p(x, y)dR (1)

where Ip denotes the image generated with optics parameters p, (x, y) are coordinates
lying on a compact discrete lattice (defined on the image plane), hs

p is a family of kernels
that depends on the scene shape s and the parameters p, andR is the radiance distribution
defined on the continuous 3-D space.
If we collect a number K of images with different parameters p, and organize them
as I = [Ip1 Ip2 . . . IpK

] and we do the same for the corresponding kernels hs =
[hs

p1
hs

p2
. . . hs

pK
], then the equations can be rewritten more compactly as:

I(x, y) =
∫
hs(x, y)dR (2)

and we can pose the estimation of shape and radiance from blurred images as the fol-
lowing optimization problem:

ŝ, R̂
.= arg min

s,R

∥∥∥∥I −
∫
hsdR

∥∥∥∥
2

(3)

where ‖ · ‖ is the Euclidean norm. Typically, the problem is addressed by inverting the
imaging model to retrieve both the radiance distribution (the “deblurred” image) and the
shape of the scene (the kernel parameters). This is a severely ill-posed inverse problem.

1.1 Relation to Previous Work

This work falls within the general category of passive methods for depth from defo-
cus. That is, no active illumination is used, and no active control on the focus setting
is performed (shape from focus [7,9]). A common assumption in passive shape from
defocus is that shape can be approximated locally with planes parallel to the image
plane. This implies that the family of kernels describing the imaging process is shift-
invariant and common techniques can be applied such as Fourier transforms, moment
filters, estimating relative blurring between images, or approximating images in the spa-
tial domain through polynomials or simple discretizations [4,5,10,11,12,13,14]. Some
work has been done also when kernels are shift-varying [8] and Markov random fields
have been proposed as models for both depth and focused image [1,3]. Our approach
differs from most current approaches in that we bypass both the modeling of the optics
and the choice of a finite-dimensional representations for the radiance. Instead, work-
ing in a learning framework, we automatically learn the defocusing process through the
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properties of linear operators. Our approach could potentially be applied to solve blind
deconvolution problems in different fields.

When modeling the optics, one is faced with the problem of choosing the kernel
family that best approximates the real imaging process. Kernel families (or point spread
functions, PSF) adopted by most of the algorithms in the literature include pillbox func-
tions and Gaussians. Also, during the shape reconstruction process, many algorithms
require modeling the radiance using an ad-hoc choice of a basis of filters, or a discretiza-
tion. Our approach does not entail any modeling of the PSF, nor a choice of a finite
representation for the radiance distribution. We construct a set of linear operators (ma-
trices) which are learned from blurred images. In order to do this, we generate a training
set of images of a certain shape2, by changing the radiance distribution defined on its
surface. Then, we capture the surface parameters common to the training set using the
singular value decomposition (SVD), and build an orthogonal projector operator such
that novel images generated by the same shape, but with any radiance, belong to its null
space. We repeat this procedure for a number of shapes and store the resulting set of
operators. Then, we compute the residual for each stored operator. Depth is estimated
at each pixel by searching for the operator leading to the minimum residual. These op-
erations involve only a finite set of matrix-vector computations (of the size of the set
of the pre-computed orthogonal operators) which can be performed independently at
each pixel on the images, allowing for high parallelism. Hence, the whole system can
be implemented in real-time. Notice that, since the same set of operators is used for any
novel set of images, shape reconstruction is independent of the radiance distribution,
and no approximations or finite representations is required.

2 Learning Defocus

In this section we will explain in detail how to learn shape from defocused images
through orthogonal operators, and how to use them to retrieve shape from novel images.

2.1 Formalization of the Problem

Under mild assumptions on the reflectance of the scene, the integral in Eq. (2) can be
interpreted in the Riemannian sense (see [2]). If we choose a suitable parameterization,
we can rewrite Eq. (2) as

∫
R2 h

s(x, y, x̂, ŷ)r(x̂, ŷ)dx̂dŷ, where r is the radiant density. r
belongs to the Hilbert space L2(R2) with the inner product 〈·, ·〉 : L2(R2)×L2(R2) �→R

defined by:

(f, g) �→ 〈f, g〉 .=
∫
f(x̂, ŷ)g(x̂, ŷ)dx̂dŷ. (4)

Since images are defined on a compact lattice C
.= R

M×N (the CCD array grid), where
images have size M ×N pixels, it is also useful to recall the finite dimensional Hilbert
space R

L of vectors, whereL = M ×N ×K, with inner product 
 ·, · �: R
L×R

L �→
R defined as:

(V,W ) �→
V,W � .=
L∑

i=1

ViWi. (5)

2 In our current implementation we choose planes parallel to the image plane, but the method
can be extended to other shapes as well.
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We define the linear operator Hs : L2(R2) �→R
L such that r �→ 〈hs(x, y), r〉. Using

this notation, we can rewrite our imaging model as

I(x, y) = (Hsr)(x, y). (6)

The problem can then be stated as

s, r = arg min
s∈D,r∈L2(R2)

‖I −Hsr‖2 (7)

where D is a suitable compact set (the space of shapes), and the norm ‖ · ‖ is naturally
induced by the inner product relative to the same Hilbert space, i.e. ‖V ‖2 =
 V, V �.

2.2 Learning Null Spaces

In order to compute explicitly our interest operators, we need some definitions. SinceHs

is a linear bounded operator, it admits a unique adjoint H∗
s : R

L �→ L2(R2), mapping
I �→
̂hs(x̂, ŷ), I �, where ĥs(x̂, ŷ, x, y) = hs(x, y, x̂, ŷ), and such that


 Hsr, I �= 〈r,H∗
s I〉 (8)

for any r ∈ L2(R2) and I ∈ R
L. Now we are ready to define the orthogonal projector,

which is a matrix H⊥
s : R

L �→R
L with I �→H⊥

s I = I − (HsH
†
s )I , where H†

s is the
(Moore-Penrose) pseudo-inverse. The pseudo-inverse, when it exists, is defined as the
operator H†

s : R
L �→ L2(R2) such that r = H†

sI satisfies H∗
s (Hsr) = H∗

s I .
The orthogonal operatorH⊥

s is useful in that the original (infinite dimensional) min-
imization in Eq. (7) can be transformed into a finite-dimensional one. This is guaranteed
by the fact that the functionals

Φ(s, r) = ‖I −Hsr‖2 (9)

Ψ(s) = ‖H⊥
s I‖2 with r = H†

sI (10)

have the same set of local extrema, assuming that there exists a non-null operator H⊥
s

and an operator H†
s , as discussed in [6,11].

Rather than obtaining a closed form solution for H⊥
s , we take a different point of

view, and choose to compute it numerically exploiting its properties.H⊥
s is a symmetric

matrix (i.e. such that H⊥
s = (H⊥

s )T ) which is also idempotent (i.e. such that H⊥
s =

(H⊥
s )2). According to the first property, we can write H⊥

s as the product of a matrix A
of dimensions m× n, m ≥ n, with its transpose; for the second property we have that
the columns of A must be orthonormal, and thus H⊥

s can uniquely be written as:

H⊥
s = AAT (11)

where A ∈ Vn,m and Vn,m is a Stiefel manifold3. Furthermore, from Eq. (10), the null
space of H⊥

s is all of the range of Hs. That is, given any set of T images {Ii}i=1...T

generated by the same shape s1, for fixed focal settings, but changing radiance densities,
we have ‖H⊥

s1
Ii‖2 = 0 ∀i = 1 . . . T , where H⊥

s1
has been trained with shape s1.

Now we are ready to list the 4 steps to learn H⊥
s from data, once a specific class of

shapes has been chosen:
3 A Stiefel manifold Vn,m is a space where each point is a set of n orthonormal vectors v ∈ R

m

and n ≤ m: Vn,m = {X(m×n) : XT X = Id(n)}, where Id(n) is the n×n identity matrix.
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1. Generate a number T of training images I1 . . . IT of the shape s changing the
optical settings; for example, see Figure 3. On the left two images have been
generated. One horizontal stripe from each of the images corresponds to the same
equifocal plane4 in the scene. Hence, we can split each of the two stripes in T
square windows. Then, we couple corresponding windows from the two stripes and
collect them into Ii. Every image Ii is generated by a different radiance density ri.
Then, rearrange Ii in a column vector of length L for each i = 1 . . . T ;

2. Collect all images into a matrix P = [I1 I2 . . . IT ] of dimensions L × T . Apply
the singular value decomposition (SVD) to P such that P = USV T . Figure 1
shows the resulting P for a single depth level and two optical settings;

3. Determine the rank q of P (for example by imposing a threshold on the singular
values);

4. Decompose U as U = [U1 U2], where U1 contains the first q columns of U and U2
the remaining columns; then build H⊥

s as:

H⊥
s = U2U

T
2 . (12)

The number T of training images has to be at least bigger or equal than L (in our
experiments we set T = 2L). Otherwise, the rank of P will not be determined by the
defocusing process, but by the lack of data.

Remark 1. It is interesting to note that the rank ofH⊥
s relates inversely with the intrinsic

dimensionality of the observed radiance. For example, if in the training phase we employ
“simple” radiance densities, for example piecewise constant intensities, the rank of P
will be low, and, as a consequence, the rank of the resulting operator H⊥

s will be high.
Intuitively, as the rank of H⊥

s approaches L (the maximum value allowed), the bigger
the set of possible orthogonal operators will be, and the bigger the space of shapes that
can be distinguished.

This gives insight into how to estimate shape from defocus using linear operators,
which is the case of most of the algorithms in the literature. There is a fundamental
tradeoff between the precision with which we can determine shape and the precision with
which we can model the radiance dimensionality: the finer the shape estimation, and the
more we require “simple” radiance densities. The more we model high dimensionality
radiance densities, and the rougher the shape estimation.

2.3 Estimating Shape

Certainly, it would not be feasible to apply the previous procedure to “recognize” any kind
of shape. The set of orthogonal operators we can build is always with finite dimension,
and hence we are only able to reconstruct shapes (which are defined in the continuum)
up to a class of equivalence. Even restricting the system to recognize a small set of
shapes would not be the best answer to the problem, since that would reduce the range

4 An equifocal plane is a plane parallel to both the image plane and the lens plane. By the thin
lens law, such a plane contains points with the same focal.
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of applications. Therefore, we choose to simplify the problem by assuming that locally,
at each point on the image plane, the corresponding surface can be approximated with an
equifocal plane. Thus, restricting our attention to a small window around each pixel, we
estimate the corresponding surface through one single parameter, its depth in the camera
frame. Notice that the image model (2) does not hold exactly when restricted to a small
window of the input image. In fact, it does not take into account additional terms coming
from outside the window. However, these terms are automatically modeled during the
training phase (see Section (2.2)), since we obtain the operators H⊥

s using images with
such artifacts. The overall effect is a “weighting” of the operators, where components
relative to the window boundary will have smaller values than the others (see Figure 2).

Also, to achieve real-time performance, we propose to pre-compute a finite set of
operators for chosen depths. Then, the estimation process consists in computing the
norm (10) for each operator and searching for the one leading to the smallest residual.
The procedure can be summarized as follows:

1. Choose a finite set of depths S (i.e. our depth resolution) and a window sizeW ×W
such that the equifocal assumption holds (in our experiments we choose windows
of 7 × 7 pixels). Then pre-compute the corresponding set of orthogonal operators
using the algorithm described in Section (2.2)

2. At each pixel (i, j) of the novel L input images, collect the surrounding window of
size W ×W and rearrange the resulting set of windows into a column vector I (of
length LW 2)

3. Compute the cost function ‖H⊥
d I‖2 for each depth value d ∈ S and search for the

minimum. The depth value d̂ leading to the minimum is set to be the reconstructed
depth of the surface at (i, j).

This algorithm enjoys a number of properties that make it suitable for real-time
implementation. First, the only operations involved are matrix-vector multiplications,
which can be easily implemented in hardware. Second, the process is carried out at each
pixel independently, enabling for high parallelism computations. It would be possible,
for example, to have CCD arrays where each pixel is a computing unit returning the
depth relative to it.

Also, as to overcome the limitations of choosing a finite set of depth levels, one
can further refine the estimates by interpolating the computed cost function. The search
process can be accelerated, using well-known descent methods (i.e. gradient descent,
Newton-Raphson, tangents etc.), or using a dicotomic search, or exploiting the previous
estimates as a starting point (this relies on smoothness assumptions on the shape). All
these improvements are possible since the computed cost functions are smooth, as it can
be seen in Figure 5.

3 Experiments

We test our algorithm on both synthetic and real images. In generating a synthetic set of
images, we use a pillbox kernel, for simplicity. We use such synthetic images to train the
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system, and then test the reconstruction on real images captured using a camera kindly
lent to us by S. K. Nayar. It has two CCDs mounted on carts with one degree of freedom
along the optical axis. These carts can be shifted by means of micrometers, which allows
for a fine tuning of the focal settings.

3.1 Experiments with Synthetic Data

In Figure 1 we show part of the training set used to compute the orthogonal operators.
We choose a set of 51 depth levels and optical settings such that the maximum blurring
radius is of 1.7 pixels. The first and last depth levels correspond to the first and second
focal planes. We generate random radiance densities and for each of them compute the
images as if they were generated by equifocal planes placed at all the chosen depth
levels. Based on these images we compute the 51 orthogonal operators H⊥

s , 6 of which
are shown in Figure 2. Notice that the operators are symmetric and that as we go from
the smallest value of the parameter s (relative to the first depth level) to the biggest one
(relative to the last depth level), the distribution of “weights” moves from one side of
the matrix to the other, corresponding to the image more in focus.

To estimate the performance of the algorithm we generate a set of two novel images
of 51 × 2601 pixels that are segmented in horizontal stripes of 51 × 51 pixels (see
Figure 3). Every stripe has been generated by the the same random radiance but with
equifocal planes at decreasing depths as we move from the top to the bottom of the
image. We generate a plane for each of the 51 depths, starting from 0.52m and ending
at 0.85m. In Figure 4 we evaluate numerically the shape estimation performance. Both
mean and standard deviation (solid lines) of the estimated depth are plotted over the
ideal characteristic curve (dotted). Notice that even when no post-filtering is applied,
the mean error (RMS) is remarkably small (3.778mm). In the same figure we also show
the characteristic curve when a 3 × 3 median filter is applied to the resulting shape.
While there is a visible improvement in the standard deviation of the shape estimation,
the mean error (RMS) presents almost no changes (3.774mm).

In Figure 5 we show a typical minimization curve. As it can be seen, it is smooth
and allows for using descent methods (to improve the speed of the minimum search) and
interpolation (to improve precision in determining the minimum).

3.2 Experiments with Real Data

In order to test the robustness of the proposed algorithm, we train it on synthetic images
as described above, and then use it on real images obtained with two different cameras.
In the first data set we capture images using an 8 bits camera made of two independently
moving CCDs, with focal length of 35mm and lens aperture of F/8. Figure 6 shows the
two input images and the relative depth reconstruction. The far focused plane is at 0.77m
while the near focused is at 0.70m. Windows of 7× 7 pixels have been chosen. Figure 7
shows an experiment with the second data set (provided to us by S. K. Nayar) of a scene
captured with a different camera. The focal length is of 25mm and the lens aperture of
F/8.3. Even though no ground truth is available to compare to the reconstructed surface,
the shape has been qualitatively captured in both cases.
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Fig. 1. Left: the training set for the first depth level (corresponding to blurring radii 0 and 1.7
pixels for the first and second image respectively). The resulting matrix has size 98 × 196 pixels.
Right: the training set produced with a single radiance for all the 51 depth levels (the matrix has
size 98 × 51 pixels).

4 Conclusions

We have presented a novel technique to infer 3-D shape from defocus which is optimal
in the sense of L2. We construct a set of linear operators H⊥

s (matrices) learning the
left null space of blurred images through singular value decomposition. This set of
orthogonal operators is used to estimate shape in a second stage, computing the cost
function ‖H⊥

s I‖ for each H⊥
s and novel input images I . Then, depth is determined

performing a simple minimization of the residual value. The algorithm is robust, since

Fig. 2. The operator H⊥
s as it appears for few depth levels. Top: from left to right, depth lev-

els are 1, 10 and 15, corresponding to blurring radii of (0, 1.7)pixels, (0.45, 1.25)pixels and
(0.66, 1.04)pixels respectively, where with (b1, b2) we mean the blurring radius b1 is for the near
focused image and the blurring radius b2 for the far focused one. Bottom: from left to right, depth
levels are 20, 35 and 40, corresponding to blurring radii of (0.85, 0.84)pixels, (1.3, 0.38)pixels
and (1.45, 0.25)pixels. Notice that as we go from left to right and from top to bottom, the weights
of the operators move from one side to the other, corresponding to which of the images is more
focused.
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Fig. 3. Test with simulated data. Left and Middle: two artificially generated images are shown.
The surface in the scene is a piecewise constant function (a stair) such that each horizontal stripe
of 51×51 pixels corresponds to an equifocal plane. Depth levels decrease moving from the top to
the bottom of the images. Top-Right: gray-coded plot of the estimated depths. Darker intensities
mean large depths values, while lighter intensities mean small depth values. Bottom-Right: mesh
of the reconstructed depths after a 3×3 pixels median filtering (re-scaling has been used for ease
of visualization).
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Fig. 4. Performance test. Left: evaluation of mean and standard deviation of the depth reconstruc-
tion. Right: evaluation of mean and standard deviation of the depth reconstruction after a 3 × 3
pixels median filtering. Notice that the mean error (RMS) over all depths both with or without
pre-filtering is substantially low (3.778mm and 3.774mm respectively).

operators learned via simulated data can be used effectively on real data, and it does not
entail any choice of basis or discretization of the radiance distribution. Furthermore, the
rank of the orthogonal operators provides an estimate of the intrinsic dimensionality of
the radiance distribution in the scene.
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Fig. 5. One minimization curve. The curve is smooth and allows for fast searching methods. Also,
interpolation can be employed to achieve higher precision in depth estimation.
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Fig. 6. First set of real images. Top: the two input images (of size 640×480 pixels). The left image
is near focused (at 0.70m), while the right one is far focused (at 0.77m). Bottom-Left: gray-coded
plot of the estimated depths. Dark intensities map to large depths, while light intensities map
to small depths. Notice that where the radiance is too poor (for example inside the vase), depth
recovery is not reliable. Bottom-Right: smoothed 3-D mesh of the reconstructed surface.

Fig. 7. Second set of real images (provided to us by S. K. Nayar). Top: the two input images (of size
320× 480 pixels). The left image is near focused (at 0.53m), while the right one is far focused (at
0.87m). Bottom-Left: gray-coded plot of the estimated depths. Notice that where the radiance is
too poor and the surface is far from being an equifocal plane (bottom of the table), depth recovery
is not reliable. Bottom-Right: smoothed 3-D mesh of the reconstructed surface.
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Abstract. In this paper we define a function R(P ) which is defined
for any polygon P and which maps a given polygon P into a number
from the interval (0, 1]. The number R(P ) can be used as an estimate
of the rectilinearity of P . The mapping R(P ) has the following desirable
properties:
– any polygon P has the estimated rectilinearity R(P ) which is a num-

ber from (0, 1];
– R(P )=1 if and only if P is a rectilinear polygon, i.e., all interior

angles of P belong to the set {π/2, 3π/2};
– inf

P∈Π
R(P ) = 0, where Π denotes the set of all polygons;

– a polygon’s rectilinearity measure is invariant under similarity trans-
formations.

A simple procedure for computing R(P ) for a given polygon P is de-
scribed as well.

Keywords: Shape, polygons, rectilinearity, measurement.

1 Introduction

Shape plays an important part in the processing of visual information, and is
actively being investigated in a wide spectrum of areas, from art [13] through to
science [3]. Within computer vision there have been many applications of shape
to aid in the analysis of images, and standard shape descriptors include com-
pactness, eccentricity [12], circularity [4], ellipticity [9], and rectangularity [11].

This paper describes a shape measure that has received little attention: rec-
tilinearity. While there exists a variety of approaches to computing the related
measure of rectangularity [11], rectilinearity covers a wider space of shapes since
the number of sides of the model shape is variable. It is only required that the
angles of a rectilinear polygon belong to the set {π/2, 3π/2}. This means that
it is not convenient to fit the model1 to the data and measure the discrepan-
cies between the two, which is the approach that is often applied to compute
compactness and rectangularity.
� J. Žunić is also with the Mathematical Institute of Serbian Academy of Sciences,
Belgrade.

1 Fitting a rectilinear shape is possible, as demonstrated by Brunn et al. [1], but is
complex, and potentially unreliable and inaccurate. Our proposed approach avoids
fitting, and is therefore simpler and faster.

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 746–758, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Our motivation in developing a rectilinearity shape measure is to provide
a useful tool for the analysis of buildings in aerial photographs. Over the last
10-20 years there has been considerable research in this area with the goal of
providing automatic photo interpretation which would be particularly useful for
cartographers [2,5,6,8]. Such systems are typically based on perceptual grouping
of edges and incorporate additional information such as shadows, knowledge-
based rules, as well as shape (typically rectangular). Since many buildings appear
rectilinear from an overhead view then such a shape measure could be used in
a hypothesis and test paradigm to filter out unlikely candidates which have
inappropriate shapes.

Let us conclude this introduction by noticing that a variety of rectilinearity
measures for polygons which are based only on a measure of the angles of the
considered polygon can be derived very easily. But such a defined rectilinearity
measure would imply that the polygons with the same angles have the same
estimated rectilinearity which is not always acceptable (see Fig. 1).

P Q

Fig. 1. Two given 5-gons have identical angles, but it is natural to expect that P should
have a higher estimated rectilinearity than Q.

2 Definitions and Basic Statements

A polygon P is rectilinear if its interior angles belong to the set {π/2, 3π/2}
(see Fig. 2 for an example). In this paper we define a rectilinearity measure for
arbitrary polygons. Precisely, we define a mapping R(P ) which maps a given
polygon P into a number from the interval (0, 1].

We will use the following denotations (see Fig. 3 and Fig. 4 for some illus-
trations).

The set of all polygons will be denoted by Π. For a given n-gon P having
vertices denoted by A0, A1, . . . , An−1, An = A0, its edges will be denoted ei =
[Ai−1, Ai] for i = 1, 2, . . . , n. The Euclidean length of the straight line segment
e = [(x1, y1), (x2, y2)] is l2(e) =

√
(x1 − x2)2 + (y1 − y2)2, while the length of e

according to the l1 metric is l1(e) = |x1 − x2| + |y1 − y2|.
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u
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y
v

α

p

q

P

Fig. 2. For the given rectilinear 20-gon P , its l1 perimeter P1(P ) has the minimum
value if the coordinate axes are chosen to be parallel with u and v. This minimum
value corresponds to P1(P, −α) if x and y are taken to be the coordinate axes.

P2(P ) will denote the Euclidean perimeter of P , while P1(P ) will denote the
perimeter of P in the sense of l1 metrics. So,

P2(P ) =
∑

ei is an edge of P

l2(ei) and P1(P ) =
∑

ei is an edge of P

l1(ei).

Since isometric polygons do not necessarily have the same perimeter under the l1
metric, we shall use P1(P, α) for the l1 perimeter of the polygon which is obtained
by the rotating P by the angle α with the origin as the centre of rotation. If the
same rotation is applied to the edge e, the l1 perimeter of the obtained edge will
be denoted as l1(e, α).

If the oriented angle between the positively oriented x-axis and the vector−−−−→
Ai−1Ai is denoted by φi (i = 1, 2, . . . n), then obviously l1(ei) = l2(ei)·(| cos φi|+
| sin φi|), while l1(ei, α) = l2(ei) · (| cos(φi + α)| + | sin(φi + α)|). Thus, by using
1 ≤ | cos β| + | sin β| ≤ √

2 (for any β), we have

P2(P ) ≤ P1(P, α) =
n∑

i=1

l2(ei) · (| cos(φi +α)|+ | sin(φi +α)|) ≤
√

2 ·P2(P ). (1)

We will exploit the following property of rectilinear polygons which is formulated
as a theorem.

Theorem 1. A given polygon P is rectilinear if and only if there exists a choice
of the coordinate system such that the Euclidean perimeter of P and the l1
perimeter of P coincide, i.e.,
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Fig. 3. The used denotations are illustrated on an example of a given 5-gon.

P2(P ) = P1(P, α) for some α .

Proof. If the given polygon P is rectilinear, then a rotation of P , such that
the edges of P become parallel to the coordinate axes, preserves the equality
P2(P ) = P1(P, α) where α is the rotation angle.

On the other hand, if P2(P ) = P1(P, α) then (by using (1) and | cos β| +
| sin β| ≥ 1) it must be | cos(φi+α)|+| sin(φi+α)| = 1 for any edge ei, 1 ≤ i ≤ n,
of the given n-gon P . That means (for any i, 1 ≤ i ≤ n) it is either cos(φi+α) = 0
or sin(φi + α) = 0 – but it implies that all edges of P are either parallel or
orthogonal to the same line. This completes the proof. [[]]

3 The Basic Idea and Necessary Mathematics

Theorem 1 gives a useful characterisation of rectilinear polygons and gives the
basic idea for the polygon rectilinearity measurement described in this paper.
In the first stage, Theorem 1 together with P2(P ) ≤ P1(P ) (see (1)) suggests

that the ratio
P2(P )
P1(P )

can be used as a rectilinearity measure for the polygon P .

Precisely, the ratio
P2(P )
P1(P )

has the following “good” properties:

a1) it is a strictly positive number;
a2) it is defined for any polygon P ;
a3) it can be calculated easily;
a4) for any non rectilinear polygon it is strictly less than 1 and for any rectilinear

polygon it is exactly 1 if the coordinate axes are suitably chosen.
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But, on the other side
P2(P )
P1(P )

has the following “bad” properties:

b1) it is not invariant under similarity (even isometric) transformations;

b2) the infimum for the set of values of Q(P, α) =
P2(P )

P1(P, α)
is not zero; for an

example, it can be seen easily (from (1)) that there no exists a polygon P

such that
P2(P )
P1(P )

/∈
(

0,

√
2

2

)
.

In this section we develop necessary mathematical tools in order to define a
function R(P ) which satisfies a1)–a5) but not b1) and b2).

The problem described by b1) can be avoided by considering max
α∈[0,2π]

P2(P )
P1(P, α)

instead of
P2(P )
P1(P )

, but it opens the question of how to compute this maximum.

Further, the inequalities from (1) give
√

2
2

≤ P2(P )
P1(P )

≤ 1 , and consequently,
√

2
2

≤ max
α∈[0,2π]

P2(P )
P1(P, α)

≤ 1

for any polygon P . But, while the inequality
P2(P )
P1(P )

≤ 1 is sharp, and moreover,

the equality max
α∈[0,2π]

P2(P )
P1(P, α)

= 1 is satisfied if and only if P is a rectilinear

polygon (due to Theorem 1), it can be seen easily that there exists no polygon

P such that max
α∈[0,2π]

P2(P )
P1(P, α)

=
√

2
2

. Namely, if an n-gon P satisfies the last

equality, then for some α0 we have
P2(P )

P1(P, α0)
=

√
2

2
which (by (1)) would imply

√
2 · l2(ei) = l1(ei, α0) or, equivalently, φi +α0 ∈ {π/4, 3π/4, 7π/2, 9π/4} for any

edge ei where 1 ≤ i ≤ n. Thus, P must be rectilinear, and due to Theorem 1,
the considered maximum must be equal to 1, which is a contradiction.

So, for our purpose it is necessary to determine the maximal possible µ such

that max
α∈[0,2π]

P2(P )
P1(P, α)

belongs to the interval [µ, 1] for any polygon P . The next

two lemmas together show µ =
π

4
and moreover, there is no polygon P such

that max
α∈[0,2π]

P2(P )
P1(P, α)

=
π

4
.

Lemma 1. The inequality

max
α∈[0,2π]

P2(P )
P1(P, α)

>
π

4

holds for any polygon P .
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Proof. We prove the statement by a contradiction. Let us assume the contrary,
i.e., there exists an n-gon P such that

P2(P )
P1(P, α)

≤ π

4

for any choice of α, or equivalently,

P1(P, α)
P2(P )

≥ 4
π

for any α ∈ [0, 2π].

Since
P1(P, α)
P2(P )

is a continuous non constant function (for more details see Section

5) depending on α (if P is fixed), and since it is assumed to be greater or equal

to
4
π

it must be
2π∫
0

P1(P, α)
P2(P )

· dα >

2π∫
0

4
π

· dα = 8. (2)

By using (2) we have:

8 <

2π∫
0

P1(P, α)
P2(P )

· dα

=
1

P2(P )
·
2π∫
0

(
n∑

i=1

l1(ei, α)

)
· dα

=
1

P2(P )
·

n∑
i=1


 2π∫

0

l1(ei, α) · dα




=
1

P2(P )
·

n∑
i=1


 2π∫

0

l2(ei) · (| sin(φi + α)| + | cos(φi + α)|) · dα




=
1

P2(P )
·
(

n∑
i=1

8 · l2(ei)

)
=

1
P2(P )

· P2(P ) · 8 = 8.

The contradiction 8 < 8 finishes the proof. [[]]

So, in accordance with the above discussion, Lemma 1 shows that the required
number µ is not smaller than

π

4
. The next lemma shows that µ is not bigger

than
π

4
. Thus, both lemmas together give µ = π

4 .
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Lemma 2. The infimum for the set of values max
α∈[0,2π]

P2(P )
P1(P, α)

for all possible

choices of polygon P is
π

4
, i.e.,

inf
P∈Π

{
max

α∈[0,2π]

P2(P )
P1(P, α)

}
=

π

4

Proof. To prove the statement it is enough to find a sequence of polygons
P3, P4, P5, . . . such that

lim
n→∞

(
max

α∈[0,2π]

P2(Pn)
P1(Pn, α)

)
=

π

4
.

We will prove that the sequence of regular n-gons Pn inscribed into the unit circle
satisfies the previous equality. Namely, it can be seen easily that the sequence
of the Euclidean perimeters of Pn tends to the perimeter of the unit circle, i.e.,

lim
n→∞ P2(Pn) = 2 · π (3)

but also
lim

n→∞ P1(Pn, α) = 8 (4)

holds independently on the choice of α. Precisely, if it is considered that (for any
α ∈ [0, 2π]) the l1 perimeter P1(Pn, α) equals the sum of the projections of all
edges of Pn onto x and y axes, than it follows that this sum tends to 8 as n → ∞
(see Fig. 4 for an illustration). Since the limits in (3) and (4) are independent
on α we have

lim
n→∞

P2(Pn)
P1(Pn, α)

= lim
n→∞

(
max

α∈[0,2π]

P2(Pn)
P1(Pn, α)

)
=

π

4
,

what finishes the proof. [[]]

4 A Rectilinearity Measure

Motivated by the proved properties of the function max
α∈[0,2π]

P2(P )
P1(P, α)

we give the

following definition for the new rectilinearity measurement of polygons.

Definition 1. For an arbitrary polygon P we define its rectilinearity R(P ) as

R(P ) =
4

4 − π
·
(

max
α∈[0,2π]

P2(P )
P1(P, α)

− π

4

)
.

The following theorem summarises the properties of the polygon rectilinearity
measure proposed here.

Theorem 2. For any polygon P , we have:
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Fig. 4. A regular 11-gon inscribed into the unit circle with the centre placed at the
origin.

i) R(P ) is well defined and R(P ) ∈ (0, 1];

ii) R(P ) = 1 if and only if P is rectilinear;

iii) inf
P∈Π

(R(P )) = 0;

iv) R(P ) is invariant under similarity transformations.

Proof. For a fixed P ,
P2(P )

P1(P, α)
is a continuous function depending on α (for

more details see the next section). Consequently, it must reach its minimum on
the closed interval [0, 2π], i.e., R(P ) is well defined. R(P ) ∈ (0, 1] follows from
(1), Definition 1, and Lemma 1.
The item ii) is a direct consequence of Theorem 1.
The item iii) is the statement of Lemma 2.
To prove iv) let us notice that R(P ) is invariant under all isometric transforma-

tions – which follows from the definition. Also,
P2(P )

P1(P, α)
and consequently R(P )

are invariant under any transformation of the form (x, y) → (λ · x, λ · y) for any
choice of λ �= 0,P , and α. That completes the proof. [[]]

Some examples of polygons with their computed rectilinearity are given on
Fig. 5.
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5 Computation of R(P )

The question which remains open is how to compute R(P ) effectively if a polygon
P is given. Since P2(P ) can be easily calculated from the vertices of P it remains
to describe the computation of the minimum value of P1(P, α) when α varies
from 0 to 2π. In this section we describe a procedure for such a computation.

Let us consider an edge ei (1 ≤ i ≤ n) of a given n-gon P . Trivially,

l1(ei, α) =




+l2(ei) · cos(φi + α) + l2(ei) · sin(φi + α) if α ∈ [−φi,
π
2 − φi]

−l2(ei) · cos(φi + α) + l2(ei) · sin(φi + α) if α ∈ [π
2 − φi, π − φi]

−l2(ei) · cos(φi + α) − l2(ei) · sin(φi + α) if α ∈ [π − φi,
3π
2 − φi]

+l2(ei) · cos(φi + α) − l2(ei) · sin(φi + α) if α ∈ [ 3π
2 − φi, 2π − φi].

Consequently, there is an integer k ≤ 4 · n and an increasing sequence of angles
0 ≤ α1 < α2 < . . . < αk ≤ 2π such that

P1(P, α) =




n∑
i=1

a1,i · cos(φi + α) + b1,i · sin(φi + α) if α ∈ [α1, α2]
n∑

i=1
a2,i · cos(φi + α) + b2,i · sin(φi + α) if α ∈ [α2, α3]

. . . . . . . . .

n∑
i=1

ak−1,i · cos(φi + α) + bk−1,i · sin(φi + α) if α ∈ [αk−1, αk]
n∑

i=1
ak,i · cos(φi + α) + bk,i · sin(φi + α) if α ∈ [αk, 2π + α1] ,

where
{ai,j , bi,j | 1 ≤ i ≤ k, 1 ≤ j ≤ k} ⊂ {+l2(ei),−l2(ei)},

or precisely, for any i ∈ {1, 2, . . . , n} and any j ∈ {1, 2, . . . , k}
aj,i = +l2(ei) if cos(φi + α) > 0 for α ∈ (αj , αj+1) (5)
aj,i = −l2(ei) if cos(φi + α) < 0 for α ∈ (αj , αj+1) (6)

and analogously,

bj,i = +l2(ei) if sin(φi + α) > 0 for α ∈ (αj , αj+1) (7)
bj,i = −l2(ei) if sin(φi + α) < 0 for α ∈ (αj , αj+1) (8)

What is important for us is

0 < P1(P, α) = −P ′′
1 (P, α) if α /∈ {α1, α2, . . . , αk}

which implies that P1(P, α) does not have any local minimum inside the open
intervals

(α1, α2), (α2, α3), . . . , (αk−1, αk), (αk, 2π + α1)).

In other words we have

min
α∈[0,2π]

P1(P, α) = min {P1(P, α1), P1(P, α2), . . . , P1(P, αk)} . (9)
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Now, we are able to describe the following simple procedure for computing
R(P ).

PROCEDURE R(P ) Computation

Input: The vertices A1, A2, . . . , An of a given n-gon P .

1. Step.
For any i, i = 1, 2, . . . n, compute the angle φi, and compute the absolute
values of the following angle differences:

|φi − π

2
|, |φi − π|, |φi − 3π

2
|, |φi − 2π| .

Sort the above angle-values in the increasing order and denote the sorted
values as: 0 ≤ α1 ≤ α2 < . . . < αk ≤ 2π.

2. Step.
Assign either +l2(ei) or −l2(ei) to ai,j and bi,j for any i from {1, 2, . . . , n}
and any j from {1, 2, . . . , k}
(� in accordance with (5)-(8) �).

3. Step.
Compute min

α∈[0,2π]
P1(P, α) as the minimum of the finite number point set

{P1(P, α1), P1(P, α2), . . . P1(P, αk−1), P1(P, αk)}
(�in accordance with (9)�)
then compute R(P ) as

R(P ) :=
4

4 − π
·

 P2(P )

min
α∈[0,2π]

P1(P, α)
− π

4




(� in accordance with Definition 1 �).

Output: R(P ).

6 Some Examples and Concluding Remarks

The rectilinearity measure is applied to a (perfect) rectilinear polygon in the top
left hand polygon in Fig. 5 which is then degraded in various ways. The first row
demonstrates the effect of increasing levels of local noise applied to the polygon’s
vertices. In the second row the polygon is edited, eliminating vertices, which
effectively rounds corners and increases its convexity. A shearing transformation
is applied in the third row. Finally, the polygon is warped, and the axis aligned
edges are increasingly rounded. All examples show that the rectilinearity measure
is well behaved; increasing distortion consistently decreases the computed value.

Note also that the orientations that maximised Q(P, α) =
P2(P )

P1(P, α)
match our
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1.000 0.849 0.334 0.041 0.038

0.860 0.813 0.603 0.508 0.277

0.668 0.516 0.425 0.380 0.351

0.748 0.457 0.287 0.204 0.134

Fig. 5. Examples of polygons with their rectilinearity measured as proposed in this
paper. Polygons are rotated to the orientations that maximised Q(P, α).
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Fig. 6. Plots of normalised Q(P, α) for each of the rightmost examples in Fig. 5.

expectations except at high noise levels when the rectilinearity measure has
dropped close to zero. For each of the maximally degraded polygons (i.e. the
rightmost examples in each row) Fig. 6 plots Q(P, α). It can be seen that it
is well behaved and, despite the effects of noise and other distortions which
introduce local maxima, the main peak remains distinct.

A second example is shown, working this time with real data from a Digital
Elevation Model (DEM), i.e. a depth map (see Fig 7 (a)). Some simple noise
filtering and segmentation techniques were applied to produce a set of polygons.
These are further processed using Ramer’s line simplification algorithm [10] to
reduce the effects of quantisation since at a pixel level a dense 4-connected curve
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(a) (b)

Fig. 7. (a) A DEM of Hannover; (b) segmented regions with filled intensities propor-
tional to rectilinearity

will be perfectly rectilinear! Fig 7 (b) plots the regions filled with intensities
proportional to their rectilinearity; thus rectilinear shapes should appear bright.
A casual glance seems to indicate that in some cases the computed rectilinearity
does not correspond well with human perception. As an example, the polygon
making up the central building in Fig 7 (a) only receives a value of 0.087 al-
though it initially looks approximately rectilinear. Nevertheless, when plotted
again in Fig. 8 (a) at the orientation maximising Q(P, α) the coordinate frame
can be seen to be correctly determined. Moreover, the plot of Q(P, α) (Fig. 8 (b)
contains only the single main peak. In fact, the problem arises from errors in the
boundary due to the various steps in data processing. The deviations of local
edge orientation are substantial as demonstrated by a histogram of their orien-
tation weighted by edge length. Fig. 8 (c) shows the histogram at two bin sizes,
and it can be seen that the distribution is fairly uniform, therefore producing a
low rectilinearity value.

As a possible means of reconciling this inconsistency between our perceptual
and measured evaluation of rectilinearity we note that relatively small adjust-
ments to the polygon could greatly increase the values of Q(P). Thus we intend
to apply such a process, moving vertices such that they maximise Q(P) while
minimising the shift in vertex location. A similar scheme of “shape correction”
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Fig. 8. (a) An example building rotated to maximise Q(P, α); (b) the corresponding
plot of Q(P, α); (c) histogram of length weighted edge orientation of (a).

has already been applied by Brunn et al. [1] who applied an iterative MDL vertex
shifting and removal scheme, and by Mayer [7] who used constrained snakes.
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Local Analysis for 3D Reconstruction
of Specular Surfaces – Part II

Silvio Savarese and Pietro Perona

California Institute of Technology, Pasadena CA 91200, USA

Abstract. We analyze the problem of recovering the shape of a mirror
surface. We generalize the results of [1], where the special case of planar
and spherical mirror surfaces was considered, extending that analysis
to any smooth surface. A calibrated scene composed of lines passing
through a point is assumed. The lines are reflected by the mirror surface
onto the image plane of a calibrated camera, where the intersection
and orientation of such reflections are measured. The relationship
between the local geometry of the surface around the point of reflection
and the measurements is analyzed. We give necessary and sufficient
conditions, as well as a practical algorithm, for recovering first order
local information (positions and normals) when three intersecting lines
are visible. A small number of ‘ghost solutions’ may arise. Second order
surface geometry may also be obtained up to one unknown parameter.
Experimental results with real mirror surfaces are presented.

Keywords: Shape recovery, geometry, mirror surfaces.

1 Introduction and Motivation

We are interested in the possibility of recovering information on the shape of a
surface from the specular component of its reflectance function. Since we wish to
ignore the contributions of shading and texture, we will study surfaces that are
perfect mirrors. A curved mirror surface produces ‘distorted’ images of the sur-
rounding world. For example, the image of a straight line reflected by a curved
mirror is, in general, a curve (see Fig. 1). It is clear that such distortions are sys-
tematically related to the shape of the surface. Is it possible to invert this map,
and recover the shape of the mirror from the images it reflects? The general ‘in-
verse mirror’ problem is clearly underconstrained: by opportune manipulations
of the surrounding world we may produce almost any image from any curved
mirror surface as illustrated by the anamorphic images that were popular dur-
ing the Renaissance. The purpose of this paper is to continue the investigation
started in our previous work [1] where we presented a novel study on the basic
geometrical principles linking the shape of a mirror surface to the distortions it
produces on a scene. We assumed a calibrated world composed of the simplest
primary structures: one point and one or more lines through it. We studied the
relationship between the local geometry of the mirror surface around the point
of reflection, and the position, orientation and curvature of the reflected images

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 759–774, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Fig. 1. M.C. Escher (1935): Still Life with Spherical Mirror

of such point and lines. Additionally, we derived an explicit solution for planar
and spherical surfaces. In this paper we extend this analysis to generic smooth
surfaces. We show that it is possible to recover first order local information (po-
sitions and normals) when three intersecting lines are reflected by the surface,
although a small number of “ghost” solutions in the reconstruction may arise.
Such solutions might be removed by considering either more than 3 no-coplanar
lines or a rough a priori estimate of the surface point location or a second or-
der local differential analysis as derived in [1]. Second order surface geometry
may also be obtained up to one unknown parameter, which we prove cannot be
recovered from first order local measurements (position and tangents).

Applications of our work include recovering the global shape of highly glossy
surfaces. Two possible situations are: a) placing a suitable calibrated pattern of
intersecting lines near the specular surface and applying our analysis at the locus
of the observed reflections of the pattern intersections; b) placing a calibrated
reference plane near the specular surface, projecting a suitable pattern with a
calibrated LCD projector over the specular surface and applying our analysis at
the locus of the intersections reflected by the surface over the reference plane
and observed by the camera [14]; such setup is appealing since it requires the
same hardware used by common structured lighting techniques. Finally our work
may provide useful mathematical tools for the analysis and the calibration of
omniview cameras with curved surfaces mirrors.

A summary of the notation and results obtained in [1] is presented in Sec. 2.
Main geometrical properties and the reconstruction method for general mirror
surfaces are described in Sec. 3. Experimental results with real mirror surface
are shown in Sec. 4. The paper is concluded with a discussion on our findings
and a number of issues for further research.

1.1 Previous Work

Previous authors have used highlights as a cue to infer information about the
geometry of a specular surface. Koenderink and van Doorn [10] qualitatively de-
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scribed how pattern of specularities change under viewer motion. This analysis
was extended by Blake et al. and incorporated in a stereoscopic vision framework
[4] [3]. Additionally, Zisserman et al. [13] investigated what geometrical informa-
tion can be obtained from tracked motion of specularities. Other approaches were
based on mathematical models of specular reflections (e.g. reflectance maps) [8]
or extension of photometric stereo models [9]. Oren and Nayar developed in [11]
an analysis on classification of real and virtual features and an algorithm re-
covering the 3D surface profiles traveled by virtual features. Zheng and Murata
developed a system [12] where extended lights illuminate a rotating specular
object whose surface is reconstructed by analyzing the motion of the highlight
stripes. In [7], Halsead et al. proposed a reconstruction algorithm where a surface
global model is fitted to a set of normals by imaging a pattern of light reflected
by specular surface. Their results were applied in the interactive visualization
of the cornea. Finally, Perard [14] used a structured ligthing technique for the
iterative reconstruction of surface normal vectors and topography.

Contrary to previous techniques, in our method, surrounding word and viewer
are assumed to be static. Monocular images rather than stereo pairs are needed
for the reconstruction. The analysis is local and differential rather than global
and algebraic.

2 The Geometry of the Specular Reflections
Our goal is to obtain local geometrical information about an unknown smooth
mirror surface. The basic geometric setup is depicted in Fig. 2 (left panel). A
calibrated pattern is reflected by a curved mirror surface and the reflection is
observed by a calibrated camera. The pattern may be formed by either one
point or one point and one line, or 2 (or more) intersecting lines. We start our
analysis studying which local information about the surface can be obtained by
considering a single pattern point and its corresponding image reflection. We
begin with a summary of notation and results in [1].

2.1 Definitions and Basic Specular Reflection Constraints

A point (or a vector) in the 3D space is expressed by a column 3-vector and is
denoted by a bold letter (e.g. x = (xy z)T ). A vector whose norm is 1 is denoted
by a bold letter with hat (e.g. n̂). A coordinate reference system [XY Z] is chosen
with origin Oc in the center of projection of the camera. See Fig. 2 (right panel).
Let xp be the pattern point. xi denotes the image of xp reflected by the surface
and xm denotes the corresponding reflection point on the mirror surface. Since
the camera and pattern are calibrated, xp and xi are known, whereas xm is
unknown. The normal to the surface in xm is indicated by n̂m and is unknown
as well. Let us call principal plane the plane defined by xi, xp and Oc (dashed
area in Fig. 2 – right panel) and let n̂p be its normal vector. Hence n̂p is a
known quantity. The geometry of our setup satisfies 3 basic constraints: 1) The
perspective projection constraint: the point xm must belong to the line defined
by Oc and xi, namely,

xm = sx̂i (1)
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Fig. 2. Left panel: the basic setup. Right panel: the geometry

where s is the distance between the center of the camera Oc and xm. As a
result, xm is known up to a scalar factor. 2) The incident vector xm − xp and
the reflected vector xm−Oc must belong to the same plane, that is, the principal
plane. 3) The angle between incident vector and normal vector must be equal
to the angle between reflected vector and normal vector. By combining such
constraints it is straightforward to conclude that nm and reflection angle θ are
parametrized by s as follows:

nm = [x̂i − (sx̂i − xp)
‖sx̂i − xp‖ ] × n̂p (2)

cos θ =
√

2
2

√
s− x̂T

i xp

‖sx̂i − xp‖ + 1 (3)

See [1] for a derivation of these equations.

2.2 The Pattern Line Constraint

Since our goal is to obtain local geometrical information about the mirror sur-
face at the reflection point xm, as first attempt, we would like to compute the
unknown parameter s. We notice that, if s were known, by means of Eq. 1 and
Eq. 2, the surface point xm and the surface normal vector n̂m would be known
as well. Thus, as to the first order surface description, the local geometry would
be fully recovered. It is clear that a further constraint is needed. To this end, we
consider one pattern line through xp. The pattern line reflected by the mirror
surface can be be captured by the camera and the tangent direction of such
observed curve at xi can be measured. Before investigating how to exploit such
measurement we first introduce further geometrical objects.

A more suitable coordinate reference system [UVW ], which we call principal
reference system (see Fig. 2 – right panel) was first introduced by Blake in [3].
The principal reference system is centered in xm; the ŵ axis is coincident with
n̂m(s); the v̂ axis is coincident with n̂p; the û axis is given by û = v̂× ŵ. Thus,
a point x in the [XY Z] and the corresponding point x′ in [UVW ] are related
by transformation x′ = RT (x − T), where R(s) = [ n̂p × n̂m(s) n̂p n̂m(s) ]
and T(s) = sx̂i. For instance, the center of the camera becomes −R(s)T T(s).
Notice that the transformation is function of s. From now on, we shall always
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omit s from the notation (unless we need to show explicitly such dependency)
and assume that we work in the principal reference system.

The pattern is formed by one point and one line passing through it. Let xpo

be such a point and ∆p = [∆pu ∆pv ∆pw]T the orientation vector of the line in
space. We can describe the generic pattern line in parametric form as follows:

xp(t) = xpo + t∆p (4)

where t is a parameter. Since the pattern is calibrated, xpo and ∆p are known
quantities in the [XY Z] reference system, whereas they become function of s in
the [UVW ] reference system.

In general, the mirror surface can be implicitly described by an equation
g(x, y, z) = 0. Since we are interested in analyzing the surface locally, we can
consider the corresponding Monge representation of the surface; that is, the
surface can be described by the graph z = G(x, y). In the principal reference
system, the normal of the surface at the origin is ŵ and the tangent plane to the
surface at the origin is the plane defined by û and v̂. Therefore the equation of
the surface around xm can be written in the special Monge form [6] as follows:

w =
1
2!

(au2 + 2cuv + bv2) +
1
3!

(eu3 + 3fu2v + 3guv2 + hv3) + · · · (5)

Notice that the parameters a, b, c, · · · of the Monge form are unknown, since
we do not have any information about the mirror surface.

Let us define a mapping function f which maps a point xp (within the pattern
line) into the corresponding reflection point xm in the mirror surface, given a
fixed observer Oc. Since xp is constrained to belong to the parametrized pattern
line, the mapping can be expressed as follows:

f : t ∈ � → xm ∈ �3 (6)

In other words, Eq. 6 defines a parametrized space curve f(t) lying within the
mirror surface which describes the position of the reflection point xm, as t varies.
When t = to = 0, xm = xmo = f(to), namely, the origin of the principal reference
system. The pattern line, reflected by the mirror surface, is imaged as a curve line
in the image plane. We call such curve fi(t). fi(t) is essentially the perspective
projection of f(t) onto the image plane. Let xio be the perspective projection of
xmo onto the image plane. Let to = [u̇o v̇o ẇo]T and tio be the tangent vectors
of the curves f(t) and fi(t) at to respectively.

It is not difficult to show (see [1]) that t̂io and t̂o are linked by the following
relationship:

t̂o =
n̂m × (Ôc × t̂io)

‖n̂m × (Ôc × t̂io)‖
(7)

Thus, since t̂io can be measured, t̂o turns out to be known, up to s.
We present now the fundamental relationship between t̂o, the geometry of

the pattern line, the center of the camera Oc, the reflection point xmo and the
parameters of the Taylor expansion of the surface Monge form G. Introducing
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the problem as Chen and Arvo did in [5] and following the analysis described in
[1], we obtain:

tanϕ =
(Ju − 2a cos θ)Bv + 2cBu cos θ
(Jv − 2b cos θ)Bu + 2cBv cos θ

(8)

where,

Bv = − ∆pv

‖xpo‖ Bu = 1
‖xpo‖ (∆pw cos θ sin θ −∆pu cos2 θ)

Ju = cos2 θ s+‖xpo‖
s ‖xpo‖ Jv = s+‖xpo‖

s ‖xpo‖ tanϕ = v̇o

u̇o

(9)

Notice that θ, ‖xpo‖, ∆p = [∆pu∆pv∆pw]T depend upon s; the angle ϕ (namely,
the orientation of t̂o in the surface tangent plane at xmo) can be expressed as
function of s and t̂io by means of Eq. 7; a, b and c are second order parameters
of the Taylor expansion of the surface Monge form (Eq. 5). Also, notice that no
third and higher parameters of the Taylor expansion do appear in Eq. 8. Finally,
we highlight that no assumption on the type of surface have been made, namely,
Eq. 7 is valid for both concave or convex surfaces.

As a conclusion, Eq. 8 represents the constraint introduced by one pattern
line passing through xpo and the tangent vector measurement t̂io. However, since
in Eq. 8 there appear four unknowns (s, a, b, c) rather than just s, the recon-
struction problem must be solved by jointly estimating both first and second
order parameters and by using more than one pattern line.

3 Recovery of the Surface

As shown in [1], in the case of spherical mirror surface, we carried out an explicit
solution for the distance s and the sphere curvature by means of Eq. 8 and by
imposing that a = b and c = 0. In the following sections we investigate the
more general case when s, a, b, c are fully unknown. In Sec. 3.1 and 3.2, we
assume that s is known and we analyze geometrical properties of the second
order surface parameters. In Sec. 3.3 we explicitly describe how to estimate s.

3.1 Analysis of Second Order Surface Parameters

Let us assume that the distance s is known. As shown in Sec. 2.1, xmo, the surface
tangent plane and surface normal at xmo become known as well. As a result, the
first order local description of the mirror surface is completely known if s, x̂io,
xpo and Oc are known. In such a case we say that the first order description of
the mirror surface is given by the quadruplet (xpo , Oc, x̂io, s). Thus, we want
to address the following question: given a surface whose first order description
is given by a quadruplet (xpo , Oc, x̂io, s), what can we tell about the second
order surface parameters a, b and c?

Let us consider n pattern lines λ1, λ2, · · · λn intersecting in xpo. Each pattern
line produces a reflected curve on the mirror surface and a corresponding tangent
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vector at xmo. We can impose the constraint expressed by Eq. 8 for each pattern
line, obtaining the following system:


tanϕ1 = (Ju−2a cos θ)Bv1+2cBu1 cos θ

(Jv−2b cos θ)Bu1+2cBv1 cos θ

...
tanϕn = (Ju−2a cos θ)Bvn+2cBun cos θ

(Jv−2b cos θ)Bun+2cBvn cos θ

(10)

where the subscripts 1, · · · n indicate the quantities attached to λ1, · · · λn

respectively. After simple manipulations, we have:


(Ju − 2a cos θ)Bv1 − (Jv − 2b cos θ)Bu1 tanϕ1 + 2c cos θ(Bu1 −Bv1 tanϕ1) = 0
...

(Ju − 2a cos θ)Bvn
− (Jv − 2b cos θ)Bun

tanϕn + 2c cos θ(Bun
−Bvn

tanϕn) = 0
(11)

which is a linear system of n equations in 3 unknowns (a, b and c). The system
of Eq. 11 can be expressed in the following matrix form:

H g =



Bv1 −Bu1 tanϕ1 Bu1 −Bv1 tanϕ1
Bv2 −Bu2 tanϕ2 Bu2 −Bv2 tanϕ2

...
...

...
Bvn −Bun tanϕn Bun −Bvn tanϕn





αβ
γ


 = 0 (12)

where α = Ju − 2a cos θ, β = Jv − 2b cos θ, γ = 2c cos θ, H and g are a n × 3
matrix and a vector respectively capturing the quantities at right side of the
equality. Eq. 12 is an homogeneous linear system in the unknowns α, β and γ.
We want to study the properties of such a system.

Definition 1. A surface, whose first order description is given by the quadruplet
(xpo , Oc, x̂io, s), is called singular at xmo if its second order parameters a,b
and c are: 


a = Ju

2 cos θ

b = Jv

2 cos θ

c = ( Ju

2 cos θ − a)( Jv

2 cos θ − b) = 0

(13)

As shown in details in [1], for a surface singular at xmo , it turns out that the
Jacobian attached to mapping to ∈ � → xmo ∈ �3 is singular and the resulting
Eq. 8 is no longer valid.

Proposition 1. Let us assume to have a mirror surface whose first order de-
scription is given by the quadruplet (xpo , Oc, x̂io, s) and which is non singular
at xmo . Let us consider n ≥ 2 pattern lines passing through xpo but not lying in
the principal plane. Then the rank of matrix H is 2.
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Proof. ThatHmust have rank ≤ 3 is trivial. We want to prove, by contradiction,
that the rank cannot be neither 3, nor 1, nor 0. For reason of space we omit the
proof of the last 2 cases. Interested readers may find more details in a forthcoming
technical report. Let us suppose that H has rank 3. The homogeneous system
of Eq. 12 has a unique solution, which must be g = 0. Thus, Ju − 2a cos θ = 0,
Jv − 2b cos θ = 0 and 2c cos θ = 0. Since Ju, Jv and cos θ are positive quantities,
the surface must be singular at xmo . As a conclusion H cannot be a full rank
matrix. ��

Proposition 1 tells us that, no matter how many tangent vector measurement
t̂io’s are used, the second order surface parameters a, b and c can be estimated
only up to an unknown parameter. As final remark, we notice that both hypothe-
ses of proposition 1 are necessary for observations (measured tangent vectors) to
be meaningful and, therefore, for the reconstruction to be feasible. Thus, in all
practical cases, both hypotheses are always satisfied and therefore the proposi-
tion verified.

Let us consider a mirror surface whose first order description is given by a
quadruplet (xpo , Oc, x̂io, s). Since rank(H)= 2, the space spanned by the rows
of H is a plane. The vector g must be orthogonal to such a plane. Let hi and hj
be any two row vectors of H. If we define the vector v = [v1 v2 v3]T as follows:

v = hi × hj =


−Bui tanϕi(Bui − Bvj tanϕj) + (Buj − Bvi tanϕi)Bui tanϕj

(Buj − Bvi tanϕi)Bvj − (Bui − Bvj tanϕj)Bvi

−BviBuj tanϕj + BuiBvj tanϕi



(14)

we have:

k v = g =



Ju − 2a cos θ

Jv − 2b cos θ

2c cos θ


 (15)

where k is a scalar. Combining Eq. 14 with Eq. 15:



a = Ju

2 cos θ − k v1
2 cos θ

b = Jv

2 cos θ − k v2
2 cos θ

c = k v3
2 cos θ

(16)

As a result, any two tangent vector measurements suffice to constrain the
second order description of the mirror surface around xmo up to the unknown
parameter k. Proposition 1 guarantees that we cannot do better than so, even
using more than two pattern lines. Eqs. 16 give a quantitative relationship be-
tween the second order surface parameters a, b and c, any two pattern line
orientations (embedded in the Bu’s and Bv’s), the corresponding tangent vector
measurements (embedded in the ϕ’s) and the unknown parameter k.
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3.2 The Space of Paraboloids

In this section we introduce a �3-space, called space of paraboloids, in which the
geometry describing our results can be represented in a more clear fashion. In
the space of paraboloids, the coordinates of a point [a b c ]T univocally describe
a paraboloid given by w = au2 + bv2 + 2cuv. See Fig. 3 (left panel).

Let us consider a mirror surface M∗ whose first order description is given
by the quadruplet (xpo , Oc, x̂io, s∗). Since the second order terms of the Tay-
lor expansion around xmo of the surface Monge form attached to M∗ define a
paraboloid with parameters a, b and c, we say that the second order description
of M∗ is given by a point p in the space of paraboloids ℘. Thus, ℘ represents
the space of all possible second order descriptions of a surface having vertex in
xmo and normal nmo at xmo . Let p∗ be the unknown paraboloid defining the
second order description of M∗. If we take n pattern lines and the corresponding
tangent vector measurements in the image plane, Proposition 1 tells us that we
cannot fully estimate p∗. However, by means of Eqs. 16, with any 2 pattern lines
and the corresponding measurements we can estimate a family of paraboloids
parametrized by k. In ℘, such a family is a line γ described by the following
parametric form:

p(k) = po + k v′ =




Ju

2 cos θ

Jv

2 cos θ

0


 + k

v
2 cos θ

(17)

Proposition 2. Consider a mirror surface M∗ whose first order description is
given by the quadruplet (xpo , Oc, x̂io, s∗) and whose second order description is
given by p∗. Assume that M∗ is not singular at xmo. Then any pair of pattern
lines and corresponding measurements produce the same family of paraboloids,
namely, the same line γ.

Proof. γ is constrained to pass through po, which only depends on the quadru-
plet (xpo

, Oc, x̂io, s∗). Additionally , γ is constrained to pass through p∗. On
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Fig. 3. Left panel: the space of paraboloids. p1 and p2 are two paraboloids belonging
to the same family γ. The locus c2 = ab (namely, the set of all parabolic paraboloids)
separates the space into two regions. All of the points such that c2 < ab correspond to
elliptic paraboloids whereas all of points such that c2 > ab corresponds to hyperbolic
paraboloids. Thus, p1 is elliptic whereas p2 is hyperbolic. Middle panel: p1 and p2

in the [XY Z] reference system. λ is a possible pattern line. Right panel: Images of
the reflected pattern line λ. fi1 and fi2 are generated by p1 and p2 respectively. Notice
that the tangents of the curves at xio are coincident (ambiguity of type I).
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the other hand, po is the second order description of a surface singular at xmo.
Thus, po 
=p∗. As a result, γ must be invariant, no matter which pair of pattern
lines and corresponding measurements are considered. ��
Consider now a family of mirror surfaces whose first order description is given
by the quadruplet (xpo , Oc, x̂io, s∗) and whose second order description is given
by any paraboloid belonging to a line γ. Then, given an arbitrary pattern line,
any surface belonging to the family must produce the same measurement, i.e.
the same tangent vector t̂io. This conclusion highlights a fundamental ambiguity
as far as the second order description of a surface is concerned:

Proposition 3. Specular reflection ambiguity of type I. Given a camera
and a pattern line passing through a point xpo

, there exists a whole family of
mirror surfaces producing a family of reflected image curves whose tangent vector
at xio is invariant — xio being the image of the reflection of xpo .

In order to validate our theoretical results, we have implemented a program
in MatLab to simulate specular reflections. Given a pattern line, a known surface
(defined as a graph) and the observer, the routine computes the corresponding
reflected curve imaged by the observer. In Fig. 3 an example of ambiguity of
type I is provided.

3.3 Estimation of the Distance Parameter s

A crucial assumption made in the previous sections was that a quadruplet (xpo ,
Oc, x̂io, s∗) giving the first order description of an unknown mirror surface M∗

was available. However, while xpo , Oc, x̂io are known since we assume that both
camera and pattern are calibrated, the parameter s∗ still needs to be estimated,
s∗ being the distance between Oc and xmo .

Let us take n pattern lines λ1, λ2, · · · λn intersecting in xpo and the cor-
responding tangent vector measurements and consider the matrix H of Eq. 12.
Since each entry of H is parametrized by s, det(HTH) is a function of s. Let
us call it Ψ(s). When s = s∗, Proposition 1 is verified. Thus Ψ(s∗) = 0. On
the other hand, when s 
=s∗, we cannot say anything about det(HTH) but we
would expect it to be different from zero since our measurements would not be
consistent with tangent vectors produced by the geometry attached to s 
=s∗.
In Fig. 4 an instance of Ψ(s) is shown. Such a plot was obtained by means of
our specular reflection simulator. A triplet of pattern lines with the 3 corre-
sponding measurements was considered. Thus, Ψ is just the determinant of the
corresponding 3 × 3 matrix H. As we can see from the plot, Ψ(s) vanishes in s∗.
However, Ψ(s) vanishes in other point, s′, as well. Such value of s corresponds
to a wrong (or ghost) solution. Namely, the quadruplet (xpo , Oc, x̂io, s′) gives
a first order description of a mirror surface M ′ 
=M∗ and, as far as the 3 tan-
gent vector measurements are concerned, there is no way to discriminate such
surface from the correct one. In other words, the 3 tangent vectors produced
in the image plane by M∗ and M ′ are exactly the same. This is what we call
the specular reflection ambiguity of type II. In our experience, only a few
(usually 1 or 2, even none) ambiguities arise for each s∗ (see Fig. 8).
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Fig. 4. An instance of det(H) = Ψ(s).

We can think about three possible ways to get rid of such ambiguities. i) Our
simulations show that the specular reflection ambiguity of type II is actually
related to a particular triplet of pattern lines. Namely, by considering m > 3
no-coplanar pattern lines, the actual s∗ can be found without ambiguities, since
det(HTH) — the matrix H being m × 3 — vanishes only in s∗. Further work
is needed to theoretically validate such conclusions. ii) If a rough estimate of
the distance is available, then usually only one solution is consistent with this
estimate. iii) A second order approach, by means of curvature estimates of the
image curves at xio , can be used. The basic equations have been derived in [1]
although further theoretical and experimental investigation is needed.

3.4 Special Cases: Sphere and Cylinder

Let us assume that we have some a priori information about the surface. Such
information may be translated into a relationship R(a, b, c) = 0 between the
second order surface parameters. R(a, b, c) = 0 can be seen as a surface (or
a volume or a curve, depending on the type of relationship) in the space of
paraboloids. Thus, by intersecting the family (line) γ and such R(a, b, c) = 0,
more information about the mirror surface become available. In some particular
cases, the full second order surface description can achieved. Let us examine two
interesting cases.

Sphere. If the mirror surface is a sphere with unknown radius r, the rela-
tionship R(a, b, c) = 0 becomes: a = b and c = 0, which is simply a line ρ lying
in the plane defined by c = 0. At s = s∗ , the intersection between ρ and γ
allows to compute r. Namely, imposing that a = b and having in mind Eq. 17,
we obtain:

k = Ju−Jv
v1−v2

; r = 2(v1−v2) cos θ
Jvv1−Juv2

(18)

Eq. 18 completely solves the ambiguity of type I.
Additionally, by imposing that c = 0, we have k v3/ cos θ = 0. Since cos θ 
=

0 and k 
= 0 (otherwise the surface would be singular),v3 must be zero, namely:

φ(s∗) = −BviBuj tanϕj +BuiBvj tanϕi = 0 (19)

which is exactly the result achieved in [1]: the parameter s∗ was found by im-
posing φ(s) to vanish. The condition det(HTH) = 0 given in this paper is a
generalization. Notice that φ(s) is the determinant of the 2 × 2 matrix Hs ob-
tained by taking the ith and jth rows and the first 2 columns of H. Since Eq. 19
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holds ∀i, j with i 
=j, det(Hs) = 0 ⇒ det(HTH) = 0. Such a result can be used
in order to easily remove ambiguities of type II. In fact, if there is an s̄ such that
ψ(s̄) = 0 but φ(s̄) 
= 0, ¯s must be a ghost solution.

Cylinder. Let us focus our attention on the side surface Mc of the cylinder.
The second order term of the Taylor expansion around any point ∈ Mc of the
surface Monge form attached to Mc is described by a parabolic paraboloid (see,
for instance, [6]). Thus, R(a, b, c) = 0 is c2 = ab, which is the locus depicted in
figure 3. At s = s∗ , the intersection between such locus and γ gives:

k =
(Jvv1 + Juv2) ±

√
(Jvv1 + Juv2)2 − 4(v1v2 − v23)JuJv

2(v1v2 − v23)
(20)

The corresponding a, b and c can be computed by means of Eq. 16 or Eq. 17.

3.5 The Reconstruction Procedure for a Generic Smooth Surface

According to the results discussed in previous sections, we outline the following
reconstruction procedure. A calibrated camera facing an unknown mirror surface
and a calibrated pattern (e.g. 3 lines intersecting in xpo) are considered. The
image point xio and the tangent vectors of the image reflected curves at xio are
measured. Thus, the entries of H are function of s only (Eq. 15). Since det(H)(s)
vanishes in s∗, where s∗ is the correct distance between Oc and the reflection
point xmo , we solve det(H)(s) = 0 numerically. If s∗ is the unique solution, xmo

and the normal of the surface at xmo are calculated in s∗ by means of Eq. 1 and
Eq. 2. Thus, the first order description of the surface is completely known. As
for the second order description, the parameters a, b and c, up to the unknown
parameter k, are calculated by means of Eq. 16. If det(H)(s) = 0 yields multiple
solutions, we may want to consider the discussion in 3.3.

4 Experimental Results
Our setup is sketched in Fig. 2. A camera faces the mirror surface and the
pattern. In our experiments, a Canon G1 digital camera, with image resolution
of 2048×1536 pixels, was used. The surface was typically placed at a distance of
30÷50 cm from the camera. The pattern — a set of planar triplets of intersecting
lines — is formed by a tessellation of black and white equilateral triangles. For
instance, 3 white dashed edges as in Fig. 5 form a triplet of lines. The camera
and the ground plane (i.e. the plane where the pattern lies) were calibrated by
means of standard calibration techniques.

The reconstruction routine proceeds as follows. We manually selected a pair
of triplet of lines (i.e. a triplet of pattern lines and a corresponding triplet of
reflected pattern lines) from the image plane. See, for instance, the 2 dashed
line triplets in Fig. 5. The selected triangle edges were estimated with sub-pixel
accuracy and a B-spline was used to fit the edge points. The points xpo and
xio were computed by intersecting the corresponding splines. The tangents at
xpo and xio are obtained by numerically differentiating the splines. According to
Sec. 3, xpo , xio and the corresponding tangents are used to estimate the distance
s from the reflection point xmo on mirror surface to the center of the camera.
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Fig. 5. Reconstruction of a planar mirror. Upper left panel: a planar mirror
placed orthogonal with respect to the ground plane. A triplet of pattern lines and the
corresponding reflected triplet are highlighted with dashed lines. We calculated the
ground truth on the position and orientation of the mirror by attaching a calibrated
pattern to its surface. We then reconstructed 15 surface points and normals with our
method. The resulting mean position error (computed as average distance from the
reconstructed points to the ground truth plane) is −0.048 cm with a standard deviation
of 0.115 cm. The mean normal error (computed as the angle between ground truth
plane normal and estimated normal) is 1.5 × 10−4rad with a standard deviation of
6.5 × 10−4rad. The reconstructed region is located at about 50 cm to the camera.
Upper right: 3/4 view of the reconstruction. For each reconstructed point, the normal
and the tangent plane are also plotted. Lower left: top view. Lower right: side view.

The normal of the surface and the tangent plane at xmo
are estimated by means

of Eq. 2. We validated the method with four mirror surfaces: a plane (Fig. 5),
a sphere (Fig. 6), a cylinder (Fig. 7) and a sauce pan’s lid (Fig. 9) . Where we
had a ground truth to compare with, we qualitatively tested the reconstruction
results. As for the plane, depth and normal reconstruction errors are about 0.2%
and less than 0.1% respectively. As for the sphere, the curvature reconstruction
error is about 2%.

As explained in more details in [1], the reconstruction is not feasible when a
pattern line is either orthogonal or belonging to the principal plane. In such cases,
the constraint expressed by the tangent vector does no longer carry meaningful
information. See Fig. 7 for an example. As a further remark, according to Sec. 3.3,
we remind that each reconstructed point might be associated to one or more
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Fig. 6. Reconstruction of the sphere. Left panel: a spherical mirror with radius
r = 6.5 cm, placed on the ground plane. We reconstructed the surface at the points
highlighted with white circles. For each surface surface point we estimated the radius by
means of Eq. 18. The mean reconstructed radius is 6.83 cm and the standard deviation
is 0.7 cm. The reconstructed region is located at a distance about 30 cm to the camera.
Right panel: top view of the reconstruction.

ghost solutions. Such solutions were easily rejected since always located farther
than the correct ones from the center of camera . See Fig. 7 for examples.

From a practical point of view, detection and labeling of reflected and pattern
lines are not to be considered a negligible issue. We notice here that in presence
of unpolished mirror surfaces, the lines and the corresponding tangents might
be estimated with a certain amount of noise. Further work is needed to study
how much such a noise may affect the reconstruction results. It might also be
interesting to relate the tangent estimate accuracy to the surface local curvature.
Additionally, notice that we have always considered smooth surfaces. Since the
analysis is local, the smoothness is not a necessary hypothesis for the recon-
struction to be feasible as long as the reflecting points do not lie in any surface
discontinuities. However, in practice, reflected pattern lines may be very hard
to detect in a neighborhood of the discontinuities. This is also the case when
concave surfaces are considered: although (as discussed in Sec. 2) the method
deals with generic surfaces, multiple reflections and inter-reflections can make
the line detection a quite difficult problem.

5 Conclusion and Future Work
We have presented an explicit solution for reconstructing the first order local
geometry (position and normals) of generic smooth mirror surfaces. Such analysis
relates the position of a point in the image, and the orientation of 3 lines through
that point, to the local structure of the mirror around the point of reflection. A
few discrete ambiguities in the reconstruction may arise. They may be removed
by considering either more than 3 no-coplanar lines or a rough a priori estimate of
the surface point location. Additionally, we have explicitly expressed the second
order local surface parameters as a function of an unknown scalar factor. Finally,
we have validated our analysis with experimental results.

Future work is needed to study how sensitive the estimated parameters are
with respect to noise added to the tangents, to investigate whether the second
order ambiguity can be solved by measuring the reflected line curvatures or
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Fig. 7. Reconstruction of the cylinder. Left panel: a cylinder placed with the
main axis almost orthogonal to the ground plane. We reconstructed the surface at the
points highlighted with white circles. The dashed circle indicate an instance of point
for which the reconstruction is not feasible or highly inaccurate (see Sec. 4). Right:
top view of the reconstruction.
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Fig. 8. Example of ambiguities of type II. Left panel: Two reconstructed points
from the cylinder are considered. The plots of the corresponding det(H) functions are
in dashed and solid lines. The corresponding correct solutions are s∗

1 and s∗
2. The ghost

solutions are s′
1 and s′

2 respectively. Right: The correct reconstructed points (attached
to s∗

1 and s∗
2) are xm1 and xm2 . The ghost solutions are xg1 and xg2 . Such solutions

can be easily rejected since they appear at about 10 cm farther than the correct ones.

whether such ambiguities would disappear if the pattern is differentially moved
in a known direction, and, finally, to extend the analysis to the stereoscopic
vision case.

We view our results as a promising start in the quest of computing the global
shape of specular surfaces under fairly general conditions. The more interesting
case of an uncalibrated world appears much more challenging and will require
most certainly the integration of additional cues and some form of prior knowl-
edge on the likely statistics of the scene geometry.
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y
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Pattern 

Fig. 9. Reconstruction of the sauce pan’s lid. Left panel: a sauce pan’s lid placed
with the handle touching the ground plane. We reconstructed the surface at the points
highlighted with white circles. Notice that one point belongs to the handle of the lid.
Right panel: side view of the reconstruction. Notice how the reconstructed point on
the handle sticks out from the body of the lid.
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Abstract. This paper deals with the matching of geometric shapes.
Our primary contribution is the use of a simple, robust, rich and effi-
cient way to represent shapes, the level set representations according to
singed distance transforms. Based on these representations we propose a
variational framework for global as well as local shape registration that
can be extended to deal with structures of higher dimension. The op-
timization criterion is invariant to rotation, translation and scale and
combines efficiently a global motion model with local pixel-wise defor-
mations. Promising results are obtained on examples showing small and
large global deformations as well as arbitrary topological changes.

1 Introduction

The problem of registering geometric shapes [23] is a complex issue in computer
vision, computer graphics and recently medical imaging. It has been studied in
various forms during the last decade due to its wide application not limited to
registration, recognition, retrieval, tracking, etc.

A general registration formulation can be stated as follows: given two shapes,
an input D and a target S, and a dissimilarity measure, find the best transforma-
tion that associates to any point of D a corresponding point at S and minimizes
the dissimilarity measure between the transformed shape D̂ and the target S.
This dissimilarity can be defined either along the contour (shape-based) or in the
entire region (area-based) determined by the contour.

At this point, we have to distinguish the methods that aim to provide shape
recognition. In that case correspondences between the source and the target
shape are considered known or can be easily recovered and the objective is to
find from a given set of examples the shape that provides the lower dissimilarity
measurement with the target [1, 19, 22, 26]. Towards this direction, methods that
do not require correspondence and are based on the matching of some global
shape characteristics have been also investigated. It is important to note that
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 Springer-Verlag Berlin Heidelberg 2002



our paper does not focus on the matching and the recognition of shapes but
addresses registration with unknown correspondence.

Shape registration has been approached into a number of ways, that can be
mainly categorized [14] according to three factors: (i) Nature of Transformation,
(ii) Domain of Transformation, (iii) Optimization Procedure. An effort to briefly
cover the existing literature on these areas will be made in the next paragraphs.

A critical component of the registration procedure is the underlying motion
model (nature of transformation) that is used to map the current shape to the
target. The selection of the motion model can affect drastically the performance
of the registration procedure. Rigid transformations refer to translation and rota-
tion and are a compromise between low complexity and fairly acceptable match-
ing between the different structures. A step forward, the affine transformation,
is a more complicated model that is invariant to a large variety of motions. The
use of projective geometry has been also considered to match shapes. Finally,
curved or elastic registration methods can better account for local deformations
and therefore have been also considered.

As far as the domain of transformation is concerned, the distinction is easier.
Global transformations are valid for the entire shape [1] and for any point ofD we
can obtain the corresponding point at S by applying the same transformation,
while local transformations are applied at the pixel level [5].

Finally, the optimization procedure refers to the selection of a mathematical
framework by means of finding an optimum of some functional defined on the
parameter space. These functionals attempt to quantify the similarity between
the two shapes and can be based either in variational [4, 9], or stochastic prin-
ciples [24]. As far the optimization procedures are concerned, gradient-descent,
geometric hashing, iterative closest point, etc. can be found in the literature.
Finally, methods for shape registration can be categorized according to the fea-
ture space on which the matching is performed (Euclidean space, affine space,
curvature space, medial axes/skeletons [19, 26], graph and shocks [21], etc.).

In this paper we propose a variational framework for shape alignment that
can be extended to any arbitrary dimension. We adopt an implicit representation
inspired by the level set methods [16] and refers to signed distance transforms.
Furthermore, we introduce an optimization criterion that can account for global
(rigid, affine) and local pixel-wise deformations. This criterion is defined in the
space of signed distance transforms, and is minimized using a gradient descent
method. Global and local registration parameters are recovered using different
update factors that allow us to recover first the global transformation and then
the local deformations. Encouraging experimental results using 2D shapes were
obtained.

Distance transforms [18] have been considered for image registrations in the
past [6, 8, 12, 13]. In [6] a local-registration is recovered by seeking pixel-wise the
lowest cost geodesic path between the source and the target. This method is very
local, does not account for any neighborhood coherency and can fail to provide
a meaningful registration result unless properly initialized.
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In [8, 12] the Euclidean distance was considered to be the feature space.
Then 2D/3D objects are to be registered using linear transformations. In [12]
registration is done towards a prior shape model that refers to a collection of
points obtained through uniform sampling. In [8] distance maps from edges are
considered. In both cases registration is obtained through the minimization of
a metric defined on the space of distance transform. Both methods focus on
global transformations and cannot deal with local deformations. Furthermore,
they cannot deal with important scale variations and do make use of a feature
space with less information compared with the one consider in this paper.

The reminder of this paper is organized as follows. In Section 2 we briefly
introduce the selected shape representation. The registration method of is pre-
sented in Section 3 while summary and discussion appear in Section 4.

2 Shape Representation

A crucial component in the procedure of registering arbitrary shapes is the un-
derlying shape representation [11] since it can significantly affect the performance
of the selected registration algorithm.

The use of point-based snake models [10], deformable models/templates [2],
active shapes [7], Fourier descriptors, medial axis, level set representations [3,
15] are some alternatives. Although, these representations are powerful enough
to capture a certain number of local deformations, they require a large number
of parameters to deal with important shape deformations, and they cannot deal
with changes of topology. Also, their extension to describe structures of higher
dimension than curves and surfaces is in most of the cases not trivial. Based, on
these considerations and given the assumption that we would like to obtain a
global to local registration, we will consider the use of the level set representa-
tions that can deal with local deformations and is invariant to translation and
rotation.

Level Set Representation [16] is a powerful mathematical tool that can to
deal with applications that share a common concern, evolving interfaces. Within
these representations, contours/shapes are modeled as the zero-level set (φ = 0)
of a function defined in a higher dimension. The most common selection for the
embedding function is singed (Euclidean) distance transform.

In order to facilitate the introduction of the method, we consider the 2D case
and let Φ : Ω → R+ be a Lipchitz function that refers to a level set representation
for a given shape S. This shape defines a region R in the image plane Ω. Given
these definitions the following shape representation is considered:

ΦS(x, y) =




0, (x, y) ∈ S
+D((x, y),S) > 0, (x, y) ∈ RS
−D((x, y),S) < 0, (x, y) ∈ [Ω −RS ]

where D((x, y),S) refers to the min Euclidean distance between the grid loca-
tion (x, y) and the shape S. The fast marching algorithm can be used for the
construction of these representations [20].
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It can be easily shown that this representation [ΦS ] is invariant to translation
and rotation. Let us consider a shape D that is obtained after rotating S by an
θ angle and translating by a vector (Tx, Ty). Then, if we consider a pixel (x, y)
with distance d from the interface D, the following relation holds:

d = D((x, y),D) = min(u,v)∈D
{√

(u− x)2 + (v − y)2
}

The use of the inverse transformation between D and S for (x, y) leads to the
following equation:ÿ

x̂

ŷ

!
=

ÿ
x cos(−θ) + y sin(−θ)− Tx

−x sin(−θ) + y cos(−θ)− Ty

!

S =

(ÿ
û

v̂

!
=

ÿ
u cos(−θ) + v sin(−θ)− Tx

−u sin(−θ) + v cos(−θ)− Ty

!
: (u, v) ∈ D

)

Thus, the distance between

(
x̂
ŷ

)
and the interface S is given by

D((x̂, ŷ),S) = min(û,v̂)∈S
np

(û− x̂)2 + (v̂ − ŷ)2
o

= min(u,v)∈D

8<
:
vuut ((u− x) cos(−θ)− (v − y) sin(−θ))2

+((u− x) sin(−θ) + (v − y) cos(−θ))2

9=
;

= min(u,v)∈D
np

(u− x)2 + (v − y)2
o
= D((x, y),D)

We have shown that the selected representation is invariant to rotation and
translation. On the other hand when the transformation has as a scale component
s then level set shape representations are not invariant and the following relation
holds between the representation of S and D:

D((x, y),D) = s D((x̂, ŷ),S)

3 Shape Alignment and Registration

In the registration problem the objective is to find a point-wise transformation
between the current shape D and the target shape S that minimizes a given
dissimilarity measure between the two shapes.

The use of level set representations changes the dynamics of the problem
since these representations refer to a higher dimensional space than the origi-
nal one (2D shapes). Hence, we will seek for a transformation A that creates
pixel-wise intensity correspondences (level set values) between the current shape
representation s ΦD and the target shape ΦS . Due to the fact that the selected
representations [ΦD, ΦS ] are invariant to translation and rotation we can write:



(s, θ, T )

A(x, y) =

ÿ
Ax

Ay

!
= s

ÿ
cos θ sin θ

− sin θ cos θ

!ÿ
x

y

!
+

ÿ
Tx

Ty

!

∀(x,y) ∈ Ω : s ΦD(x,y) = ΦS (A(x,y))
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Thus, registration can be viewed now as a global optimization task that involves
all pixels in the image plane. Based on this assumption, several optimization
criteria have been proposed to recover the unknown transformation parameters;
sum of squared differences, optimization of the correlation ratio, mutual informa-
tion, etc. In order to introduce and demonstrate the performance of our method,
at the very beginning we will consider the simplest possible criterion, the sum
of square differences.

3.1 Sum of Squared Differences

Initially, we assume a global rigid deformation between S and D that involves
three parameters [A = (s, θ, T )]; a rotation angle θ, and translation vector T =
(Tx, Ty) and a scale factor s. Then, the optimization criterion is given by:

E(s, θ, T ) =

ZZ
Ω

(sΦD(x, y)− ΦS(A
τ (x, y)))2 dxdy

However, the level set representations for the considered shapes S and D are
not equally defined in the image plane (they depend on the positions of the
initial shapes). As a consequence, we can constrain the information space and
decrease the complexity of the problem by considering the area defined by two
equal distance contours (inwards, outwards) from the input shapes.

E(s, θ, T ) =

ZZ
Ω

Nδ(ΦD(x, y), ΦS(A
τ(x, y))) (s ΦD(x, y)− ΦS(A

τ(x, y)))2 dxdy

where Nδ is a binary function given by

Nδ(φ1, φ2) =

{
0, min(|φ1|, |φ2|) > δ

1, min(|φ1|, |φ2|) <= δ

that has a simple interpretation. All pixels (isophotes), within a range of distance
δ from the actual shape are considered in the optimization process.

As a consequence, the registration is done in an augmented shape-driven
(level set) space. This space is robust to very local deformations and miss-
ing data since the selected representation is obtained through a global proce-
dure (Euclidean distance). Moreover, the proposed framework is invariant to
rigid transformations and refers to multiple shape matching (isophotes) between
shapes that are clones of the original ones to be registered.

Using the proposed formulation we were able to convert a geometry driven
point-correspondence problem into an image-registration application where space
as well feature-based (intensity) correspondences are considered.

The optimization of this criterion can be done using a gradient descent
method 



d

dt
θ =2

ZZ
Ω

Nδ(ΦD, ΦS)(∇ΦS · ∇θA
τ ) [(sΦD − ΦS(A

τ))]

d

dt
s =2

ZZ
Ω

Nδ(ΦD, ΦS)(ΦD +∇ΦS · ∇sA
τ ) [(sΦD − ΦS(A

τ))]

d

dt
T =2

ZZ
Ω

Nδ(ΦD, ΦS)

ÿ
∇ΦS ·

ÿ
∇TxA

τ

∇TyA
τ

!!
[(sΦD − ΦS(A

τ))]
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(1)

(2)

(3)

Fig. 1. (1) Rigid Hand Registration (Synthetic Data): {s = 1.27, θ = 71.38o, Tx =
−19.65, Ty = 21.32}. (2) Rigid Body Registration (Synthetic Data): {s = 0.63, θ =
59.94o, Tx = −13.97, Ty = −14.09} (3) Rigid Body Registration (Real Data).

The performance of the proposed module is shown in [Fig. (1)]. The selected
representation is powerful and can provide encouraging results using a quite
simple optimization criterion like the sum of squared differences. However, a
validation of the method is required.

The characteristics of the cost function is a good indicator regarding the sta-
bility of the problem. Non-convex optimization criteria (like the one consider in
this paper) suffer from the initial conditions. In our approach, we have consid-
ered a very strong feature space, the signed distance transforms and therefore
one would expect that the performance of the method will be satisfactory.

In order to perform a study on this performance, we can constrain the un-
known parameter space in two dimensions. We have considered the examples
shown in [Fig. (1.1)]. Then, from the 4-dimensional parameter space we have
studied the following cases:

– Scale and rotation are known, translation is to be recovered [Fig. (2.(i.1))],
– Translation in x and scale are known, translation in y and rotation are to
be recovered [Fig. (2.(i.2))],

– Translation in x and rotation are known, translation in y and scale are to
be recovered [Fig. (2.(ii.1))],
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Fig. 2. Empirical evaluation of the cost function: (i.1) Unknown translation [x, y], (i.2)
Unknown transaltion [x] and rotation, (ii.1) Unknown translation [x] and scale, (ii.2)
Unknown scale and rotation.

– Translation in x and translation in y are known, rotation and scale are to
be recovered [Fig. (2.(ii.2))].

Then, we have quantized the search space using uniform sampling (100 sam-
ples) for all unknown parameters in each case. Translation transformations in
(x, y) were in the range of [−50, 50] × [−50, 50], scale in [0.75, 1.25] and rota-
tion in

[−π
3 ,

π
3

]
. Then, one can estimate the cost function in the space of two

unknown parameters, by considering all possible combinations derived from the
sampling strategy (the other two parameters are fixed) [Fig. (2)]. The result-
ing functional as shown in [Fig. (2)] has some nice properties; it is smooth and
exhibits a single global minimum.

One can claim that the cost function [Fig. (2)] has a convex form for all
cases with two unknown variables. This convexity cannot be guaranteed when
the registration problem is considered in its full dimensionality, the four variables
of rigid transformations. However, the form of this function in a reduced variable
space is a good indicator for a well-behaved optimization criterion with smooth
properties.

3.2 Global-to-Local Registration

The framework described in the previous section is limited to global rigid trans-
formation and cannot account for non-rigid objects (shapes) and local deforma-
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Fig. 3. Global-to-Local Rigid Body Registration. {s = 0.63, θ = 59.94o, Tx =
−13.97, Ty = −14.09}

tions. In order to overcome this limitation we will incorporate to the method
the notion of local deformations by assuming that the observed shape is a rigid
transformation A of the target combined with some local deformations (u, v).
Under this assumption, we can write:




(s, θ, T )

(u(x, y), v(x, y)) : (x, y) ∈ Ω

∀(x,y) ∈ Ω : sΦD(x,y) = ΦS (Aτ + (u,v))

Now, we can decompose the previous hypothesis into two terms and define the
following registration criterion:

E(s,θ, T, (u, v)) = α

ZZ
Ω

Nδ(ΦD, ΦS) (sΦD − ΦS(A
τ ))2

+ (1− α)

ZZ
Ω

Nδ(ΦD, ΦS) (sΦD − ΦS(A
τ + (u, v)))2

that has a simple interpretation: registration errors according to the rigid trans-
formation are corrected using the local deformation field. The performance of
this additional term is shown in [fig. (3)]. For demonstration purposes, we con-
sider the same input as the one that was used to validate the performance of the
criterion that accounts only for a global rigid transformation.

A natural registration assumption refers to the smoothness of the transfor-
mation field. Local deformations cannot be independent in a pixel level and
therefore this condition has to be also considered during the recovery of the
corresponding field. This can be done by introducing a constraint (in terms of a
penalty function) that accounts for smoothness on the field (u, v):

E(s, θ, T, (u, v)) = α

ZZ
Ω

Nδ(ΦD, ΦS) (sΦD − ΦS(Aτ))2

+ (1− α)β

ZZ
Ω

Nδ(ΦD, ΦS) (sΦD − ΦS(A
τ + (u, v)))2

+ (1− α)(1− β)

ZZ
Ω

Nδ(ΦD, ΦS)
ÿ
u2
x + u2

y + v2
x + v2

y

þ

Let us now try to interpret the above functional. The first term aims at find-
ing pixel-wise intensity (level set representation) correspondences using a global
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motion model (rigid transformation). The second term, aims at correcting the
correspondences in a pixel level using a local deformation model on top of the
existing global model, while the third term constrains the deformation field to
be locally smooth.

The minimization of this functional is done using a gradient descent:


d

dt
s =2

ZZ
Ω

Nδ(ΦD, ΦS)(ΦD +∇ΦS · ∇sA
τ)

[α (sΦD − ΦS(A
τ)) + β(1− α) (sΦD − ΦS(A

τ + (u, v)))]

d

dt
T =2

ZZ
Ω

Nδ(ΦD, ΦS)

ÿ
∇ΦS ·

ÿ
∇TxA

τ

∇TyA
τ

!!

[α (sΦD − ΦS(A
τ)) + β(1− α) (sΦD − ΦS(A

τ + (u, v)))]

d

dt
θ =2

ZZ
Ω

Nδ(ΦD, ΦS)(∇ΦS · ∇θA
τ )

[α (sΦD − ΦS(A
τ)) + β(1− α) (sΦD − ΦS(A

τ + (u, v)))]

d

dt
u = 2(1 − α)(1− β) (uxx + uyy)+

2β(1− α)∇xΦS(A
τ + (u, v)) (sΦD − ΦS(A

τ + (u, v)))

d

dt
v = 2(1 − α)(1− β) (vxx + vyy)+

2β(1− α)∇yΦS(A
τ + (u, v)) (sΦD − ΦS(A

τ + (u, v)))

The performance of the complete system is shown in [fig. (4)].
The selection of the α parameter is a crucial component of the algorithm since

it controls global-to-local factor. This is clearly shown in the motion equations
where the construction of the local deformation field is delayed (actually it is
done very slowly) until the parameters of the global rigid model are properly
estimated.

The same property can be obtained through a two stage approach that in-
volves the estimation of the global model first, and then the local estimates of
the deformation field. However, such selection involves the use of time measures
to control the gradient descent method and cannot be done automatically. One
can claim that a similar argument is also valid for the approach presented in
this paper. We can argue that the selection of α parameter does affect the reg-
istration parameters (global and local estimates) but not the final registration
result since by modifying α, we theoretically change the estimates of the un-
known parameters (global and local deformation measures) but not their joint
estimates. This is clearly shown in [fig. (4)] where three different cases have been
considered independently:

– A global rigid transformation [fig. (4.1)],
– A global-to-local rigid transformation with local deformations [fig. (4.2)],
– A local (pixel-wise registration) model [fig. (4.3)].

Based on the obtained results, we can claim that the registration performance
of this representation for the three different type of transformations is compa-
rable/similar. However, in order to overcome this limitation one can consider
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modifying the objective function to penalize the formation of a rich local de-
formation field. The use of the local deformation field magnitude is a common
selection to perform this task leading to the following example:

E(s, θ, T, (u, v)) = α

∫∫
Ω

Nδ(ΦD, ΦS) (sΦD − ΦS(Aτ ))
2

+ (1− α)β

∫∫
Ω

Nδ(ΦD , ΦS) (sΦD − ΦS(Aτ + (u, v)))
2

+ (1− α)(1− β)

∫∫
Ω

Nδ(ΦD, ΦS)
[(
u2
x + u2

y + v2
x + v2

y

)
+ γ

(
u2 + v2

)]

However, it is important to note that the introduction of local deformations
cannot guarantee the proper handling of the shape to be registered. For example
several points or parts of the source shape may be mapped to the same point
or part of the target even in the case where scale variations are not present
[fig. (4)]. Thus, the transformed shape may be quite different or even an open
structure compared with the original one. In order to deal with this issue, we
can consider the use membership functions for each pixel that enforces a ”one-
to-one” pixel-wise correspondence between the current and the target shape or

3.3 Supervised Registration and Joint Learning

We now consider the registration problem in more complex scenario where the
target is not a shape, but a shape model with local degrees of variability. We
assume the existence of this model that refers to a distance function [ΦS(x, y)]
associated with some variability measurements [σS(x, y)] :

ΦS(x, y) =




0, (x, y) ∈ S
+D((x, y),S) > 0, (x, y) ∈ RS
−D((x, y),S) < 0, (x, y) ∈ [Ω −RS ]

Then, for a given pixel location (x, y) and a given value φ the conditional
probability of having this value at the location in S is given by:

pS(x,y)(φ) =
1√

2πσS(x, y)
e
− (φ−ΦS (x,y))2

2σ2S (x,y)

The construction of this model can be done using variational framework that
assumes the existence of a training set of shapes that are registered with respect
to an arbitrary element of this set [17].

Given this model, a more challenging and promising task is to register a given
shape D by maximizing the maximum likelihood density between the model and
the input shape. If we assume that the conditional densities of the model are
independent across pixels, then the optimization criterion is equivalent with the
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(1)

(2)

(3)

Fig. 4. (1) Global {s = 0.79, θ = 1.34o, Tx = −16.34, Ty = −15.76}, (2) Global-to-
Local {s = 0.81, θ = 2.07o, Tx = −14.97, Ty = −15.43}, (3) Local Registration with
regularization constraints.

minimization of:

E(s, θ, T, (u, v)) = α

ZZ
Ω

Nδ(ΦD, ΦS)
ÿ
log (σS(A)) +

(ΦD − ΦS(A))2

2σ2
S(A)

þ

+ (1− α)β

ZZ
Ω

Nδ(ΦD, ΦS)
ÿ
log (σS(A+ (u, v))) +

(ΦD − ΦS(A+ (u, v)))2

2σ2
S(A+ (u, v))

þ

+ (1− α)(1− β)

ZZ
Ω

Nδ(sΦD, ΦS)
ý
u2
x + u2

y + v2
x + v2

y + γ
ü
u2 + v2ûú

One can easily interpret this function. Shape components are considered accord-
ing to their variability (denominator factor) in the registration process. There-
fore, the global registration component will be recovered using the rigid parts
of the shape model, while local deformations will be estimated accordingly in a
less significant manner due to the contribution of the variability estimates.

4 Conclusions

In this paper, we have proposed a novel simple framework based on variational
principles for global to local shape registration. The proposed framework makes
use of a powerful mathematical tool, the level set representations that is inte-
grated with variational (sum of squared differences) and stochastic principles
(Supervised Registration and Joint Learning) resulting in a scale, translation
and rotation invariant paradigm for shape registration. The extension of the
method to deal with structures of higher dimension is a straight-forward step
that is currently under investigation, as well as to deal with open structures.

The efficiency of the proposed formulation is demonstrated using a very sim-
ple optimization criterion, the sum of squared differences. Therefore, we can
presume that the selected shape representation is very powerful, and has strong
discrimination power. Very encouraging [fig. (5)] experimental results were ob-
tained using all variations of the proposed framework.
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(1)

(2)

(3)

(4)

(5)

(6)
(a) (b) (c) (d)

Fig. 5. Global Registration for non-rigid objects: (1,2,3,4,5,6) Different examples. (a)
Input Shapes, (b,c) Indermidiate Results, (d) Registration Result.

Conventional methods were considered to implement the obtained PDEs in
this paper. Therefore, small time steps are required to guarantee stability and
convergence. The estimation of the rigid transformation can be done in real time,
due to the small number of involved parameters once an appropriate numerical
approximation methods are used [25]. The current implementation takes up to a
couple of seconds modulo the initial position of shapes. Recovering the complete
local deformations field is very expensive.

In order to validate our approach, we have considered four different examples
[fig. (6,7)] to validate the performance of the method. Cases with severe local
deformations and topological changes resulting to missing and occluded parts
have been also investigated. Towards this end, two fingers were progressively
removed from the hand input shape [fig. (7)].

In order to perform reliable tests, the input shape has been globally and lo-
cally deformed. We have considered a four dimensional random variable (s, θ, Tx,
Ty) defined in the following space:

(θ, s, Tx, Ty) ∈
(
[−π

3
,
π

3
], [0.8, 1.2], [−30, 30], [−30, 30]

)
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(a)

(b)
(i)

(a)

(b)
(ii)

Fig. 6. Empirical Evaluation (a) Initial Condition, (b) Registration Result. Perfor-
mance (Registration Ratio): (i) 100 %, (ii) 100 %.

For all examples we have ran a 100 trials using a random generation process
for the parameters of the rigid transformation. The obtained results are shown
in [fig. (6,7)]. Each column corresponds to a random trial. The first row (a),
refers to the initial condition and the second row (b) to the final registration
result. The registration performance of the algorithm is also shown.

As far the future directions of the proposed approach are concerned, several
issues remain open. The acceleration of the method to perform real time regis-
tration is a natural step to be done. Moreover, the integration of image/intensity
features into the shape registration algorithm can further improve the perfor-
mance of the proposed framework. An hybrid approach that makes use primarily
of the shape information and secondly of the image features can be a valuable
element to the segmentation of medical structures where the global shape vari-
ability is not discriminant. Also, the investigation of more complex motion struc-
tures and global transformations is step to be done. Shape recognition is also
an interesting application. One can consider (after alignment) the use of these
representations as feature space to the recognition process.

The proposed framework can be considered static since it is based on already
extracted shapes. In many cases, solving the segmentation problem cannot be
done trivially and therefore shape registration becomes more complicated. To
overcome this constraint, a joint optimization approach has to be investigated
where both, the problems of segmentation and registration are treated simulta-
neously.
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(a)

(b)
(i)

(a)

(b)
(ii)

Fig. 7. Empirical Evaluation (a) Initial Condition, (b) Registration Result. Perfor-
mance (Registration Ratio): (i) 100 %, (ii) 77 %.
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Abstract. This article presents an approach to the shape from shad-
ing problem which is based upon the notion of viscosity solutions to the
shading partial differential equation, in effect a Hamilton-Jacobi equa-
tion. The power of this approach is twofolds: 1) it allows nonsmooth, i.e.
nondifferentiable, solutions which allows to recover objects with sharp
troughs and creases and 2) it provides a framework for deriving a nu-
merical scheme for computing approximations on a discrete grid of these
solutions as well as for proving its correctness, i.e. the convergence of
these approximations to the solution when the grid size vanishes.
Our work extends previous work in the area in three aspects. First, it
deals with the case of a general illumination in a simpler and a more
general way (since they assume that the solutions are continuously
differentiable) than in the work of Dupuis and Oliensis [9]. Second,
it allows us to prove the existence and uniqueness of ”continuous”
solutions to the shading equation in a more general setting (general
direction of illumination) than in the work of Rouy and Tourin [24],
thereby extending the applicability of shape from shading methods to
more realistic scenes. Third, it allows us to produce an approximation
scheme for computing approximations of the ”continuous” solution on a
discrete grid as well as a proof of their convergence toward that solution.

Keywords: Shape from Shading, viscosity solutions, existence
and uniqueness of a solution, Hamilton-Jacobi equations, dynamic
programming principle, approximation and numerical schemes.

1 Introduction
Shape from shading has been a central problem in the field of computer vision
since the early days. The problem is to compute the three-dimensional shape of a
surface from the brightness variations in a black and white image of that surface.
The work in our field was pioneered by Horn who was the first to pose the prob-
lem as that of finding the solution of a nonlinear first-order partial differential
equation called the brightness equation [15]. This initial idea was limited by the
particular numerical method that was used (the method of characteristics) and
was enriched by posing the problem as a variational problem [14] within which

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 790–804, 2002.
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additional constrains such as those provided by occluding contours [17] can be
taken into account. The book [13] contains a very nice panorama of the research
in this area up to 1989. Questions about the existence and uniqueness of solu-
tions to the problem were simply not even posed at that time with the important
exception of the work of Bruss [4]. These questions as well as those related to
the convergence of numerical schemes for computing the solutions became cen-
tral in the last decade of the 20th century. Brightness equations that do not
admit continuously differentiable solution were produced [3,16], Durou and his
co-workers showed that some well-known numerical schemes were in fact almost
never convergent [10] and exhibited a continuous family of ambiguous solutions
[11]. A breakthrough was achieved by people who realized that control theory
could be brought to bear on this problem. Dupuis and Oliensis showed that this
theory provided a way of constructing numerical schemes with provable conver-
gence properties in the case where a continuously differentiable solution existed
[9]. More significantly perhaps, P.-L. Lions, Rouy and Tourin used the theory
of viscosity solution of Hamilton-Jacobi equations to characterize the existence
and uniqueness of weak solutions to the brightness equation and to come up
with provably convergent numerical schemes to compute them [24,21]. In doing
so, they considerably generalized the applicability of shape from shading since
solutions could be only continuous and they opened the way to the mathemati-
cally well-posed use of such constraints as occluding edges and shadows as well
as general light sources.

In this article we revisit one of the simplest versions of the shape from shading
problem, the idea being that the tools that we develop here will be extendable
to more general and realistic situations. We therefore assume that the camera
performs an orthographic projection of the scene (hence a simple affine camera
model as opposed to a pinhole), that the scene is illuminated by a single point
source at infinity, that its reflectance is Lambertian and its albedo constant
and equal to 1. We also assume that there are no shadows and no occluding
boundaries and that the distance from the camera to the scene is known on
the boundary of the image. Admittedly, these hypotheses may appear a bit
restrictive. In fact they are not in the sense that they can be generalized without
drastically changing the mathematical analysis that is done in this paper. But
this will be the subject of another paper.

We denote by u the distance of the points in the scene to the camera, I the
image intensity, L = (α, β, γ) the unit vector representing the direction of the
light source (γ > 0), and l = (α, β). The image is modelled as a function from the
closure Ω of an open set Ω of R

2 into the closed interval [0, 1], I : Ω −→ [0, 1].
Given our hypotheses, the shape from shading problem is, given I and L, to find
a function u : Ω −→ R satisfying the brightness equation:

∀x ∈ Ω, I(x) =
−∇u(x) · l+ γ√
1 + |∇u(x)|2 , (1)

with the Dirichlet boundary conditions ∀x ∈ ∂Ω, u(x) = ϕ(x), (2)
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ϕ being continuous on ∂Ω.
Note that in the case where the light source is in the same direction as the

direction of projection (it is the case considered in [24]) we have L = (0, 0, 1),
and the PDE (1) is equivalent to an Eikonal equation:

|∇u(x)| =
√

1
I(x)2

− 1. (3)

Note also that (1) is a Hamilton-Jacobi equation and can be rewritten as
H(x,∇u(x)) = 0, where H is the Hamiltonian (see section 5).

The paper is organized as follows. In section 2 we briefly introduce the notion
of viscosity solutions of Hamilton-Jacobi solutions. In sections 3 and 4 we give
classical theorems of existence and uniqueness of a (viscosity) solution. In section
5 we apply these theorems to the shape from shading problem. In section 6 we
propose a numerical scheme for solving the brightness equation and prove its
convergence to the continuous solution. In section 7 we show some experimental
results on synthetic and real images and conclude in section 8.

2 Viscosity Solutions
The notion of viscosity solutions of Hamilton-Jacobi equations has been intro-
duced by Crandall and Lions [6,20,8,7]. It is a very nice way of making quanti-
tative and operational the intuitive idea of weak solutions of first-order (and for
that matter, second-order) Partial Differential Equations (PDEs). In the context
of the shape from shading problem we are only concerned with first-order PDEs.

Let us consider a Hamilton-Jacobi equation, i.e.:

H(x, u(x),∇u(x)) = 0 in Ω, an open set of R
n, (4)

where H is a continuous function from Ω × R × R
n to R. We start with the

definition of viscosity subsolution and supersolution:

Definition 1 A viscosity subsolution of equation (4) is a function u satisfying

∀φ ∈ C1(Ω) , ∀x0 ∈ Ω local maximum of (u − φ), H(x0, u(x0),∇φ(x0)) ≤ 0.

A viscosity supersolution of equation (4) is a function u satisfying

∀φ ∈ C1(Ω) , ∀x0 ∈ Ω local minimum of (u − φ), H(x0, u(x0),∇φ(x0)) ≥ 0.

Finally,

• u ∈ BUC(Ω) (the set of bounded uniformly continuous functions) is a con-
tinuous viscosity solution of equation (4) if it is both a subsolution and a
supersolution.

• u is a discontinuous viscosity solution if u∗ (respectively u∗) is a subsolution
of H∗ (respectively a supersolution of H∗): u∗ (respectively u∗)is the upper
semicontinuous (respectively lower semicontinuous) envelope of u; Of course,
in this case, we do not suppose H continuous on Ω.
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As we see in the definition, viscosity solutions are not necessarily differentiable!
In this sense they are weak solutions of (4). Nonetheless, the following proposition
ensures the coherence between continuous viscosity and classical solutions.

Proposition 1 Let u be differentiable in Ω and a classical solution of (4). If
u ∈ BUC(Ω), then it is a viscosity solution.

Let u be a viscosity solution of (4). If u is differentiable in Ω, then it is a
classical solution.

For more details on the notion of viscosity solutions, the interested reader is
referred to [20,2].

In the shape from shading application we consider in this article, we are
interested in a special case of equation (4) where the Hamiltonian H does not
depend upon the function u:

H(x,∇u(x)) = 0 in Ω, an open set of R
2, (5)

We restrict ourselves from now on to this case and give general results of existence
and uniqueness of viscosity solutions of (5).

3 Uniqueness of a Viscosity Solution
The uniqueness results depend upon the type of boundary conditions that we
impose. In this article we deal with the Dirichlet condition. For the continuous
case, Rouy and Tourin give the following uniqueness result for Halmiltonians H
which do not depend upon u (see [24]). For more general conditions, see [21].

Theorem 1 Let H : Ω × R
2 −→ R where Ω is a bounded open set of R

2. If

1. ∀x, y ∈ Ω, ∀p ∈ R
2, |H(x, p) − H(y, p)| ≤ w(|x − y|(1 + |p|)), where w is a

continuous nondecreasing function such that w(0) = 0,
2. H is continuous in Ω × R

2 and convex with respect to ∇u,
3. there exists a strict viscosity subsolution u ∈ C1(Ω)∩C(Ω) of (5) (i.e. such
that H(x,∇u(x)) < 0 for all x in Ω),

then there exists at most one continuous viscosity solution of (5) verifying u = ϕ
in ∂Ω, where ϕ ∈ C(∂Ω).

For the discontinuous case, we have a ”hard” uniqueness result (see [2]):

Theorem 2 if H satisfies the hypotheses ”HNCL” (defined below) and if there
exists a constant C > 0 such that for all p in R

2,

• ∀x ∈ ∂Ω, H(x, p + λη(x)) ≤ 0 =⇒ λ ≤ C(1 + |p|), η(x) is the unit
outward pointing normal vector to ∂Ω.

• H(x, p − λη(x)) → +∞ uniformly with respect to x, when λ → +∞;

then for all subsolution u and supersolution v (in discontinuous sense), u ≤ v
in Ω.

We then have the uniqueness of discontinuous solution on Ω (but not in Ω !).
The hypotheses ”HNCL” are:
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1. There exists a function mR which goes to zero at zero,
such that ∀x, y ∈ Ω, ∀p ∈ R

2, |H(x, p) − H(y, p)| ≤ mR(|x − y|(1 + |p|))
2. For all x in Ω, H(x, p) is convex with respect to p.
3. There exists a function Φ of class C1 in Ω, continuous in Ω such that

H(x,DΦ(x)) ≤ δ < 0 in Ω
4. There exists a function mR which goes to zero at zero, such that ∀x ∈ ∂Ω,

∀p, q ∈ R
2, |H(x, p) − H(x, q)| ≤ mR(|p − q|).

4 Existence of Viscosity Solution, Value Functions, and
Boundary Compatibility Conditions

We recall here theorems of existence of viscosity solutions in the special case
where the Hamiltonian H appearing in equation (5) is convex with respect to
∇u. We also consider the case of Dirichlet boundary conditions. In the case of
continuous solutions on Ω, the existence theorem can be interpreted as giving
compatibility constraints for the boundary conditions.
We note H∗ the Legendre transform of H:

H∗(x, q) = supp∈R2{p.q − H(x, p)} ≤ +∞.

The following theorem is a special case of theorem 5.3 in [20].

Theorem 3 If

1. H ∈ C(Ω × R
2) is convex with respect to ∇u for all x in Ω,

2. H(x, p) → +∞ when |p| → +∞ uniformly with respect to x ∈ Ω,
3. infp∈R2H(x, p) ≤ 0 in Ω,
4. ∀x, y ∈ ∂Ω , ϕ(x) − ϕ(y) ≤ L(x, y);
( where L(x, y) = infξ∈Cx,y{∫ T0

0 H∗(ξ(s),−ξ′(s))ds and Cx,y = {ξ | ξ(0) =
x, ξ(T0) = y,∀t ∈ [0, T0], ξ(t) ∈ Ω, ξ′ ∈ L∞(0, T0)})

then the function u defined in Ω by:

u(x) = inf
ξ∈Cx,y,y∈∂Ω

{
∫ T0

0
H∗(ξ(s),−ξ′(s))ds+ ϕ(ξ(T0))}

is a continuous viscosity solution of equation (5) verifying u = ϕ in ∂Ω.

Remark: if the hypotheses of theorem 1 are satisfied, we can reformulate its
conclusion as follows: The equation (5) has a unique viscosity solution iff

∀x, y ∈ ∂Ω, ϕ(x) − ϕ(y) ≤ L(x, y). (6)

At last, for discontinuous solutions, we have the theorem (see theorem 4.13
of [1])

Theorem 4 If H(x, p) = supq∈Q{−f(x, q) · p − l(x, q)}, with Q ⊂ R
2 compact,

f : R
2 × Q �→R

2 Lipschitz continuous in x uniformly in a, with l : R
2 × Q �→R

continuous such that there exist constants ωl and M such that
|l(x, q) − l(y, q)| ≤ ωl(|x − y|) and |l(x, q)| ≤ M, ∀x, y ∈ R

2 and q ∈ Q;
then u (defined above) is a viscosity solution of (5) with Dirichlet condition (2)
in the discontinuous sense.
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One very nice thing about these theorems is that not only do they guarantee
the existence of viscosity solutions, but they also show that the solution is the
value function of an optimal control problem and provide a way of constructing
one explicitely.

5 Application to the Shape from Shading Problem
As shown in section 1, the shape from shading equation is of the form
H(x,∇u) = 0, where H(x, p) = I(x)

√
1 + |p|2 + p · l − γ. It is easy to verify

that if I(x) does not reach the value 1 within Ω, i.e. 0 ≤ I(x) < 1 ∀x ∈ Ω,
the function ũ : (x, y) �−→1

γ (−αx − βy) is a strict viscosity subsolution of (5).
If I is Lipschitz continuous, the other hypotheses of theorem 1 are also verified
(as the reader will readily check) and we conclude that there exists at most one
continuous viscosity solution of the PDE{

I(x)
√
1 + |∇u(x)|2 + ∇u(x) · l− γ = 0 ∀x ∈ Ω

u(x) = ϕ(x) ∀x ∈ ∂Ω
(7)

Otherwise, under these same hypotheses, theorem 2 easily applies oneself as soon
as I > |l|; thus in this case, we have also the uniqueness of discontinuous solution
onΩ (but not onΩ !). In practice, I can reach the value 1 in an arbitrary compact
set in Ω. This implies that there does not exist a strict viscosity subsolution and
we lose uniqueness. The loss of uniqueness is completely characterized in [21]
and we summarize it here. We assume that there exists a finite collection of
disjoint connected compact sets Ki, i = 1, · · · , n such that {I = 1} = ∪ni=1Ki.
The main points are that the viscosity solutions of (7) are constant over the
Ki’s and, when n > 1, we only need to specify the differences of the values of u
in the Ki’s. This allows us to ignore the set {I = 1} and to work in the open
set Ω′ = Ω − {I = 1}. In other words, when the set {I = 1} is not empty we
consider the problem{

I(x)
√
1 + |∇u(x)|2 + ∇u(x) · l− γ = 0 ∀x ∈ Ω′

u(x) = ϕ(x) ∀x ∈ ∂Ω′ , (8)

rather than (7). Like this, as soon as I is Lipschitz continuous, we have a unique-
ness result for problem (8). The solutions of (7) are then obtained from these
by choosing (almost) arbitrary values for u in the Ki’s. Another possibility is
to choose among all solutions one which possesses an extra property, as in the
work of M. Falcone et al. [5,12] where the uniqueness is obtained by choosing
the maximal solution.

Since I is continuous, H is continuous in Ω × R
2 and convex with respect to

p; we easily obtain, taking the derivative:

inf
p∈R2

H(x, p) =
{√

I(x)2 − |l|2 − γ if I(x)2 ≥ α2 + β2.
−∞ otherwise.

Since I2 ≤ α2 + β2 + γ2 = 1, we have infp∈R2 H(x, p) ≤ 0. Finally, since Ω is
bounded hypothesis 2 in theorem 3 is satisfied iff I > |l| and, if the compatibility
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conditions (6) are satisfied on ∂Ω′, we have obtained existence and uniqueness
of a continuous viscosity solution of problem (8). In the discontinuous case,
the theorem 4 applied with A = B̄(0, 1), f(x, q) = −l − I(x)q and l(x, q) =
−I(x)

√
1 − |q|2−γ, is valid as soon as I is Lipschitz inΩ (and even if I2 < α2+β2

or I = 0 !).
Finally, in both cases,

u(x) = inf
ξ

{
∫ T0

0
H∗(ξ(s),−ξ′(s)) ds+ ϕ(ξ(T0))} (9)

where ξ ∈ ∪y∈∂ΩCx,y satisfies ∀t ∈ [0, T0], −ξ′(t) ∈ B̄(l, I(ξ(t))),
is a solution, and we can calculate H∗ explicitly through differential calculus:

H∗(x, q) =
{−√

I(x)2 − |q − l|2 + γ if |q − l| ≤ I(x)
+∞ otherwise.

6 Numerical Approximation of the Solution
The purpose of this section is to give an algorithm for approximating the viscosity
solution of (8). We also prove that our algorithm is convergent in the sense that
when the spatial mesh size tends to 0, the discrete solution tends to the viscosity
solution.

6.1 Approximation Scheme

Let Ω be the rectangular domain ]0, X[×]0, Y [ of R
2. For all mesh size ρ =

(∆x,∆y), we want to approximate the value of the solution u at the points
(xij) = (i∆x, j∆y) by Uij (for i = 1..N and j = 1..M where N = �X/∆x� and
M = �Y/∆y�).

Since u is a value function, the dynamic programming principle allows to
write that for all τ ≥ 0, u(x) is equal to the inf of∫ T0∧τ

0
H∗(ξ(s), ξ′(s))ds+ ϕ(ξ(T0)) χ{T0≤τ}(T0) + u(ξ(τ)) χ{T0>τ}(T0), (10)

where a ∧ b is the smallest of a and b. The inf is taken over the set of the ξs of
∪y∈∂Ω′Cx,y satisfying ∀t ∈ [0, T0] − ξ′(t) ⊂ B̄(l, I(ξ(t))).
ρ being supposed fixed, we can choose τ sufficiently small so that for all xij ∈ Ω′ :

u(x) = inf
ξ

{
∫ τ

0
H∗(ξ(s), ξ′(s))ds+ u(ξ(τ))}. (11)

To come up with our numerical scheme we use the following approximations:∫ τ

0
H∗(ξ(s), ξ′(s))ds ∼= H∗(ξ(0), ξ′(0))τ, ξ(τ) ∼= ξ(0) + ξ′(0)τ,

B̄(−(α, β), I(ξ(t))) ∼= B̄(−l, I(ξ(0)))
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Since ξ(0) = x, equation (11) now becomes:

sup
ξ′(0)∈Bx

{u(x) − u(x+ τξ′(0))
τ

− H∗(x, ξ′(0))} = 0; (12)

where Bx = B̄(−(α, β), I(x)).
The final step is to approximate u by a piecewise affine function in a neigh-

bourhood of x, see figure 1. The goal is to obtain a relation between xij , xi±1,j

xij
xi+1,j

xi,j−1

xi−1,j

u(xi+1,j)

xi,j+1

u(xij)
u(xi,j−1)

u(xi−1,j)

u(xi,j+1)

Fig. 1. Piecewise affine approximation of u in a neighborhood of xij

and xi,j±1. In order to reach this goal, we need to compute the sup in (12) and
for that matter we partition the set Q in four subsets Q1 ∪ Q2 ∪ Q3 ∪ Q4,

Q1 = {q ∈ Bx|qx > 0, qy ≥ 0}, Q2 = {q ∈ Bx|qx ≤ 0, qy ≥ 0},
Q3 = {q ∈ Bx|qx ≤ 0, qy < 0}, Q4 = {q ∈ Bx|qx > 0, qy < 0};

over which we independently maximize (12). To simplify matters but without
loss of generality, we apply a rotation of axis Oz, and assume that β = 0. In this
case we note that when x ∈ {x ∈ Ω| I(x) ≤ |(α, 0)|}, Q1 and Q4 are empty.

Let us detail the steps for Q2. The piecewise affine approximation of u yields:

u(xij) − u(xij − τ(qx, qy))
τ

∼= −qxa(∆x, xij , uxij , u) + qyd(∆y, xij , uxij , u),

where a(ρ, x, t, u) = t−u(x−(ρ,0))
ρ and d(ρ, x, t, u) = t−u(x+(0,ρ))

ρ . Using convexity
and differential calculus we find that the maximum over Q2 of (12) is equal to:
First case: if I(x) > α:

I(x)
√
1 + (χ+(a, d+))2 + (d+)2 + αχ+(a, d+) − γ

where

χ−(x, y) =


 x if x ≤ −α

√
1+y2√
I2−α2

−α

√
1+y2√
I2−α2 otherwise.

and

χ+(x, y) =


 x if x ≥ −α

√
1+y2√
I2−α2

−α

√
1+y2√
I2−α2 otherwise.
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Second case: if I(x) ≤ α:

I(x)
√
1 + a2 + (d+)2 + αa − γ.

We then collect the results of the maximization over Q1, Q2, Q3 and Q4, let
∆x = ∆y = ρ, and obtain the following numerical scheme:

S(ρ, x, t, u) = 0, (13)

where S is equal to ρ T (ρ, x, t, u)), and T is defined by:

1. If x ∈ Ωρ and I(x) > α then

T (ρ, x, t, u) = max( K1(a, c, d),K2(b, c, d) ), (14)

where

K1(a, c, d) = I(x)
√
1 + (χ+(a,M))2 +M2 + αχ+(a,M) − γ,

K2(b, c, d) = I(x)
√
1 + (χ−(−b,M))2 +M2 + αχ−(−b,M) − γ,

M = max(c+, d+),

and

a =
t − u(x − (ρ, 0))

ρ
b =

t − u(x+ (ρ, 0))
ρ

c =
t − u(x − (0, ρ))

ρ

d =
t − u(x+ (0, ρ))

ρ
. (15)

2. If x ∈ Ωρ and I(x) ≤ α then T (ρ, x, t, u) = I(x)
√
1 + a2 +M2 + αa − γ.

3. If x∈ <Ωρ then

T (ρ, x, t, u) = t − ϕ(x). (16)

We have noted Ωρ = {x ∈ Ω|x − (ρ, 0), x+ (ρ, 0), x − (0, ρ), x+ (0, ρ) ∈ Ω} and
<Ωρ = Ω − Ωρ.

6.2 Convergence of the Approximation Scheme

The following theorem is proved in [23]:

Theorem 5 Let T (ρ, x, t, u) = 0 be an approximation scheme which can be
written as g(x, a, b, c, d) = 0, where a, b, c, d are defined in (15). Let us assume
that the approximation scheme S satisfies the hypotheses ”MSC” (defined below),
then for all positive ρ, the scheme has a solution noted uρ. If furthermore H
satisfies the hypotheses of the hard uniqueness theorem (theorem 2), then uρ

converges toward the solution of the corresponding PDE when ρ −→ 0.

The hypotheses ”MSC” are:



Shape from Shading and Viscosity Solutions 799

1. g is increasing with respect to each of the four variables a, b, c and d;
2. there exists a bounded function u0 such that ∀x ∈ Ω, T (ρ, x, u0(x), u0) ≤ 0;
3. for all ρ, x and u, limt→+∞ T (ρ, x, t, u) ≥ 0;
4. g(x, a, b, c, d) ≤ 0 =⇒ a, b, c or d are bounded independently of x;
5. g is continuous in Ω × R

4 and ∀x ∈ Ω, ∀φ ∈ C∞
b (Ω),

g(x, ∂xφ(x),−∂xφ(x), ∂yφ(x),−∂yφ(x)) = H(x, φ(x),∇φ(x))

Let us emphasize the fact that when the scheme is obtained by the process
described in subsection 6.1, most “MSC” hypotheses are systematically verified.
In particular, it is easily to apply the theorem 5, in the case for all x in Ω,
I2(x) > α2 + β2. For more details, see [23].
6.3 Algorithm for Computing the Solution
Thanks to theorem 5, we know that when ρ = (∆x,∆y) tends to zero, the solu-
tions uρ of the numerical scheme (13) converge to the unique viscosity solution
of equation (8). We now describe an algorithm that computes an approximation
of uρ, for each value of ρ > 0. It is important to keep in mind that this algorithm
converges toward uρ but not toward the viscosity solution. We assume that the
image I is known on the discrete grid (xij)i=1..N,j=1..M . The algorithm consists
of the following computation of the sequence of the values Unij , n ≥ 0:

Algorithm 1 1. Initialisation (n = 0): U0
ij = u0(xij).

2. Choice of a pixel xij ∈ Ω′ and modification (step n+ 1) of Unij:
We choose Un+1 = sup{V = (Vk,l)(k,l)∈Ω such that ∀(k, l) �= (i, j), Vkl = Unkl
and g(ρ, xij , Vij , V ) = 0}.

3. Choose the next pixel xij ∈ Ω′ in such a way that all pixels of Ω′ are regularly
visited and go back to 2.

We have the following

Theorem 6 If the hypotheses of theorem 5 are satisfied, the algorithm 1 is well-
defined (step 2 always yields a value) and the sequence Un is increasing and
converges toward uρ when n −→ +∞ .

Let us note

K1(t) = I(x)
√
1 + (χ+(D−

x Uij(t),M(t)))2 +M(t)2 + αχ+(D−
x Uij(t),M(t)) − γ,

K2(t) = I(x)
√
1 + (χ−(D+

x Uij(t),M(t)))2 +M(t)2 + αχ−(D+
x Uij(t),M(t)) − γ,

and

K(t) = Max(K1(t),K2(t))

where

D−
x Uij(t) =

t−Ui−1j

∆x D+
x Uij(t) =

Ui+1j−t
∆x

D−
y Uij(t) =

t−Uij−1
∆y D+

y Uij(t) =
Uij+1−t
∆y ;
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a) b) c)

d) e)

Fig. 2. Results for a synthetic image generated by a sinusoidal surface sampled on a
grid of size 20× 20 with θ = 28◦: a) original surface, b) original image, c) noisy image;
d) surface reconstructed from b): n = 40, ε1 = 10.0%, ε2 = 9.9% ε3 = 15.2%; e) surface
reconstructed from c): n = 62, ε1 = 12.8%, ε2 = 10.5% ε∞ = 15.7%

M(t) = max((D−
y Uij(t))

+, (D+
y Uij(t))

−).

We note Uminj = min(Ui,j+1, Ui,j−1).
For example, in the case where I(xij) > α, Step 2 of algorithm 1 computes the
value of t such that K(t) = 0, i.e. such that:

( K1(t) = 0 and K2(t) ≤ 0︸ ︷︷ ︸
Case 1

) or ( K2(t) = 0 and K1(t) ≤ 0︸ ︷︷ ︸
Case 2

)

t is therefore either a root of K1, or a root of K2. Let us detail the procedure
for finding the roots of K1:

1. Search for a root t ≥ Uminj

– If t is such that D−
x Uij(t) ≥ −α

√
1+M(t)2√
I2−α2 then t is a root of

I(x)
√
1 +D−

x Uij(t)2 +M(t)2 + αD−
x Uij(t) − γ = 0.

– If t is such that D−
x Uij(t) ≤ −α

√
1+M(t)2√
I2−α2 then t is a root of

I(x)

√
1 + α2 1 +M(t)2

I2 − α2 +M(t)2 − α2

√
1 +M(t)2

I2 − α2 − γ = 0.

2. Search for a root t ≤ Uminj . (M(t) = 0 !) In that case t is such that
D−
x Uij(t) ≥ − α√

I2−α2 and therefore it is the root of

I(x)
√
1 +D−

x Uij(t)2 + αD−
x Uij(t) − γ = 0.

Once we have found the roots ti, i = 1, 2 deK1 we have to verify thatK2(ti) ≤ 0,
otherwise we must find the roots ui, i = 1, 2 of K2 such that K1(uj) ≤ 0.
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7 Experimental Results
We have tested our algorithm with synthetic images generated by shapes with
several levels of regularity e.g. C∞ (a sinusoid, see figures 2 and 3), or C0 (a
pyramid, see figures 4 and 5), to demonstrate the ability of our method to deal
with smooth and nonsmooth objects. We also have tested it with real images, an
example is shown in figure 6. In all results, the parameters are n, the number

a) b)

Fig. 3. Sinusoidal surface of figure 2 reconstructed with an error on the parameter
L: a) θp = 33◦, εθ = 5◦, n = 37, ε1 = 11.4%, ε2 = 7.6% ε∞ = 17.9%; b) θp = 18◦,
εθ = 10◦, n = 45, ε1 = 18.3%, ε2 = 13.8%, ε3 = 41.9%.

of iterations, ε1, ε2 and ε∞ the relative errors of the computed surface measured
according to the L1, L2 and L∞ norms, respectively, θ the angle of the direction
of illumination with the z-axis.

a) b) c)

d) e)

Fig. 4. Results for a synthetic image generated by a pyramidal surface sampled on a
grid of size 20× 20 with θ = 36◦: a) original surface, b) original image, c) noisy image;
d) surface reconstructed from b): n = 89, ε1 = 0.4%, ε2 = 0.4% ε∞ = 0.8%; e) surface
reconstructed from c): n = 91, ε1 = 23.7%, ε2 = 23.2% ε∞ = 26.3%.

In all synthetic cases we show the original object, the input image and the
reconstructed surface. We then demonstrate the stability of our method with
respect to two types of errors. The first type is image intensity errors due to
noise. Uniformly distributed noise has been added to some pixels of the input
images and the corresponding reconstructed surfaces are shown (figures 2 and
4). The second type of error is due to an incorrect estimation of the direction of
illumination L (figures 3 and 5). We start with a smooth sinusoidal object, see
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a) b)

Fig. 5. Pyramidal surface of figure 4 reconstructed with an error on the parameter
L: a) θp = 41◦, εθ = 5◦, n = 80, ε1 = 16.5%, ε2 = 15.2% ε3 = 19.8%; b) θp = 26◦,
εθ = 10◦, ε1 = 25.1%, ε2 = 14.0% ε3 = 28.3%.

a) b)

c)

d) e) f)

Fig. 6. Experimental results with a real image: a) Original image of size 200x200, b)
Lateral view (image) of the real object, c) Three views of the surface reconstructed
from a), d) Synthetic image generated from the surface c), e) and f) reconstructed
surface, textured with image d).

figure 2. We introduce an error 5◦ on the parameter L, see figure 3. We note θp
the angle used for computation; εθ = |θ − θp|.

As seen from these figures, our algorithm seems to be quite robust, not only
to intensity noise (see figures 2.e and 4.e), as in [24], but also to inaccuracies
in the estimation of the direction of the light source L (see figures 3 and 5).
The pyramid example shows the remarkable ability of the numerical scheme to
deal with functions which are only continuous. This example also shows the
convergence of our algorithm with discontinuous images: through the recent
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works of Ostrov [22,18], we hope to extend shortly our theory for discontinuous
images.

The real image shown in figure 6.a and 6.b is a photograph of a Halloween
mask taken with a standard camera with 70mm focal length. The light source was
far from being pointlike and at infinity and ambiant lighting due to reflections
on the walls was present. The reflectance of the mask was not quite Lambertian
(some highlights were visible). Unlike the case of the synthetic examples where
the critical points x such that I(x) = 1 were included in the boundary conditions
(i.e. their distances were supposed to be known), these distances must in this
case be computed by the algorithm, making the problem ill-posed. Despite this
difficulty, the results shown in figure 6.c-f are of good quality.

8 Conclusion
We have proposed a rigorous mathematical analysis of the simplest version of
the shape from shading problem in the case of a Lambertian object illuminated
by a point source at infinity and imaged by an orthographic camera. We have
given hypotheses for the existence and uniqueness of a (continuous) viscosity
solution, provided an approximation scheme of this solution, an algorithm for
computing the solution. Unlike in [19], we have proved the convergence of our
numerical scheme. Our implementation of the algorithm described in [19] shows
that it fails as soon as the direction of the source of lighting is a bit too far from
being parallel to the z-axis, the original case studied in [24].

We are extending our analysis and algorithm to more general cases.
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Abstract. This paper deals with the three-dimensional reconstruction
of an underwater environment from multiple acoustic range views ac-
quired by a remotely operated vehicle. The problem is made challenging
by the very noisy nature of the data, the low resolution and the narrow
field of view of the sensor. Our contribution is twofold: first, we introduce
a statistically sound thresholding (the X84 rejection rule) to improve ICP
robustness against noise and non-overlapping data. Second, we propose a
new global registration technique to distribute registration errors evenly
across all views. Our approach does not use data points after the first
pairwise registration, for it works only on the transformations. There-
fore, it is fast and occupies only a small memory. Experimental results
suggest that ICP with X84 performs better than Zhang’s ICP, and that
the global registration technique is effective in reducing and equalizing
the error.

1 Introduction

In this paper we address the problem of registration of many three-dimensional
(3D) point sets, coming from an acoustic range sensor. Typically, the term regis-
tration is used for the geometric alignment of a pair or more 3D data point sets,
while the term fusion indicates the recovery of a single surface representation
from registered 3D data sets.

The registration of two point sets is usually addressed by means of the It-
erated Closest Point (ICP) algorithm [2,5]. ICP is based on the search of pairs
of nearest points in the two sets, and estimating the rigid transformation which
align them. Then, the rigid transformation is applied to the points of one set,
and the procedure is iterated until convergence. ICP assumes that one point
set is a subset of the other. When this assumption is not verified, false matches
are created, that negatively influence the convergence of ICP to the solution.
In order to overcome this problem, many variants to ICP have been proposed,
including the use of closest points in the direction of the local surface normal [5],
the use of thresholds to limit the maximum distance between points [25], reject-
ing matching on the surface boundaries [23], Least Median of Squares estimation
[22].

In this paper we propose to use the X84 outlier rejection rule [10] to discard
false correspondences on the basis of their distance. This is an improvement over

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 805–819, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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[25], because the threshold is set automatically, and a larger basin of attraction
is achieved.

A widely used approach to the registration of many views is to sequentially
apply pairwise registration until all the views are combined. Chen and Medioni
[5] proposed an incremental approach in which two views are registered and
merged building a metaview. The next view is then registered and merged with
the metaview and the process is repeated for all the views. This approach was
taken also by [21] and [12]; the latter proposed to incrementally build a surface
model, onto which new views can be registered and already registered views can
be adjusted. In [4], couples of images are incrementally registered together with a
final registration between the first and last view, by using the inverse calibration
procedure of the range-finder to relate a point in the 3D space corresponding to
a point in the range image.

These schemes do not use all the available information, and do not com-
pute the optimal solution, because of the accumulation of registration errors,
as pointed out by [19] and [1]. Multiview registration could exploit information
present in the unused overlapping view pairs, distributing the registration error
evenly between every pairwise registration. Bergevin et al. [1] registered multiple
range images simultaneously, using an extended ICP algorithm. They converted
the sequential registration relationship into a star-shaped relationship, and then
imposed the well-balanced network constraint. A network of range views is well-
balanced when the registration error is similar for all transformation matrices,
and the transformation matrix between any two views is uniquely defined re-
gardless of the path chosen to link the views. Pulli [18] proposed to use the
pairwise alignments as constraints that the multiview step enforces while evenly
diffusing the pairwise registration errors. In such a way, computational time is
reduced as well as memory storage. He introduces the concept of virtual mate
to enforce the pairwise alignments as constraints.

Some works focus on computing the global registration given the correspon-
dences among many views (this is called the N-view point set registration prob-
lem). To this end, in [20] and [8], a force-based optimisation approach is pro-
posed. Assuming the points’ correspondences among the data sets are known,
interconnections using springs between corresponding points is simulated. Pen-
nec [17] introduces an iterative algorithm based on the concept of mean shape.
Benjemaa and Shmitt [19] use a quaternion approach similar to [3]. In [9] a sta-
tistical model is introduced, and the problem is solved using the EM algorithm.
In a recent work, Williams and Bennamoun [24] proposed a new technique for
the simultaneous registration of multiple point sets, in which rotations are first
computed iteratively, and then translations are obtained as the solution of a
linear system. The method have been integrated in a generalized multiview ICP.
Three of these techniques, namely [20],[17], and [19], have been compared in [6],
and the result is that, not considering speed, Pennec’s method is the best one,
whereas [19] is the fastest.

All the multi-alignment methods need to keep data of all – or at least some –
views in memory at the same time, reducing drastically performance, especially
when aligning large data set. Our global registration approach differs from all the
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others because we enforce the constraints arising from the pairwise registration
directly on the transformation matrices, without the need to process data points
again, after the initial pairwise registration between all the overlapping views.
The idea comes from [7] where it was applied to the construction of planar
mosaics from images. Here we propose to extend the technique to the registration
of multiple 3D point sets. In our case we end up with a non-linear system of
equations, because of the parametrization of the rotations. Following [16,3,19]
we used quaternions to represent rotations, because of their well-known good
properties [15].

In the field of 3D registration, the closest work to our approach is [18], because
both are based on the simultaneous satisfaction of constraints provided by the
pairwise registration, and both do not rely on the solution of the N-view point
set registration problem. Our work differs in the formulation of the constraints
(which do not use data points) and because we cope with overlapping between
any number of sets, not just pairs.

Our final goal is the reconstruction of a scene from a sequence of cluttered,
noisy, and low resolution 3D data, aimed at building a 3D model. Such model
is then displayed to a human operator of an underwater remotely operated ve-
hicle (ROV), in order to facilitate the navigation and the understanding of the
surrounding environment. Our data come from a high frequency acoustic cam-
era, called Echoscope [11] with a typical resolution of 3 cm. Moreover, speckle
noise affects data due to the coherent nature of the acoustic signals. With such
operative conditions, the registration problem is much more demanding, and,
although a large literature addresses this issue, no work dealt with this partic-
ular kind of 3D data. Further, due to lack of tight hypotheses about the sensor
motion and the direct manipulation of the transformation matrices instead of
3D points, our approach results particularly suitable to real-time applications.

The rest of the paper is structured as follows. In Section 2, the pairwise
registration stage is described outlining the X84 outlier rejections rule. Section
3 introduces the multiview registration focusing on the global transformation
adjustment. Results are shown in Section 4 for both synthetic and real images
and conclusions are drawn in Section 5.

2 Robust Pairwise Registration

Pairwise registration was addressed using the classical Iterated Closest Point
(ICP) algorithm [2] to which we added an outlier rejection rule (X84) [10] in
order to cater for non-overlapping areas between views.

2.1 Two View Point Set Registration

Let us suppose that we have two sets of 3-D points which correspond to a single
shape but are expressed in different reference frames. We will call one of these
sets the model set X, and the other the data set Y. Assuming that for each point
in the data set the corresponding point in the model set is known, the point set
registration problem consist in finding a 3-D transformation which, when applied
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to the data set Y, minimizes the distance between the two point sets. The goal
of this problem can be stated more formally as follows:

min
R,t

N∑
i=1

‖xi − (Ryi + t)‖2, (1)

where R is a 3 × 3 rotation matrix, t is a 3 × 1 translation vector, and the
subscript i refers to corresponding elements of the sets X and Y. Efficient, non-
iterative solutions to this problem were compared in [14], and the one based
on Singular Value Decomposition (SVD) was found to be the best, in terms of
accuracy and stability.

2.2 Iterated Closest Point

In general, when point correspondences are unknown, the Iterated Closest Point
(ICP) algorithm may be used. For each point yi from the set Y, there exists at
least one point on the surface of X which is closer to yi than all other points in
X. This is the closest point, xi. The basic idea behind the ICP algorithm is that,
under certain conditions, the point correspondence provided by sets of closest
points is a reasonable approximation to the true point correspondence. The ICP
algorithm can be summarized:

1. For each point in Y, compute the closest point in X;
2. With the correspondence from step 1, compute the incremental transforma-

tion (R, t);
3. Apply the incremental transformation from step 2 to the data Y;
4. If the change in total mean square error is less than a threshold, terminate.

Else goto step 1.

Besl and McKay [2] proved that this algorithm is guaranteed to converge
monotonically to a local minimum of the Mean Square Error (MSE).

ICP can give very accurate results when a set is a subset of the other, but
results deteriorate with outliers, created by non-overlapping areas between the
two sets. In this case, the overlapping surface portions must start very close to
each other to ensure convergence, making the initial position a critical parameter.

Modifications to the original ICP have been proposed to achieve accurate
registration of partially overlapping point sets [25,23,22]. We implemented a
variation similar to the one proposed by Zhang [25], using robust statistics to
limit the maximum allowable distance between closest points.

2.3 Robust Outlier Rejection

As pointed out by Zhang, the distribution of the residuals for two fully over-
lapping sets approximates a Gaussian, when the registration is good. The non-
overlapped points skew this distribution: they are outliers. Therefore, good cor-
respondences can be discriminated by using an outlier rejection rule on the
distribution of closest point distances.
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To do this, we employ a simple but effective rejection rule, X84 [10], which
use robust estimates for location and scale of a corrupted Gaussian distribution
to set a rejection threshold. The median is a robust location estimator, and the
Median Absolute Deviation (MAD), defined as

MAD = med
i

{|εi − med
j

εj |} (2)

is a robust estimator of the scale (i.e., the spread of the distribution). It can
be seen that, for symmetric (and moderately skewed) distributions, the MAD
coincides with the interquartile range:

MAD =
ξ3/4 − ξ1/4

2
, (3)

where ξq is the qth quantile of the distribution (for example, the median is ξ1/2).
For normal distributions we infer the standard deviation from

MAD = Φ−1(3/4)σ ≈ 0.6745σ. (4)

The X84 rule prescribes to reject values that are more than k Median Abso-
lute Deviations away from the median. A value of k=5.2, under the hypothesis
of Gaussian distribution, is adequate in practice (as reported in [10]), since it
corresponds to about 3.5 standard deviations, and the range [µ − 3.5σ, µ+3.5σ]
contains more than the 99.9% of a Gaussian distribution. The rejection rule
X84 has a breakdown point of 50%: any majority of the data can overrule any
minority.

3 Multiview Registration

We now turn our attention to the simultaneous registration of several point sets.

3.1 Chaining Pairwise Transformations

Assume that there are M overlapping point sets (or views) V 1 . . . V M , each taken
from a different viewpoint. The objective is to find the best rigid transformations
G1 . . .GM to apply to each set, bringing them a common reference frame where
they are seamless aligned.

Let Gij be the rigid transformation matrix (in homogeneous coordinates)
that registers view j onto view i, i.e.,

V i = GijV j (5)

where the equality holds only for the overlapping portions of the two points sets
V i and GijV j .

If we choose (arbitrarily) view k as the reference one, then the unknown rigid
transformation G1 . . .GM are respectively Gk,1 . . .Gk,M . As customary, we will
take k = 1.
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These rigid transformations are not independent each other, being linked by
the composition relationship:

Gk,j = Gk,iGi,j . (6)

We can therefore estimate the alignment Gj of image V j on the reference
view (defined by the image V 1), by first registering V j onto any view V i and
then using Gi to map the result into the space of V 1

Gj = GiGi,j (7)

This relationship, can be used to compute Gi when all the matrices
Gi−1,i . . .G1,2 are known, by simply chaining them

Gi =
i∏

j=2

Gj−1,j (8)

The global registration matrix Gi will map V i into the space of V 1 (the reference
view).

As it is well known, the combination of pairwise registration does not yield
the optimal result. For example, if Gk,i and Gi,j are optimal on the sense that
they minimize the mean square error distance between the respective sets, then
Gk,j computed with Eq. (6) does not necessarily minimizes the mean square
error between views V j and V k. Small registration errors accumulate so that
images near the end of a sequence have a large cumulative error.

3.2 Global Transformations Adjustment

In order to improve the quality of global registration, let us suppose we have
locally registered all spatially overlapping image pairs, in addition to those that
are adjacent in the image sequence. Especially for underwater images, in which
the ROV moves back and forth we can find significant overlapping also between
distant views in the temporal sequence.

The aim of our method is to optimize the information coming from every
pairwise registrations, obtained by the alignment of all overlapped range im-
ages. The original contribution consists in obtaining a global registration by
introducing algebraic constraints on the transformations, instead of data points.

We first perform pairwise registration between every view and each of its
overlapping views, thereby computing the Gij whenever it is possible. By con-
sidering many equations as (7), we can build a system of equations in which the
Gi,j are known quantities obtained by pairwise image registration, and the ma-
trices Gi1 = Gi (1 ≤ i ≤ N) are unknowns to be found. By decomposing the
homogeneous transformation matrices G into a rotation and translation, Eq. (7)
splits in two: {

Rj = RiRi,j

tj = Riti,j + ti (9)
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where R is a rotation matrix and t is a translation vector. Although this system
of equations is essentially linear, a number of problems arise when formulating
solutions that account for the non-linear constraints on the components of R.
In order to respect these constraints, the rotation matrices must be suitably
parametrized, ending up with a system of non-linear equations.

This non-linear least squares problem can be cast as the minimization of the
following objective function:

min
∑
i,j

((
angle(RiRi,j(Rj)�)

π

)2

+
( ||Riti,j + ti − tj ||

||ti||
)2
)

(10)

where angle(·) takes a rotation matrix and returns the angle of rotation around a
suitable axis. Starting from the global registration obtained by chaining pairwise
transformation (Eq. (8)), a solution is found using a Quasi-Newton method.

The estimated transformation G1 . . .GM are influenced by all the pairwise
observed transformations, and the registration error is distributed over all the
estimated transformations. In this sense, the network of the views after the final
registration is very close to be well balanced as defined in [1].

Moreover, the complexity of the proposed algorithm is independent from the
number of points involved. Because the objective function includes only the ma-
trix components, the complexity depends only on the number of (overlapping)
views.

3.3 Dealing With Rotations

A number of techniques have been developed to represent rotations. One of
the most convenient is the quaternions representation. They have a number of
mathematical properties that make them particularly well suited to requirements
of iterative gradient-based search for rotation and translation [15].

Rotations are represented by unit quaternions. Instead of requiring the
quaternion q = [u, v, w, s] to be a unit vector, we can enforce the constraint
that the rotation matrix is orthogonal by dividing the matrix by the squared
length of the quaternion [15]:

R(q) =
1

q · qRu(q) (11)

where Ru(q) is the rotation matrix given by

Ru(q) =


s2 + u2 − v2 − w2 2(uv − sw) 2(uw + sv)

2(uv + sw) s2 − u2 + v2 − w2 2(vw − su)
2(uw − sv) 2(vw + su) s2 − u2 − v2 + w2


 (12)

This constraint is necessary in general to ensure the gradient accurately re-
flect the differential properties of a change in the quaternion parameters.
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3.4 Summary of the Algorithm

Finally, the multiview registration algorithm is defined as:

Step 1. calculate pairwise registration for all the overlapped images using ICP
algorithm, with X84 rejection rule;

Step 2. if the pairwise registration is good, accept the registration matrix Gi,j ;
Step 3. compute a starting guess for the global registration by chaining pairwise

transformation (Eq. (8));
Step 4. minimize the objective function defined in Eq. (10) with the BFGS

Quasi-Newton method with a mixed quadratic and cubic line search proce-
dure1; At each step enforce orthogonality of rotation matrix with Eq. (11)

Step 5. apply the transform defined by Gi to the view V i, i = 1, ..., M .

Registered sets of points must be fused in order to get a single 3D model. Sur-
face reconstruction from multiple range images can be addressed as the problem
of surface reconstruction from a set of unorganized 3D points, disregarding the
original organization of the data. We used the public domain implementation of
Hoppe and De Rose algorithm [13].

4 Results Description

In this section we show results obtained on synthetic and real acoustic images.

Fig. 1. 3D synthetic model representing pipes structure

In synthetic experiments we simulated the movement of an underwater ROV
around the external part of an offshore rig using the OpenGL library to to
generate synthetic range images. Given a 3D model of part of the rig (Fig. 1),
1 MATLAB lsqnonlin function
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(a) (b) (c)

Fig. 2. In Figure (a) the two point sets are in the start position, Figure (b) shows the
result of Zhang’s ICP algorithm and Figure (c) shows the result of ICP with X84

range images are obtained by moving a (virtual) camera and extracting the z-
buffer for each view. In order to asses the final registration, we made the last
view to coincide with the first one.

In real experiments the acoustic data are acquired by an underwater ROV
using the Echoscope acoustic camera, which outputs a 64× 64 range image [11].
The noise corrupts sensibly the acoustic signals and decreases the reliability
of the estimated 3D measures. Moreover, there is a trade off between range
resolution and field of view. Resolution depends on the frequency of the acoustic
signal (it is about 3 cm at 500 KHz): the higher the frequency, the higher the
resolution, the narrower field of view. Consequently, we are forced to operate
with a limited field of view.

4.1 Pairwise Registration

In Fig. 2, we show an example of two point sets that Zhang’s ICP fails to align.
Instead, our ICP algorithm with X84 rejection rule recovers the correct rigid
transformation.

4.2 Global Registration

In order to evaluate the performance of our global registration algorithm, we
computed the registration error as the closest points mean square distance be-
tween each view and the mosaic composed by all the already registered views
(outliers are discarded according to the X84 rule). The improvement over the
chained pairwise alignment is shown as an histogram depicting, for each view,
the difference between the registration errors of the two techniques (a positive
value means an improvement of our method).

In experiment n. 1 we generated a synthetic sequence, of 29 range images.
The benefit brought by the global registration can be appreciated in Fig. 3a-b.
The histogram in Fig. 3c shows that the global registration improves especially
in near the end of the sequence (as expected).

In experiment n. 2 we generated a sequence composed by 37 range images.
We wanted to test the performance of the global registration algorithm in the
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(a) (b) (c)

Fig. 3. Experiment n. 1. Alignment between view n. 1 and view n. 29 for chained
pairwise registration (a) and global registration (b). Histogram of the differences of the
registration error (c)

(a) (b) (c)

Fig. 4. Experiment n. 2. Alignment between view n. 1 and view n. 37 for chained
pairwise registration (a) and global registration (b). Histogram of the differences of the
registration error (c)

presence of an incorrect pairwise registration (n. 35). In this case the chaining
of pairwise transformations inevitably propagates the error. In our global mul-
tiview registration, thanks to the information coming from the other pairwise
transformations linking (indirectly) view n. 35 and n. 34, the correct registra-
tion is achieved, and the error is distributed over the whole sequence. Fig. 4c
shows the improvement obtained by optimal global registration, which is con-
centrated on matrix n. 35, as expected. The improvement brought by the global
registration is also clearly visible in the Fig. 4a-b and also in Fig. 5 where the
reconstructed surfaces are shown for both techniques.

In experiment n. 3 and n. 4 we introduced Gaussian white additive noise
with different standard deviation (σ = 0.02 and σ = 0.045, respectively) on
the synthetic images of experiment n. 1. The relative histograms are shown in
Fig. 6.

Experiment n. 5 uses a sequence of 15 real acoustic images (Fig. 7) that
are partial views of a tubular structure. The images are rather noisy and the
scene is quite difficult to understand from a single view. The histogram shown in
Fig. 8c confirms the improvement obtained by the global multiview registration.
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(a) (b)

Fig. 5. Surface reconstruction using Hoppe and De Rose algorithm. Chained pairwise
registration (a) and global multiview registration (b)

(a) (b)

Fig. 6. Histogram of the differences between the registration error for the chained
pairwise registration and the global registration, in experiment n. 3 (a) and n. 4 (b).
A positive value correspond to an improvement over chained pairwise registration.

The light worsening of the first views registration is compensated by the good
improvement of the last ones. A more accurate evaluation is not possible in real
case because true correspondences are not known (as in synthetic experiments).
Nevertheless, Fig. 8a-b visually confirm the effectiveness of the global multiview
registration in building the mosaic of the scene.

Tables 1 and 2 summarizes the numerical results obtained in all the experi-
ments. Table 1 reports the average (over the views) registration errors for both
algorithms. In Table 2 a more meaningful evaluation is obtained by calculating
the registration error (misalignment) between the first and the last view (which
should coincide). In this case we know exactly the corresponding points and error
evaluation is more accurate.
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Fig. 7. Experiment n. 5. Selected views from the real sequence.

(a) (b) (c)

Fig. 8. Experiment n. 5. First and last views of the mosaic. The images are aligned
using chained pairwise registration algorithm (a) and global registration algorithm (b).
Histogram of the differences of the registration error (c).

Table 1. Average registration error (cm).

Experiment Chained pairwise reg. Global registration % difference
exp 1 0.24095 0.19258 20,0740 %
exp 2 0.28960 0.19630 32,2168 %
exp 3 0.36328 0.32936 9,3371 %
exp 4 0.50290 0.47200 6,1443 %
exp 5 15.47955 15.01574 2,9963 %

Our global multiview registration algorithm always improves over pairwise
registration. When the noise level was increased in the experiments on synthetic
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Table 2. Misalignment between the last and the first view (cm).

Experiment Chained pairwise reg. Global registration % difference
exp 1 1.9584 0.1340 93,1577 %
exp 2 29.8662 0.1362 99,5440 %
exp 3 4.0279 2.1979 45,4331 %
exp 4 13.8420 11.1094 19,7413 %

data, our algorithm continued to perform better. Improvement was also seen in
the experiment involving real data.

In another set of experiments we reproduced those reported by [19] and [24].
We evaluate the error on the rotations by comparing the result of the global
registration with the ground truth. As a measure of the discrepancy between
two rotations R1 and R2 we take angle(R1(R2)�).

A set of six random transformations G2,1,G3,1,G4,1,G5,1,G6,1 are gener-
ated, as in [24]. By composing these transformations we simulate the output of
the pairwise registration of 12 overlapping views, namely 1-2, 2-3, 3-4, 4-1, 1-5,
2-5, 3-5, 4-5, 1-6, 2-6, 3-6, 4-6. The rotation components are perturbed by a
random rotation in the range [-5,5] deg., The pairwise transformations are com-
posed to obtain the perturbed Gi,1, and the error on the rotations is computed
as detailed above. Then we run our algorithm, and compare the average error
and its variance over the views. Results, shown in Table 3, demonstrate that our
global multiview registration technique is effective in reducing the variance of
the error on the rotations, and also it improves the average error.

Table 3. Rotation error.

Chained pairwise reg. Global registration % difference
average error 0.0463 0.0381 17.7%

average error variance 0.00243 0.00108 55.6%

5 Conclusions

In this paper we propose a technique for 3D object reconstruction from multiple
acoustic range views, acquired by an underwater ROV. As data coming from
the acoustic sensor is noisy, low resolution, and the field of view is narrow, we
want to provide the human operator(s) with a synthetic 3D model of the scene,
in order to facilitate the navigation and the understanding of the surrounding
environment. To this end, we address the problem of registering many 3D views,
starting from pairwise registration between all the overlapping views.
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Our contribution is twofold. First we modified Zhang’s ICP by introducing
the X84 rejection rule, which does not depend on user specified thresholds and
is more effective in achieving a larger convergence basin.

Moreover, we propose a new global multiview registration technique to dis-
tribute registration errors evenly across all views. Our approach differs from all
the others because we enforce the constraints arising from the pairwise regis-
tration directly on the transformations, and we do not rely on the solution of
the N-view point set registration problem. The complexity of our technique does
not depend on the number of points involved, but only on the number of views.
The drawback is that the error is only spread among the views, but does not
get reduced significantly. Consequently, this technique is well suited for all the
application where speed can be traded for accuracy.

Future work will be aimed at automatically detecting the degree of over-
lap between views and introducing a weight for each term of Equation (10),
depending on the amount of overlap.
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Abstract. The multiple view geometry of static scenes is now well
understood. Recently attention was turned to dynamic scenes where
scene points may move while the cameras move. The triangulation of
linear trajectories is now well handled. The case of quadratic trajectories
also received some attention.
We present a complete generalization and address the Problem of
general trajectory triangulation of moving points from non-synchronized
cameras. Our method is based on a particular representation of curves
(trajectories) where a curve is represented by a family of hypersurfaces
in the projective space P

5. This representation is linear, even for highly
non-linear trajectories. We show how this representation allows the
recovery of the trajectory of a moving point from non-synchronized
sequences. We show how this representation can be converted into
a more standard representation. We also show how one can extract
directly from this representation the positions of the moving point at
each time instant an image was made. Experiments on synthetic data
and on real images demonstrate the feasibility of our approach.

Keywords: Structure from motion.

1 Introduction

The theory and practice of multiple view geometry is well understood when the
scene consists of static point and line features. A summary of the past decade
of work in this area can be found in [14,9]. However recently a new body of
research has appeared which considers configurations of independently moving
points, first with the pioneering work [1], which introduced the first algorithm
for trajectory triangulation, and then with [6,11,12,17,19,20,21,22]. A common
assumption of these works is that the motion must occur along a straight line
or a conic section. When the motion is linear and at constant velocity, the re-
covery of the trajectory is done linearly. However for quadratic trajectories, the
computations are non linear.
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In order to deal with more general situations, we introduce a new representa-
tion of curves embedded in P

3, which will be used to model arbitrary trajectories
of moving points. This new representation, which was very briefly introduced in
[16] in another context, has the great advantage that when considering the im-
portant question of trajectory triangulation from a weakly-calibrated sequence,
the equations are linear in the unknowns, even when dealing with non-linear
curves. More precisely we address the following problem:
Consider a 3D point either static or moving along an arbitrary trajectory. The
motion is seen by either static or moving non-synchronized cameras whose mo-
tions can be general but known. The problem is to give an algebraic representation
of the motion of the point, where the unknowns appear linearly. Then we use this
representation to recover either the positions of the point at each time instant
an image was taken or to recover a more standard representation of the whole
trajectory.

Experiments on both synthetic and real data are provided demonstrating the
validity of our approach.

We now proceed to introduce this special representation of curves.

2 Curve Representation

The trajectories are handled as algebraic curves. From a practical point of view,
one might be interested in giving a piece-wise algebraic approximation of the
point motion. Algebraic curves admit several representations. In order to ap-
preciate the compactness and the efficiency of the new representation that we
will introduce, let us consider the problem. Given a set of known cameras, we
want to recover the trajectory of a moving point. We need to find an appropriate
representation for that task.

We will start with the classical approach. An algebraic curve embedded in
P
3 is the intersection of at least two surfaces. Therefore there exists a family of

homogeneous polynomials {Fi}i=1,...,n, where n ≥ 2, such as a point P lies on
the curve if and only if any polynomial of the family vanishes on it.

This representation suffers from some drawbacks. The number of polynomials
n is not necessarily 2. It is an open question whether any algebraic curve in P

3

can be described as the intersection of exactly two algebraic surfaces. Moreover
the degree of each polynomial in the family is not known. Indeed it is clear
that any polynomial combination

∑
i AiFi (Ai are polynomials) vanishes on the

curve too. Thus several families define the same curve. Therefore the question
of knowing the degree of each Fi is not an easy one.

This shows that this standard representation is not appropriate to our pur-
pose. Moreover, our measurements are made from pixel locations over image
planes. From these measurements the only available 3D information is made by
the optical rays they generate. Thus we would like a representation of curves
embedded in P

3 which satisfies the following conditions:

– The representation is in terms the lines meeting the curve and not the curve
itself.
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– The representation determines the curve entirely and uniquely.
– The recovery of the standard representation of the curve as the zero set of a

system of equations should be very simple.
– The computations of the representation given a sufficiently general distribu-

tion of lines intersecting the curve is linear.

It turns out that such a representation exits.
However we shall now proceed to a more formal discussion. We will need the

following definitions:

Definition 1 A point P on the curve, defined by {Fi}, is said to be singular if
the gradient of Fi at P vanishes, gradP(Fi) = 0, for all i. Otherwise it is called
a regular point. A curve is said to be smooth if it has only regular points.

The foundations of algebraic geometry can be found in [10,13,7,8,15]. In our
context, we will need to refer to the concept of the irreducible component, which
is mathematically a maximum closed subset of an algebraic variety. It is enough
for us to refer to the intuitive concept of the irreducible component. A component
of a curve is a subcurve, a closed piece of it.

Definition 2 A curve is said to be irreducible if it contains only one component.

Definition 3 The degree of a curve embedded in P
3 is the number of points of

intersection of the curve with a generic plane.

All our computations are done in the field of complex numbers, which is
algebraically closed. However we are only interested in the real locus of the
involved varieties.

2.1 Curve Representation in G(1, 3)

Now we turn to present the curve representation that fits our requirements. We
will represent a curve embedded in P

3 by a hypersurface in P
5. This is related

to the fact that a line in P
3 can be represented by its Plücker coordinates as a

point of P
5. If [L1, L2, L3, L4, L5, L6] are the Plücker coordinates of a line, then

the following relation must hold:

L1L6 − L2L5 + L3L4 = 0. (1)

Furthermore the coordinates of a point in P
5 that satisfy this equation are the

Plücker coordinates of some line embedded in P
3 [2,9,13]. This shows that the set

of lines in P
3 is isomorphic to a quadric surface of P

5 called the Grassmannian
of lines of P

3, denoted by G(1, 3) and defined by equation 1. Therefore we shall
denote by L a line in P

3 and by L̂ its Plücker coordinates which makes it a point
of P

5. A point in P
3 also has a representation in P

5 via the set of lines passing
through it. Three lines passing through a point are sufficient and necessary to
linearly span the space of all the lines through that point. Therefore a point in
P
3 correspond to a plane included in the Grassmannian G(1, 3).
Now we proceed to show that a curve in P

3 can be represented as a subvariety
of G(1, 3). A detailed treatment can be found in [13].
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Fig. 1. A curve in P
3 with some lines cutting it. A point is on the curve if any line

passing through it cuts the curve.

Construction. A smooth irreducible curve X of degree d and embedded in P
3

is entirely determined by the set of lines meeting it. See figure 1. We define the
following set of lines:

Λ = {L ⊂ P
3|L ∩ X �=∅}

The following facts are well known [13]:

1. Λ is an irreducible subvariety of G(1, 3).
2. There exists a homogeneous polynomial Γ , of degree d, such that:

Z(Γ ) ∩ G(1, 3) = Λ,

where Z(Γ ) = {L̂ ∈ P
5|Γ (L̂) = 0}.

3. Γ is defined modulo the d−th graded piece of the ideal defining G(1, 3), i.e.
modulo I(G(1, 3))d.

4. The dimension of the space of all possible Γ for a given curve, i.e. the dimen-
sion of the d−th graded piece of the homogeneous coordinate ring of G(1, 3),
S(G(1, 3))d, is for d ≥ 2:

Nd =
(
d+ 5
d

)
−

(
d − 2 + 5
d − 2

)
.

5. It is sufficient to pickNd−1 generic points on Λ to find Γ modulo I(G(1, 3))d.
Every such point L̂ yields one linear equation on Γ :

Γ (L̂) = 0, (2)

and Γ is also defined modulo multiplication by a non-zero scalar.

If we put this high-flown terminology down to earth, it says this. The sub-
variety Λ is the intersection of G(1, 3) with some hypersurface defined by a
polynomial Γ . There exists a whole family of hypersurfaces intersect in G(1, 3)
exactly over Λ. This means that the polynomial Γ is not uniquely defined and is
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computable only modulo the equation 1 defining G(1, 3).That is two polynomials
Γ1 and Γ2 such that Λ = Z(Γ1) ∩ G(1, 3) = Z(Γ2) ∩ G(1, 3) satisfy an equation
as follows:

Γ2(L1, ..., L6) = Γ1(L1, ..., L6) +R(L1, ..., L6)(L1L6 − L2L5 + L3L4),

for some polynomial R. In order to recover the original curve X in P
3 it is suffi-

cient to compute one of the polynomials Γ . This justifies the following definition.

Definition 4 Any element of the equivalence class of Γ is said to be the Chow
polynomial of the curve X.

Moreover, it is sufficient to find Nd linearly independent equations to find
the Chow polynomial of X.

2.2 Working with the Chow Polynomial

The previous properties provide us with a way to compute Γ from a set of discrete
measurements extracted from image sequences. Each image point generates with
the camera center an optical ray L with yields one linear constraint on Γ by
equation 2.

Now we proceed to introduce two original algorithms which show in a very
concrete way the equivalence between the standard representation of X as the
intersection of surfaces in P

3 and the Chow polynomial.
Let {Fi}i be a family of polynomials defining a curve in P

3. The computation
of Γ is done as follows:

Eliminate X,Y, Z from the following system:

Fi(X,Y, Z, 1) = 0

L̂ ∨



X
Y
Z
1


 = 0,

where L̂ = [L1, L2, L3, L4, L5, L6] ∈ P
5 represents a line meeting the curve and

∨ is the join operator (see [2,9]). The join of L̂ and the point P = [X,Y, Z, 1]T

vanishes to express the fact that P lies on the line represented by L̂. When given
Γ as a result of the previous elimination, we shall compute its normal form [3,
5] (to get a canonical representation of Γ ) with respect to equation 1 defining
G(1, 3).

We give an example of this computation done with Maple. Let X be a conic
defined by X+Y +Z+T = 0 and X2+Y 2−9T 2 = 0. Then the Chow polynomial
of X is given by:

Γ (L1, ..., L6) = 2L2L1 + 2L3L1 + 2L3L2 + L4
2

−9L6
2 − 2L1L5 − 18L3L6 − 8L3

2 + L2
2

−18L6L5 − 18L3L5 − 2L1L4 − 8L5
2+

2L4L5 + 2L1
2.



828 J.Y. Kaminski and M. Teicher

Now we show how the usual point based representation of X can be extracted
from Γ .

Follow the following procedure:

1. Pick three generic points, Q1, Q2, Q3 on the plane at infinity (last coordinate
zero).

2. Consider a point P = [X,Y, Z, 1]T in the affine piece of P
3. The point P is

lying on X if any linear combination of the three lines (PQi)i=1,2,3 is a zero
of the Chow polynomial. This yields

(
d+2

d

)
equations defining the curve X

completely.

This simple algorithm makes use of the fact that a point P of P
3 is represented

as a plane included in G(1, 3) generated by three lines passing through P. Hence
a point is lying on the curve if the plane that represents it in G(1, 3) is included
into the hypersurface defined by the Chow polynomial of the curve.

In many applications, the sequences of locations of a moving point at each
time instant an image was made is much more useful than the standard repre-
sentation of the trajectory. Therefore we show how the Chow polynomial can be
directly used for computing the intersection of the trajectory with a line. This
line will be an optical ray in practice.

As before we shall denote the Chow polynomial by Γ . Each 2D point p
generates an optical ray Lp which is a zero of Γ . Lp is given by M̂p where M̂
is a 6 × 3 matrix, which is a polynomial function of the camera matrix M. M̂
maps an image point to the optical ray it generates with the optical center [9].
In order to compute where this optical ray meets the curve, we use the following
procedure:

1. Pick three random and arbitrary points R1,R2,R3 in P
3.

2. Give a parametric representation of Lp: P(λ) = A + λB.
3. Build the following parametric lines Li(λ) = P(λ) ∨ Ri, for i = 1, 2, 3.
4. For every triplet α, β, γ, we have Γ (αL1(λ)+βL2(λ)+γL3(λ)) = 0, for P(λ)

to be located on the curve. This yields 1
2 (d+ 1)(d+ 2) equations on λ.

5. Find the solution of the previous system. Let λ0 be that solution. Note that
for solving the previous system it is enough to solve the first uni-variate
polynomial equation and then to check which root is common to all the
equations.

6. The point P(λ0) = A + λ0B is the 3D point that we are looking for.

Note that in the previous algorithm in some very special cases, there might
be more than one solution to the system in λ. This will be the case if the optical
ray meets the curve at more than one point. This happens if an image was made
when the moving point passed through either a point of the trajectory that
occludes another point or a point of tangency of the curve with a line passing
through the camera center. Those two cases are singular so they appear with
probability zero. However in case of a singular point, the ambiguity can solved
by looking at neighboring points.
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3 Trajectory Recovery with Known Cameras

Now we turn to consider our first problem. A moving point is viewed in one
of several sequences. The camera matrices are assumed to be known over each
sequence. However the cameras are not assumed to be synchronized. We want
to recover the trajectory of the moving point. The trajectory recovery is then
naturally done in the Grassmannian of lines G(1, 3). Let Γ be a Chow polynomial
of the curve X generated by the motion of the point and let be d its degree. For
now we will assume that d is known. We shall show in section 3.3 how this
assumption can be addressed.

We first generate the number of independent measurements necessary to
recover the point trajectory. Then we analyze carefully to which extent the
measurements extracted from a particular sequence are independent and provide
enough constraints to recover the trajectory. Finally we generalize our results to
a general framework for trajectory recovery.

3.1 How Many Measurements Are Necessary?

Each 2D point extracted from the images contributes one linear equation in Γ :

Γ (M̂p) = 0, (3)

where M is the camera matrix and M̂ is the 6 × 3 matrix mapping each image
point to its optical ray, as before. Thus the following result is immediate:

Proposition 1 The recovery of the trajectory of a moving point can be done
linearly using at least k ≥ 1

12d
4 + 2

3d
3 + 23

12d
2 + 7

3d independent measurements.

Proof. The number of degrees of freedom of the Chow polynomial that must be
constrained is Nd − 1 =

(
d+5

d

) − (
d−2+5

d−2

)
= 1

12d
4 + 2

3d
3 + 23

12d
2 + 7

3d.

The lower bounds on k for few examples:

1. for a moving point on a conic locus, k ≥ 19,
2. for a moving point on a cubic, k ≥ 49,
3. for a moving point on a quartic, k ≥ 104.

A natural question is to know how many independent equations of type 3
each camera provides. This is the issue described in the next section.

3.2 Which Measurements are Actually Independent?

We start by the simple case of a static camera.

Proposition 2 A static camera provides
(
d+2

d

) − 1 constraints on Γ .
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Proof. All the optical rays generated by a static camera belong to a plane in-
cluded into the Grassmannian G(1, 3). Therefore a static camera allows to re-
cover the intersection with a plane of the subvariety of G(1, 3) we are looking
for. This intersection is a curve of degree d. Therefore a static camera yields(
d+2

d

) − 1 constraints on the Chow polynomials of the curve.

Note that when the camera is static, all the optical rays pass through the same
point, the camera center. Hence the space of curves of a given degree constrained
to pass through the optical rays contains the space of curves of the same degree
passing through the camera center. This has a practical consequence. If several
static cameras are viewing a moving point, the recovery of the trajectory might
lead to a parasite solution, i.e. a curve passing through the camera centers. If
such a parasite solution exists it must be eliminated.

Let us now consider a moving camera over a trajectory modeled by an alge-
braic curve of degree k. The question is to know how many independent mea-
surements this camera provides on a point moving over a trajectory of degree
d. When the number of measurements is large enough, this can be viewed as
computing the number of degrees of freedom of the family of curves of degree
d over the surface generated by the optical rays generated by the tracked point
and the camera center. This is a question of algebraic geometry. We give here
the result and postpone the proof to the appendix.

Theorem 1 Fundamental Theorem
A camera moving along a curve of degree k ≥ 1 provides H(k, d) constraints on
the Chow Polynomial Γ of the trajectory of degree d ≥ 1 a moving point , where

H(1, 1) = 4
H(2, 1) = 5
H(1, 2) = 12
H(2, 2) = 17
H(k, 2) = 18 for k ≥ 3

H(k, d) =




Nd − (
d−k+5

5

)
+

(
d−k+3

5

) − 1 if k ≤ d − 2
Nd − 7 if k = d − 1
Nd − 1 if k ≥ d


 for d ≥ 3

If several independently moving cameras are viewing a moving point, then
the number of constraints this whole camera rig provides is the sum of each
H(k, d) for each camera until the Nd − 1 constraints are obtained.

3.3 A General Framework for Trajectory Recovery from Known
Cameras

At this point we are in a position to propose a general framework for trajectory
recovery. A set of non-synchronized cameras Mi, i = 1, ...,m which are either
static or moving is viewing at a set of points Pj , j = 1, ..., n either static or
moving. Since each camera is regarded as a dynamic system, the camera matrices
are time dependent. Hence the camera matrix i at time ki will be denoted by
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Miki . Note that the cameras are independent and in particular they are not
supposed to be synchronized. Therefore the time samples are different between
every two cameras. This means that the indices ki are independent between two
cameras. Let pijki be the projection of the point Pj onto the camera i at time
ki. All the Miki are known for all i and all ki. This can be achieved during a
preprocess by tracking static points over each sequence.

For a given point Pj , the optical rays Lijki = M̂ipijki , for all i and ki, meet
the trajectory of Pj . Then according to the geometric entity generated for all
i and ki by those rays, the motion of Pj can be recovered. Here we provide a
table that gives the correspondence between the motion of the point and the
geometry of the optical rays.

Motion of Pj Geometric entity
generated by {Lijk}

Static point Plane in P
5

included in G(1, 3)
Point moving on a line Hyperplane section

of G(1, 3)
Point moving on a conic Intersection of a quadric

of P
5 with G(1, 3)

... ...
Point moving on a curve Intersection of a

hypersurface
of degree d of degree d with G(1, 3)

Therefore this framework provides us with a way of segmenting static points
from moving points and then to reconstruct the location of the former and the
trajectory of the latter. Note that the determination of the trajectory degree is
now handled in the context of fitting the Chow polynomial from the optical rays.

This framework can be seen as a complete generalization of [1], where only
the case of moving points on a line was presented using the formalism of the
linear line complex.

4 Experiments

The computation of the Chow Polynomial involves an estimation problem. How-
ever as mentioned above, the Chow polynomial is not uniquely defined. In order
to get a unique solution, we have to add some constraints to the estimation
problem which do not distort the geometric meaning of the Chow polynomial.
This is simply done by imposing to the Chow polynomial to vanish over Wd

additional arbitrary points of P
5 which do not lie on G(1, 3). The number of

additional points necessary to get a unique solution is Wd =
(
d+5

d

) − Nd, where
d is the degree of the Chow polynomial.
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4.1 Synthetic Trajectory Triangulation

Let P ∈ P
3 be a point moving on a cubic, as follows:

P(t) =




t3

2t3 + 3t2

t3 + t2 + t+ 1
t3 + t2 + t+ 2




It is viewed by a moving camera. At each time instant a picture is made ,we
get a 2D point p(t) = [x(t), y(t)]T = [m

T
1 (t)P(t)

mT
3 (t)P(t) ,

mT
2 (t)P(t)

mT
3 (t)P(t) ]

T , where MT (t) =
[m1(t),m2(t),m3(t)] is the transpose of the camera matrix at time t.

Then we build the set of optical rays generated by the sequence. The Chow
polynomial is then computed and given below:

Γ (L1, ..., L6) = −72L2
2L3 + L3

1 − 5L1L4L5−
18L1L3L6 + 57L2L3L5 + 48L2L4L5 − 43L1L2L4−
10L1L3L5 + 21L1L5L6 − 30L1L4L6 − 108L2L3L6+
41L1L2L5 + 69L1L2L6 − 26L1L2L3 − 36L2L

2
4−

21L2L
2
5 + 3L3L

2
5 − 9L2

3L5 − 12L2
4L5 + 6L4L

2
5+

4L2
1L4 + 20L3

2 − 13L3
3 + 8L3

4 − L3
5 + 108L2

2L6−
120L2

2L5 + 27L2
3L6 − 25L2

1L6 + 57L2L
2
3+

84L2
2L4 + 7L1L

2
3 − L2

1L5 + 31L1L
2
2+

5L2
1L3 + L1L

2
5 − 11L2

1L2 + 7L1L
2
4

At this point we perform the algorithm described in section 2.2 and get
exactly the sequence of locations of the moving point P(t). We show in figure 2
the recovered discrete locations of the point in 3D.
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Fig. 2. The 3D locations of the point
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4.2 Experiment on Real Images

A point is moving over a conic section. Four static non-synchronized cameras
are looking at it. We show on figure 3 one image of one sequence.

Fig. 3. A moving point over a conic section

The camera matrices are computed using the calibration pattern. Every
2D measurement p(t) is corrupted by additive noise, which we consider as an
isotropic Gaussian noise N (0, σ). The variance is estimated to be about 2 pixels.

For each 2D point p(t), we form the optical ray it generates L(t) = M̂p(t).
Then the estimation of the Chow polynomial is made using the optical rays
L(t). In order to avoid the problem of scale, the Plücker coordinates of each line
are normalized such that the last coordinate is equal to one. Hence the lines
are represented by vectors in a five-dimensional affine space, denoted by La(t).
Hence if θ is a vector containing the coefficient of the Chow polynomial Γ , θ is
solution of the following problem:

Z(La(t))T θ = 0, for all t,

with ‖ θ ‖= 1 and Z(La(t)) is a vector which coordinates are monomials gener-
ated by the coordinates of La(t). Following [4,18], in order to obtain a reliable
estimate, the solution θ is computed using a maximum likelihood estimator. This
allows to take into account the fact that each Z(La(t)) has a different covariance
matrix, or in other terms that the noise is heteroscedastic. More precisely, each
Z(La(t)) has the following covariance matrix:

CL(t) = JφJnM̂


σ 0 0
0 σ 0
0 0 0


 M̂T JT

nJT
φ ,

where M is the camera matrix and Jn and Jφ are respectively the Jacobian
matrices of the normalization of L(t) and of the map sending La(t) to Z(La(t)).
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That is for L(t) = [L1, L2, L3, L4, L5, L6]T , we have:

Jn =




1
L6

0 0 0 0 −L1
L2

6

0 1
L6

0 0 0 −L2
L2

6

0 0 1
L6

0 0 −L3
L2

6

0 0 0 1
L6

0 −L4
L2

6

0 0 0 0 1
L6

−L5
L2

6



,

and Jφ is similarly computed. Then we use the method presented in [4] to per-
form the estimation. The result is stable where starting with a good initial guess.
In order to handle more general situation we further stabilize it by incorporating
some extra constraints that come some our a-priori knowledge of the form of
the solution. The final result is presented in figure 4.
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Fig. 4. The trajectory rendered in the calibration pattern

5 Conclusion and Future Work

In this paper, we presented a general method for triangulating arbitrary tra-
jectories of moving points in dynamic scenes. Our approach is based on a new
(to computer vision) representation of curves. Within this representation the
unknowns appear linearly. Hence an arbitrary trajectory can be approximated
by algebraic piece-wise approximation. Experiments also showed the feasibility
of our approach.

Further research is needed to get complete reliable estimate of the Chow poly-
nomial because of the heteroscedasticity of the noise and the high dimensionality
of the solution space.

Moreover, our approach gives rise to interesting questions that will be in-
vestigated in future work. Those questions are related to dual extensions of the
present work:
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– Moving camera recovery from known moving points or equivalently static
cameras recovery from known curves;

– Structure and motion recovery in dynamic environments when some assump-
tions on the nature of the motions can be made.

A Appendix: The Fundamental Theorem

We prove the theorem 1.

Proof. The proof is based on cohomological computation [15]. Let X (resp. Y )
be the point (resp. camera center) trajectory. Each observation generates an
optical ray joining the camera center and the point. Let L1, ....,Ln be these n
lines joining X and Y . Let ΓX and ΓY be the Chow polynomial of X and Y
respectively. We shall denote by Z(ΓX) and Z(ΓY ) the sets where they vanish.
Let V = Z(ΓX) ∩ Z(ΓY ) ∩ G(1, 3). For n >> 1, we have

{ Γ ∈ H0(P5,OP5(d)) : Γ (Li) = 0 , i = 1, . . . , n} =
{ Γ ∈ H0(P5,OP5(d)) : Γ|V ≡ 0 } = IV,P5(d) .

So, we want to compute dim(IV,P5(d)), which is the dimension of the space of
ΓX , or, equivalently, h0(V,OV (d)) = h0(OP5(d)) − dim(IV,P5(d)). Since V is a
complete intersection of degree (d, k, 2) in P

5, the dimension of IV,P5(d) should
be equal to

h0(OP5(d − 2)) + h0(OP5(d − k)) − h0(OP5(d − k − 2)) + 1.

As a consequence

h0(V,OV (d)) = Nd − (
h0(OP5(d − k)) − h0(OP5(d − k − 2)) + 1

)
.

References

1. S. Avidan and A. Shashua, Trajectory triangulation: 3D reconstruction of moving
points from a monocular image sequence. IEEE Transactions on Pattern Analysis
and Machine Intelligence, 22(4):348-357, 2000.

2. M. Barnabei, A. Brini and G.C. Rota, On the exterior calculus of invariant theory.
Journal of Algebra, 96, 120-160(1985)
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Surviving Dominant Planes in Uncalibrated Structure
and Motion Recovery
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Abstract. In this paper we address the problem of uncalibrated structure and
motion recovery from image sequences that contain dominant planes in some of the
views. Traditional approaches fail when the features common to three consecutive
views are all located on a plane. This happens because in the uncalibrated case there
is a fundamental ambiguity in relating the structure before and after the plane. This
is, however, a situation that is often hard to avoid in man-made environments. We
propose a complete approach that detects the problem and defers the computation
of parameters that are ambiguous in projective space (i.e. the registration between
partial reconstructions only sharing a common plane and poses of cameras only
seeing planar features) till after self-calibration. Also a new linear self-calibration
algorithm is proposed that couples the intrinsics between multiple subsequences.
The final result is a complete metric 3D reconstruction of both structure and motion
for the whole sequence. Experimental results on real image sequences show that
the approach yields very good results.

1 Introduction

There has been a lot of progress in uncalibrated structure and motion (USaM) recovery
over the last decade. Faugeras [3] and Hartley et al. [9] have shown that starting from
an uncalibrated image pair a projective reconstruction was possible. The use of robust
statistics for the computation of the epipolar geometry made it possible to obtain good
results on real image data [27,21]. These approaches were later extended to image
sequences (e.g. [2,15]). In parallel with these developments the possibility to upgrade a
projective reconstruction to metric (i.e. Euclidean up to scale) based on constraints on the
intrinsics was shown [4]. Over the years many different methods have been proposed for
constant [11,16,24] and varying intrinsics [17]. Therefore, starting from an uncalibrated
image sequence it became possible to retrieve a metric 3D reconstruction. Compared
to the more traditional structure and motion recovery approaches where the camera is
calibrated separately, USaM recovery offers an important increase in flexibility.

However, an important –but often ignored– problem of the uncalibrated approach is
that it breaks down in the case of a planar scene. The relative pose between views can not
be determined when all common features are located in a plane. In fact this is a specific
case of the more general problem of critical surfaces (e.g. [12]). However, other cases
are much less probable to be encountered in practice. Recently, there has been quite
some work on dealing with planes in USaM recovery. Liu et al. [14] and Bartoli et al. [1]
looked at architectural scenes containing planes. Note, however, that these techniques

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 837–851, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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require multiple planes or general structure and would therefore fail on the cases treated
by this paper. Another interesting approach was proposed by Rother and Carlsson [19].
In this case a linear solution is obtained when a single plane can be seen in all views.
Nevertheless, in each view at least two points not located on the plane are required.

In fact, the work that comes closest to solving the problem was carried out by Torr et
al. In [23] a robust model selection criterion to differentiate between general 3D struc-
ture and planar structure was proposed. This allows to automatically identify the views
where the structure is not sufficiently general and to deal with them accordingly (i.e.
estimating a homography instead of the epipolar geometry). Although some possibilities
were sketched on how this could be used to solve the planarity induced ambiguities in the
recovery of USaM, the paper mostly focuses on the model selection and feature tracking
issues. No general solution is provided to solve the ambiguity between the structure and
motion of subsequences only sharing a single plane.

The main subject of this paper consists of proposing a complete approach to uncali-
brated structure and motion recovery that can deal with dominant planes. The approach
starts by extending the work by Torr et al. [23] to the 3-view case (which is neces-
sary as will be seen later) so that the difference can be made between subsequences
observing sufficiently general structure and subsequences where the tracked features
are all located on a single plane. The next step consists of independently recovering
the projective structure of the different 3D subsequences. Then the reconstruction for
the 3D subsequences is extended with the reconstruction of the planes. Once this is
done self-calibration is used to recover the metric structure. To improve the accuracy
and robustness the approach couples the intrinsics between the different subsequences.
This is especially important to allow successful self-calibration of shorter subsequences.
These results are refined using a bundle adjustment that couples the intrinsics for all
the subsequences. At this stage a pose estimation algorithm can be used to determine
the motion of the camera over the planar parts. The different parts are also assembled
(by aligning the overlapping planes). Finally, a global bundle adjustment is carried out
to obtain a maximum likelihood estimation of the metric structure and motion for the
whole sequence.

The paper is organized as follows. In the next section a traditional uncalibrated
structure and motion approach is reviewed. Then, the problem caused by dominant planes
is described and the approach for detecting the problem is described. The actual approach
to solve it is described in Section 5 (partial projective USaM recovery), Section 6 (coupled
self-calibration) and Section 7 (complete metric SaM recovery). In the final sections
results and conclusions are presented.

1.1 Notations

Points are represented by homogeneous 4-vectors M in 3-space, and by homogeneous
3-vectors m in the image. A plane is represented by a homogeneous 4-vector Π and a
point M is on a plane if Π�M = 0. A point M is mapped to its image m through perspective
projection, represented by a 3 × 4 projection matrix P as m ∼ PM. The symbol ∼
indicates equality up to a non-zero scale factor. In a metric coordinate system the matrix
P can be factorized in intrinsic and extrinsic camera parameters: P = K[R t] where
the upper-triangular matrix K is given by the following equation:
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K =


f s u

rf v
1


 (1)

with f the focal length (measured in pixels), r the aspect ratio, (u, v) the coordinates
of the principal point and s a factor that is zero when the pixels are rectangular. To
deal with radial distortion, the perspective projection model is extended to KR([R t]M)
with R([x y 1]�) ∼ [x y w]� and w−1 = (1 + k1r

2 + k2r
4) and r2 = x2 + y2 and

k1 and k2 are parameters of radial distortion. The fundamental matrix F and the two
image homography H, are both 3 × 3 homogeneous matrices. A point m located in the
plane corresponding to the homography H is transferred from one image to the other
according to m′ ∼ Hm. A more complete description of these concepts can be found
in [10].

2 General Projective Structure and Motion Recovery

Starting from an uncalibrated image sequence the first step consists of relating the dif-
ferent images to each other. This is not an easy problem. In general a restricted number
of corresponding points is sufficient to determine the epipolar geometry between the im-
ages. Since not all points are equally suited for matching (e.g. pixels in a homogeneous
region), the first step consist of selecting feature points [8] that are suited for automated
matching. Features of consecutive views are compared and a number of potential corre-
spondences are obtained. From these the epipolar geometry can be computed. However,
the initial set of corresponding points is typically contaminated with an important num-
ber of outliers. In this case, a traditional least-squares approach will fail and therefore a
robust method is used [21,27,5]. Once the epipolar geometry has been obtained it can
be used to guide the search for additional correspondences. These can then in turn be
used to further refine the epipolar geometry.

The relation between the views and the correspondences between the features can
then be used to retrieve the structure of the scene and the motion of the camera. The
approach that is used is related to [2] but is fully projective and therefore not dependent
on any approximation. This is achieved by strictly carrying out all measurements in the
images, i.e. using only reprojection errors. At first two images are selected and an initial
projective reconstruction frame is set-up [3,9]. Then the pose of the camera for the other
views is determined in this frame and for each additional view the initial reconstruction is
refined and extended. Once the structure and motion has been determined for the whole
sequence, the results are refined through a projective bundle adjustment [26]. To mini-
mize the presence of a consistent bias in the reconstruction, this bundle adjustment takes
into account radial distortion (around the image center). Then the ambiguity is restricted
to metric through self-calibration. A modified version of [17] is used (see Section 6).
Finally, a metric bundle adjustment is carried out to obtain an optimal estimation for
both structure and motion.

3 Problems with Planes

The projective structure and motion approach described in the previous section assumes
that both motion and structure are general.When this is not the case, the approach can fail.
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In the case of motion this will happen when the camera is purely rotating. A solution
to this problem was proposed in [23]. Here we will assume that care is taken during
acquisition to not take multiple images from the same position so that this problem
doesn’t occur1.

Scene related problems occur when (part of) the scene is purely planar. In this case
it is not possible anymore to determine the epipolar geometry uniquely. If the scene is
planar, the image motion can be fully described by a homography. Since F = [e′]×H
(with [e′]× the vector product with the epipole e′), there is a 2 parameter family of
solutions for the epipolar geometry. In practice robust techniques would pick a random
solution based on the inclusion of some outliers.

Assuming we would be able to detect this degeneracy, the problem is not completely
solved yet. Obviously, the different subsequences containing sufficient general 3D struc-
ture could be reconstructed separately. The structure of subsequences containing only
a single plane could also be reconstructed as such. These planar reconstructions could
then be inserted into the neighboring 3D projective reconstructions. However, there re-
mains an ambiguity on the transformation relating two 3D projective reconstruction only
sharing a common plane. The plane shared by the two reconstructions can be uniquely
parameterized by three 3D points (3 × 3 parameters) and a fourth point in the plane
(2 free parameters) to determine the projective basis within the plane. The ambiguity
therefore has 15-11=4 degrees of freedom. An illustration is given on the left side of
Figure 1. Note also that it can be very hard to avoid this type of degeneracy as can be
seen from the right side of Figure 1. Many scenes have a configuration similar to this
one.

4 Detecting Dominant Planes

The first part of the solution consists of detecting the cases where only planar features are
being matched. The Geometric Robust Information Criterion (GRIC) model selection
approach proposed in [22] is briefly reviewed. The GRIC selects the model with the
lowest score. The score of a model is obtained by summing two contributions. The first
one is related to the goodness of the fit and the second one is related to the parsimony
of the model. It is important that a robust Maximum Likelihood Estimator (MLE) be
used for estimating the different structure and motion models being compared through
GRIC. GRIC takes into account the number n of inliers plus outliers, the residuals ei, the
standard deviation of the measurement error σ, the dimension of the data r, the number
k of motion model parameters and the dimension d of the structure:

GRIC =
∑

ρ(e2
i ) + (nd ln(r) + k ln(rn)) . (2)

where ρ(e2)

ρ(e2) = min
(

e2

σ2 , 2(r − d)
)

. (3)

1 Note that the approach would still work if the pure rotation takes place while observing a planar
part.
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CA

B

31
2

Fig. 1. Left: Illustration of the four-parameter ambiguity between two projective reconstructions
sharing a common plane. If the base of the cube is shared, a projective transformation can still
affect the height of the cube and the position of the third vanishing point. Right: A fundamental
problem for many (man-made) scenes is that it is not possible to see A,B and C at the same time
and therefore when moving from position 1 to position 3 the planar ambiguity problem will be
encountered.

In the above equation nd ln(r) represents the penalty term for the structure having n times
d parameters each estimated from r observations and k ln(rn) represents the penalty
term for the motion model having k parameters estimated from rn observations.

For each image pair GRIC(F) and GRIC(H) can be compared. If GRIC(H) yields
the lowest value it is assumed that most matched features are located on a dominant
plane and that a homography model is therefore appropriate. On the contrary, when
GRIC(F) yields the lowest value one could assume, as did Torr [23], that standard
projective structure and motion recovery could be continued. In most cases this is correct,
however, in some cases this might still fail. An illustration of the problem is given on
the left side of Figure 2 where both F12 and F23 could be successfully computed, but
where structure and motion recovery would fail because all features common to the three
views are located on a plane. Estimating the pose of camera 3 from features reconstructed
from views 1 and 2 or alternatively estimating the trifocal tensor from the triplets would
yield a three-parameter family of solutions. However, imposing reconstruction 1–2 and
reconstruction 2–3 to be aligned (including the center of projection for view 2) would
reduce the ambiguity to a one-parameter family of solutions. This ambiguity is illustrated
on the right side of Figure 2. Compared to the reference frame of cameras 1 and 2 the
position of camera 3 can change arbitrarily as long as the epipole in image 2 is not
modified (i.e. motion along a line connecting the center of projections of image 2 and
3). Since intersection has to be preserved and the image of the common plane also has to
be invariant, the transformation of the rest of space is completely determined. Note –as
seen in Figure 2– that this remaining ambiguity could still cause an important distortion.
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1,2 2,3

1,2,3

1,2
2’,3’

1,2,3’

Fig. 2. Left: Although each pair contains non-coplanar features, the three views only have coplanar
points in common. Right: Illustration of the remaining ambiguity if the position of the center of
projection for view 2 corresponds for structure 1–2 and 2–3.

For the reason described above we propose to use the GRIC criterion on triplets
of views (r = 6). On the one hand we have GRIC(PPP) based on a model containing
3 projection matrices (up to a projective ambiguity) with k = 3 × 11 − 15 = 18
and d = 3 (note that using a model based on the trifocal tensor would be equivalent),
on the other hand we have GRIC(HH) based on a model containing 2 homographies
with k = 2 × 8 = 16 and d = 2. To efficiently compute the MLE of both PPP and
HH the sparse structure of the problem is exploited (similar to bundle adjustment). We
can now differentiate between two different cases: Case A: GRIC(PPP)<GRIC(HH):
three views observe general 3D structure. Case B: GRIC(PPP)>GRIC(HH): common
structure between three views is planar. Note that it does not make sense to consider
mixed cases such as HF or FH since for structure and motion recovery triplets are needed
which in these cases would all be located on a plane anyway.

Note that in addition, one should verify that a sufficient number of triplets remain (say
more than 50) to allow a reliable estimation. When too few points are seen in common
over three views, the sequence is also split up. In a later stage it can be reassembled
(using the procedure laid out in Section 7). This avoids the risk of a (slight) change of
projective basis due to an unreliable estimation based on too few points. Note that it is
important to avoid this, since this would mean that different transformations would be
required to bring the different parts of the recovered structure and motion back to a metric
reference frame. In practice this causes self-calibration to fail and should therefore be
avoided.

5 Partial Projective Structure and Motion Recovery

The sequence is first traversed and separated in subsequences. For subsequences with
sufficient 3D structure (case A) the approach described in Section 2 is followed so that
the projective structure and motion is recovered. When a triplet corresponds to case B,
only planar features are tracked and reconstructed (in 2D). A possible partitioning of an
image sequence is given in Table 1. Note that the triplet 3-4-5 would cause an approach
based on [23] to fail.
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Table 1. Example on how a sequence would be partitioned based on the different cases obtained
in the model selection step. Underlined F correspond to cases that would not be dealt with appro-
priately using a pairwise analysis.

case AABAABBBBBAAA
3D PPPP PPPPP
2D HH HHHHHH
3D PPPP

FFFFFFHHHHFFFF

Suppose the plane Π is labeled as a dominant plane from view i based on features
tracked in views (i − 1, i, i + 1). In general, some feature points MΠ located on Π will
have been reconstructed in 3D from previous views (e.g. i and (i − 1)). Therefore, the
coefficients of Π can be computed from M�

Π Π = 0. Define MΠ as the right null space of Π�

(4 × 3 matrix). MΠ represents 3 supporting points for the plane Π and let mΠi = PiMΠ

be the corresponding image projections. Define the homography HiΠ = m−1
Πi , then the

3D reconstruction of image points located in the plane Π are obtained as follows:

Mi = MΠHiΠmi (4)

Similarly, a feature mj seen in view j(> i) can be reconstructed as:

Mj = MΠHiΠ(HΠ
ij)

−1mj (5)

where HΠ
ij = HΠ

i(i+1) . . .HΠ
(j−1)j .

6 Coupled Self-Calibration

Once the projective structure and motion has been computed for each subsequence,
standard self-calibration approaches could be used on the subsequences. However, some
of these could be too short to obtain good results.

In this section a self-calibration approach is proposed that couples the camera in-
trinsics for the different subsequences containing general 3D structure. The approach
is based on the approach proposed in [17], but was adapted to better reflect a priory
expectations for the unknowns. The approach is based on the projection equation for the
absolute quadric [24]:

KK� ∼ PΩ∗P� (6)

where Ω∗ represents the absolute quadric. In metric space Ω∗ = diag(1, 1, 1, 0), in
projective space Ω∗ is a 4 × 4 symmetric rank 3 matrix representing an imaginary disc-
quadric. By transforming the image so that a typical focal length (e.g. 50mm) corresponds
to unit length in the image and that the center of the image is located at the origin, realistic
expectations for the intrinsics are log(f) = log(1) ± log(3) (i.e. f is typically in the
range [17mm, 150mm]), r = log(1) ± log(1.1), u = 0 ± 0.1, v = 0 ± 0.1, s = 0.
These expectations can be used to obtain a set of weighted self-calibration equations
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from Equation (6):

1
9ν

(
P1Ω∗P1

� − P3Ω∗P3
�

)
= 0 1

0.01ν

(
P1Ω∗P2

�
)

= 0
1
9ν

(
P2Ω∗P2

� − P3Ω∗P3
�

)
= 0 1

0.1ν

(
P1Ω∗P3

�
)

= 0
1

0.2ν

(
P1Ω∗P1

� − P2Ω∗P2
�

)
= 0 1

0.1ν

(
P2Ω∗P3

�
)

= 0

(7)

where Pi is the i-th row of a projection matrix and ν a scale factor that is initially set to 1
and later on to P3Ω̃∗P3

� with Ω̃∗ the result of the previous iteration. In practice iterating
is not really necessary, but a few iterations can be performed to refine the initial result.
Experimental validation has shown that this approach yields much better results than
the original approach described in [17]. This is mostly due to the fact that constraining
all parameters (even with a small weight) allows to avoid most of the problems due to
critical motion sequences [20,13] (especially the specific additional case for the linear
algorithm [18]).

When choosing P = [I|0] for one of the projection matrices it can be seen from
Equation (6) that Ω∗ can be written as:

Ω∗ =
[
KK� a
a� b

]
(8)

Now the set of equations (7) can thus be written as:

[
C D

]

 k[

a
b

]

 (9)

wherek is a vector containing 6 coefficients representing the matrixKK�,a is a 3-vector
and b a scalar and C and D are matrices containing the coefficients of the equations.
Note that this can be done independently for every 3D subsequence.

If the sequence is recorded with constant intrinsics, the vector k will be common to
all subsequences and one obtains the following coupled self-calibration equations:




C1 D1 0 · · · 0
C2 0 D2 · · · 0

...
...

...
...

...
Cn 0 0 · · · Dn







k[
a1
b1

]
[
a2
b2

]

...[
an

bn

]




(10)

As will be seen in the experiments this approach is very successful. The most important
feature is that through the coupling it allows to get good results even for the shorter
subsequences. For each subsequence a transformation to upgrade the reconstruction from
projective to metric can be obtained from the constraint TiΩ∗

i T
�
i = diag(1, 1, 1, 0)

(through Cholesky factorization). This result is then further refined through a metric
bundle adjustment that also couples the intrinsics of the different subsequences.
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7 Combined Metric Structure and Motion Recovery

Now that the metric structure of the subsequences has been recovered, the pose of the
camera can also be determined for the viewpoints observing only planar points. Since
the intrinsics have been computed, a standard pose estimation algorithm can be used.
We use Grunert’s algorithm as described in [7]. To deal with outliers a robust approach
was implemented [5].

Finally, it becomes possible to align the structure and motion recovered for the
separate subsequences based on common points. Note that these points are all located
in a plane and therefore some precautions have to be taken to obtain results using linear
equations. However, since 3 points form a basis in a metric 3D space, additional points
out of the plane can easily be generated (i.e. using the vector product) and used to
compute the relative transform using linear equations. Here again a robust approach is
used.

Now that all structure and motion parameters have been estimated for the whole
sequence. A final bundle adjustment is carried out to obtain a globally optimal solution.

Fig. 3. Some of the 64 images of the corner sequence.

Figure 5 shows results for different stages of our approach. At the top-left the re-
covered metric structure and motion for the two subsequences that contain sufficiently
general structure is given (after coupled self-calibration). Then, both structure and mo-
tion are extended over the planar parts. This can be seen in the middle-left part of the
figure. At the bottom-left the complete structure and motion for the whole sequence is
shown after bundle adjustment. On the right side of the figure orthogonal top and front
views are shown.
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Fig. 4. Left: GRIC(F) (solid/black line) and GRIC(H) (dashed/blue line). Right: GRIC(PPP)
(solid/black line) and GRIC(HH) (dashed/blue line).

Fig. 5. Left: different stages of the structure and motion recovery, Right: orthogonal views of the
final result.
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8 Results

In this section results of our approach on two real image sequences are shown. The
first image sequence was recorded from a corner of our institute. The corner sequence
contains 64 images recorded using a Sony TRV900 digital camcorder in progressive
scan mode. The images therefore have a resolution of 720 × 576 (PAL). Some of the
images are shown in Figure 3. Note that the images contain quite some radial distortion.

In Figure 4 the GRIC values are given for F and H as well as for PPP and HH. It
can clearly be seen that –besides dealing with additional ambiguities– the triplet based
analysis in general provides more discriminant results. It is also interesting to note that
triplet 34-35-36 is clearly indicated as containing sufficiently general structure for the
triplet-based approach while the pair-based approach marginally prefers to use the plane
based model. The USaM approach reconstructs the structure for this triplet (including
some points seen in the background of the lower left picture of Figure 3) and successfully
integrates them with the rest of the recovered structure and motion.

The second sequence consists of 150 images of an old farmhouse. It was recorded
with the same camera as the first sequence. In Figure 6 the GRIC values are plotted and
for some of them the corresponding images are shown. As can be seen the approach suc-
cessfully discriminates between the planar parts and the others. In Figure 7 the computed
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2500

3000

3500

Fig. 6. Some images of the farmhouse sequence together with GRIC(PPP) (solid/black line) and
GRIC(HH) (dashed/blue line).
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structure and motion is shown. In Figure 8 some views of a dense textured 3D model
are shown. This model was obtained by computing some depth maps using a stereo
algorithm and the obtained metric structure and motion. Note that the whole approach
from image sequence to complete 3D model is fully automatic.

Fig. 7. Combined structure and motion for the whole farmhouse sequence.

9 Conclusion

In this paper we have presented an approach that successfully deals with dominant
planes in uncalibrated structure and motion recovery. This is an important problem that
limited the practical applicability of uncalibrated approaches, especially in man-made
environments. The solution proposed in this paper yields very good results on real im-
age sequences. The approach uses the Geometric Robust Information Criterion to detect
if features seen in common by three views are all in a plane. Subsequences contain-
ing sufficiently general structure are reconstructed and then extended with the planar
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Fig. 8. Textured 3D model of the farmhouse

parts. A new linear self-calibration algorithm couples the intrinsics between the differ-
ent subsequences so that even for short sequences good results can be obtained. Once
the reconstruction has been upgraded to metric, the pose is estimated for the cameras
observing planar parts and the reconstructions for the different subsequences are assem-
bled. Finally a global bundle adjustment provides an optimal estimate of both structure
and motion. A key factor for the success of the proposed approach is the consistent use of
robust maximum likelihood estimation through efficient bundle adjustment and robust
estimation (i.e. RANSAC) at most of the stages of the computations.
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Abstract. We consider dynamic scenes consisting of moving points whose motion
is constrained to happen in one of a pencil of planes. This is for example the case
when rigid objects move independently, but on a common ground plane (each
point moves in one of a pencil of planes parallel to the ground plane). We consider
stereo pairs of the dynamic scene, taken by a moving stereo system, that allow
to obtain 3D reconstructions of the scene, for different time instants. We derive
matching constraints for pairs of such 3D reconstructions, especially we introduce
a simple tensor, that encapsulates parts of the motion of the stereo system and parts
of the scene structure. This tensor allows to partially recover the dynamic structure
of the scene. Complete recovery of structure and motion can be performed in a
number of ways, e.g. using the information of static points or linear trajectories.
We also develop a special self-calibration method for the considered scenario.

1 Introduction

Most existing works on structure and motion from images concentrate on the case of rigid
scenes. The rigidity constraint allows to derive matching relations among two or more
images, represented by e.g. the fundamental matrix or trifocal tensors. These matching
tensors encapsulate the geometry/motion of the cameras which took the underlying
images, and thus all the geometric information needed to perform 3D reconstruction.
Matching tensors for rigid scenes can also be employed for scenes composed of multiple,
independently moving objects [1,2], which requires however that enough features be
extracted for each object, making segmentation, at least implicitly, possible.

Shashua and Wolf introduced the so-called homography tensors [9] – matching con-
straints that exist between three views of a planar scene consisting of independently
moving points (each point being static or moving on a straight line). Basically, given
correspondences of projections of such points in three images, the plane homographies
between all pairs of images can be computed from the homography tensor, which would
not be possible with only two images of the scene. It is important to note that this does
not make any assumption about the camera’s motion, i.e. the camera is indeed allowed
to move freely between image takings. So, this work is maybe the first that considers
scenarios where everything is moving independently: the camera as well as any point in
the scene 1.

1 Of course, if the camera were not moving, two images would be enough to do the job (the plane
homography between them, for any plane, is intrinsically known – it is the identity).
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Naturally, the question arises if there are other dynamic scenarios that might be
interesting to examine. Wolf et al. considered the case of a rigid stereo system taking
stereo pairs of a threedimensional scene consisting of points moving on straight lines,
but independently from each other [11]. From each stereo pair, a 3D reconstruction of
the current state of the scene can be obtained (a projective reconstruction if the cameras
are not calibrated). Similarly to the above mentioned work on 2D homography tensors,
the aim is now to determine 3D homographies between pairs of 3D reconstructions,
that would allow to align them. If the stereo system were static, this would again be no
problem: the searched for 3D homography is simply the identity transformation. In case
of a moving stereo system however, Wolf et al. showed that there exist matching tensors,
between three 3D reconstructions, representing the state of the scene at three different
time instants. From these so-called join tensors, the 3D homographies between all pairs
of 3D reconstructions can be recovered, and the reconstructions can be aligned. These
3D homographies represent in fact the stereo system’s motions.

Other works along similar lines include that of Han and Kanade [3,4], who consider
points moving with constant velocities (thus on linear trajectories), for the case of affine
or perspective cameras. Wolf and Shashua [12] consider several dynamic scenarios,
and derive matching constraints by embedding the problem representations in higher-
dimensional spaces than e.g. the usual projective 3-space for rigid scenes.

The work presented in this paper is inspired by these works.We consider the following
scenario: a moving stereo system taking 2D views of a 3D scene consisting of moving
points, each point moving arbitrarily in what we call its motion plane. In addition, all
motion planes are constrained to belong to the same pencil of planes. The most practical
instance of this kind of scenario is the case where all motion planes are parallel to each
other and, say, horizontal. This scenario covers for example all scenes where objects
move on a common ground plane.

For each time instant considered, the stereo system gives a 3D view of the current
state of the scene, which would be a projective reconstruction for example, if the system
is uncalibrated. In this paper, we derive matching constraints that exist between such
3D views, and examine which amount of 3D motion and structure information can be
recovered from the associated matching tensors. We show that there already exists a
matching tensor between two 3D views, for two different time instants. This tensor is
more or less the analogue to the fundamental matrix between pairs of 2D views. However,
it does not allow full recovery of the stereo system’s and the 3D points’ structure and
motion. Full recovery of these requires additional information, e.g. the knowledge that
certain points are static, or that certain points move on linear trajectories (if three or more
3D views are available). In the latter case, the join tensors [11] may be applied, but in
our more constrained scenario (pencil of motion planes), a simpler matching constraint
exists, that can be estimated with fewer correspondences.

For the special case of parallel motion planes, we present a simple self-calibration
method that overcomes singularities that exist without the knowledge of parallelism.

2 Background and Notation

We will both use standard matrix-vector notations, and tensor notation. In tensor notation,
points are specified by superscripts, e.g.P i. Transformations mapping points onto points,
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have one superscript and one subscript, e.g. Tm
i . Mapping the point P by T gives a point

Q with Qm = Tm
i P i. Transformations mapping points to hyperplanes, are denoted

as e.g. Lij . Let ε denote the 3 × 3 × 3 “cross-product tensor”, which is defined as
εijka

ibjck = detA where a, b and c are the three columns of matrix A. Among the 27
coefficients of ε, 21 are zero (all coefficients with repeated indices), the others are equal
to +1 or −1.

A linear line complex in 3D is a set of lines that are all incident with a line A, the
axis of the linear line complex [8].

3D lines may be represented via 6-vectors of Plücker coordinates. Plücker coordinate
vectors are defined up to scale and they must satisfy one bilinear constraint on their
coefficients. The Plücker coordinates of a lineA can be determined from any two different
points on A, as follows. Let B and C be two points on A (represented by 4-vectors of
homogeneous coordinates). Define ([A]×)ij = BiCj −CiBj . This is a skew-symmetric
4× 4 matrix and has thus only six different non zero coefficients – these are the Plücker
coordinates of A. There are several possibilities of ordering the coefficients to get a
6-vector, we choose the following:

[A]× =




0 −A4 A6 −A2
A4 0 −A5 −A3

−A6 A5 0 −A1
A2 A3 A1 0


 .

3 Problem Statement

We consider a dynamic scene of the type described above. Any point of the scene may
move freely2 inside what we call its motion plane. All motion planes form a pencil of
planes, whose axis is a 3D line A (see figure 1). For ease of expression, we also call A
the horizon or horizon line of the motion (although A need not be a line at infinity in
general). Let the positions of some point at three different time instants be represented
by the 4-vectors of homogeneous coordinates, P, P ′ and P ′′. We call point motion the
“displacement” of an individual point between different time instants.

A

Fig. 1. Left: the considered scenario – points moving in a pencil of motion planes. Right: 3D views
at two time instants.

2 This includes that a point may actually be static.
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We consider that the scene is observed my a moving stereo system (consisting of
two or more cameras). We suppose that at each time instant, a 3D view of the current
state of the scene can be obtained. In the most general case, this will be a projective
reconstruction, based on a weak calibration of the stereo system, for the images taken
at the considered instant. The stereo system is considered to be moving3, so different
3D views are represented in different coordinate frames (see figure 1). We call stereo
motion the transformation between these coordinate frames. Let T ′ respectively T ′′ be
the transformations mapping points from the second respectively third 3D view, into the
frame of the first one. Let Q,Q′ and Q′′ be the coordinates inside the 3D views, of a
moving point P at three time instants, i.e. of the points P, P ′ and P ′′. The basic question
dealt with in this paper is, which amount of stereo and point motion (i.e. scene structure)
can be reconstructed, given the input of matching 3D views.

We first study this question for the case of two 3D views, by deriving the associ-
ated matching tensor and showing what information on stereo and point motion can be
extracted from it. We show that in general, i.e. for unconstrained motion of individual
points inside their motion planes, a complete reconstruction is not possible, even if ar-
bitrarily many views (for arbitrarily many time instants) are available. Several ways of
obtaining a complete reconstruction, are then described. These are based on additional
knowledge about point motion, e.g. knowledge that individual points are actually static
or that points are moving on linear trajectories.

4 Two 3D Views – The Projective Case

4.1 The Matching Tensor – A Kind of 3D Epipolar Geometry

The structure of all points, observed at two time instants, may be represented as a linear
line complex: the lines spanned by pairs of corresponding points P and P ′, are all bound
to lie in the pencil of motion planes, thus they all intersect the pencil’s axis A.

Let us now consider two 3D views of the dynamic scene, taken at two different
time instants, by an uncalibrated stereo system. Hence, the 3D views are projective
reconstructions of the scene, at the respective time instants. Let point positions in the
first 3D view be denoted asQ and in the second one, asQ′. If we knew the stereo motion
T ′ and A, the point motion’s horizon line in the first 3D view, then, after mapping all
Q′ by T ′, the lines spanned by corresponding points Q and T ′Q′, would form a linear
line complex, with A as axis, as observed above. Let B and C be any two points on A.
We must have coplanarity of Q,T ′Q′, B and C, thus:

det


 | | | |
B C Q T ′Q′

| | | |


 = 0 . (1)

This equation is bilinear in the coefficients of the reconstructed 3D points Q and Q′

and we may rewrite it in the following form:

QiQ′jLij = 0 , (2)

3 Note that it is nowhere required that the stereo system be moving rigidly or the individual
cameras have constant intrinsic parameters or the like.
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where L is a 4 × 4 matrix, that depends on the stereo motion and the point motion’s
horizon line. We might call L a “Linear Line Complex Tensor”, or, L-tensor for short,
for the reasons given above. The coefficients of the two points B and C, that appear in
L, can all be contracted to the Plücker coordinates of A. It is then easy to derive the
following decomposition of L:

L ∼ T ′T[A]× . (3)

In the following, we describe several properties of the tensor and in §4.2 we explain,
what information can be extracted from it.

The matrix [A]× is of rank two at the most, since its coefficients are Plücker coor-
dinates (they satisfy the constraint A1A4 + A2A5 + A3A6 = 0). Hence, L too is of
rank two at the most. The right and left null spaces of L represent nothing else than the
horizon line A: the right null space consists of the 3D points that lie on A, in the first
3D view, whereas the left null space contains the 3D points lying on the reconstruction
of the horizon line A′ in the second 3D view.

In the following, we give some geometric interpretation (cf. figure 2) of the L-tensor,
and actually show that there are some analogies to the epipolar geometry between two
2D views of a rigid scene. Let us first consider the action of L on a point Q in the first
3D reconstruction. The product ([A]×)ij Q

i gives the motion plane Πj , that is spanned

by the horizon lineA and the pointQ [8]. The transformation T ′T maps planes from the

first 3D view, onto planes in the second one: Π ′
k ∼

(
T ′T

)j

k
Πj . The plane Π ′ contains

the horizon line A′. The correspondence of a point Q′ with Q is then expressed as Q′

lying on Π ′, or: Q′kΠ ′
k = 0.

Fig. 2. 3D epipolar geometry.

The analogy to the 2D epipolar geometry is straightforward. The horizon lines A
and A′ (they represent the same “physical” line, but in 3D views taken at different
stereo positions) play the role of the epipoles. In each 3D view, there is a pencil of
“epipolar motion planes” containing the horizon line, which is analogous to pencils of
epipolar lines in 2D views. Concerning the transformation T ′, there is an analogous
expression to L ∼ T ′T[A]× for the 2D epipolar geometry: any plane homography,
multiplied by the skew-symmetrix matrix of an epipole, gives the fundamental matrix.
Plane homographies are those 2D homographies that map one epipole onto the other and
that map corresponding epipolar lines onto each other. Hence, plane homographies are
defined up to three parameters. Here, T ′ is a 3D homography. It is constrained to map
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epipoles A and A′ onto each other and to map corresponding motion planes onto each
other. A difference compared to the 2D epipolar geometry is that here, the epipoles (the
horizon lines) do represent a part of the dynamic scene structure, and not only the camera
geometry. Also, for a given 3D view, the epipole with respect to any other 3D view of
the same dynamic scene, is always the same, whereas in the 2D case, the epipoles of
one view with respect to several other views, are in general different from each other.

4.2 What Can Be Extracted from the L-Tensor?

It would be desirable to extract, from the tensor L, the stereo system’s motion T ′ and
the point motion’s horizon lineA. Unhappily, this is not entirely possible, which is clear
when counting parameters: L offers at most 11 constraints (it is a rank-2 4 × 4 matrix,
defined up to scale), which is not sufficient to cover the 15+4 parameters for T ′ and A.

From the decomposition of L in (3), it is clear that the horizon lineA can be extracted
via the right nullspace of L (the horizon line A′ in the second 3D view is the left
nullspace). The question left is, how much information can be gained on the stereo
motion T ′ ? Let H be any non-singular 3D homography that maps A to the line at
infinity consisting of all points (X,Y, 0, 0)T. It can be shown that multiplying equation
(3) from the right with the inverse of H leads to:

LH−1 ∼ T ′T




0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0


 ∼




0 0 −T ′
41 T

′
31

0 0 −T ′
42 T

′
32

0 0 −T ′
43 T

′
33

0 0 −T ′
44 T

′
34


 .

Hence, L gives us 7 coefficients of T ′ (discarding the scale ambiguity).
Let M ′ be any 4 × 4 matrix whose third and fourth rows are the same as that of T ′,

but with arbitrary coefficients in the first two rows. Any such M ′ maps the horizon line
A′ of the second 3D view onto A in the first 3D view (to be precise, it maps all points
on A′ onto points on A) and the motion planes of the second 3D view (planes spanned
by the Q′ and the line A′), onto the corresponding motion planes in the first view. What
remains unknown however, is the motion inside the individual motion planes.

Mapping the second 3D view by any such M ′ will in the sequel be called partial
alignment of 3D views. Methods for obtaining a full alignment are described further
below. We now describe one method of performing partial alignment. Since everything
is defined up to a global projective transformation, we perform the alignment such that
the horizon line becomes the line at infinity, consisting of all points (X,Y, 0, 0)T, which
leads to simpler expressions in the sequel. Let the Singular Value Decomposition (SVD)
of L be given as (remember that L is of rank two):

L = U



a
b

0
0


V T .
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Define the following projective transformations:

M =




√
a√

a√
b

−√
a


V T M ′ =




√
a √

a√
a √

b


UT .

These transformations are by construction non-singular (unless a = 0 or b = 0).
Transforming the first 3D view by M and the second one by M ′ leads to points MQ
and M ′Q′ that satisfy the following constraint:

(M ′Q′)T L′ MQ = 0

where

L′ =




0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0




is the L-tensor of the partially aligned 3D views.
Before describing methods for full alignment, which will be done in §6, we consider

the specialization of our scenario to the Euclidean and affine cases.

5 Two 3D Views – The Euclidean Case

We now consider the case where the 3D views are Euclidean reconstructions, obtained
using e.g. a calibrated stereo system. In addition, we concentrate on the case of parallel
motion planes, which is probably the most interesting one to study. This means that A
is a line at infinity, thus A4 = A5 = A6 = 0 and

L ∼ T ′T[A]× ∼ T ′T




0 0 0 −A2
0 0 0 −A3
0 0 0 −A1
A2 A3 A1 0


 .

The vector a = (A1, A2, A3)
T contains the homogeneous coordinates of the line A, on

the plane at infinity. Thus, it also represents the homogeneous coordinates of the normal
direction of all motion planes.

For Euclidean 3D views, the stereo motion is a similarity transformation, i.e. a rigid
motion possibly followed by a global scale change, which is needed since the two 3D
views might have different scales. Thus:

T ′ =


 sR t

0T 1



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for a rotation matrix R, a translation vector t and a scalar s. The tensor is thus given by:

L =


 03×3 −sRTa

aT −tTa


 .

It has a particularly simple structure with only 7 non zero coefficients, and no non-
linear constraint on them. However, if the global scale s of the second 3D view, is known
in advance, e.g. due to constant stereo calibration in which case s = 1, then there is one
non-linear constraint: the norm of the leading 3-vectors in the 4th column and the 4th
row of L are the same.

What information on stereo and point motion can be extracted from L ? The horizon
line can be read off directly, as the leading 3-vector of the 4th row. The scale s is obtained
as the ratio of the norms of the two leading 3-vectors in the 4th column and 4th row.As for
R, it can be seen that it can be determined, up to a rotation about a, the normal direction
of the motion planes (see above). Finally, as for the translation t, only its amount along
the direction a, can be determined.

Thus, the L-tensor allows, like in the projective case, only partial alignment of 3D
views. Here, the ambiguity has three degrees of freedom: let T ′ be any similarity trans-
formation doing the partial alignment.Adding any transformation consisting of a rotation
about a and a translation perpendicular to a, will also result in a valid alignment trans-
formation. Contrary to the projective case, the ambiguous transformation is the same for
all motion planes, i.e. if the ambiguity can be cancelled in one motion plane only, then
it can be so for the entire 3D scene alignment (in the projective case, full alignment of
at least two planes is necessary).

6 Three 3D Views

As discussed previously, two 3D views are not sufficient for full alignment. We now
examine if and how additional 3D views, obtained at other time instants, allow to reduce
the ambiguity. Let us first note that even with three or more 3D views of our scenario,
without additional information, full alignment is not possible. Every 3D view can be
partially aligned with the others, as described above, but it is easy to see that the ambiguity
in the alignment can not be reduced without further information. In the following, we
outline a few types of additional information, that indeed may contribute to full alignment
of 3D views.

First, suppose that every point has a linear trajectory. Wolf and Shashua have derived
the matching constraints for three 3D views of this scenario [11]. The so-called join
tensors, or J-tensors for short, allow to perform full alignment of the three 3D views.
This holds even if the linear trajectories are in general position, i.e. if they are not bound
to lie on a pencil of planes. The drawback of this general case is that a linear solution
of the J-tensors requires at least 60 corresponding point triplets. In §6.1, we specialize
the J-tensors to our scenario, and show how this allows full alignment using fewer
correspondences.

Second, we remind that until now we did not assume that there are more than one point
per motion plane. Thus, it might be interesting to study the case of one or several motion
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planes containing several points. This can actually be detected after partial alignment,
see §7.2. In this case, motion planes with enough moving points on them, can be dealt
with individually, e.g. by estimating their homography tensor [9]. Since in our scenario,
we already know at least one line correspondence per motion plane (the horizon line),
we might consider a simplified version of the H-tensor (see §6.2). Each motion plane for
which the H-tensor can be estimated, can thus be fully aligned, and it is easy to show that
the alignment of two or more motion planes is sufficient to align the rest of the scene.

Third, knowledge of static points helps of course in the alignment of the 3D views.
This will be described briefly in §6.3. Other possibly useful types of additional infor-
mation could be knowledge of conical trajectories, of motion with constant velocity, of
linear trajectories going in the same direction, etc.

6.1 Linear Trajectories

The join tensors, introduced for the general case of unconstrained linear trajectories [11],
can also be used here of course. However, in our specialized scenario, we can exploit the
additional constraint that the trajectories form a linear line complex (they lie in a pencil
of motion planes). It is possible to derive tensors that fully encapsulate this constraint,
but they are numerous and not very intuitive. Rather, we suppose in the following that
partial alignment of the three 3D views has been performed (e.g. the second and third
views have been aligned with the first one), as described in §4.2, and derive matching
constraints on the already partially aligned 3D views.

We remind that the horizon line A in the aligned 3D views, is the line at infinity
consisting of points (X,Y, 0, 0)T. Hence, the motion planes are given by 4-vectors of
homogeneous coordinates of the form (0, 0, s,−t)T. We are looking for transformations
T ′ and T ′′ for the second and third 3D views, that leave the horizon line and all motion
planes globally fixed. Hence, the transformations are of the following form:

T ′ =



a′ b′ c′ d′

e′ f ′ g′ h′

0 0 j′ 0
0 0 0 j′


 T ′′ =



a′′ b′′ c′′ d′′

e′′ f ′′ g′′ h′′

0 0 j′′ 0
0 0 0 j′′


 . (4)

LetQ,Q′ andQ′′ represent triplets of corresponding points. The matching constraint
used here is that Q,T ′Q′ and T ′′Q′′ have to be collinear, which means that the rank of
the 4 × 3 matrix composed of these 3 vectors, is two at the most. This constraint can be
expressed by a linear family with four degrees of freedom, of 4×4×4 join tensors [11].
In our case, due to the special form of T ′ and T ′′, the four degrees of freedom remain,
but some coefficients are known to be zero for all join tensors, i.e. fewer than the 60
correspondences for the general family of join tensors, are needed here to estimate them.

One problem here, that actually turns out as a benefit, is that the point correspon-
dences available to us in the considered scenario, are constrained – all triplets of points
Q,Q′, Q′′ lie in some “horizontal” plane (in the chosen projective frame). Hence, the
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estimation of the join tensors is underconstrained 4. Hence, if we were to estimate general
4 × 4 × 4 tensors, there would be a family of solutions of degree higher than four.

We now consider matching constraints for triplets of points lying in a motion plane
(0, 0, s,−t)T, thus Q ∼ (X,Y, t, s)T, Q′ ∼ (X ′, Y ′, t, s)T and Q′′ ∼ (X ′′, Y ′′, t, s)T.
These being collinear after alignment, is expressed by:

rank




X a′X ′ + b′Y ′ + c′t+ d′s a′′X ′′ + b′′Y ′′ + c′′t+ d′′s
Y e′X ′ + f ′Y ′ + g′t+ h′s e′′X ′′ + f ′′Y ′′ + g′′t+ h′′s
t j′t j′′t
s j′s j′′s


 ≤ 2 .

In the general case, four join tensors forming a basis for the 4-degree-of-freedom
family, might be extracted by expressing that the four possible 3-minor’s determinants
vanish. With our input, it is clear that the two minors containing both the third and fourth
rows of the above matrix, always vanish. Hence, the corresponding join tensors can not
be estimated. As for the other two minors, we may write:

εlpq

(
M l

iQ
i
) (
Mp

mT
′m
j Q′j) (

Mq
nT

′′n
k Q′′k)

= 0

εlpq

(
M ′l

i Q
i
) (
M ′p

mT
′m
j Q′j) (

M ′q
n T

′′n
k Q′′k)

= 0

where the 3×4 matricesM respectivelyM ′ project points (X,Y, Z,W )T to (X,Y, Z)T

respectively (X,Y,W )T, i.e.

M =


1 0 0 0

0 1 0 0
0 0 1 0


 M ′ =


1 0 0 0

0 1 0 0
0 0 0 1


 .

We thus obtain the following two join tensors:

Jijk = εlpqM
l
i

(
Mp

mT
′m
j

)
(Mq

nT
′′n
k ) J ′

ijk = εlpqM
′l
i

(
M ′p

mT
′m
j

)
(M ′q

n T
′′n
k ) .

The slices J4jk and J ′
3jk are zero matrices, and J3jk and J ′

4jk are identical.
As for the other two slices, the coefficients with indices lower than 3 inside the slice,
are identical in the two tensors. Among the other coefficients, there are several that
are the same in both tensors, but that stand at different places. Each one of J and
J ′ has only 30 non-zero coefficients. However, again due to the specific type of input
correspondences, the tensors can only be estimated up to a 3-degree-of-freedom family of
solutions each. Happily, the nature of the ambiguity in the solutions, is known and simple:
24 of the non-zero coefficients for each tensor, can be estimated without ambiguity (up to
scale). As for the remaining coefficients, what can be estimated are the following sums:
J134 + J143,J234 + J243,J334 + J343 and J ′

134 + J ′
143,J ′

234 + J ′
243,J ′

434 + J ′
443.

So, 26 point correspondences are in general sufficient to obtain a linear solution for
the 24 coefficients and the 3 sums of coefficients (per tensor). The following coefficients
of the alignment transformations can be read off directly from the estimated tensor

4 It is important to note that although T ′ and T ′′ conserve motion planes, their join tensors also
express the fact that Q, T ′Q′ and T ′′Q′′ may be collinear, for points Q, Q′ and Q′′ not lying
in the same motion plane.
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coefficients (after an arbitrary choice for j′ and j′′): a′, b′, e′, f ′, a′′, b′′, e′′, f ′′. Having
determined them, one can establish, using coefficients of J and J ′, as well as the
estimated values of a′ etc., a simple linear equation system, to solve for the remaining
8 unknowns, c′, d′, g′, h′, c′′, d′′, g′′ and h′′.

In summary, 26 correspondences are sufficient to determine the alignment transfor-
mations T ′ and T ′′, and it is nowhere required that there be more than a single moving
point per motion plane.

6.2 Using Homography Tensors

We consider the same scenario as in the previous section, i.e. linear trajectories, but now
suppose that there are motion planes carrying several points (which can be detected, see
§7.2). In this case, we may deal with each motion plane separately.

Consider one motion plane, represented by (0, 0, s,−t)T. Let Q,Q′ and Q′′ repre-
sent triplets of corresponding points on that plane. Hence, they have the form given in the
previous section. The matching constraint for such triplets, corresponds to the homogra-
phy tensor, or H-tensor for short, introduced in [9]. In that work, the matching constraint
was derived for three 2D views of a dynamic planar scene, obtained by a moving 2D
camera. Each such 2D view constitutes a projective reconstruction of the planar scene,
at the corresponding time instant. Here, we start with three 3D views, which essentially
gives us again three projective reconstructions of the motion plane considered.

In order to compute the homography tensor for a motion plane, we first project the
three 3D views of the plane by some projection matrix onto some 2D image plane. Let
us define the 4 × 4 projection matrix M :

M =


1

1
t s




whose optical center is guaranteed not to lie on the considered motion plane. We project
all three 3D views using M . For the resulting 2D views, there must exist 3 × 3 trans-
formations H ′ and H ′′ such that all triplets MQ,H ′MQ′ and H ′′MQ′′ are collinear.
In addition, we know a correspondence of a static line, the motion’s horizon line. This
line is mapped, by M , to the line at infinity of the 2D views. Hence, H ′ and H ′′ must
be affine transformations of the form:

H ′ =


a′ b′ c′

e′ f ′ g′

0 0 j′


 H ′′ =


a′′ b′′ c′′

e′′ f ′′ g′′

0 0 j′′


 .

We obtain the following matching equation, in tensorial notation:

εlmn

(
M l

iQ
i
) (
H ′m

p Mp
j Q

′j) (
H ′′n

q Mq
kQ

′′k)
= 0

We may rewrite the equation:(
M l

iQ
i
) (
Mp

j Q
′j) (

Mq
kQ

′′k) (
εlmnH

′m
p H ′′n

q

)
︸ ︷︷ ︸

Hlpq

= 0 .
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We may identify Hlpq as the 3 × 3 × 3 homography tensor. It can be shown that, due
to the constrained form of H ′ and H ′′, the tensor has only 19 non-zero coefficients
(compared to 27 for the general H-tensor). Hence, a linear solution is possible with 18
or more correspondences. Extracting the individual transformationsH ′ andH ′′ from H
can be done analogously to what is described in [9].

The tensor H, for one motion plane, allows to partially determine J and J ′ (valid
for all motion planes), dealt with in §6.1. Several coefficients of H occur identically in
J or J ′, and the others give linear equations on coefficients of the join tensors.

It is easy to show that the alignment of two motion planes is sufficient to fully align
the entire 3D views: for any 3D point in, say, the second 3D view, which we will call
Q′, let D′ be a line passing through it, but that is not contained in Q′s motion plane. Let
B′ and C ′ be the intersection points of D′ with the two motion planes for which full
alignment is possible. We thus may compute the positions B and C of the points B′ and
C ′, after alignment. The aligned position Q of Q′ is finally given by the intersection of
Q′s motion plane, with the line joining B and C.

6.3 Using Static Points

Given the special form of the alignment matrices (see (4)), it is clear that one static point
(that is known to be static), provides two independent equations on each of them. Hence,
correspondences associated to four static points in general position, should be sufficient
to achieve full alignment of the 3D views (compared to five correspondences that would
be required without the specific nature of our scenario). In the Euclidean case, two point
correspondences (actually, one and a half) are sufficient for full alignment (compared
to three that would be required without the specific nature of our scenario). It would be
interesting to study the general case of mixed static and moving points.

7 Other Issues

7.1 Projections P 5 → P 3

The derivation of the matching tensor for the two-view scenario (see §4.1), could also
be performed in the framework of higher dimensional projection matrices used in [12].
Without loss of generality (we deal with projective space), suppose that the horizonA is
the line at infinity containing all points (X,Y, 0, 0)T. Let P ∼ (X,Y, Z,W )T be a 3D
point at the first time instant and let P ′ ∼ (X + a, Y + b, Z,W )T be the same point, at
the second instant, after having moved in the plane spanned byA andP . We may form the
following 6-vector that represents P and its moved version P ′: ST =

(
X Y a b Z W

)
.

We define two projection matrices P 5 → P 3:

M ∼




1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1


 M ′ ∼




1 0 1 0 0 0
0 1 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


 .

We may observe that MS ∼ P and M ′S ∼ P ′. In our scenario, we do not observe P
and P ′ directly, but have projective 3D views of them, i.e.: λQ = TP and λ′Q′ = T ′P ′
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for some 4 × 4 projective transformations T and T ′ and scale factors λ and λ′. We may
derive the matching constraints for Q and Q′ in the way shown e.g. in [10]: due to

(
TM Q 0
T ′M ′ 0 Q′

)
︸ ︷︷ ︸

X8×8


 S

−λ
−λ′


 = 0

we know that the matrix X is rank-deficient, i.e. that its determinant is equal to zero. By
developing the determinant, one obtains the same 4 × 4 tensor L as in §4.1 (if we set T
to the identity).

7.2 Segmentation of Points Moving in the Same Motion Plane

After partial alignment (see §4.2), the segmentation of points that move in the same
plane, is straightforward and can in principle be done in a single 3D view. This might be
done by checking, in 3D, if points are on the same motion plane. An alternative would
be to compute plane homographies between the 2D views inside a stereo system, for
individual motion planes, and check if corresponding projections of 3D points in the 2D
views, are consistent with the plane homographies.

7.3 Self-Calibration

We briefly describe a self-calibration algorithm for the scenario of two projective 3D
views, under the assumption that the true motion planes are parallel to each other, i.e.
the true horizon line is a line at infinity. Using the L-tensor, the horizon line can be
determined in the 3D views. Since the true line is a line at infinity, it has two intersection
points with the absolute conic – the circular points of all motion planes. We may perform
partial self-calibration by searching for the circular points, on the reconstructed horizon
lines in our 3D views.

Consider one of the 3D views, after partial alignment as described in §4.2.We suppose
that this 3D view has been obtained using two perspective cameras, with unknown and
possibly different focal lengths, but known other intrinsic parameters. The two focal
lengths can in general be recovered from the epipolar geometry [5], but this is nearly
always singular in practice, due to optical axes passing close to each other [7]. The
knowledge of a line at infinity in the projective reconstruction, however, can be used to
overcome the singularity, as described in the following.

Let M and M ′ be the 3 × 4 projection matrices of the two 2D views. We suppose
that the known parts of the calibration matrices (containing aspect ratio and principal
point) have been undone, i.e. the unknown calibration matrices of M and M ′ are K =
diag(f, f, 1) and K ′ = diag(f ′, f ′, 1). We parameterize the problem in the circular
points on the horizon line, which, in the partially aligned 3D view, have coordinates
C± ∼ (a± I, b, 0, 0)T for real a, b and b 
= 0. Our self-calibration constraints are that
the projections of C+ and C− lie on the images of the absolute conic in the respective
views, which leads to:

(am1 + bm2 + Im1)
T
K−TK−1 (am1 + bm2 + Im1) = 0

(am1 + bm2 − Im1)
T
K−TK−1 (am1 + bm2 − Im1) = 0
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where mi is the ith column of M , and similar equations for the second view. Separating
the real and imaginary parts of the equations leads to two equations, whose resultant
with respect to f2 is quadratic in a and b. We get a similar equation for the second view.
The resultant of these two equations, with respect to a, finally, is the product of the term
b2 and a term that is linear in b2. Since b 
= 0, we thus get a single solution for b2, which
gives us b up to sign (the sign does not matter). From b, unique solutions for a and the
squared focal lengths may then be obtained.

We performed simulated experiments with this method. Twenty moving points on
each of three planes were simulated. The 3D points were projected in two stereo pairs,
and centered Gaussian noise with a standard deviation of 1 pixel was added to the image
coordinates. For each stereo pair, the fundamental matrix was computed using the 8-
point method [6], projective reconstruction was performed, and the L-tensor between
the two resulting point sets estimated. The point sets were then partially aligned. For
several stereo configurations (varying vergence angle), 100 simulation runs each were
performed. Self-calibration gave focal lengths with an average relative error of about
6% (excepting between 0 and 4 runs were computation failed).

8 Experimental Results

We conducted the following experiment using four stereo pairs of a dynamic scene
(see figure 3). About 60 points on the moving objects were manually extracted in all
eight images. The experiment was performed for the Euclidean case: the calibration
grid visible in the images, was used to obtain full stereo calibration, and thus Euclidean
3D reconstruction of the points. Each such 3D view underwent an arbitrary Euclidean
transformation, otherwise they would already have been aligned, since stereo calibration
was with respect to the static calibration grid.

From this input, the Euclidean L-tensor between the first and second 3D views was
estimated and these 3D views were partially aligned (see §4.2). Then, the other two 3D
views were aligned with the two first one, using a simpler variant of the method of §4.2
(the horizon line in the first two views is already known), not described here.

Full alignment was done for the first three 3D views, based on the knowledge that
individual points moved on linear trajectories (see §6.1), and by estimating join tensors
specialized to Euclidean alignment transformations. Finally, the fourth 3D view was
fully aligned with the others, again using a simplification of the method of §6.1. Some
recovered point trajectories are shown in figure 4. Qualitatively, the result seems to be
correct, although a quantitative evaluation should definitely be carried out.

Fig. 3. Two stereo pairs used in the experiments.
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Fig. 4. Left: the moving points used in the experiment. Right: recovered linear trajectories of
several points (4 positions each), orthogonally projected onto the ground plane. The point group
on the left corresponds to a point on the horse, the group at the bottom to the caravan (3 moving
points shown), the group in between, to one of the cars on the grid. The other two point groups
belong to the truck and to the sportscar in front of the grid (2 moving points each).

9 Conclusion

We have considered the structure and motion problem for a dynamic scene, consisting of
individually moving points, with the restriction that motion happens in a pencil of motion
planes. The scene is supposed to be observed by a moving stereo system, resulting in 3D
views of the scene, at different time instants. We have derived the matching constraints
between two such 3D views, and shown that full alignment of the views is not possible
without further information. Information useful to fully recover the motion of the stereo
system as well as the motion and structure of the scene, are for example knowledge
of static points or linear trajectories. We have especially discussed how to take into
account linear trajectories, to achieve full recovery of structure and motion.A preliminary
experiment has shown that it may be feasible to solve the problem in practice, at least
in the calibrated case.

Among issues for further work on this topic, minimum numbers of correspondences
for the mixed case of moving and known/unknown static points, should be established,
and a more thorough experimentation is needed.

Acknowledgement. I wish to thank Adrien Bartoli for preparing the experimental data
of section 8.
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Abstract. In this paper we examine the problem of synthesizing virtual
views from scene points within the scene, i.e., from scene points which
are imaged by the real cameras. On one hand this provides a simple way
of defining the position of the virtual camera in an uncalibrated setting.
On the other hand, it implies extreme changes in viewpoint between the
virtual and real cameras. Such extreme changes in viewpoint are not
typical of most New-View-Synthesis (NVS) problems.
In our algorithm the virtual view is obtained by aligning and compar-
ing all the projections of each line-of-sight emerging from the “virtual
camera” center in the input views. In contrast to most previous NVS al-
gorithms, our approach does not require prior correspondence estimation
nor any explicit 3D reconstruction. It can handle any number of input
images while simultaneously using the information from all of them. How-
ever, very few images are usually enough to provide reasonable synthesis
quality. We show results on real images as well as synthetic images with
ground-truth.
Keywords: Novel-view synthesis, Synthesis without structure or motion.

1 Introduction

Consider a sporting event with several cameras taking pictures of the game.
What does the scene look like from the point view of one of the players in the
field? What does the ball “see”? In this paper we show how from a few images
of the same scene we can synthesize a virtual view from a real physical scene
point which is imaged by all the input cameras.

This problem can be seen as a special case of New View Synthesis (NVS).
However, it is unique in two ways: (i) In the problem defined above, the virtual
camera is located within the scene itself, whereas the real cameras view the
scene from “outside”. This implies an extreme change in viewpoint between the
virtual camera and each of the real cameras. Such extreme changes in viewpoint
are not typical of most NVS examples. (ii) On the other hand, the specification
of the new view location is simplified here since this location is visible in the
input images. This allows to naturally specify a physically meaningful position
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of the “virtual camera” with respect to the scene in an uncalibrated setting (i.e.,
without requiring Euclidean calibration of the scene).

In this paper, we describe an algorithm for synthesizing virtual views from
scene points within the scene. Our algorithm requires no prior correspondence
estimation nor any 3D reconstruction. The “epipole” of the virtual camera (the
virtual epipole) in each of the real views is defined by the image of the physical
scene point selected to be the location of the virtual camera. This point is visible
in the input images. The color of each pixel in the virtual camera image is de-
termined by aligning and comparing the projections of each line-of-sight (LOS)
emerging from the virtual camera center in all the real images. This process does
not require knowledge of the 3D structure of the scene and can be done without
Euclidean calibration. This leads to a representation which bears some resem-
blance to the “generalized disparity space” of [16]. Our approach can handle any
number of input images while simultaneously using the information available in
all of those images.

Many algorithms for NVS have been proposed over the years. To better
explain the benefits of our approach and to place it in the appropriate context,
we briefly review existing approaches to NVS. These can broadly be classified
into three classes of techniques:

The first class of techniques relies on 3D reconstruction of the scene followed
by the rendering of the new view (e.g.,[9,18,14,7,12]). However, the 3D recon-
struction process is error-prone. These errors can lead to significant distortions in
the reconstructed image because geometric error criteria often used to optimize
3D reconstruction do not translate gracefully into errors in rendered appear-
ance. Furthermore, the 3D reconstruction is optimized in one coordinate system
whereas the virtual view is rendered in another coordinate system. Distortions
in synthesis due to inaccuracies in 3D reconstruction are amplified in cases of
severe changes in viewing position between the real and virtual cameras. Many
of these methods thus require a large number of input images taken from a wide
range of viewing directions (e.g., Kanade et. al [11,12] report using 51 cameras
placed on an elaborate rig surrounding the scene being reconstructed).

The second class of approaches avoids explicit 3D reconstruction, and in-
stead utilizes dense correspondence estimation between the input views. These
dense correspondences are then used to perform a “view transfer” from the in-
put views to the virtual views (e.g., [1,20]). For example, given two images and
their dense correspondence field, a third view can be synthesized by using geo-
metric constraints induced by the Trifocal tensor on the location of these points
in the three views. While these methods avoid explicit 3D reconstruction, the
errors in correspondence result in similar distortions in the new view. Moreover,
the synthesis part involves a forward warping step, which leads to “hole-filling”
problems at surface discontinuities. These effects are amplified in cases of severe
changes in viewing position between the real and virtual cameras.

The approach proposed in this paper performs direct synthesis without an
intermediate step of correspondence estimation or explicit 3D reconstruction.
Because the analysis and synthesis are done directly in the coordinate system
of the virtual view, our process involves only backward (“inverse”) warping.
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Backward-warping does not generate holes in the synthesized view, and handles
more gracefully large changes in viewpoint and in image resolution between the
synthesized and real images. Furthermore, our synthesis method optimizes errors
directly in the coordinate system of the virtual view, thus avoiding many of the
optimization problems associated with the first two classes of NVS methods. Our
method can thus synthesize views of the scene from significantly different viewing
positions than those of the real cameras (as required in order to synthesize the
scene from a point within the scene).

A third class of NVS methods exists which, like our method, also avoids
the need for 3D reconstruction and correspondence estimation altogether. This
family of methods is exemplified by the “lightfield” [8] and the “lumigraph”
[4]. However, these methods use very dense sampling of the view-space. They
require an extreme number of input camera views to generate 4D representations
of the scene by storing the radiance observed at each point in the 3D world in
each direction. Synthesis then proceeds by extracting 2D slices of this dense
4D data volume, corresponding to the light observed in the requested viewing
direction from the requested viewpoint. Acquiring all the images for generating
this large 4D volume at preprocessing is a practical limitation of these methods.
This problem amplifies when dealing with large-scale complex scenes or with
dynamic scenes (i.e., scenes which change frequently), as collecting the required
amount of data at reasonable space-time costs becomes practically impossible.

Unlike this family of methods, our approach does not need a large number
of input images. In fact, very few images (in some experiments less than ten)
are enough to provide reasonable synthesis quality by our method, with image
quality degrading gracefully with fewer images.

Our algorithm is embedded in the Plane+Parallax geometric framework [6,
5,2,17,15,13]. By aligning all the input images with respect to a real planar
surface in the scene (e.g., the ground plane), the camera matrices simplify to the
camera epipoles between the real views. We further show that for some practical
scenarios the explicit estimation of the epipoles (which may be difficult between
widely separated views) is not necessary. Thus, in those situations we can also
deal with cases where the real input cameras are situated very far apart from
each other viewing the scene from significantly different viewing directions. This
is on top of the wide base-line between the virtual camera and each of the real
input cameras, which is inherently dictated by our NVS problem.

The rest of the paper is organized as follows: In Section 2 we provide an
overview of our approach for solving this problem. The formulation of the prob-
lem using the Plane+Parallax geometric framework is described in Section 3.
Section 4 summarizes the algorithm. In Section 5 we show how the problem
further simplifies in several practical scenarios. Results are shown in Section 6.

2 Overview of the Approach

Figure 1 illustrates a scenario where n uncalibrated cameras image a 3D scene.
We wish to synthesize a view of the scene from a scene point V (in this case -
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(a) (b)

(c)

Fig. 1. Overview of the approach. (a) n cameras imaging a scene . The position of
the virtual camera V is selected as the tip of the man’s head. The line of sight (LOS)
stretching from V to the patch of grass is shown as a thick dotted line. (b) The 3D
LOS is projected via the n camera centers to 2D lines in the n input images. (c) The
n projected lines associated with the 3D LOS are geometrically aligned and stacked.
The leftmost (black) column corresponds to the virtual camera V in each of the images
(i.e., the virtual epipoles). The color-consistent column closest to the projections of V
is selected as the color visible by V when looking in the direction of the LOS (i.e. the
man sees “red” when he looks in that direction).

the tip of the man’s head). To estimate what “color” (radiance) is visible from V
when looking in any particular direction, one need only analyze the line of sight
(LOS) stretching from V in that direction. Naturally, the first physical point
(object) in the scene intersecting this LOS will be the point visible from V . For
example, in our illustration, the LOS (shown as a thick dotted line in Figures 1.a
and 1.b) stretching from V to the patch of grass on the ground, intersects both
the flower and the cat’s tail. Since the flower is the closest physical object to V
on this LOS, its color (red) is the one visible from V in this viewing direction.

The 3D LOS is not available to us. Instead, assuming that the 3D LOS is
not occluded from the real cameras, what we do have is the 2D projections of
the 3D LOS in each of the input images (Figure 1.b). The physical points on the
3D LOS (e.g. head, flower, tail, grass) are thus projected onto the corresponding
points on the 2D lines. However, because the 3D LOS is not fully occupied
with physical objects these 2D projected lines also contain projections of points
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“behind” the 3D LOS which are visible through the “gaps” (such as the blue
from the water, the green from the fish, etc.) Given one such 2D projection of
the LOS obtained from one input image we cannot tell which of these colors
originated from points on the LOS and which colors originated from points not
on the LOS. However points on the LOS (i.e., the head, flower, tail and grass)
will consistently appear in all projections of the LOS in all input images. This
is not the case for points not on the LOS. Therefore, if we can identify where all
the 2D projections of a single 3D LOS are, geometrically align them and stack
them (see Figure 1.c), then physical points on the LOS will be distinguished from
other points (seen through the “gaps”) as they will generate uniformly colored
columns within the stacked lines (e.g. the black, red, ginger and green columns
in Figure 1.c). Other columns (points) will not have consistent colors and can
therefore be ruled out (e.g., the brown, green and blue colors of Figure 1.c).
The leftmost (black) column corresponds to the virtual epipoles of the virtual
camera V on each of the input images. Of all the color-consistent columns the
one closest to the projections of the virtual camera V is selected as the color
visible from V when looking in the direction of the LOS. In our example it is the
red color (the flower’s leaf). Applying this logic to any viewing direction allows
us to estimate the complete view of the scene from the virtual camera V .

3 Formulating the Problem Using “Plane+Parallax”

We next show how the detection and alignment of the lines shown in Figure 1
becomes simple using the “Plane+Parallax” geometric framework (e.g., [6,5,2,17,
15,13]). The 2D line projections of the 3D Line-of-Sight (LOS) L in Figure 1.b
are in different coordinate systems of the different camera views. One point
correspondence across these lines is known (the images of the virtual camera V ).
We next show that by aligning any planar surface in the scene across all these
images, these lines transform to a single coordinate system forming a pencil-
of-lines which emerge from a common axis point. In fact, this axis point is the
piercing point of the LOS L with the planar surface. The axis point and the
known virtual epipoles uniquely define these lines for any LOS L.

3.1 Pencil of Lines

Let Φ0, Φ1, .., Φn be images of a scene taken using cameras with unknown cali-
bration parameters. Let Φ0 denote the “reference image”. Let Π be a plane in
the scene that is visible in all the images (e.g., could be the ground plane). We
can align all the images with respect to the plane Π by estimating the homog-
raphy Hi of Π between the reference image Φ0 and each of the other images.
Warping the images by those homographies yields a new set of images {Ii}n

i=0,
where for any pixel p in image Ii: Ii(p) = Φi(Hip). Note that the reference
image I0 = Φ0 remains unchanged. We will refer to it as IR, to emphasize that
this is the reference image.

We will next show that all the 2D line projections of a 3D line-of-sight (LOS)
form a pencil of lines in the plane-aligned images IR, I1, .., In. In the generation
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(a) (b)

(c) (d)

Fig. 2. The pencil of lines. (For color version see paper on attached CD or
www.cs.weizmann.ac.il/∼vision/NVS.html)

of image Ii from Φi each pixel in Φi was warped by the homography Hi. The
geometric meaning of this operation is displacing each pixel in Φi as if its corre-
sponding 3D point was on the plane Π, as shown in Figure 2.b. Points that are
truly on Π (e.g., the green grass) will thus appear in Ii in their correct image po-
sition (i.e., will be aligned with their corresponding point in IR), whereas points
not on Π (e.g., the tail, flower, or man’s head) will be misaligned with their
corresponding points in IR. (The farther a point is from Π, the more misaligned
it will be.)

Let lΦi
denote the 2D projection of the 3D LOS L on image Φi (Figure 2). As

a result of plane alignment, lΦi is transformed by the homography Hi to a line li
in image Ii (see Figures 2.b and 2.c). We can see from Figure 2.d that all these
lines {li}n

i=0 (one from each image {Ii}n
i=0) form a pencil of lines. The axis point

of this pencil (the green point) corresponds to the image of the “piercing point”
of the LOS L with Π (in this case – the grass). The black points at the other end
of the lines {li}n

i=0 correspond to the “virtual epipoles” of the virtual camera V
in IR, I1, .., In. These lines ({li}n

i=0) are the lines that need to be “aligned” to
obtain the stacked representation of Figure 1.c.
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(a)

(b)

Fig. 3. The LOS line configuration. (For color version see paper on attached CD
or www.cs.weizmann.ac.il/∼vision/NVS.html)

The virtual epipoles in each image (the black points) are independent of
the lines-of-sight L. Their image coordinates are known, since these points are
defined by the user (see Section 4). As to the axis point of the pencil of lines:
Every pixel in image IR corresponds to a piercing point of a different LOS L
with Π. Connecting that pixel to the known “virtual epipoles” uniquely defines
the pencil of lines corresponding to the LOS L.

3.2 Aligning and Stacking the Lines

We next show how to bring the lines {li}n
i=1 into alignment with lR. This step

is necessary so that they can be stacked and processed to find the first color-
consistent column (that which is closest to the virtual epipoles), in order to
determine which color is visible from V in the direction of the LOS L (see
Figure 1.c).

We first define some notations. Let R, C1, ...Cn denote the camera centers of
the real cameras. V denotes the 3D scene-point from which we wish to synthesize
the virtual view, i.e., the camera center of the “virtual camera” (whose 2D pro-
jection in each of the images is known). Let L be any line-of-sight, and let P be
a physical scene point on L. Every pair of the above-mentioned camera-centers
or scene-points defines a 3D line. We denote by upper-case letters the piercing
points of these lines with the plane Π (see Figure 3.a), and by corresponding
lower-case letters the projections of these piercing points in the coordinate sys-
tem of the reference camera R. Thus, for example, the piercing-point of the line
passing through Ci and P is denoted by Pi, the piercing-point of the line passing
through R and P is denoted by PR, and the piercing-point of the line passing
through V and P (which is the LOS L) is denoted by PV .

Figure 3.b shows an enlargement of the projections of the piercing points
to the coordinate system of the camera R. Note that {ei}n

i=1 are the (real)
epipoles of cameras {Ci}n

i=1 in image IR, vR is the (virtual) epipole of the
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“virtual camera” V in image IR (e.g., the black point in Figure 2.a), and {vi}n
i=1

are the (virtual) epipoles of the virtual camera V in the (plane-warped) images
{Ii}n

i=1 (e.g., the black point in Figure 2.b or Figure 2.c). Further note that pV

is the projection of the piercing point of L with Π, which is also the axis point of
the pencil-of-lines defined by the LOS L (e.g., the green point in Figure 2). This
point is invariant to the positions of the cameras C1, .., Cn and is thus common
to all the images IR, I1, .., In.

We now proceed to show how for any given axis point pV and for any camera
Ci, we can compute the geometric coordinate transformation between the line
lR in image IR (marked in blue) and the line li in image Ii (marked in red),
which will bring the two lines into alignment.

In all the derivations below we assume that points are expressed in homoge-
neous coordinates. The “virtual epipoles” vi and vR are known up to an arbitrary
scale factor (these are specified by the user as the images of the scene point from
which to synthesize the virtual view; see Section 4). The real epipole ei is also
known (e.g., can be estimated from IR and Ii). For any point pR along the blue
(reference) line we can find its corresponding point pi along the green line:

pi
∼= (vi × pV )× (ei × pR) (1)

This equation can be easily verified by noting from Figure 3.b that the point
pi is on the intersection of the red line with the green line. This formulation is
similar to the one derived in [3] for predicting the position of a scene point in a
third image given its location in two other images. Eq. (1) can be rewritten in
the following matrix form:

pi
∼= Mi pR (2)

where Mi is a 3 × 3 matrix whose elements can be expressed in terms of the
components of the vectors vi, pV and ei.

To summarize, given all the real epipoles {ei}n
i=1 (even if only up to arbitrary

individual scale factors), and the virtual epipoles {vi}n
i=1, then for any axis point

pV we can compute the projective transformations {Mi}n
i=1 that bring the lines

{li}n
i=1 into alignment with their reference line lR.
A real example of alignment and stacking of such lines is shown in Figure 6.

Several input images are shown with the projections of a LOS L highlighted
in red (Figures 6.(a-f)). These lines were aligned and stacked (Figure 6.g) and
the first color-consistent column is marked (which corresponds to the color of
the wooden-gate in front of the can and cubes). The resulting representation in
Figure 6.g bears resemblance to 2D slices of the 4D generalized disparity space
of [16]. However, our representation is obtained by projectively aligning lines
rather than by globally discretizing the disparity space.

4 Synthesizing the Virtual View

In this section we provide a summary of our algorithm. Let Hsyn be the homog-
raphy relating the synthesized view with the reference view R. Since the position
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Fig. 4. Relating the virtual view to the reference view. (For color version see
paper on attached CD or www.cs.weizmann.ac.il/∼vision/NVS.html)

of the virtual camera is fixed (defined by the virtual epipoles), the only remain-
ing degrees of freedom are the internal parameters of the “virtual camera” (e.g.,
its zoom) and its orientation (i.e., to which direction we wish the virtual camera
to look). The user can select these by specifying Hsyn. For example, if Hsyn

is chosen to be the identity matrix, then the synthesized view would be recov-
ered in the coordinate system of the plane-aligned views {Ii}n

i=0 (i.e., Π-aligned
with the reference view IR), with the same internal calibration parameters as
camera R.
For each pixel p = (x, y, 1)T in the synthesized image Isyn do:

1. Let P denote the 3D scene point visible by the virtual camera center V at
pixel p. Then : pV

∼= Hsynp (See Figure 4).
2. For each of the plane-aligned images I1, ..., In, li is the line connecting pV

with vi, 1 ≤ i ≤ n (see below). Align all these n lines with lR, the line
connecting pV with pR by using the line-to-line transformation Mi defined
in Eq. (2), and stack them vertically as shown in Figure 1.c.

3. Find the first color-consistent column, i.e., the column which is closest to the
column of the synthetic epipoles vR, v1, . . . , vn (see below for more details).
Let “color” denote the color of this column.

4. Assign Isyn(p) := “color”.

Specifying the virtual epipoles {vi}n
i=1 can be done by the user in one of the

following ways: (i) The user can “pin-point” the selected scene point in all the
input images, thus determining vi, 1 ≤ i ≤ n explicitly. (ii) The user can “pin-
point” the selected scene point in two images, and geometrically infer its position
in all other images using trifocal constraints (which are also simple epipole-
based constraints after plane alignment [5]). (iii) The user can “pin-point” the
selected scene point in one image and use correlation-based techniques to find
its corresponding point in each of the other images. All three options provide a
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way for specifying a physically meaningful position of the virtual camera in an
uncalibrated setting.

Color consistency within each column (step 3) is determined using color tech-
niques proposed by [10]: Let A(n+1)×3 be a column of colors represented in YIQ
color space. Denote by cov(A) the covariance matrix of A. We use the maximal
eigenvalue of cov(A) (denoted by λ) to indicate the degree of color consistency
within that column. A high value for λ indicates large variance of colors in the col-
umn being evaluated, whereas a low value for λ indicates high color consistency
(assuming a Lambertian model). A column whose λ is below a certain threshold
is considered “color-consistent”. Since λ (the variance) is almost always nonzero,
the actual color we select as a representative of a “color-consistent” column is
the median color of that column. To robustify the synthesis process we prefer
color consistent columns whose position along the LOS is spatially consistent
with the chosen column of neighboring pixels. This can be thought of as a local
“smoothing” constraint.

Large homogeneous regions in the scene may pose a problem for our al-
gorithm. Projections of different physical points in a uniform region may be
interpreted as projections of the same point because they share the same color.
To reduce the effect of uniform regions we use a flagging scheme similar to that
used in [14] for scene reconstruction. We automatically flag pixels in images al-
ready used in the synthesis to prevent them from being used again: If a column
contains pixels flagged as previously used, it is not selected even if it is color con-
sistent. The pixel scanning order is defined in Isyn so that pixels corresponding
to physical points closer to Π are evaluated before points farther away.

Since in many natural scenes the reference plane may contain large uniform
regions (e.g. floor, grass etc.) we further add a preprocessing step which detects
the ground plane after alignment. Thus, color consistent columns containing
information from the ground plane will only be regarded as projections of a
physical point on the LOS if they appear in the last column (i.e., the piercing
point of LOS L with plane Π).

5 A Practical Scenario (Avoiding Epipole Estimation)

So far we assumed the real epipoles of the cameras {ei}n
i=1 are known. How-

ever, these may be difficult to estimate, especially when the cameras are widely
separated and are looking at the scene from significantly different viewing po-
sitions. We next show how in some practical scenarios the need to estimate
the inter-camera epipoles can be alleviated and replaced by simple image-based
manipulations.

Such is the case when all the cameras are at the same height from the plane Π.
In many real-world scenarios this may not be a very restrictive assumption. For
example, consider a sports event. If we choose the ground plane to be the plane
Π, then if all cameras are placed at the same height in the stadium (e.g., the same
bench level) this assumption would be satisfied. Similarly, If a camera is attached
to a mobile rig (e.g., a cart), and is moved around on the flat ground while taking
pictures of the scene, then all these pictures would be taken from the same height
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(even if the camera changes its internal parameters and its orientation as the
rig moves). The same assumption holds if the camera is mounted on an airplane
flying at fixed altitude from the ground or if the camera is attached to a crane
which is parallel to the plane Π (Π can also be a wall or any other plane in the
scene).

In all these cases the “cameras” are all coplanar. Referring back to Figure 3.b,
we note that the epipole ei lies along the line connecting the two (known) virtual
epipoles vi and vR. Thus, there is only one degree of freedom in the epipole ei

(namely, where it is along that line). When all the real cameras are coplanar,
then all the epipoles {ei}n

i=1 lie on a single line in IR. This line is defined by
the intersection of two planes: the plane defined by the real (coplanar) camera
centers and the image-plane of the reference camera R. If we further rectify the
image IR of R, then this line of real epipoles would go to infinity, and all the
real epipoles {ei}n

i=1 would now be uniquely defined by the virtual epipoles. For
example, if ei is known to be infinite (i.e., its third component wei = 0), then:

ei
∼= wvR

vi − wvi
vR (3)

where vi = [xviyviwvi ]
T , vR = [xvR

yvR
wvR

]T , and ei = [xeiyeiwei ]
T .

Substituting ei in Eq. (1) with the expression of Eq. (3), we get a new matrix
Mi whose 3rd row equals (0, 0, 1). In other words Mi is now an affine transforma-
tion. This implies that the line-to-line transformations {Mi}n

i=1 reduce to simple
linear stretching of the lines {li}n

i=1 relative to lR.
The above result was obtained by rectifying the reference image IR. There

are different possible ways of rectifying images. However, since in this particular
case we assumed the cameras were of the same height from the plane Π, then the
rectified image of IR should be a “nadir view” of the plane Π. Such rectification
can be achieved based on the visual information in the image IR alone, with-
out referring to any of the other images. The rectification can be obtained by
manually imposing linear constraints that force parallel lines on the plane Π to
become parallel after rectification of IR. This rectification step can be thought
of as a type of weak scene-based calibration [19].

6 Results

In our experiments we avoided epipole estimation by maintaining constant cam-
era height above the ground plane (see Section 5). We first tested our method
on a synthetic scene with ground truth data. Figure 5.(a–c) shows three of the
ten images rendered from a 3D graphic model (each of size 800 × 600). These
images were used to synthesize a view of the scene from the tip of the green
pencil standing on the floor, looking in the direction of the wooden gate. The
synthesized view is shown in Figure 5.d. Note the extreme change in viewpoint
between the positions of the real cameras and the “virtual camera” (the green
pencil). In all input images only the ground is visible through the wooden gate,
while in the reconstructed image (Figure 5.d) parts of the Coke-can and the toy
cube are visible beneath the gate. For comparison Figure 5.e shows the ground
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Three out of 10 input images:

(a) (b) (c)

Synthesized view from the Ground truth:
green pencil:

(d) (e)

Fig. 5. Synthesis results for the Coke-Can sequence (see text). (For color version see
paper on attached CD or www.cs.weizmann.ac.il/∼vision/NVS.html)

truth image rendered directly from the 3D model from the same viewpoint. This
shows the geometric correctness of our synthesis. The differences in image quality
are due to the fact that the image our algorithm synthesized (Figure 5.d) was
generated from low-resolution input images (e.g., Figures 5.(a–c)) whereas the
ground truth image was rendered directly from a perfect 3D model. See figure 6
for an illustration of our synthesis process.

Figure 7 shows the result of applying our algorithm to images of a real scene
captured by an off the shelf digital camera. The camera was mounted on a
tripod to guarantee constant height above the ground in all images. Three of
the 14 input images (each of dimension 640 × 480) are shown in Figure 7.(a–
c). The algorithm was used to synthesize virtual views of the scene from two
different scene points: Figure 7.d shows a reconstructed view of the scene from
the tip of the green dinosaur’s nose using all 14 input images. Figure 7.e shows
the reconstructed view of the scene from the tip of the purple dinosaur’s nose
created using only 11 of the input images. Although both the folder and the
green-and-yellow cube on the floor are fully visible in all input images, they
are partially occluded in the synthesized views: The cube appears over the left
shoulder of the triangle in the green dinosaur’s view, and over the right shoulder
of the triangle in the purple dinosaur’s view as can be expected. Both the triangle
and the cube occlude appropriate parts of the folder located behind them with
respect to the viewpoint of the two dinosaurs.

Figure 8 shows another real example only this time one dinosaur is placed in
front of the other. Eleven images (560×420 pixels each) were used to synthesize
a view from the green dinosaur’s nose (Figure 8.d), and only nine were enough to
synthesize a view from the purple dinosaur’s nose Figure (8.e). It can be seen that
the purple dinosaur completely occludes both the cube and the puppet from the
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(a) (b) (c)

(d) (e) (f)

(g)

Fig. 6. LOS color analysis (the Coke-Can sequence). (a-f) Show the projection
of a line of sight emerging from the virtual camera (at the tip of the green pencil)
in 6 input images of the Coke-Can experiment (See Figure 5). The projected LOS is
highlighted in red. (g) All ten lines were aligned and stacked. The first color-consistent
column is indicated by a red arrow. Its color is that of the wooden gate, which is the
first physical object along this LOS from the pencil. (For color version see paper on
attached CD or www.cs.weizmann.ac.il/∼vision/NVS.html)

Three out of 14 input images:

(a) (b) (c)
Synthesized view from the Synthesized view from the

green dinosaur: purple dinosaur:

(d) (e)

Fig. 7. Synthesis results for the Folder sequence (see text). (For color version see paper
on attached CD or www.cs.weizmann.ac.il/∼vision/NVS.html)
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Three out of 11 input images:

(a) (b) (c)

Synthesized view from the Synthesized view from the
green dinosaur: purple dinosaur:

(d) (e)

Fig. 8. Synthesis results for the Puppet sequence (see text). (For color version see
paper on attached CD or www.cs.weizmann.ac.il/∼vision/NVS.html)

viewpoint of the green dinosaur (Figure 8.d). Also, the green and orange columns
on the left almost totally occlude the red-yellow triangle (only the tip of its yellow
side is visible). In contrast the purple dinosaur sees both clearly (Figure 8.e).
The green smear on the floor at the bottom left side of the synthesized view in
Figure 8.e is due to the fact that this floor-region was never visible in any of the
input images. The puppet (Ernie) appears leaning backwards from the purple
dinosaur’s view because it is indeed leaning back as can be seen in Figures 8.(a,c).
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