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Preface

Premiering in 1990 in Antibes, France, the European Conference on Computer Vision,
ECCYV, has been held biennially at venues all around Europe. These conferences have
been very successful, making ECCV a major event to the computer vision community.

ECCYV 2002 was the seventh in the series. The privilege of organizing it was shared
by three universities: The IT University of Copenhagen, the University of Copenhagen,
and Lund University, with the conference venue in Copenhagen. These universities lie
geographically close in the vivid Oresund region, which lies partly in Denmark and
partly in Sweden, with the newly built bridge (opened summer 2000) crossing the sound
that formerly divided the countries.

We are very happy to report that this year’s conference attracted more papers than
ever before, with around 600 submissions. Still, together with the conference board, we
decided to keep the tradition of holding ECCV as a single track conference. Each paper
was anonymously refereed by three different reviewers. For the final selection, for the
first time for ECCV, a system with area chairs was used. These met with the program
chairs in Lund for two days in February 2002 to select what became 45 oral presentations
and 181 posters. Also at this meeting the selection was made without knowledge of the
authors’ identity.

The high-quality of the scientific program of ECCV 2002 would not have been pos-
sible without the dedicated cooperation of the 15 area chairs, the 53 program committee
members, and all the other scientists, who reviewed the papers. A truly impressive effort
was made. The spirit of this process reflects the enthusiasm in the research field, and you
will find several papers in these proceedings that define the state of the art in the field.

Bjarne Ersbgll as Industrial Relations Chair organized the exhibitions at the confe-
rence. Magnus Oskarsson, Sven Spanne, and Nicolas Guilbert helped to make the review
process and the preparation of the proceedings function smoothly. Ole Fogh Olsen gave
us valuable advice on editing the proceedings. Camilla Jgrgensen competently headed
the scientific secretariat. Erik Dam and Dan Witzner were responsible for the ECCV 2002
homepage. David Vernon, who chaired ECCV 2000 in Dublin, was extremely helpful
during all stages of our preparation for the conference. We would like to thank all these
people, as well as numerous others who helped in various respects. A special thanks
goes to Sgren Skovsgaard at the Congress Consultants, for professional help with all
practical matters.

We would also like to thank Rachid Deriche and Theo Papadopoulo for making their
web-based conference administration system available and adjusting it to ECCV. This
was indispensable in handling the large number of submissions and the thorough review
and selection procedure.

Finally, we wish to thank the IT University of Copenhagen and its president Mads
Tofte for supporting the conference all the way from planning to realization.

March 2002 Anders Heyden
Gunnar Sparr

Mads Nielsen

Peter Johansen
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Abstract. We present a novel algorithm for recovering a smooth man-
ifold of unknown dimension and topology from a set of points known to
belong to it. Numerous applications in computer vision can be naturally
interpreted as instanciations of this fundamental problem. Recently, a
non-iterative discrete approach, tensor wvoting, has been introduced to
solve this problem and has been applied successfully to various appli-
cations. As an alternative, we propose a variational formulation of this
problem in the continuous setting and derive an iterative algorithm which
approximates its solutions. This method and tensor voting are some-
what the differential and integral form of one another. Although iterative
methods are slower in general, the strength of the suggested method is
that it can easily be applied when the ambient space is not Euclidean,
which is important in many applications. The algorithm consists in solv-
ing a partial differential equation that performs a special anisotropic
diffusion on an implicit representation of the known set of points. This
results in connecting isolated neighbouring points. This approach is very
simple, mathematically sound, robust and powerful since it handles in
a homogeneous way manifolds of arbitrary dimension and topology, em-
bedded in Euclidean or non-Euclidean spaces, with or without border.
We shall present this approach and demonstrate both its benefits and
shortcomings in two different contexts: (i) data visual analysis, (ii) skin
detection in color images.

1 Introduction

In this section, we state the considered problem. Then, we give an overview of
the corresponding state of the art. Finally, we present the organization of the

paper.

1.1 Statement of the Problem

Consider a set P containing N points of a n-dimensional manifold (2. In order
to illustrate the ideas, we may think of P as a data set of N measures performed
on a stochastic (or deterministic) process whose state may be partially (or
totally) described using n numeric values. Consequently, each point in P is a
sample, each coordinate is a parameter of the process under consideration, and
{2 is the set of possible values these variables may take a priori. The paradigm
of experimental disciplines is that each individual sample captures only a
partial information about the state of the process and one hopes, by considering
multiple samples, to apprehend it in a more comprehensive way. Usually, this

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 3-[I7, 2002.
© Springer-Verlag Berlin Heidelberg 2002



4 J. Gomes and A. Mojsilovic

is motivated by the expectation that the variables, i.e. the coordinates of the
points, may not be independent from one another and that the relationships
between the variables capture the ”essence” of the measured process.

In this paper, we propose a theoretical and practical framework for analysing
such data sets when the measured variables are expected to have complex dis-
tributions, strong relationships and more specifically in the limit case of func-
tionally related variables. Formally, this restriction is equivalent to saying that
the points of P are not distributed arbitrarily in 2 but, instead, up to some
noise, belong to a submanifold of {2 of dimension smaller than n. Analysing the
data set is then equivalent to recovering this submanifold. Let us make this idea
clearer through the two following examples.

1.2 Examples

Stereo vision. is perhaps the most straightforward example in computer vision.
Pixel matching algorithms often output a cloud of points in R3 supposed to
belong to the surfaces of the pictured objects. It remains then to find a surface
“passing” through this points. Here, 2 = R?, P is the set of points and the
searched surface is M.

Image manifolds. arise when considering a set of image features, like spectral,
color or texture measures, for classification purposes. If n such numeric features
can be extracted for each image then one may well associate a set of N images
and a cloud of N points in R™, each point representing one image through its
features vector. If complex relationships exist between different features within
a certain class of images, one may ideally expect the corresponding points to
form a submanifold of R™. A geometric representation of this submanifold may
be used to distinguish this class of images from all the other image points. Here,
2 = R™, P is the set of features vectors and M is the submanifold of R,
hopefully of low dimension, modeling the relations between the features.

1.3 State of the Art

In this section, we present an overview of the state of the art on recovering
inter-variables relationships and the reader will soon see that our motivation is
actually an old one. We survey general statistical methods and also algorithms
more specific to computer vision.

The case of variables that are well represented by their mean and variance
is covered extensively in statistics. Under some normality and independence
assumptions, the issue of deciding whether or not such relations exist is addressed
by the hypothesis testing methodology [I7/14]. In this paper, we are interested
exclusively in data sets with more complex distributions where such assumptions
are not relevant.

In certain situations, this can be addressed by using the statistical non-
parametric methods because they do not rely on the normality assumption.
There are several such methods for estimating a non-parametric correlation
between two or more variables. Well known such methods are Spearman r,
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Kendall 7 and coefficient I' (cf. [14]). Although these tests vary in their
interpretation, they are all appropriate only when N is small because of the
central limit theorem. Also, they are only interesting when the variables under
consideration are well represented by their mean and variance. If higher order
statistics are necessary, an alternative is to use Pearson curves [10] or Johnson
curves [13]. These are families of simple distributions that can approximate
more complex distributions up to their fourth moment. The original Pearson
curves have been defined as the solutions to a differential equation and this is
closely related to the method we are going to present. Though, neither Pearson
curves nor Johnson curves are appropriate when both the distributions and the
relations are expected to be even more complex.

Another traditional approach, exploratory data analysis, consists in identi-
fying relations between several variables by searching systematic patterns. Dif-
ferent methods have been proposed. Most of those assume one of the following.
There are certain particular values of the variables that represent well the data:
cluster analysis. There exists special linear or polynomial combinations of the
variables that yield simple relations: principal component analysis, discriminant
function analysis, multi-dimensional scaling, canonical correlation, step-wise lin-
ear and nonlinear regression, projection pursuit. All these techniques are nicely
presented in this textbook [16]. When no distributional assumption is available,
neural networks are often used for their flexibility, although they relate very
closely to standard statistical regressions [5]. Actually, they are often equivalent
and, even if it is not always explicited, rely on the same assumptions . In addi-
tion, although neural networks are very powerful, their actual process is difficult
to interpret and this may be a drawback in computer vision where geometric
considerations are often crucial.

It is also important to mention a special branch of exploratory data analysis,
visual data analysis, which relies upon the visualization of data sets and the
ability of humans to detect relevant patterns. The most popular technique is
brushing [3]24]. This is an interactive method which allows a user to select, i.e.
brush with color, subsets of the data displayed with a certain representation
(say, a scatter plot) and observe simultaneously the corresponding recolored
subset in another one (say, a histogram). In this technique, the user is also
allowed to manually fit models (curves, surfaces) to the observed distributions.
This powerful technique can be further enhanced by the use of complementary
data representations as well as animation. The weakness of brushing is that it
is not automatic, not quantitative and not objective. Though, it is often the
solution of last resort.

In computer vision, the very same “fitting” problem is particularly recur-
rent because typical detection algorithms output clouds of points that are then
subject to high level processing.

Most of the methods in computer vision focus on reconstructing shapes in
R? or R? and are motivated by geometric interpretations. As in the case of
neural networks, they are often mathematically equivalent to known statistical
methods but provide an effective way to achieve the result when statistics may
only provide a mathematical interpretation of the underlying regression and
optimality prior conditions. Three methodologies can be identified. The first one
consist in using graph theory. For instance, one can consider P as a set of graph
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vertices [15l6] or use normalized cuts [27] for partitioning the ambient space
into regions. Another interesting approach, alpha shapes [§] defines meaningful
subsets of the Delaunay triangulation of P by balancing convexity and resolution
scale measures. The second methodology consists in gathering local perceptual or
regularity cues for grouping [34/T], like good continuation [7], constant curvature
[22] or local measures of confidence [263T25l12[9]. The third methodology also
results in such local operations but is primarily motivated by mechanical or
physical metaphors like in the dynamic particles [29]. They often use a variational
formulation [18)]23] and explicit or implicit geometric models [30/33].

However, there is also a more recent interest for methods meant to work in
arbitrary dimension. For instance, tensor voting [21] has been introduced as a
unified formalism for addressing the issues of grouping noisy sets of points into
more regular features. It is founded on tensor calculus: the multi-dimensional
data is first encoded into a tensor, then elements vote in their neighborhood
through a convolution-like operation which is most appropriate in Euclidean
ambient spaces. This results in a dense tensor map, containing both orientation
and confidence informations, from which curves or surfaces can be extracted by
a n-linear interpolation. This algorithm is not iterative because the smoothness
is imposed by convolution. Note that tensor voting was inspired from wvector
voting [12].

We suggest another formalism, founded on variational calculus, that is inter-
estingly related to almost all the previous methods. The remainder of the paper
is as follows. In Section 2] we present the theoretical and practical aspects of the
method. In Section B we discuss the benefits of this new approach in different
applications. We conclude in Section

2 Theory and Implementation

As a preliminary, we provide the reader with some informal intuition about the
various ingredients of the method. Then, we propose a mathematical formaliza-
tion of it and discuss its implementation.

2.1 Some Intuition

Suppose that P is a sparse cloud of points in the plane (£2 = R?) and that these
points are roughly distributed along a smooth curve. The problem consists in
recovering “the” smooth curve M that “passes through” P. We simply develop
the idea that P, seen as a subset of {2, can be transformed continuously into
the curve M. This is achieved through an iterative process in which each point
of P spreads itself in the direction of its neighbouring points. Little by little,
each point in P transforms itself into a short piece of curve oriented toward
other points of P, and grows toward them. Eventually, all those pieces connect
to one another so that the final curve is smooth and simply connected. At the
same time, outliers are eliminated and the shape is regularized. This “spreading”
process transforms continuously P into the smooth manifold M.

In the next section, we design an objective cost, or energy, associated with
this spreading shape at each time instant of its deformation. The iterative
minimization of this energy results in the “right” transformation because the
energy is designed for that very purpose. Like in any variational method, the
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final shape of M will correspond to a minimum of the energy. Now, there are
obviously two main issues here. The first one is “How to define a proper energy
?” and the second one is “How to represent the evolving shape 7.

As far as the energy is concerned, it has to reflect the relevant properties of
the desired final shape. In variational methods, the energy is often a weighted
sum of several energies. Each term contributes to favor or penalize a certain
shape property. The contributions are often contradictory and they compete
by summation, like kinetic and potential energy do in mechanics. Hopefully, the
achieved minimum of the total energy yields a satisfactory balance between each
effect. In our problem, we need at least two energy terms. There should definitely
be a data attachment term. In effect, shapes which contain a lot of points not
belonging to P should be penalized. This prevents the spreading process to add
too many points and make M too “fat”. Symmetrically, shapes which do not
contain all the points of P should be penalized as well. This is because the final
result should not miss parts of P. But this data attachment alone is useless
because its minimization results in nothing but M = P and that is why it is
called the data attachment term. We definitely need a regularization term as well.
This one should favor better connected and smoother shapes. It will of course
be in competition with the data attachment term because P is not smooth and
is not well connected at all. We do not discuss smoothness further for now since
the issue is so well known. A way to obtain well connected shapes is to favor
convexity. In effect, it is well known that convex shapes are simply connected,
i.e. contain only one connected component. So, the regularization term favors
convexity. Once again, this term alone is useless because minimizing it would
really connect all the points of P. The final result would then be the convex hull
of P and this is not desirable in general. To summarize this paragraph, the total
energy will only favor spreading toward other neighbouring points of P because
this is the only way the two terms may actually reach a satisfying agreement.

The representation of the evolving shape is an important issue as well. In
effect, a priori, no hypothesis is made neither about the dimension of the final
shape M nor its topology. This is a domain where implicit representations are
usually superior to shape explicit parametrizations. In solving this issue, we
were mostly inspired by [220] where a curve in R? is represented by a one-
parameter family of concentric tubes of increasing radi. The represented curve
is the medial axis of the tubes. If the radius r of the tubes is the parameter of
the family then the tubes converge toward the curve when r tends to 0. This
is actually a very general approach which is valid regardless of the dimension
and topology. The key is to consider neighborhoods (or approximations) of the
represented object with increasing tolerance. Note that those neighborhoods are
always hyper-surfaces of the ambient spaces, i.e. manifolds of dimension n—1. For
instance, in R?, both concentric tubes and concentric spheres are bi-dimensional
although their limits are curves and points. Finally, those hypersurfaces are
conveniently encoded as the iso-hypersurfaces of a scalar function defined on f2.
This implicit representation makes it not too hard to formulate the problem as
a variational one.

2.2 Formalization

Let w: 2 — [0,1] be a smooth function to be constructed so that the family of
hypersurfaces S, = u~1(a), 0 < @ < 1, tends to a submanifold M of 2 when «
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tends to 0. In that sense, u can be interpreted as a weak implicit representation
since
M= lim u (a).
a—0t

In particular, the value of u far from P is 1 and tends to 0 as one approaches P.
We propose to define u as the solution to a variational problem that is naturally
related to the reconstruction one. As a preliminary, we shall present some useful
integral criteria, along with their Euler-Lagrange equations. Then, we shall see
how to combine them and finally, since variational methods are iterative, we
shall describe how to initialize u. We start with the case {2 = R".

Ingredients. For the moment, consider independently the four non-negative
integrals

/u2, / (u—1)2, /VQu, and /Vu-QuVu,
P /P 2 £

where @, is the projector onto the sub tangent space of {2 corresponding to
negative eigenvalues of the Hessian of u. In other words, if D?u = PTDP, with
D = Diag(\;) and PTP = I, then Q, = PTGP with G = Diag(v()\;)) where
v(R™) = {1} and v(R*") = {0}. Note that Q, is symmetric positive.

The motivation for considering the first three integrals is obvious. The min-
imization of the first one enforces that M passes through P. In effect it is
null if and only if u(P) = {0}. Minimizing the second one prevents M from
passing through other points than those of P. In effect, it is null if and only
if uM/P) = {1} a.e. in 2/P. Finally, minimizing the third one enforces the
smoothness of u hence, to some extentl], that of S,. The Euler-Lagrange equa-
tions of these three first integrals are respectively

2u, 2(u—1), and —2Au

on the domains where the corresponding integrals are defined and 0, i.e. the
null function, elsewhere in 2.

As for the fourth integral, it is minimized by non-concave functions but this
is not as straightforward and we are going to develop this point further. Note
that the motivation for considering convex w’s is that it implies the convexity
of its iso-hypersurfaces S, (cf. previous section) and this is how the connection
between neighbouring points is favored. Here is how we minimize this integral.
Although Q,, depends upon D?u, we consider only the first order term in the
Euler-Lagrange equation of the integrafd. It is equal to

—2A"u,

1 j.e. to the extent that « is not a singular value of u.

2 Observe that the dependence of Q. with respect to D?u can be thought of as having
a contribution due to its eigenvalues A\; and another one due to the isometry P. The
first contribution is null a.e. because the derivative of v is null a.e.. As for the other
dependence, we neglect it here because it introduces third order derivatives in the
Euler-Lagrange equation and those are too difficult to evaluate numerically. We have
to admit that it is a shortcoming of this method.
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where A~ is the sum of the negative eigenvalues of the symmetric matrix D?u,
i.€.

ATu= > v\ (1)

This result is obtained by writing

0(Vu-Q,Vu) T B
v (Qu +Q,)Vu=2Q,Vu
and then
0(Vu-QuVu)
-V —ava —2V - Q. Vu
=2V -Q*Vu Q. is a projector
= -2Q,V - -Q.,Vu Q. is self-adjoint
=—2PTGPV - PTGPVu by definition
= —-2GPV -GPVu PT is an isometry
= —2GPV - PVu G is a self-adjoint projector
=-2
Z 31,1

= 72A7u,

where the p;’s are the eigenvector of D?u and A~ is defined in Eq. [

The quantity A~ wu is the negative part of the Laplacian of u or “the nega-
tive Laplacian”. Obviously, it vanishes when u is a non-concave function. Hence
again, this enforces the convexity of the hypersurfaces of v and consequently the
convexity of M. Of course, the final M will not be globally convex because the
four criteria are actually going to compete.

Putting them all together. Following, it is important to combine these
integrals properly in order to achieve the right balance between each effect. We
are going to form a weighted sum of those four integrals depending only upon
one parameter, the scale 0. We define the scale as the critical distance between
two just distinguishable points of P. This concept from observation theory will
serve as a yard stick to “calibrate” our linear combination of contributions.

First, remind that our integrals are not all defined in {2, so we use an indica-

trix function of P, i.e. Ip(P) = {1} and Ip(£2/P) = {0}. The two first integrals
can then be rewritten

/ Ip(x)u(x)?dx and / (1 —Tp(x))(u(x) — 1)%dx.
2 f?)

Now, we form

E201/ ]Ipu2+02/(1—11p)(u—1)2+03/ V2u+/ Vu-QuVu, (2)
o 17 7 Q
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and the corresponding Euler-Lagrange equation (up to a factor %)

OuFE = c1lpu+ca(1 —Ip)(u—1) — cgAu — A, (3)

where the three ¢;’s are to be expressed in terms of o.

For symmetry reasons, it is natural to choose ¢; = co. Furthermore, consider
the case of two isolated just distinguishable points in R located at coordinates
0 and o. Setting c3 = 0, because the smoothing must be negligible with respect
to the other effects, the equilibrium condition writes co(u — 1) — u' = 0, which
is a linear differential equation of the second order. It can be integrated by
quadrature, supposing that «(0) = u(c) = 0. Then, ¢y can be determined
thanks to the additional equation u(%o) = %: in effect, the fact that the two
points are just distinguishable means in particular that their middle point can
be assigned neither to M nor to 2/ M.

Finally, we find

2
<1n(7 + \/48)> 6.938
Cl =Cy = ~

3 and c3=¢e¢<<1,

o o
hence the partial differential equation to be solved %7; = —0,F or
ou 2 _
Frie ;(—]Ipu—k(l—Hp)(l—u))+5Au+A u, (4)

where 3 = In(7 + v/48) and ¢ << 1.

Non-euclidean ambient spaces. The case where {2 is not Euclidean is im-
portant in practice. For instance, curve normal vectors live in S', surface normal
vectors in S2, line directions in P!, color hue in S' and k-uplets of such vari-
ables live in products of those spaces. Non-Euclidean variables occur quite often
in computer vision and, in general, it is not accurate to consider them as taking
values in Euclidean spaces. Fortunately, it is rather straightforward to generalize
the presented method when {2 can be embedded in a Euclidean space. In that
case, one has just to rewrite the previous equations in the tangent plane of {2 as
introduced in [4]. Practically, one still solves a PDE using a regular grid and 2
is represented implicitly by its distance function.

Initialization of w. One can simply initialize u as follows: uo(P) = {0} and
uo(£2/P) = {1}. This has the advantage of being simple and fast but it does not
account for repetitions in P and, since the grid has integer coordinates, rounding
effects are important.

Another way that is more robust to outliers and behaves better regarding
redundant samples and rounding effects is to set:

w() =[] <1 e SE >2> (5)

pEP

Of course, this can be implemented efficiently by considering an approximation
of the exponential having a compact support.
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2.3 Implementation Issues

The function u is sampled over a regular grid of (2 if it is Euclidean or over
the Euclidean space of higher dimension in which {2 has been embedded (cf.
Section. [2)) otherwise. The equation (@) is discretized using the standard explicit
forward scheme for the time derivative (i.e. us1qr = ug+(...)dt) and the standard
explicit centered schemes for the spacial derivatives (i.e. the Hessian of u). The
hypersurfaces S, are extracted by n-linear interpolation. As far as the indicatrix
function is concerned, it can be set to

_ dist?(x,P)
Ip(x)=¢ 2

or any other reasonable approximation. Naturally, the finest possible scale, o,
is determined by the resolution of the grid. It is achieved by taking o = 1 (i.e.
two grid nodes are two distinguishable points) but it can be set to a lower value
if needed. The most natural way to work with it is to set & = 1 and choose
an appropriate grid size. An approximation to the “negative Laplacian” may be
computed as

A~ u ~ Trace(N(D?u))

where N is an appropriate polynomial. In effect, we have Trace(N(D?u)) =
Yiet... n N(Ai) because D?u is symmetric and thus, D*u and N(D?u) share the
same eigenvectors. So, the polynomial IV has just to “turn off” positive A;’s for a
reasonable range of values. This idea has been suggested to us by [30]. Of course,
A~ u may also be simply computed by diagonalizing D?u. These approximations
of A~ w are only valid if {2 is Euclidean, however it is straightforward to extend
them if (2 is only embedded in a Euclidean space. Finally, in practice, one can
really set € = 0 because the other spatial centered schemes are already diffusive
enough for assuring a regular solution.

3 Applications

In this section, we discuss the benefits and limitations of the proposed technique
in two different contexts: multi-dimensional data analysis and skin detection in
color images.

3.1 Application to Multi-dimensional Data Analysis

A simple example will demonstrate how this technique can be helpful for the
understanding of multi-dimensional data. When the number of variables is high,
i.e. greater that 2 or 3, a traditional approach is to study slices or projections
of the data with lower dimensions. Typically this approach yields some partial
structural information. One limitation of analysing slices of the data is that one
may fail to detect existing structural information. This is due in part to the
fact that samples that where “almost” lying on the selected slice will be totally
invisible. Fig. [2] depicts this situation on a real data set. Let us see how one
may solve this with our method. Fig. [[]shows the iterative reconstruction of this
data set using EqHl and Fig. 8 shows the resulting slice from which patterns
can be detected more confidently. This is a rather trivial example since there
are only three variables and a three-dimensional scatterplot yields the structural
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Fig. 1. This figure shows the iterative resolution of Eq. @l The curve and the surface
are reconstructed to a certain extent.

information. However, if there are more than 3 variables, one may still perform
exactly the same reconstruction in the whole dimensionality of the data set.
This process cannot be easily visualized. But, once the reconstruction is done,
standard analysis tools can be used to detect more reliably structural information
in slices, scatterplots or other low-dimensional representations. The higher the
number of variables, the more likely the reconstruction will yield information
that would otherwise stay invisible. In practice, this technique would be most
appropriate when the number of variables is smaller than 10 due to important
memory requirements. This point is detailed in Section [4l.

3.2 Application to Skin Detection in Color Images

Typical algorithms for detecting skin in color images proceed in two steps. First,
a local skin color and/or skin texture detection is performed. Then, the geometry

Fig. 2. On the left, a cloud of points in R* distributed along a one-dimensional curve
and a connected bi-dimensional surface. On the right, the trace of the cloud of points
on a selected slice. Although it is clear from the three-dimensional scatterplot that this
trace is distributed along a curve, this is not visible on the slice alone.
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Fig. 3. The cloud of points of Fig. 21 has been reconstructed, cf. also Fig. [, and its
trace over the same slice is shown. By connecting points in the full dimensionality of
the data set, on makes it possible to detect structure more reliably. Of course, if the
reconstruction is performed on the initial slice, i.e. in two dimensions, this information
cannot be recovered hence the importance of reconstructing in the full dimensionality,
especially when considering more that 2 or 3 variables.

of the detected regions is regularized using morphological operators. This section
concerns only the first step and deals with the local detection of skin color using
the approach described in this paper: 200 images depicting people have been
segmented manually and the set P is formed by the colors, in the CIE Lab
system, of the millions of pixels corresponding to human skin. {2 is the set of
existing colors in the same color system and M is supposed to approximate
the set of colors corresponding only to human skin. After reconstructing M
(¢f. Fig. M), it is then possible to test whether the condition u(L,a,b) < ug is
satisfied, where (L, a, b) is the color of a tested pixel and wy is a selected threshold
related to the probability of a color to belong to M. Consequently, this test may
be used as a local skin color detector. Of course, it is important in this learning
approach to eliminate the differences in lighting and camera responses within the
learning set and we did this partially. To compensate for differences in lighting
conditions, we have applied a simple model of the Von Kries adaptation [11].
The algorithm searches the image for likely representatives of white and black,
and uses these values to compute a modified Von Kries adaptation. Although
the spectrum of the light source cannot be completely recovered from the image,
this model provides good results, as long as the spectrum of the light source
is not too wildly skewed or irregular [28]. Fig. [ shows a comparison of our
detection method with two others on both images containing skin and images
not containing skin. Of course, one of the strength of the presented method is that
it can be applied with more than three variables and this can be used in order
to further enhance the segmentation. For instance, in Fig.[0], we added a fourth
variable which is the variance of |(L, a,b) — (Lo, ag, bp)| in a small neighborhood
of each pixel, where (Lg, ag, bo) is the color of the considered pixel and |.| denotes
the Euclidean distance. This measure, noted v(L, a, b) accounts somehow to the
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Fig. 4. This figure shows the learned shape of the set of human skin colors in the CIE
Lab system from different standpoints.

presence of texture and this enhances the results in particular on images which
do not contain human skin. It is also fair to say that the value of the threshold
ug is rather arbitrary and no physical interpretation has been attached to it,
although it should not be difficult to relate it to a probability.

Fig. 5. Examples of results of skin color detection using (from the left to the right) the
methods proposed in [I1], in [28] and in this paper with the variables (L, a,b).
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Fig. 6. Examples of results of skin color detection using (from the left to the right) the
methods proposed in [32], in [T9] and in this paper with the variables (L, a,b) and, in
last column, with the variables (L, a,b,v(L, a,b)). Notice how the additional variable,
related to texture, enhances the results in images that do not contain skin.

4 Conclusion

In this paper, we have presented a new solution to the fundamental problem of
recovering a manifold from a set of points known to belong to it. It is founded
on variational calculus and results in a partial differential equation which can be
interpreted explicitly as an anisotropic diffusion that “connects” neighbouring
points. This is particularly interesting when dealing with non-Euclidean ambient
spaces, where convolutions are not easy to implement. Although this technique
is surprisingly simple, it gathers various good ideas from the three classes of
existing methods surveyed in Section[I]l In particular, the variational formulation
of geodesic snakes [18], the fact that the initial solution is the set of points itself
like in dynamic particles [29], the balance between convexity and scale like in
alpha shapes [§], and finally the geometric implicit representation like in the
level set methods [33]. All this makes it a very powerful tool in the most difficult
situations as shown by our experiments. As for the limitations of the method,
one has to be aware that, in practice, it is limited to dimensions smaller that
about 10 because of the inherent computational complexity. If a narrow band of
“voxels” is used, then the complexity is linear in the size of the reconstructed
objects, both in time and memory. But, the involved constant may be very
important due to the voxel-based representation. Another difficulty that has
not been addressed is the choice of the metric to use when the variables are
of different nature. However, the framework we have presented is certainly an
appropriate one to introduce these considerations. One has also to be aware of
the two layers of approximations introduced by the weak implicit representation

(¢f. Section 2.
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We would like to end this paper with the following general notes. Although

the method performs extremely well in practice, there are several theoretical is-
sues which remain to be investigated. Like in any other variational method, the
Euler-Lagrange equations provide only necessary conditions to the minimization
of the energy and it should be clarified in which cases this is actually not suffi-
cient. Further more, the link to standard statistical methods should be clarified
as well. In particular, is the performed reconstruction equivalent to any known
statistical regression ? Future work on this technique will focus on answering
these questions.
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Abstract. We address the problem of estimating the three-dimensional shape and
radiance of a surface in space from images obtained with different focal settings.
We pose the problem as an infinite-dimensional optimization and seek for the
global shape of the surface by numerically solving a partial differential equation
(PDE). Our method has the advantage of being global (so that regularization can
be imposed explicitly), efficient (we use level set methods to solve the PDE), and
geometrically correct (we do not assume a shift-invariant imaging model, and
therefore are not restricted to equifocal surfaces).

1 Introduction

Shape from defocus (SFD) consists of reconstructing the three-dimensional shape and
radiance (“texture”) of a scene from a number of images taken with different focal
settings. It is one of the classical problems in Computer Vision. This problem can be
posed as the inversion of certain integral equations that describe the imaging process.
Once an optimality criterion has been chosen, the problem can then be solved uniquely
under suitable conditions on the radiance and the shape of the scene [13].

What makes SFD possible is the fact that the image of a scene at a certain position
on the image plane (a “pixel”) depends upon the radiance on a region of the scene, as
well as on the shape of such a region. What makes SFD possible, however, also makes
it difficult: the image at a given pixel is obtained by integrating the (unknown) radiance
of the scene against an (unknown) kernel that depends upon its shape. Given values of
the integral at each pixel, one needs to estimate both the radiance and the kernel, which
is known to be a severely ill-posed inverse problem in its full generality.

Several approaches have been presented to address this problem, which is an instance
of “blind deblurring”, or “blind deconvolution” if one is willing to make the simplifying
assumption of shift-invariant kernels, as we describe in Section [Tl Typically, the depth
of the scene is computed after approximating (locally) the radiance of the scene using
various classes of functions or filters.

In this paper, rather than estimating depth at each pixel, we formulate shape from de-
focus within a variational framework as the problem of estimating an infinite-dimensional
surface in space. We derive the optimality conditions and design a numerical algorithm
to efficiently reach a (local) minimum. We do not make the assumption that the imaging
kernel is shift-invariant — one that is patently violated at occluding boundaries — and
therefore we can easily handle complex shapes.

* This research is sponsored by ARO grant DAAD19-99-1-0139 and Intel grant 8029 to Stefano
Soatto.

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 18-B0] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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1.1 Relation to Previous Work

In the literature of computer vision, a number of algorithms have been proposed to esti-
mate depth from defocus. The main assumption, common to most algorithms available
in the literature, is that the scene is locally approximated by a plane parallel to the image
plane [ 27811041201 5117019[22123/24125,26l). This is called the equifocal assumption and
it allows describing the imaging process as a linear convolution; the price to pay, how-
ever, is a fundamental trade-off between robustness and precision. In order to increase
the reliability of the estimation, one would want to integrate over regions that are as large
as possible; on the other hand, for the equifocal assumption to be valid, one would want
regions to be as small as possible. In particular, at occluding boundaries the equifocal
assumption is violated altogether.

Several algorithms have been also proposed to solve the problem in the shift-variant
case as, for example, in [[I8]. [4] presents several methods for this purpose. The block-
variant blur methods correct the assumption of local equifocal imaging by taking into
account contributions from the neighboring regions. Other techniques are the complex
spectrogram and the Wigner distributions, which are applied in a space-frequency frame-
work. A successful approach employs a Markov random field model to obtain a maximum
a-posteriori estimate of the blurring parameters.

1.2 Main Contributions

The equifocal assumption impacts both the shape reconstruction and radiance restoration.

Shape estimation is affected by how well an equifocal plane approximates (locally)
the observed surface. This, in particular, implies that, within the surface, the best can-
didates will have equifocal tangent planes. It is clear that, unless the whole surface is
close to be a plane parallel to the image plane, these candidates will be isolated points or
curves. This implies that, in general, the estimation will be incorrect almost everywhere.
Also, notice that this behavior does not depend on the smoothness of the surface. For
example, if we consider a slanted plane, which is a smooth surface, any algorithm relying
on the assumption above will result in a biased shape estimation.

Since the equifocal assumption at a point holds in general only locally, it is always
associated with the choice of a domain around that point. Typically, such a domain is
a square window. This is also the domain where the radiance is reconstructed. Notice,
however, that when the chosen window is not in focus, it will receive contributions
from the radiance lying on the neighboring regions, which are not accounted for in the
imaging model. This implies that, regardless of the information carried by the texture
of the radiance, the restoration of regions with higher intensity gradient (energy) will be
favored over that of regions with lower intensity gradient.

These limitations motivate us to take a different approach. In this paper we forgo
the equifocal assumption by approximating the scene with tangent planes, so that we
can integrate visual information over the entire image. This results in superior resistance
to noise (as also noticed in [4]). We formulate the problem within a variational frame-
work, so that we can regularize the reconstruction process via imposing smoothness,
and we do not make explicit approximations of the shape; rather, we estimate shape via
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optimization on the infinite-dimensional space of smooth surfaces. We compute the nec-
essary optimality conditions and numerically implement a partial differential equation
to converge to a (local) minimum. Last, but not least, we achieve superior computa-
tional efficiency by estimating global shape, as opposed to depth at each pixel since the
radiance on overlapping regions does not need to be recomputed.

2 Optimal Shape from Defocus

Let P be a generic point on the surface s in the scene with coordinates X € R3. Suppose
that we are imaging the scene using a real aperture optical system with focal setting
7. By exploiting the additive nature of the energy transport phenomena, we model the
image formation process with an integral of the form

I(x) = / By (X, X)r (X)dA(X) 0

where x = 71, (X) € R? is the projection of P on the image plane, which depends
on the geometry of the optics, and in particular on the focal setting 7, and dA(X) is
the Euclidean area form of s at X.  is the radiance density of the scene and h,, is the
imaging kernel, which depends on the geometry of the imaging device. h,, satisfies the
normalization constraint, i.e. for any surface s

/ hiy (X, X)dA(X) = 1. )

We are able to measure the intensity /(x) at each point x. Our goal is to reconstruct both
the radiance 7 and the shape s of the scene from a collection of images obtained with
different focal settings.

Suppose we have L images with different settings 7)1, . . ., n71,. We collect and organize
these images into an array [ = [I,,,...,1,. |7, and do the same for the respective
kernels i = [hy;, ..., hy, |7 The right-hand side of equation (I) can also be interpreted
as the synthetic image generated by a given surface s radiating energy with a given
radiance density r. In this case we denote the collection of all such images with J =
[‘]7]1 [ JWL}T'

2.1 Cost Functional

Inverting the integral in equation (IJ) based on measurements [ is an ill-posed problem.
Furthermore, often (I)) is only an approximation of the model that generates the data. We
will therefore look for solutions that minimize a suitable optimization criterion. In [6]]
Csiszér presents a derivation of “sensible” optimization criteria for the problem above,
and concludes that the only two that satisfy a set of consistency axioms are the Lo-
norm — when the quantities at play are unconstrained — and the information-divergence
— when both the radiance and the kernel are constrained to be non-negative. The latter
criterion applies to our case since the radiance represents an energy density and the kernel
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represents surface area. Therefore, without further discussion, we adopt the information-
divergence (or I-divergence) as a cost functional for the discrepancy between measured
images I and the synthetic images J:

w(1)7) = / B(I(x)](x))dA 3)
where I
S(I(%)|T(x)) = I(x)log J((’j) )+ T(x) @

x = 7(X), X belongs to the shape s. Notice that our cost functional (@) is defined
for the surface s, instead of the image domain as commonly seen in the literature. This
allows us to derive a geometric flow (see Section [2.2) to minimize the cost functional
with respect to the surface. To emphasize the dependency of J on the surface s and the
radiance r, we write, with an abuse of notation, J = J(s,r).

Hence, the problem of retrieving both shape s and radiance r from a collection of
images I = [I,,,,...,I,,]” can be formulated as that of finding a minimizer (3, #) for
the I-divergence between I and J = J(s,7):

(8,7) = argmin ¥ (I|J(s,7)). Q)

(s,r

2.2 Radiance and Shape Estimation

The problem of minimizing the cost functional @) involves solving a nonlinear opti-
mization problem for two unknowns, which are both infinite-dimensional. To our best
knowledge, there is no direct solution to minimize simultaneously both the shape s and
radiance r, so we choose to divide the optimization into two sub-problems through an
alternating minimization technique. Suppose we are given an initial guess for the radi-
ance rq and the surface sg (see Section 3.4 for more details on initialization), then the
algorithm can be written as:

{ml = argmin @ (1] (3. 7)) o

Sg+1 = arg msin U(I|J(s, Frt1))-

The enabling step to use such an alternating minimization relies on having two iterations
that independently lower the value of the cost functional, so that their combination leads
toward the (local) minimum. For the first part we employ an iterative formula on the
radiance 7, which is constrained to be strictly positive, obtained from the Kuhn-Tucker
conditions [[11] on the cost functional. For the second part we use a gradient descent
flow implemented using level set methods [[16].

Radiance Iteration. Any radiance 7 that minimizes the cost function must satisfy the
following necessary conditions:

/ h(X,X)I(7(X)) dA(X){: [, X X)dAX) VX :r(X) >0
o JLR(X, X)r(X)dA(X) < [LA(X,X)dAX) VX :7r(X)=0

)
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These are the Kuhn-Tucker conditions, and since no closed-form solution is generally
available, we seek for an iterative procedure such that the radiance will converge to a
fixed point. Following Snyder et al. [21] we define the iteration as:

/ X)I(x(X))
thXdA ther X)dA(X)

It can be shown that this iteration provably minimizes the chosen cost functional (with
respect to ) even when the iteration is computed without the correct shape s [[10].

Per1(X) =

dA(X).  (8)

Gradient Descent Flow We minimize (3) with respect to the surface s by introducing
an auxiliary time variable ¢ and deforming the surface s(t) = {P(X,t) : X € s} intime
t starting from an initial surface s(0). The evolution is governed by a partial differential
equation:

=EL(X,s)N, )

where NV is the unit normal to the surface at P and ££(X, s) = 0 is the Euler-Lagrange
equation of the cost function (3)). Note that in equation (@) we let the surface deform
only along the normal direction, because the deforming in the tangent space will not
change the shape of the surface (what it changes is the parameterization). This PDE is
the gradient descent flow. When this flow converges to the steady state, i.e. P, = 0, the
Euler-Lagrange equation is satisfied. And it can also be shown that the cost functional
monotonically decreases with respect to ¢ (if a suitable initial shape P(X, 0) is provided).
Therefore, we are guaranteed to reach a (local) minimum of the cost function.

Away from discontinuities, we approximate the surface locally around P(X, t) with
the tangent plane Tp. Note that this approximation is fundamentally different from the
equifocal assumption, because the tangent plane is not necessarily parallel to the focal
plane. Hence the resulting kernel £ is not shift-invariant. We assume that the radiance
r is defined on a neighborhood around s (see Section B3 for more details on how to
extend the radiance into R3). A point Y in T satisfies the identity N7Y = NTX,
where NN is the unit normal vector of s at P. Let K be the transformation bringing local
coordinates (u, v) to points in Tp, K : 2 C R? — Tp. K can always be assumed to
take the following form as long as the third component of /V is non-zero:

Y = K(X,u,v) = X + [uv k(u,v)]7. (10)
Immediately we have
Niu + N
k(u,v) = -1 2Y (an
N3

where N1, Ny and N3 are the components of N. Hence K explicitly depends on X and
N. Under these assumptions, the model image J can be computed as:

J(m(X)) = /h (X, X+ K (u,v))r (X + K (u,v)) dudv. (12)

In [9], Faugeras and Keriven prove that the Euler-Lagrange equation for (@) takes
the following form:

SE(X,S) = H@—QxN—H(éNN)—‘rTI‘ ((@XN)TP + dN o (¢NN)TP> =0 (13)
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where T'r(-) denotes the trace; H is the mean curvature, and $x and @ stand for the
derivatives of @ with respect to X and N respectively. @y and &xy are the second
order derivatives of ¢ and (PN )7, and (Px )7, are their restrictions to the tangent
plane Tp. dN is the differential of the Gauss map of the surface, which involves the
second fundamental form. Writing the expressions explicitly, we have:

1 I
¢X :10g (J) Ix+ (1_J) JX

I

o (X)
X

Jx = / (hxr + hVr) dudv

Ix =VI-

0K
Jy = / I (hxr + hVr) dudv

Note that we have skipped the arguments of all the functions for ease of notation.
Similarly we can compute x y and P .
Finally, the gradient descent flow of P(X, ) is:

P, = (H@ —Px-N—H(Py-N)+Tr ((@XN)TP +dN o (QSNN)TP)) N. (14)

Since the flow (I4) depends only on the first and second derivatives of ¢ with respect
to X and N and geometric quantities, namely, H, N, dN, Tp, the flow is independent
of any particular parameterization of the surface one chooses. In this sense, the flow
is intrinsic. Experimentally, we find that the following first-order approximation of the
flow (T4) yields very similar results to those of the full second-order flow, while avoiding
the time-consuming computation of @xn and P xn:

P,=(H®—dx - N — H(®y - N))N. (15)

3 Implementation

3.1 Level Set Iteration

We implement the flow (I4) and (I3) using level set methods. The level set methods were
originally developed by Osher and Sethian [16]]. Since then, the methods have gained
popularity in various fields. Many fast numerical schemes have been proposed based on
it. For a complete account refer to [20]. The level set implementation of any geometric
flow begins by embedding the initial interface P (X, 0) as a level set of a scalar function
10(X) which is then taken to be the initial condition for a function over time (X, t):

Yo :RP =R, ¥ :R¥xRT R, %(X,0)=(X).

The choice of a particular level set is arbitrary but is typically taken to be zero. The key
point is that the interface is continuously embedded within the same fixed level set of 1
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at all times. Thus, choosing the zero level set we have
Yo(P(X,0)) =0, and o(P(X,t),t)=0.
Differentiating with respect to ¢ therefore yields:
e+ VY- P =0 (16)

an evolution equation for ¢ (where Vi = 1x) which evolves the interface P(X,t)
described implicitly by (X, t) = 0 for all ¢.

3.2 Intersection with the Surface

In the radiance iteration it is necessary to determine which point on the surface s cor-
responds to which point on the image plane, in order to establish the blurring radius of
the kernel h. To be more specific, one needs to compute the intersection of a ray, which
depends on the imaging model, with the surface s. Obtaining explicitly all the possible
intersections with a discrete representation of the surface, for instance a triangulated
mesh, turns out to be a computationally expensive task. Rather, it is possible to do this
very efficiently by exploiting the advantage of an implicit formulation of the shape, i.e.
the level set function v or the signed distance function. Let the ray be defined by a
point X and a direction v. Let X be the intersection we are looking for. X satisfies the
following (nonlinear) ordinary differential equation:

aX — (X)) -
{ X(0) = Xo 17)

where c¢(+) is a scalar speed function defined as follows

_ [ sign(v(X) if [9(X)] > 1
o0 = {3 G 21 9

The rationale is that we move X according to ¢(-) so that X is lead towards the surface.
When X crosses the surface, ¢(X') will change sign accordingly, and therefore X will be
forced to move in the opposite direction. Hence, X will oscillate around the intersection
of the ray with the surface, reducing the overshoot at each step. Finally, we decide for
X to be the intersection when the oscillation remains within a fixed band around the
surface. This happens typically within a few iterations (3 to 5).

3.3 Radiance Extension

As mentioned in Section[2.2] we assume that the radiance is defined in a neighborhood
around the surface s. Since the radiance is originally defined only on the surface (or the
zero level set of 1), we need to find a way to extend it. One way to do so, which is widely
used in the literature of applied mathematics [SI27]], is to extend r such that it is constant
along the normals of s. This means that the extension should satisfy

Vr - Vi = 0. (19)
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To solve the above equation we numerically search for the steady state solution of the
following PDE:
or .
g + sign(y)(Vr - Vi) = 0. (20)
Note that this keeps 7 on the zero level set of v (the surface s) unchanged. However, as a
result of this process, the data is now defined in a neighborhood of s. The equation 20)
can be efficiently solved using the fast marching technique [20]].

3.4 Initialization

To start the alternating minimization one needs to have an initial guess for both radiance
and surface. Since we have no prior knowledge on either unknown, we proceed as
follows: choose one of the input images [,,,, taken with focal setting u;; define the
initial surface as a plane parallel to the focal plane passing through the focal depth
u1; compute the radiance by back-projecting the image [,,, onto the defined surface.
As we see in our experiments, such a choice is not crucial to the estimation process.
However, we also notice that a good initialization speeds up the minimization procedure
considerably. Therefore, during the first steps of our algorithm we perform the surface
estimation using a simple search of the minimum of the cost functional computed over a
small grid of possible depths, assuming the surface is locally a plane. This initial surface
is then used for the radiance iteration step after being smoothed. Later we substitute the
search step with the level set iteration and proceed with the minimization as described
in the previous sections.

4 Experiments

In this section we report some experiments with real images. Figure[Tlshows two images
which are obtained by changing the position of the image plane along the optical axis,
and keeping the lens position fixed with respect to the scene. Moving the image plane
necessarily involves scaling the images, which we avoid by employing a telecentric
optical model (see [[14]) and registering the two images using auxiliary patterns. Images
are taken with an 8-bit camera containing two independently moving CCDs (kindly
made available to us by S. K. Nayar). The near and far focused images in Figure[[lhave
focal depths of approximately 0.9m and 1.1m respectively. The focal length is 35mm
and the lens aperture is F'/8. The scene has been chosen so as to test the performance
of the proposed algorithm when the usual equifocal assumption does not hold. It can
be noticed that the scene presents significant depth variations and several occluding
boundaries. In particular, at the occluding boundaries of the statues and in the folds of
the skirts, the planar approximation fails. Furthermore, the blurring radii are up to 4 — 5
pixels, so that the window size would have to be at least of 10 pixels, which would not
allow for fine depth retrieval. In Figure 2] we show the corresponding surface evolution
from the level set iteration. Figure 3] shows three steps of the radiance iteration during
the alternating minimization procedure. Then, in Figure 4 we show the final estimate of
the shape coded in gray level (256 values), where darker means closer to the viewer and
brighter means farther from the viewer. Three views of the final shape which has been
texture-mapped with the final radiance are also shown.
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Fig. 1. Original images: the left image is near-focused (0.9m). The right image is far-focused
(1.1m). As it can be noticed, in both images the blurring is quite large, the shape is non-trivial and
presents several discontinuities due to occluding boundaries. The blurring radii for both images
are about 3-4 pixels.

Fig. 2. Shape evolution:Twelve snapshots of the shape evolution: the surface is gradually con-
verging to the final shape, starting from a plane placed at depth 0.9m.
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Fig. 3. Three snapshots from the radiance iteration. Top: Initial radiance obtained from the near
focused image; Middle: Radiance obtained after one iteration; Bottom: Radiance after three
steps. It can be noticed that the radiance is gradually sharpening after each iteration, as is
particularly visible in the background. The final radiance is sharp everywhere.
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Fig. 4. Top: depth rendered in gray levels (256 values) where darker means closer to the viewer
and brighter means farther from the viewer; middle, bottom-left and bottom-right : three views
of the final estimated shape, texture-mapped using the final estimated radiance.
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5 Conclusion

In estimating shape from defocus, the equifocal assumption is a well-known limitation. It
introduces several disruptions in the reconstruction process such as image overlapping,
windowing effects, edge bleeding, etc. We present a novel approach to shape from
defocus based on an alternating minimization algorithm which does not make use of
the equifocal assumption so as to overcome the above limitations. The radiance of the
scene is estimated through an iterative scheme which provably converges to a minimum,
while the shape is estimated using a gradient descent flow, which is then implemented
numerically using level set methods. We show that the combination of these two steps
leads to a (local) minimum of the discrepancy between the measured image and the
modeled image. Also, by implementing the shape estimation with level set methods, we
implicitly impose smoothness on the estimated shape in a completely automatic fashion.
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for their helpful suggestions and invaluable support.

References

1. Special issue on blind system identification and estimation. Proceedings of the IEEE, October
1998.
2. N. Asada, H. Fujiwara, and T. Matsuyama. Edge and depth from focus. Intl. J. of Comp.
Vision, 26(2):153—-163, 1998.
3. W. Boothby. Introduction to Differentiable Manifolds and Riemannian Geometry. Academic
Press, 1986.
4. S. Chaudhuri and A. Rajagopalan. Depth from defocus: a real aperture imaging approach.
Springer Verlag, 1999.
5. S. Chen, B. Merriman, S. Osher and P. Smereka. A simple level set method for solving Stefan
problems. Journal of Computational Physics, 135, 1995.
6. I. Csiszar. Why least-squares and maximum entropy; an axiomatic approach to inverse prob-
lems. Annals of statistics, 19:2033-2066, 1991.
7. T. Darell and K. Wohn. Depth from focus using a pyramid architecture. Pattern Recognition
Letters, 11(2):787-796, 1990.
8. J. Ens and P. Lawrence. An investigation of methods for determining depth from focus. /IEEE
Trans. Pattern Anal. Mach. Intell., 15:97-108, 1993.
9. 0. Faugeras and R. Keriven. Variational principles, surface evolution pdes, level set methods
and the stereo problem. INRIA Technical report, 3021:1-37, 1996.
10. P. Favaro and S. Soatto. Shape and reflectance estimation from the information divergence
of blurred images. In European Conference on Computer Vision, pages 755-768, June 2000.
11. D. Luenberger. Optimization by vector space methods. Wiley, 1968.
12. J. Marshall, C. Burbeck, and D. Ariely. Occlusion edge blur: a cue to relative visual depth.
Intl. J. Opt. Soc. Am. A, 13:681-688, 1996.
13. A. Mennucci and S. Soatto. On observing shape from defocused images. In Proc. of the Intl.
Conf. on Image Analysis and Processing, pages 550-555, 1999.
14. M. Watanabe and S. K. Nayar. Telecentric optics for constant magnification imaging. In
Technical Report CUCS-026-95, pages Dept. of Computer Science, Columbia University,
New York, USA, 1995.



30

15

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

H. Jin and P. Favaro

. S. K. Nayar and Y. Nakagawa. Shape from focus. IEEE Trans. Pattern Anal. Mach. Intell.,
16(8):824-831, 1994.

S. Osher and J. A. Sethian. Fronts propagating with curvature-dependent speed: algorithms
based on hamilton-jacobi equations. J. of Comp. Physics, 79:12—49, 1988.

A. Pentland. A new sense for depth of field. IEEE Trans. Pattern Anal. Mach. Intell., 9:523—
531, 1987.

A. N. Rajagopalan and S. Chaudhuri. A variational approach to recovering depth from
defocused images. [EEE Transactions on Pattern Analysis and Machine Intelligence,
19(10):1158-64, October 1997.

Y. Schechner and N. Kiryati. The optimal axial interval in estimating depth from defocus. In
Proc. of the Intl. Conf. of Comp. Vision, pages 843-848, 1993.

J. A. Sethian. Level Set Methods: Evolving Interfaces in Geometry, Fluid Mechanics, Com-
puter Vision, and Material Science. Cambridge University Press, 1996.

D. L. Snyder, T. Schulz, and J. A. O’Sullivan. Deblurring subject to nonnegativity constraints.
IEEE Trans. on Signal Processing, 40(5):1143-1150, 1992.

S. Soatto and P. Favaro. A geometric approach to blind deconvolution with application to
shape from defocus. In Intl. Conf. on Computer Vision and Pattern Recognition, pages 10-17,
June 2000.

M. Subbarao and G. Surya. Depth from defocus: a spatial domain approach. Intl. J. of
Computer Vision, 13:271-294, 1994.

M. Watanabe and S. K. Nayar. Rational filters for passive depth from defocus. Intl. J. of
Comp. Vision, 27(3):203-225, 1998.

Y. Xiong and S. Shafer. Depth from focusing and defocusing. In Proc. of the Intl. Conf. of
Comp. Vision and Pat. Recogn., pages 68—73, 1993.

D. Ziou. Passive depth from defocus using a spatial domain approach. In Proc. of the Intl.
Conf. of Computer Vision, pages 799-804, 1998.

H. K. Zhao, T. Chen, and B. Merriman, and S. Osher. A variational level set approach to
multiphase motion. Journal of Computational Physics 127, pages 179-195, 1996.



Shadow Graphs and Surface Reconstruction

Yizhou Yu and Johnny T. Chang

Department of Computer Science
University of Illinois at Urbana-Champaign
Urbana, IL 61801, USA
{yyz,jtchang}@uiuc.edu

Abstract. We present a method to solve shape-from-shadow using shadow
graphs which give a new graph-based representation for shadow constraints. It can
be shown that the shadow graph alone is enough to solve the shape-from-shadow
problem from a dense set of images. Shadow graphs provide a simpler and more
systematic approach to represent and integrate shadow constraints from multiple
images. To recover shape from a sparse set of images, we propose a method
for integrated shadow and shading constraints. Previous shape-from-shadow
algorithms do not consider shading constraints while shape-from-shading usually
assumes there is no shadow. Our method is based on collecting a set of images
from a fixed viewpoint as a known light source changes its position. It first builds
a shadow graph from shadow constraints from which an upper bound for each
pixel can be derived if the height values of a small number of pixels are initialized
properly. Finally, a constrained optimization procedure is designed to make the
results from shape-from-shading consistent with the upper bounds derived from
the shadow constraints. Our technique is demonstrated on both synthetic and real
imagery.

Keywords. Surface Geometry, Shape-from-Shadow, Shadow Graph, Shading, Op-
timization

1 Introduction

In this paper, we consider the problem of shape-from-shadow and its integration with
shape-from-shading. Shape-from-shadow tries to reconstruct a surface using multiple
shadow images. It has a few advantages compared to other surface reconstruction tech-
niques. For example, shadow constraints are insensitive to specular reflection and spatial
variations of reflectance, and are able to impose long-range height constraints. The ba-
sic conclusion from previous work along this direction [20/13/9/4/T4] says that with
enough number of shadow images, the underlying surface can be recovered. However,
the proposed algorithms for this problem are either complicated or heuristic. The major
reason for this is that it was not clear how to effectively represent shadow constraints
and integrate the information from multiple shadow images.

To clearly understand this problem, we introduce shadow graphs which can effec-
tively represent and integrate shadow constraints from multiple images. We prove that
the shadow graph alone is enough to solve the shape-from-shadow problem from a dense
set of images. Simple operations on a shadow graph enable us to derive the structures of

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 31-43] 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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the underlying surface. This approach is simpler and more systematic than the previous
methods.

Usually most of the pixels in an image are not shadowed. However, shape-from-
shadow neglects rest of the shading information in the input images. As we can see,
shadow constraints are usually inequalities which are not as powerful as equalities.
Consequently, it usually requires a dense set of input images to obtain good results.
On the other hand, shape-from-shading [[10] and photometric stereo [22] are effective
approaches for a large class of surfaces including faces and sculptures. Both techniques
use the pixelwise shading information to constrain surface normals, and do not allow
shadows in the input images. They need an integration step to reconstruct a surface.
This step tends to accumulate errors from pixel to pixel. Although theoretically they can
uniquely recover the underlying surface, the final relative height values between distant
points may not come out very accurately.

To take the advantages from both shape-from-shadow and shape-from-shading, we
also develop a method of recovering shape from both shadow and shading constraints. A
constrained optimization procedure is developed to make the results from shape-from-
shading consistent with the upper bounds derived from shadow constraints.

1.1 Related Work

A few algorithms explicitly make use of shadow constraints [[13/94/21]]. Most of them be-
long to shape-from-shadow(darkness) algorithms. Some shape-from-shadow algorithms
[13] use a shadowgram as an intermediate representation which is derived from a dense
set of lighting directions. [9]] assumes the underlying surface has a spline representation
because shadows only provide a relatively sparse set of constraints. The number of un-
known coefficients in the spline model is designed to scale with the number of shadow
constraints. [4] introduces a shape-from-shadow algorithm using relaxation. A pair of
upper-bound and lower-bound surfaces are constructed by updating the height values at
pixels with violated shadow constraints. Like shape-from-shading, shape-from-shadow
can recover unknown lighting directions as well [14]].

The computation of shape-from-shading has been typically characterized as that of
finding surface orientation from one single image followed by a step that converts the
orientation information into height under integrability constraints. The surface is usually
assumed to be Lambertian. [[15] introduces an algorithm that allows direct computation
of height from shading. Since the unknowns directly represent pixelwise height values,
this approach can be more naturally integrated with other methods of recovering shape,
such as stereo and shape-from-shadow. [5] presents provably convergent algorithms for
this problem.

Photometric stereo [22] can usually obtain better results than shape-from-shading
because of the use of multiple input images. This approach has been generalized to
recover shape for metallic and hybrid surfaces with both diffuse and specular reflection
[L1UI7]. The lighting direction for each image is usually assumed to be known. However,
both surface shape and lighting directions can be recovered simultaneously from SVD
decomposition up to a bas-relief transformation [2/1]. Shadowed pixels in each image
can be masked out in the process with the hope that there are still enough images covering
them [127]].
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[21]] considers recovery of shape from shading under a uniform hemispherical light
source. Partial shadowing is taken into account because only a part of the light source
is visible from every surface point. Interreflections are also considered in the algorithm
presented in [18].

2 Shadow Graphs

We consider recovering terrain-like height fields in this paper. For the convenience of
discrete representation based on pixels, a height field is assumed to be a piecewise
constant function with every pixel corresponding to a piece with constant height. Every
piece of the height field is represented by the point corresponding to the center of the
pixel. We also assume that the distance between the camera and the surface is large
enough so that the orthographic projection model is accurate. Let us first check what

A h(x)

Xy Xg X X, Lp

Fig.1. 2D schematic of shadowed and nonshadowed regions on a terrain-like surface. L is the
parallel lighting direction. x is an occluder, 1 is on the shadow boundary caused by xo, and x>
is a non-shadowed point.

kind of constraints are available from images with shadows. Let h(x) be a height field
defined on a planar domain D with a finite area in the image plane and L be the lighting
direction pointing downwards with a tilt angle (< 90°). The normal orientation of this
height field is denoted as n(x). The boundary curve of domain D is {2. The projected
vector of L in the domain D is L. Let x; and x; be two arbitrary 2D points in D.
The line segment between them is denoted as a vector interval [x;, x;] for convenience.
Based on whether a point on the height field is in shadow or not under lighting direction
L, there are two different sets of constraints (Fig. [I).

— If any point on the line segment [xg, x1] is in shadow, the points at x¢ and x; are
the delimiting points of this shadow segment, and the point at xg is the occluding
point generating this shadow segment, we have the following shadow constraints.

h(x) < h(xo) — %,VX € [x0,X1); (1)
_ [x1 — Xol|2
) = o) — L0k, @

L-n(z)=0 3)
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where the last equation means the lighting vector L falls inside the tangential plane
at x if the original continuous height field is locally differentiable at x.
— If the point at x5 is not in shadow, we have the following antishadow constraints.

1% = x2ll2

h(x) < h(x2) + "

,Vx € [Xp, X2] 4)

where xp, € {2 and the line segment [Xy,, X2] is in the same direction as L,,.
Let us first focus on how to represent the inequality constraints (1)) and (@) in a graph.

Definition 1. A shadow graph is a weighted directed graph G = (V, E, W) where the
set of nodes V is the set of points defined on domain D, an edge ¢ = (x;,x;) € E
indicates h(x;) is dependent on h(x;) and h(x;) — h(x;) > W(e) where the edge
weight W (e) can be any real number.

A shadow graph can be induced from an image of the height field under an arbitrary
lighting direction L. Shadowed pixels can be detected from the image, and an occluder
can be located for each continuous shadow segment with the knowledge of the lighting
direction. For example, if [x;, ;] is a shadow segment and the vector from x; to x; is
in the direction of the projected lighting direction L. the point at x; is the occluder of
all the points in [x;, z;]. There should be an edge (x;,x) with weight % in the
induced graph for all x € (x;, z;]. This graph basically encodes the shadow constraints
available from the image. All the edge weights in this graph should be positive. However,
this graph can have negative weights if the additional antishadow constraints in Eq. (4))
are represented as well.

Suppose we have multiple images of the height field under a set of lighting directions
{L}7-,. Each of the images has its own shadow graph. Finally, the edges from all of
these individual graphs can be accumulated into one graph that is corresponding to all
the images. Note that this graph does not have the specific lighting information, which
is not particularly important because all the constraints essential to the height field are
kept there.

Proposition 1. A shadow graph with positive weights is a directed acyclic graph.

Proof Suppose there is a circular path in the graph and a node v is on the path. Since all
the arcs on this path have positive weights, it is easy to conclude that h(v) > h(v) by
starting from v, going through this path and back to v. A contradiction.

When dealing with real images with noise, shadow detection cannot be expected
to be error free. Inaccurate shadow segmentations may result in cycles in the induced
shadow graphs. Since cycles can lead to the above contradiction, we must convert a
cyclic graph into an acyclic one by removing some of the edges in the graph. Since we
would like to make the least amount of change to the graph, a sensible criterion for an
optimal conversion is that the total accumulated weight for the removed edges should
be minimized. However, graph conversion under this criterion is NP-hard [8]. To obtain
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an efficient solution for this problem, we adopt the permutation-based approximation
algorithm in [8]] which tends to remove more edges than necessary. After applying this
algorithm, for each of the removed edges, we still run a depth-first search to check
whether the graph is still acyclic after the edge is inserted back into the graph. These two
steps together lead to a polynomial time approximation that removes the least number
of edges.

Definition 2. The transitive closure of a shadow graph G is defined to be a new graph
G°¢ = (V,E°,W°) on the same set of nodes such that (x;,xz;) € E° as long as there
is a path from x; to x; in G, and W ((x;,x;)) is set to be the maximum accumulated
weight among the paths from x; to X;.

There are a set of nodes V; C V in G° that do not have any incident edges with
positive weights, which means they are not shadowed by any other points in any of the
images. The highest point(s) of the height field surely belongs to this set because there is
no other points which can occlude it(them) from the light sources. The absolute height
values of the nodes in V; are unrecoverable from shadow constraints. However, if we
can recover their height values from other approaches such as stereo processing, the
information embedded in G can be used for obtaining an upper bound of the height at
any pointin V' — V;. The set of edges in G connecting V; and V' — V; becomes the most
important for this purpose. Suppose there is a node v € V' — V; and a set of associated
edges E, C E° such that if an edge e = (v¢,v) € E,, v € V;. The upper bound of the
height at the point corresponding to node v can be obtained from

U(h(v)) = min, vep, (h(vr) = W((v, v))). o)

Let us examine the asymptotic behavior of this upper bound when we increase the
number of input images with lighting directions covering the whole lighting hemisphere.
The set V; will shrink and approach its limit which is the set of the highest points of the
height field. Otherwise, assume there is a pair of nodes v, v2 € V; and h(va) < h(vy).
We can always design a lighting direction from which the point corresponding to vy
shadows the point corresponding to v, which means vy ¢ V;, a contradiction. Since
eventually V; only has nodes at the same height, we do not need to seek their relative
height through other reconstruction techniques. Our interest should be focused on the
relative height of other points compared to the highest points whose height can always
be set to zero.

Proposition 2. Eq. (3) gives an upper bound for the height at any node in V —V, provided
that the estimation of the height for the nodes in 'V is accurate. With an increasing number
of input images with lighting directions covering the whole lighting hemisphere, Eq. (3)
converges asymptotically to the correct relative height, with respect to the highest points
in Vi, at any point in V. — V.

Proof The first part is obvious. The second part can be proved by induction. Since we
only have a finite number of points according to our surface model, we can sort the points
in decreasing order of their height. The highest points in the sorted list are assumed to be
at height zero. Suppose the point at x,, is the k-th element in the sorted list and the height
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of its k — 1 preceding elements can be recovered to an arbitrary precision independently
of the height of the rest of the elements in the list. Now we show that the height of the
point at x,,, can also be recovered to an arbitrary precision independently of the height
of its following elements in the list. Note that all the surface points are lit if we have a
vertical lighting direction. If we increase the tilt angle of the light, the point at x,,, will
certainly be shadowed since it is not one of the highest points. Given a certain density of
the lighting direction, there exist two adjacent directions L, and L; such that this point
at x,,, is non-shadowed when the light is at L, and becomes shadowed when the light
moves to L;. An upper bound for this point can be obtained from L; and an occluder at
X, whose height is recovered to an arbitrary precision. When we increase the density of
the lighting direction, the difference between L, and L; becomes arbitrarily small and
the upper bound for the point at x,,, also becomes arbitrarily close to its true height.

Shadowgrams introduced in [13/4] also have the capability to recover correct surface
geometry. But they are more complicated than shadow graphs because they explicitly
keep lighting directions in the representation.

It is clear that the antishadow constraints can be derived from the shadow constraints
if we have a very dense set of images since the height field itself can be recovered from
the shadow constraints alone according to the above Proposition. However, if we only
have a sparse set of images, this is not necessarily true. Representing these antishadow
constraints in a shadow graph usually can provide additional information. According
to Eq. @), antishadow constraints transform to additional edges with negative weights.
Cycles can appear in the resulting graph. However, the accumulated weight of any cycle
can not be positive according to the following Proposition.

Proposition 3. The accumulated weight of a circular path in a shadow graph must be
either zero or negative.

Proof Suppose xg,x1,---,z, € V are consecutive nodes of a circular path, i.e.
(xi,2i41) € E(i = 0,...,n — 1) and (xp,x0) € E. From the definition of a shadow
graph, h(x;) — h(xi41) > W((x4,zi41))(¢ = 0,...,n — 1) and h(x,) — h(xq) >
W ((xn,x0)). Therefore,

n—1

D W (i is1)) + W (%, 20))

1=0

[

n—

< 37 (hx) = hlxis1)) + (h(xa) = h(x0)) = 0.

=0

The transitive closure of a shadow graph GG with cycles is still well-defined because
negative cycles do not interfere with the objective to seek paths with maximum accu-
mulated weights according to the definition. The resulting graph G can still be used
for obtaining an upper bound of the height for any point in V' — V;. Since there may be
negative edges pointing from nodes in V' — V; to some nodes in V;, these edges can be
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used for obtaining a lower bound for some nodes in V' — V. Since it is not guaranteed
that there is an edge from each node in V' — V; to some node in V; given a sparse set of
images, we can only obtain lower bounds for a subset of nodes in V' — V;. And these lower
bounds may appear useful in combination with other surface reconstruction techniques.

3 Integrated Shadowing and Shading Constraints

Given a sparse set of images with known lighting directions, we would like to recover
shape using both shadow and shading constraints. As we have seen, shadows impose
explicit constraints over surface height values, but they are usually not sufficient if
applied alone. On the other hand, shading information imposes constraints over normal
orientation. We are going to explore two options for integrating shadow constraints with
shading information.

3.1 Enforcing Shadowing Constraints with Penalty Terms

Since shape-from-shading is not the focus of this paper, we adopt the direct height from
shading algorithm in [15] as the base for solving shading constraints. Since this technique
computes a height field directly rather than through surface normals, it is relatively
easy to incorporate shadow constraints and enforce surface upper/lower bounds from
the previous section. The shape-from-shading problem is formulated to minimize the
following cost function in [I15]:

By =Y [a(pR(pij, ai5) — 1(i,))* + Auf; + 0}))] ©)
i,
where p is the surface albedo, I is the observed image intensity, p;;, q;;, w;j, v;; are the
symmetric first and second finite differences of the surface height field {h;; }, o and A
are two constant coefficients, and R is the Lambertian reflectance model. The first term
in Eq. (@) corresponds to the photometric error term. And the second is a regularization
term on the smoothness of the surface.
This formulation can be easily generalized to accommodate multiple input images
and shadow masks as follows.

By =y, 30 5 Ui (pig R i, aiy) — 1°(i, )%+
A Zm‘(“?j + U?j)
where I¥(i, j) represents the k-th input image with corresponding reflectance map R¥,
lfj is a binary shadow mask indicating whether pixel (4, j) in the k-th image is lit by the
light source or not, and p;; is the unknown pixelwise surface albedo. This treatment is
similar to photometric stereo, but solves the height field directly instead. With multiple
images, the regularization term becomes much less important, and can be set close to
zero. However, it may still have some effects at pixels that are lit in less than three
different images.
To further incorporate the constraints in Eq. (IJ) and (4)) into the above formulation,
we notice that the constraints have the same form which looks like

hij — hirjr > dijijo. (8

)
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To enforce this kind of inequalities in a gradient-based minimization method, a differ-
entiable half-sided parabola is adopted as a penalty function.

. (hij = hirgr — dijirg)?, 3f hij — hajo
S(i,4,1',3") = < dijiryr; )
0, otherwise.

The penalty functions for all the inequalities and equalities can be inserted as additional
terms into Eq. (7). The new cost function for surface reconstruction is given as follows.

By =ay 3 Ui (0 R (pig, 4ig) — 17(3,§))°+

AD; (U o)+ (10)

ﬁZk(zmk Sk(immjmmi;nkaj;nk) + Tk)
where my is the index of the inequality constraints from the k-th image,
S* (i s Jmg Uy » i, ) TEPresents the actual penalty terms contributed by the k-th im-
age, and T}, represents the collection of penalty terms for the equality constraints asso-
ciated with shadows, such as those in Eq. and Eq. (@) In our experiments, we use
iterative minimization algorithms and set « = 1 — A, § = 1. A is initialized to 0.1 and
divided by a constant factor after each iteration.

All the above three cost functions can be minimized by the standard conjugate gra-

dient algorithm [19].

3.2 Enforcing Upper and Lower Bounds

In the above formulation, shadow constraints are enforced as soft constraints by using
penalty terms in the original shape-from-shading algorithm. It is not guaranteed that all
constraints are satisfied. Sometimes, it is more desirable to consider shadow constraints as
hard constraints since they are less sensitive to specular reflection and albedo variations,
and to consider shading constraints as soft ones since a little bit deviation in shading is
not very noticeable. The upper and lower bounds discussed in Section[2] can serve this
purpose and can be estimated as follows. ( Note that the height of the nodes in the set
V; is unknown at the beginning, and they can be estimated from a solution of the height
field from Section[3.1] )

1. Obtain an initial estimation of the height value for each point by minimizing Eq.

10);

«,;_HI?PC" Bound Upper Bound ...

Initial Height Field Adjusted Height Field

() (b)

Fig.2. (a) Some parts of the height field recovered from minimization may exceed the upper
bound; (b) We need to globally adjust the initial height field to maintain its original smoothness
instead of simply clipping it against the upper bound.
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2. Adjust the initial height values of the nodes in V; to satisfy all the antishadow
constraints among them as in the following convergent procedure;

a) fix the height of the highest point in V;;

b) loop through the rest of the points and check whether the considered point is in
the shadow of some other point in V; because of the violation of a antishadow
constraint; if so, raise the considered point to the minimum height that can
eliminate the violation.

3. Calculate the upper and lower bounds for nodes in V' — V; from the transitive closure
G°.

To enforce the upper and lower bounds, our complete algorithm still takes an ini-
tial solution of the height field from minimizing Eq. (I0). However, there are multiple
possibilities to improve this initial solution:

1. For each point, if it is higher than its upper bound, push it down to the upper bound;
if it is lower than its lower bound, raise it to the lower bound.

2. Use aconstrained optimization algorithm such as sequential quadratic programming
to enforce the upper and lower bounds.

3. Fix a subset of the adjusted points from the first step and minimize Eq. (I0) with
those fixed points as additional boundary conditions; alternate adjustment and min-
imization (with a few additional fixed points every iteration) until all the bounds are
satisfied.

The first scheme chooses to satisfy all the hard constraints by using brute force
and ignoring all the shading constraints, therefore tends to have unnatural discontinu-
ities at those adjusted places. The second scheme chooses to apply some constrained
optimization algorithm to automatically and iteratively adjust the heights so that the
bounds are satisfied at the end. Unfortunately, constrained optimization algorithms such
as sequential quadratic programming (SQP) are usually computationally expensive on
high-dimensional data such as images. For example, the SQP software package [6] we
tried took two hours to finish one iteration on 64x64 images on a Pentium III 800MHz
workstation. The last scheme chooses to adapt unconstrained optimization algorithms so
that they allow a part of the variables to be fixed. To achieve that, we can simply set the
corresponding derivatives to be zero. We fix a few additional points within their bounds
before unconstrained minimization takes place in every iteration, therefore can satisfy
all the bounds in a finite number of iterations since we only try to recover height values
at a finite number of points (pixels). An intuitive illustration is given in Fig.[l

In practice, we chose the last scheme with some additional details. After initialization,
the height values of the nodes in V;, and the upper and lower bounds are fixed in all
iterations. In every iteration, we subtract the upper bounds from the current estimation of
the height field to obtain a difference field. Then the set of local maxima in the difference
field are located. Those points corresponding to the local maxima are lowered to their
corresponding upper bounds and fixed thereafter. The same procedure is repeated for
lower bounds before the unconstrained minimization in Eq. (I0) takes place once again
with the newly fixed points as additional boundary conditions. We hope that the shading
constraints solved during minimization can automatically adjust the neighborhoods of
those fixed points so that there will be much less violated bounds in the next iteration. This
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can also avoid having many unnatural discontinuities since the minimization procedure
serves as a smoothing operator by considering all constraints simultaneously.
3.3 Experiments

We have tested the algorithm using integrated shadow and shading constraints on both
synthetic and real imagery.

Fig.3. (a) Input images for the pyramid scene. The tilt angle of the lighting directions in the top
row is 45 degrees, the bottom row 60 degrees. (b) A synthetic image of the recovered height field
illuminated from the same lighting direction as in the first input images; (c) A synthetic image of
the recovered height field illuminated from a novel lighting direction.

Synthetic data. Eight synthetic images were generated as input for each of the three
representative datasets we chose. Four of them were lit from a tilt angle of 45 degrees
and the others were lit from 60 degrees to create images with significant amount of
shadow. We also generated two images for each example from the recovered height
field. The first image is lit from the same lighting direction as the first input image to
verify both shadowed and non-shadowed regions. The second image is lit from a novel
lighting direction which is different from the ones for the input images to show that
the recovered height fields can be useful for creating images with correct appearance
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Fig.4. (a) Input images for the plaster material sample. It is lit from the same set of lighting
directions as in Fig. Bl (b) A synthetic image of the recovered height field illuminated from the
same lighting direction as in the first input images; (c) A synthetic image of the recovered height
field illuminated from a novel lighting direction.

Table 1. Comparison of the three approaches on the three datasets: i) minimizing E2 in Eq.(@), ii)
minimizing E3 in Eq.(I0), iii) enforcing bounds as in Section The top table shows the RMS
errors of the recovered height fields using noise free input images, and the bottom one shows the
RMS errors using images with 5% noise. All numbers are given in the unit of a pixel.

0% noiseH Es \ Es \E3+Bounds 5% noiseH FEo \ Es \E3+B0unds

Pyramids||3.6579|2.2424| 2.1984 Pyramids||3.7621|2.2675| 2.2100
Plaster ([1.9344|1.4548| 1.4210 Plaster [|1.9400(1.4089| 1.3959
Face ||4.4164|3.3335| 3.3399 Face [|4.4522(3.4298| 3.4159

from novel lighting conditions. We also compared the recovered height fields with the
ground truth to obtain error measurements which are shown in Table[Il In our examples,
most points are lit from at least one lighting direction. The height field can be recovered
from shape-from-shading or photometric stereo alone. However, the additional shadow
constraints can definitely improve the accuracy of the results because shading-based
techniques can introduce accumulated errors from pixel to pixel while shadow constraints
are very good at enforcing long-range relative height constraints.

The first dataset is an artificial scene with four pyramids shown in Fig.[3(a). The pyra-
mids have different height and orientation. The two synthetic images from the recovered



42 Y. Yu and J.T. Chang

(b) (©

Fig.5. (a) Input images for the face model. It is lit from the same set of lighting directions as
in Fig.Bl (b) A synthetic image of the recovered height field illuminated from the same lighting
direction as in the first input images; (c) A synthetic image of the recovered height field illuminated
from a novel lighting direction.

original original
A sis sfs
O sfs-sc
x_sfs-upper

IS
0 sfs-sc
x_sfs-upped

(@) (b)

Fig.6. Comparison of the cross sections of four height fields: the ground truth is shown as
>original’; the one from minimizing Eq. (@) is shown as ’sfs’; the one from minimizing Eq. (I0) is
shown as ’sfs-sc’; and the one from enforcing bounds is shown as ’sfs-upper’. (a) Cross sections
for the pyramid scene; (b) cross sections for the plaster sample.

height field are shown in Fig. Blb)&(c). The second dataset is a previously recovered
height field of a real plaster sample using the approach presented in [16]]. This height
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field serves as the ground truth to test the algorithm in this paper although we do not
know the accuracy of this dataset. The input images are shown in Fig. @{a) and the syn-
thetic images from the height field recovered by the current algorithm are shown in Fig.
Hib)&(c). The third dataset is a face model shown in Fig. B(a). And Fig. BIb)&(c) give
the images generated from the recovered face. In this example, the background plane is
pushed down along the shadow boundaries in some of the input images to satisfy the
shadow constraints. This is because shape-from-shading related techniques are better at
estimating normal orientation than at estimating height values, and generated an inaccu-
rate initial solution for our algorithm. A similar situation was also shown in the pyramid
scene. Nevertheless, our algorithm still managed to enforce the shadow constraints and
make the generated images look similar to the input ones.

Fig.[6lshows two comparisons of the cross sections. In each of the comparisons, there
are four curves including the ground truth, the curve from minimizing Eq. (@), the curve
from minimizing Eq. (I0) and the curve from enforcing the upper bounds. The results
from minimizing Eq. (@) are not as good as the other two versions because it does not
consider shadow constraints.

Real data. We also did test on a real dataset. Three 128x128 images of a concrete
sample from the CUReT database [3]] were used as the input to our final algorithm. They
have various amount of shadow (Fig.[7(a)-(c)). We use 15 as the intensity threshold to
detect shadowed pixels. The lighting directions of the input images are actually coplanar.
Traditional photometric stereo would have problem to recover the height field. However,
our algorithm successfully recovered it since it exploits shadow constraints and a reg-
ularization term. Minimizing F5 in Eq. (I0) took 5 minutes on a Pentium III 00MHz
processor, and the iterative procedure for enforcing bounds took another half an hour.
Synthetic images were generated from the recovered height field. The recovered dataset
was illuminated from both original lighting directions (Fig. [Z(d)-(f) of the input images
and novel lighting directions (Fig. [Z{g)-(h)).

4 Summary

We presented the concept of shadow graphs and proved that the shadow graph alone is
enough to solve the shape-from-shadow problem from a dense set of images. We also
developed a method of recovering shape from both shadow and shading constraints. A
constrained optimization procedure has been developed to make the results from shape-
from-shading consistent with the upper bounds derived from shadow constraints.

Future work includes more robust techniques that allow inaccurate shadow segmen-
tation and the simultaneous recovery of shape and lighting directions from both shading
and shadows.

Acknowledgment. This work was supported by National Science Foundation CAREER
Award CCR-0132970.
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Fig.7. (a)-(c) Real images of a concrete sample; (d)-(f) synthetic images of the recovered height
field illuminated from original lighting directions; (g)-(h) synthetic images of the recovered height
field illuminated from two novel lighting directions.
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Abstract. Lambertian photometric stereo with uncalibrated light di-
rections and intensities determines the surface normals only up to an
invertible linear transformation. We show that if object reflectance is
a sum of Lambertian and specular terms, the ambiguity reduces into a
2dof group of transformations (compositions of isotropic scaling, rotation
around the viewing vector, and change in coordinate frame handedness).

Such ambiguity reduction is implied by the consistent viewpoint con-
straint which requires that all lights reflected around corresponding spec-
ular normals must give the same vector (the viewing direction). To em-
ploy the constraint, identification of specularities in images correspond-
ing to four different point lights in general configuration suffices. When
the consistent viewpoint constraint is combined with integrability con-
straint, binary convex/concave ambiguity composed with isotropic scal-
ing results. The approach is verified experimentally.

We observe that an analogical result applies to the case of uncalibrated
geometric stereo with four affine cameras in a general configuration ob-
serving specularities from a single distant point light source.

1 Introduction

Photometric stereo [I3] is a method that recovers local surface geometry and
reflectance properties from images of an object that are taken by a fixed camera
under varying distant illumination. The principle of photometric stereo is in in-
verting a parametric model of surface reflectance. A usual version of photometric
stereo uses a single distant point light source at a time to illuminate an object,
and assumes Lambertian surface reflectance which implies that brightness value
I; ; of i-th pixel in the image capturing the object appearance under j-th point
light source is (see Fig. )

Iij = Ejpicost;; = (pm;) " (Ejl;), (1)

where Ej is the intensity of the light source, 1; is the light source direction, n;
is the normal vector of a surface patch that projects into the i-th pixel, §; ;

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 46-[60 2002.
© Springer-Verlag Berlin Heidelberg 2002
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is the angle between n; and 1; (the angle of incidence), and p; is a reflectance
parameter of a small surface patch. This parameter is called albedo and describes
what portion of incident light is re-emitted back into space in the form of diffuse
reflection.

It is well understood that the reflectance model described by equation ()
is bilinear. To see that, it is convenient to denote p;n; and E;l; by b; and s;,
respectively; then, the above equation takes very simple, compact form

I=[by,bs,... .by]" [s1,s2,...,80] =BTS, (2)

where I is the matrix which has I; ; from (I as its elements, matrix B collects
the b;’s and matrix S analogically collects the s;’s. For the sake of brevity, we
call B the normals and S the lights.

In the original version of photometric stereo [13], the light source directions
l; and intensities F; are calibrated, thus the lights S are known. To evaluate
normals and albedos, it suffices to right-multiply the matrix I in (2)) by the
inverse (or pseudo-inverse if the number of lights is greater than 3) of S; by
that the normals B are acquired. Normals n;’s are then b;’s scaled to unity, and
albedos p;’s are the lengths of b;’s.

If, however, the light sources S are not known, then (2) represents a bilinear
calibration-estimation problem [8] whose ambiguity can be phrased as follows:

Uncalibrated photometric stereo ambiguity. Let there be images of
an object of Lambertian reflectance observed from a fixed viewpoint, but
illuminated sequentially from different unknown directions by a distant
point light source. Then it is possible to factorize the input data matrix
I from (B) into pseudonormals B and pseudolights S [6] that give the
true normals B and the true lights S up to an unknown linear invertible
transformation A € GL(3): B= AB,S=A""S.

This ambiguity exists because it holds that I = B'S=BTATA TS =
BTS. The uncalibrated photometric stereo ambiguity can be reduced and/or
removed only if additional information about lights or normals is available. This
information may have different form. First possibility is to estimate normal vec-
tors and albedos in several points by an independent method and use them to
disambiguate the photometric stereo (note that due to the symmetry of [2)), the
value of this information is the same as if light directions and intensities are
known). Another possibility is to assume that at least six light sources are of
equal (or known relative) intensity, or that albedo is uniform (or known up to a
global scaler) for at least six normals at a curved surface. Such possibilities were
employed and/or discussed in [6lI4]1], and it was shown that such knowledge
reduces the ambiguity from the GL(3) group into the group of scaled orthogonal
transformations A = AO (O € O(3),\ /= 0). Yet another important possibil-
ity is given by the integrability constraint that requires the normals recovered
by photometric stereo to correspond to a continuous surface [1/4]. As shown by
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Belhumeur et al. [1], in this case the original ambiguity is reduced into ambigu-
ity represented by the group of four-parametric (or three-parametric, if overall
scaling is not counted) generalized bas-relief transformations. And, integrability
constraint together with the knowledge of six albedos (or six light intensities
as described above) reduces the original ambiguity into binary convex/concave
ambiguity composed with isotropic scaling.

In our recent work on uncalibrated photometric stereo [3] we showed that
inherent symmetries of reflectance models that are separable with respect to the
viewing and illumination directions can be exploited to construct two new geo-
metrical constraints. The constraints are represented by projections of normals
onto planes perpendicular to the viewing and illumination directions, respec-
tively. We constructed the constraints using polarization measurement under
the assumption of separable reflectance model for smooth dielectrics and showed
that the two constraints alone combined together reduce the ambiguity to con-
vex/concave ambiguity composed with isotropic scaling.

In this paper we show that if object reflectance is a sum of Lambertian
reflectance and a mirror-like reflectance, then the original ambiguity represented
by a group GL(3) reduces into a two-parametric group of transformations. These
transformations are compositions of isotropic scaling (1dof), rotation around the
viewing vector (1dof), and change in the global coordinate frame handedness
(binary ambiguity). This ambiguity reduction is implied by a condition that
all lights reflected around corresponding specular normals must give the same
vector (the viewing direction). We call this condition the consistent viewpoint
constraint. We show that specularities in as few as four images corresponding to
four different distant point lights in general configuration are sufficient to utilize
the consistent viewpoint constraint.

By this result, we make a step towards uncalibrated photometric stereo for
objects whose reflectance includes not only body (diffuse) component, but also
interface (specular) component. Such composite reflectance models are certainly
not new to photometric stereo applications, see e.g. [2ITT/I0/9], but in those
methods, in contrast to the ours, the light sources are supposed to be known.

The specific representative of composite reflectance model (the superposi-
tion of Lambertian and mirror-like reflectance) is selected in this work because
as specularities are sparse in the images, they can be treated as outliers to the
Lambertian reflectance model. This gives us a valuable possibility to study the
problem as Lambertian photometric stereo with additional information repre-
sented by the consistent viewpoint constraint.

2 Consistent Viewpoint Constraint

The problem we will analyze is photometric stereo with uncalibrated lights S for
objects whose reflectance is given by superposition of Lambertian and specular
terms. As discussed in Section [I] we treat this problem as uncalibrated Lam-
bertian photometric stereo with additional geometrical information provided by
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1= l ’
\ n / n®
@,

Fig.1. Reflectance geometry. For Lam- Fig. 2. Specular geometry configuration.
bertian reflectance, brightness seen by a Surface normal n” is a bisector between
camera is dependent on cosine of the an- the viewing direction v and the illumina-
gle of incidence and independent on the tion direction 1.

viewing direction.

specularities. In this section we review the geometry of mirror-like reflection, and
formulate the constraint implied by the observation of specularities in images.

It is well understood that specularities occur at loci where light reflects on
a smooth surface in a mirror-like manner towards the observing sensor. Hence,
mirror-like reflection carries valuable information about geometrical configura-
tion of the viewing vector, the illumination vector, and the surface normal: if
a specularity is observed in an image, then at the corresponding surface point,
surface normal is a bisector of the viewing and illumination vectors (see Fig. ).
Therefore for the viewing direction it holds that

V:2(l-ns)ns—1:2(§-BS)BS—§ (3)

where ~ denotes normalization to unity, and n® is a normal that is observed as
specular under illumination of direction 1. The right-most part of the equation
essentially states the same fact in “natural” photometric stereo variables. We
call 1 and n® (as well as s and b*) a specular pair.

The equation may be viewed as a formula for computing viewpoint direction
from known light s and specular normal b®. The key fact to be observed is that
this relation states: no matter which specular pair is used for viewing direction
evaluation, all give the same result.

Consistent viewpoint constraint. A collection of specular pairs fol-
lows the consistent viewpoint constraint if they all, by (3), give the same
viewing direction v.

Does the consistent viewpoint constraint reduce the uncalibrated photomet-
ric stereo ambiguity? We will analyze what transformations may be applied to
the true normals and the true lights, such that the transformed specular pairs,
inserted into (3]), all give the same vector. Let us denote this vector u and write
the equivalent of (3)) for the transformed lights and normals:

2[(A7Ts)- (AbS)]AbS A~ Ts )
u= - ,
I|A-Ts||||AbS|? [|A=Ts||
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where || - || are explicitly written normalization factors. Multiplying both sides
of the equation by HA‘TS|H|AbS||2AT, we get
a(s,b%)w = 2(s - b%)Pb® — (b% . Pb)s, (5)

where a(s, b%) = ||A_TS||HAbS||2 absorbs (unknown) scaling factors, P denotes
AT A and w denotes A "u; and we applied the fact that (A~ s)-(Ab”) = s-b®.
Note that in this equation, vector w may be treated as fully independent on P
because P = AT A gives A only up to arbitrary orthogonal transformation. We
show in Appendix that for a convex smooth specular object illuminated from all
directions it must hold that P = A?I, A /= 0P is a scaled identity). From that
it follows that the only transformations under which the consistent viewpoint
constraint is preserved are A = MO, O € O(3). Fixing the coordinate frame by
a usual choice (image plane spans plane x — y, viewing direction coincides with
axis z), the allowable transformations A are those that preserve the viewing
direction. Writing them explicitly,

+10 0
A=X| 010 |R.,(6 €€(0,2r),A>0. (6)
0 01

In this equation, R,(§) stands for rotation around the z-axis (the viewing di-
rection) by angle £. The ambiguity in sign of the third coordinate was included
in (@) only for the sake of completeness, but naturally the correct sign is easily
set by orienting the normals towards the viewing direction (normals that are
inclined from the viewpoint are invisible). The ambiguity in sign of the first co-
ordinate stays unresolved until some additional constraint is applied (or until it
is resolved manually).

In this paper we resolve the remaining ambiguity using the integrability con-
straint. Integrability constraint fixes both the sign of the first coordinate (thus
the handedness of the coordinate system) and the rotation angle & modulo .
This means that the final ambiguity is convex/concave ambiguity composed with
isotropic scaling. This result follows from the fact that the intersection of the
O(3) group (of which transformations (€)) with A =1 are a sub-group) with the
generalized bas-relief group is a two-element set of the identity transformation
and the transformation that reflects the first two coordinates [1].

Finally, let us observe how many specular pairs do we need to establish the
consistent viewpoint constraint. Equation (B represents three scalar equations
for each specular pair. After eliminating the unknown constant (s, b®), there
are two independent equations per specular pair. The unknowns w and P are
both up to scale, so the number of degrees of freedom to fix is 2 (from the
vector w) plus 5 (from the symmetric matrix P). We thus observe that at least
four specular pairs in general configuration are needed to apply the consistent
viewpoint constraint.

So far, we have not analyzed which configurations of four specular pairs
are singular, nor the problem of (possible) finite solution multiplicity for non-
singular configurations. However, in experiments we observed unique solution
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in all cases. Analysis of which sets of four specular pairs give well-conditioned
solution is a topic for future research.

3 Experiment

In this experiment we show normal and albedo reconstruction for two objects:

1. WhiteBall which is a highly polished billiard ball of uniform albedo,
2. ChinaPot which is a glazed china tea pot with painted motif.

Images were acquired by 12 bit cooled camera (COOL-1300 by Vosskiihler, stan-
dard Computar 75mm lens) under tungsten illumination (150W, stabilized direct
current). The light was moved by hand around the object. The distance between
object and light was not kept constant. No information about lights has been
measured nor recorded. Input images for the WhiteBall object are shown in
Fig. Bl

Fig. 3. Input data for the WhiteBall object.

Data was processed in [9] consecutive steps:

1. The mean of 10 dark frames was subtracted from each of the input images.
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Fig. 4. Two examples of Lambertian behaviour masks for the WhiteBall object.

Fig. 5. Selected specular regions (marked with red contour and rounded by small white
circle for better reading) used to apply the consistent viewpoint constraint, for both
objects.

2. Image points whose intensity fell below or over respective thresholds were

labeled as non-Lambertian, the other ones as candidates for Lambertian
points.

. Candidates for Lambertian points were confirmed to be Lambertian in the

case that in four randomly selected images, they belonged to sufficiently
large image pixel sets with Lambertian behavior (i.e., if intensities of the
pixel set in any of four images could be sufficiently well expressed as a linear
combination of intensities of the pixel set in the other three images). Only
such quadruples of images were involved whose any three corresponding light
directions were sufficiently far from being coplanar (automatic check of this
condition was done using simple conditioning number tests). Two selected
Lambertian-consistent masks resulting from this step are shown in Fig. gl

. Lambertian portion of data was factorized by Jacobs algorithm [7]. From the

factorization pseudolights S were obtained.

Pseudonormals B were computed using Lambertian image regions and the
pseudolights obtained in the previous step. Each normal was fit individu-
ally by using least-square fit. After that, pseudolights were re-evaluated by
an analogous procedure, and this iterative process (alternating between re-
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Fig. 6. Results on the WhiteBall object.
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Fig. 7. Results on the ChinaPot object.

Fig. 8. Integrability violation measure as a function of rotation of normals around
the viewing direction (£ € (0, 360) [deg]). The WhiteBall object (left) and the ChinaPot
object (right). The two plots in each graph (shown in red and blue) correspond to two
coordinate frame handednesses. Normals are integrable in only one of them.
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computation of pseudonormals and pseudolights as in [5]) was repeated 10
times. The residual (the sum of squared differences between the predicted
and observed intensities over the valid image regions) converged to about
1/3 of its initial value. The result of this step is shown in Fig. Ba) for the
WhiteBall object and in Fig. [[{a) for the ChinaPot object. Note neither the
illuminated normals nor albedo do correspond to our expectations.

6. Specularly reflecting normals in four images were determined. Specular re-
gions were selected by hand from the set of segmented non-Lambertian re-
gions available from Step Bl The selections are shown in Fig. Bl Pseudo-
normals from the previous step were averaged over the whole extension of
the respective specularity.

7. A transformation A was found that maps specular pseudonormals and corre-
sponding pseudolights onto those which fulfill the consistent viewpoint con-
straint. The idea of the algorithm was to design ‘ideal’ specular pairs (which
follow the consistent viewpoint constraint ezactly), and look for transfor-
mation A that maps experimentally obtained specular pseudonormals and
pseudolights closest (in a least-square sense) to these ideal specular pairs.
The algorithm was essentially of the same type as the well-known bundle-
adjustment method and we acknowledge the article of Triggs et al. [12]
that helped us to design it. The transformation itself was parametrized as
A = diag[1, A2, A3) V1. A unique solution existed in both objects.

8. This transformation was applied to pseudonormals and pseudolights output

from Step Bl The consistent viewpoint direction resulting from the previous
step was rotated to [0, 0, 1]T.
The results of this step are shown in Figs. Blb) and [(b). Note that the
resulting albedo is uniform, as expected. It is already the disambiguated
albedo of the object. Note also the viewpoint-illuminated normal fields are
already symmetric in both objects, as expected.

9. Integrability constraint was applied to resolve the rotation angle ¢ and
the sign of the first coordinate in transformation (€)). The integrability con-
straint violation measure was constructed as a sum of squared height dif-
ferences computed over elementary loops in the normal field. Note that for
integrable surface the change in height over a closed loop vanishes. The mea-
sure was computed for £ € (0, 27) on pseudonormals output from Step ® as
well as on these pseudonormals with the az-component reflected (blue and
red plots in Fig.[®). The coordinate frame handedness was selected according

! This corresponds to the SVD decomposition of A (II) with U set to the identity
and A; set to 1. Specifically, the optimized parameters were: viewpoint direction v,
four ideal specular normals n®, and the parameters of transformation A. Ideal spec-
ular lights were computed by reflecting the (optimized) viewing direction v around
(optimized) ideal specular normals n?. Initial parameter values were: Ao = Az = 1,
V initiated randomly (random rotation, solution was observed not to be depen-
dent on this initial choice), ideal specular normals were set to normalized specular
pseudonormals, and v to normalized average of these. The iterative algorithm con-
verged quickly (in about 15 iterations) into a unique solution.
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to which of the two plots gave lower minima. The two minima in such plot
correspond to the convex-concave ambiguity which was resolved by hand.
The result of this step is shown in Figs. Blc) (illuminated from left and top
directions) and[7(c) (illuminated from four directions as indicated). Note the
normals look as expected. This is confirmed by self-shadow boundaries as
shown in Fig. B(d) and [(d).

4 Implications

In this section we show that there exist problems in computer vision that are
formally very similar to the discussed problem of uncalibrated photometric stereo
with consistent viewpoint constraint.

In Section Pl we analyzed the problem of uncalibrated photometric stereo,
and the role of consistent viewpoint direction in constraining essentially affine
ambiguity of uncalibrated photometric stereo. Here we show the validity of the
following statement:

Let affine structure of an object be evaluated by affine geometric stereo
with uncalibrated cameras. If four cameras in a general configuration ob-
serve specularities being reflected by the object surface from one distant
point light source, then the original affine ambiguity reduces into similar-
ity (composition of rotation, isotropic scaling, and change in coordinate
frame handedness).

This statement follows from the analysis given in Section [2], where all the
results apply if we make substitution light direction < viewing direction.

To check the validity of this observation in detail, let there be a surface X that
is parametrized by v and v, X = X(u,v). Geometrical stereo with uncalibrated
affine projection matrices evaluates the shape up to an affine transformation
because the projections x7(u,v) of point X(u,v) in the j-th affine camera C’

ard?

x? (u,v) =

j j j X1(u,v)
o/ e e/ 1\ . qT T
o o cé:i] Xo(u.0) | = [0, €] Xuv) = & X(u,v)

(7)

and thus x7(u, v)’s are invariant under transformation C/1 —AC’, X1 —A~ "X,
where A € GL(3). It is known (see Yuille et al. [15]) that under these affine

transformations the camera viewing vectors v; ~ C} x CJ are transformed co-
variantly and the surface normals n ~ %—)u( X %—’5 are transformed contravariantly:
v~ A" Tv,and n ~ An (~ means “up to a scaling factor”). Thus the normals
in affine geometrical stereo transform like in photometric stereo, and the camera

viewing vectors behave just like the illumination directions. But, in addition,

2 Origins of image frames in all cameras are aligned.
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the specular geometry condition (see Fig. B) is also symmetrical with respect to
the change 1 <> v. After we formulate the equivalent of the consistent viewpoint
constraint (in this case, it could be called consistent specular illumination con-
straint), the mathematics of the problem is the same. The affine ambiguity is
therefore reduced into composition of scaling, rotation around (unknown) illu-
mination direction, and change in coordinate frame handedness; but this is the
similarity ambiguity.

5 Conclusions

As a basic result of this paper we have shown that if object reflectance is a sum of
Lambertian and specular terms, the uncalibrated photometric stereo ambiguity
is reduced into effectively 2dof group of transformations (compositions of rotation
around the viewing vector, isotropic scaling and change in coordinate frame
handedness). For that, identification of specularities in images corresponding
to four different distant point lights in general configuration is sufficient. We
expect a similar result will hold if the specular spike is blurred by isotropic
surface roughness. This result brings us closer to the practical situation when
‘one waves a torch in front of an object and Euclidean structure is revealed.’
The good applicability of the approach was verified experimentally on two real
objects made of different material.

Note that albedo is obtained without imposing the integrability constraint.
The integrability is used to fix only 1dof of the normal field. Since integrability
must be computed on normal derivatives, any reduction of the number of param-
eters to be found significantly improves the accuracy of the resulting normals.

As we noted, lights and cameras play a symmetric role in the consistent
viewpoint constraint. Hence, by interchanging lights and cameras, the constraint
may also be applied to the case of uncalibrated geometric stereo with four affine
cameras in a general configuration observing specularities from a single distant
point light source.
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Appendix

Let S be a unit sphere in IR3. Let v be a vector from S and let S'/2 be a set of
unit vectors b € S for which it holds that v-b% > 0 (thus S*/? is a half-sphere,
with v being its axis). Vector v represents viewing direction and vectors b®
represent visible normals. For given normal b®, let s denotes the light direction
under which b® is specular (so that b® and s is a specular pair).

We are asking the following question: if the normals are transformed as b% 1 —
Ab® and lights as s 1+ —A~Ts, what are the only transformations that preserve
the consistent viewpoint condition (H)?

First, we showed in Section [2 that this question is equivalent to asking what
symmetric positively definite matrices P = AT A exist such that

aw = 2(s - b%)Pb® — (b% . Pb®)s, (8)
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where w € S is some vector which is fixed for all b% € S1/2, and « is a scaling
constant (different for each specular pair).
Obviously, the necessary condition for the validity of (&) is that Vb® € §1/2:

w € span(Pb”s), (9)
or, equivalently,
Pb® € span(w,s). (10)

But P is symmetric and positively definite and thus its effect on b® represents
anisotropic scaling in arbitrary three orthogonal directions. To see that, let us
write the SVD decomposition of A and P:

A = Udiag(A1, Ao, A3) VT AL Ao, A3 > 0; U,V eO(3), (11)
P = Vdiag(A\2, A3, \2)V T . (12)

Thus P scales along the direction of eigenvector V; (i-th column of V) by
the respective A;.

Then normals biS = £V, (where % is properly selected according to whether
V, is or is not in S 2) that are specular under corresponding lights s; are
mapped onto themselves (up to a scale), and consequently w € span(b?,s;),i =
1...3. That implies that w = span(b{,s;) N span(bs,s2) N span(bs,s3) = v.
But (I0) must hold for all b® and we must therefore require Pb® € span(v,s) =
span(v,b%). The only way to arrange it is to align one of the scaling directions
(say, V1) with v, and to set the scalings along the other two directions equal
(A2 = A3). Next, we show that all \;’s must be equal.

Let us complete (I and ([2) by writing decomposition of A~ as

1 1.+

1
A~ = Udiag( vV

——,— 13

A1 A2’ Ag (13)
Observe that a particular choice of the matrix U has no effect on the validity

of the consistent viewpoint constraint, since it only transforms both s and b®

Fig. 9. Scaling the V1 component of normals by A; while scaling the same component
of lights by 1/A; results in that the new specular pair violates consistent viewpoint
constraint if Ay # 1.
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by a global orthogonal transformation (cf. (). It therefore suffices to consider
the effect of transformations (1) and (I3) on b® and s, respectively, with U set
to identity.

Fig. Ol shows one pair of specular normal and corresponding light source

before (b®,s) and after (BSS) the photometric stereo transformation. Without
the loss of generality we set Ao(= A3) = 1. The figure illustrates the fact that
when, for example, A\; > 1, then the transformed normal makes a smaller angle
with v than the original normal, while the transformed light makes a greater
angle with v as compared with the original light. From that it follows that for
transformed normals and lights v is not consistent with the specular geometry
condition unless it holds that Ay = Ay = A3.
Thus we have the result that P may be only the scaled identity P = A\2I.



Pairwise Clustering with Matrix Factorisation
and the EM Algorithm

Antonio Robles-Kelly * and Edwin R. Hancock

Department of Computer Science
University of York, York YO10 5DD, UK
{arobkell,erh}@cs.york.ac.uk

Abstract. In this paper we provide a direct link between the EM algo-
rithm and matrix factorisation methods for grouping via pairwise clus-
tering. We commence by placing the pairwise clustering process in the
setting of the EM algorithm. We represent the clustering process using
two sets of variables which need to be estimated. The first of these are
cluster-membership indicators. The second are revised link-weights be-
tween pairs of nodes. We work with a model of the grouping process in
which both sets of variables are drawn from a Bernoulli distribution. The
main contributioin in this paper is to show how the cluster-memberships
may be estimated using the leading eigenvector of the revised link-weight
matrices. We also establish convergence conditions for the resulting pair-
wise clustering process. The method is demonstrated on the problem of
multiple moving object segmentation.

1 Introduction

Many problems in computer vision can be posed as ones of pairwise clustering.
That is to say they involve grouping objects together based on thier mutual
similarity rather than their closeness to a cluster prototype. Such problems nat-
urally lend themselves to a graph-theoretic treatment in which the objects to be
clustered are represented using a weighted graph. Here the nodes represent the
objects to be clustered and the edge-weights represent the strength of pairwise
similarity relations between objects. The search for pairwise clusters can then be
posed as the search for subgraphs. There are several ways in which such clusters
can be located. These include classical search algorithms and optmization meth-
ods such as mean-field annealing. However, one of the most elegant solutions
to the pairwise clustering problem comes from spectral graph theory. This is a
branch of mathematics concerned with the characterising structural properties
of graphs using the eigenvalues and eigenvectors of their adjacency matrices. The
result which is of pivotal importance to the pairwise clustering problem is that
the degree of bijectivity of a graph can be measured by the difference between
the first and second eigenvalues of the adjacency matrix. This allows clusters to
be removed sequentially from the set of nodes. Hence pairwise clustering can be
recast in a matrix factorisation setting.
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Broadly speaking there are two distinct approaches to the pairwise clustering
problem. The first of these involves the use of matrix factorisation methods. Here
the pattern of pairwise distances are encoded in an affinity weight matrix. Sev-
eral pairwise clustering algorithms have been developed to perform perceptual
grouping and image segmentation tasks [I5/13|[T4]. These draw their inspiration
from spectral graph theory [5l§]. Perhaps the best known of these is the nor-
malised cut method of Shi and Malik [15], which aims to iteratively optimise a
graph-theoretic measure of pairwise cluster separation. Recently, Shi and Meila
[2] have analysed the convergence properties of the method using Markov chains.
In related work, Tishby and Slonim [T6] have developed a graph-theoretic method
which exploits the stationarity and ergodicity properties of Markov chains de-
fined on the affinity weights to locate clusters. Finally, Sarkar and Boyer [14]
have a non-iterative method which use the same-sign positive eigenvectors of
the affinity matrix to define object clusters.

The second approach to the pairwise clustering problem adopts an infor-
mation theoretic framework. One of the best known methods here is that of
Hofmann and Buhmann [9], which uses mean-field theory to update a set of
pairwise cluster indicators. In related work, Gdalyahu, Weinshall and Werman
[19] use a stochastic sampling method.

In a recent paper, we have described a new pairwise clustering method which
combines ideas from spectral graph theory and information theory [I3]. Specif-
ically, we have developed an EM-like method for maximum likelihood pairwise
clustering. The development of this method commences by assuming that the
elements of the affinity matrix, or link weights, follow a Bernoulli distribution.
The novelty of the method resides in the fact that the link-weights are updated
in addition to the cluster membership variables.

The aims in this paper are three-fold. First, we place the method in a more
rigorous EM setting. Second, we show how cluster membership variables can be
computed using the coefficients of the leading eigenvector of the affinity matrix.
Thirdly, we establish the converegence conditions when the cluster memberships
are updated in this way.

2 Maximum Likelihood Framework

We pose the problem of perceptual grouping as that of finding the pairwise
clusters which exist within a set of objects segmented from raw image data.
These objects may be point-features such as corners, lines, curves or regions.
However, in this paper we focus on the specific problem independant moving
object segmentation from image sequences.

We abstract the problem in the following way. The raw perceptual entities are
indexed using the set V. Our aim is to assign each node to one of a set of pairwise
clusters which are indexed by the set {2. To represent the state of organisation
of the perceptual relation graph, we introduce some indicator variables. First,
we introduce a cluster membership indicator which is unity if the node 7 belongs
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to the perceptual cluster w € {2 and is zero otherwise, i.e.

1 ifq
Sz‘w:{ 1M1 e€ew (1)

0 otherwise

The second model ingredient is the link-weight A; ; between distinct pairs of
nodes (i,j) € V. x V — {(i,4|i € V}. When the link-weights become binary in
nature, they convey the following meaning

2)

1 ificwandjecw
A = .
0 otherwise

When the link-weights satisfy the above condition, then the different clusters
represent disjoint subgraphs.

Our aim is to find the cluster membership variables and the link weights
which partition the set of raw perceptual entities into disjoint pairwise clusters.
We commence by assuming that there are putative edges between each distinct
pair of nodes (4, j) belonging to the Cartesian self-product @ =V xV —{(i,i)|i €
V'}. Further suppose that p(A;;) is the probability density for the link weight
appearing on the pair of nodes (i, j) € €. Our aim is to locate disjoint subgraphs
by updating the link weights untill they are either zero or unity. Under the
assumption that the link-weights on different pairs of nodes are independent
of one-another, then the likelihood function for the observed arrangement of
perceptual entities can be factorised over the set of putative edges as

p(A) = [I Py (3)
(i,5)€P

We are interested in partitioning the set of perceptual entities into pairwise
clusters using the link weights between them. We must therefore entertain the
possibility that each of the Cartesian pairs appearing under the above product,
which represent putative perceptual relations, may belong to each of the pairwise
clusters indexed by the set §2. To make this uncertainty of association explicit,
we construct a mixture model over the perceptual clusters and write

P(Aij) =) P(Ay|w)P(w) (4)
wen

According to this mixture model, P(A;;|w) is the probability that the nodes
¢ and j are connected by an edge with link weight A;; which falls within the
perceptual cluster indexed w. The total probability mass associated with the
cluster indexed w is P(w). In most of our experiments, we will assume that there
are only two such sets of nodes; those that represent a foreground arrangement,
and those that represent background clutter. However, for generality we proceed
under the assumption that there are an arbitrary number of perceptual clusters.
As a result, the probability of the observed set of perceptual entities is

PA) = T] > P(Aylw)Pw) ()

(i,j)ePwel?
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To proceed, we require a model of probability distribution for the link-
weights. Here we adopt a model in which the observed link structure of the
pairwise clusters arises through a Bernoulli distribution. The parameter of this
distribution is the link-probability A; ;. The idea behind this model is that any
pair of nodes i and j may connect to each with a link. This link is treated as a
Bernoulli variable. The probability that this link is the correct is A; ; while the
probability that it is in error is 1 — A; ;. To gauge the correctness of the link,
we check whether the nodes ¢ and j belong to the same pairwise cluster. To test
for cluster-consistency we make use of the quantity s;.s;,. This is unity if both
nodes belong to the same cluster and is zero otherwise. Using this switching
property, the Bernoulli distribution becomes

p(Aijlw) = A7 (1 - A

ij i) e (6)
This distribution takes on its largest values when either the link weight A;;

is unity and s;, = sj, = 1, or if the link weight A; ; = 0 and s;, = s, = 0.

3 Expectation-Maximisation

Our aim is to find the cluster-membership weights and the link-weights which
maximize the likelihood function appearing in Equation (5). One way to locate
the maximum likelihood perceptual relation graph is to update the binary clus-
ter and edge indicators. This could be effected using a number of optimisation
methods including simulated annealing and Markov Chain Monte Carlo. How-
ever, here we use the apparatus of the EM algorithm originally developed by
Dempster, Laird and Rubin [I]. Our reason for doing this is that the cluster-
membership variables s;, must be regarded as quantities whose distribution is
governed by the link weights A,;. Since at the outset we know neither the asso-
ciations between nodes and clusters nor the strength of the link weights within
clusters, this information must be treated as hidden data. In other words, we
must use the EM algorithm to estimate them.

The idea underpinning the EM algorithm is to recover maximum likelihood
solutions to problems involving missing or hidden data by iterating between two
computational steps. In the E (or expectation) step we estimate the a posteriori
probabilities of the hidden data using maximum likelihood parameters recovered
in the preceding maximisation (M) step. The M-step in-turn aims to recover the
parameters which maximise the expected value of the log-likelihood function.
It is the available a posteriori probabilities from the E-step which allows the
weighting of log-likelihood required in the maximisation-step.

3.1 Expected log-Likelihood Function

For the likelihood function appearing in Equation (5), the expected log-likelihood
function is defined to be

Q(A("+1)|A(”)) — Z Z P(w|AE;))1Dp(AgL+1)|W> (7)
wef (i,5)ed
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where p(AZ(-;LH) |w) is the probability distribution for the link-weights at iteration
n+ 1 and P(w|AZ(-;L)) is the a posteriori probability that the pair of nodes with

link weight Az(;) belong to the cluster indexed w at iteration n of the algorithm.
When the probability distribution function from Equation (@) is substituted,
then the expected log-likelihood function becomes

Q(A(n+1)|A( Z Z C(Z) { (n+1) (n+1)1 A(n+1)+

weR (i,j)eP
n+1 n+1 n+1
(=8 )t - A% ) | ®

where we have used the shorthand CI(TJL)W = P(w|A(”)) for the a posteriori cluster
membership probabilities. After some algebra to collect terms, the expected log-

likelihood function simplifies to

n n n A§n+1) n
Q) = 3 5 i A )

WER (i,j)ED 1—Aj;
9)

3.2 Maximisation

There are two sets of varibales that need to be updated in the M-step of the
algorithm. These are the link-weights and the cluster membership indicators.

Link-Weights. In the maximisation step of the algorithm we update the link-
weight matrix. The updated link-weights are found by computing the derivatives
of the expected log-likelihood function

HQ(AMH | A() Z e { (n+1) (n-+1) 1 B 1 }
({9A,E;L+1) ,J,w Sjw AE;L+1)(1 . AE?+1)) 1_ Aij(n+1)
(10)

wes?

BQ(A("+1) |A(")) _

and solving the saddle-point equations oA

= 0. As a result the up-
dated link-weights are given by

A(nJrl) ZwEQ Cz(?)w §Z+1) 52}4_1)
1,
’ ZWEQ C(Z?
In other words, the link-weight for the pair of nodes (4, j) is simply the average of
the product of individual node cluster memberships over the different perceptual
clusters. Since each node is associated with a unique cluster, this means that
the updated affinity matrix is composed of non-overlapping blocks. Moreover,
the link-weights are are guaranteed to be in the interval [0,1]. Finally, it is
important to note that the updating of the link-weights is a unique feature of

our algorithm which distinguishes it from the pairwise clustering methods of
Hoffman and Buhmann and Shi and Malik.

(11)
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Cluster memberships. To update the cluster-membership variables we have
used a gradient-based method. We commence by computing the derivatives of the
expected log-likelihood function with respect to the cluster-membership variable

(n+1)

aQ(A("“) ‘A(n) (n) A
n+1 Z Gi GwSjw ln n+1 (12)
o+ jev, - AEJ- )

Since the associated saddle-point equations are not tractable in closed form,
we use the soft-assign ansatz of Bridle [4] to update the cluster membership
assignment variables. This involves exponentiating the partial derivatives of the
expected log-likelihood function in the following manner

S
st
S+ _ i (13)

w DQA+D | A(n)
2icv, OXP RO

As a result the update equation for the cluster membership indicator variables
is

() o)y AL
exp |:Z]6Vw C iyjwSjw In 1— A(n+1)

(n) At
KEW]
Yiev, ©XP| 2 jev, Sjuw 0 T AGTD

st

(14)

After simplifying the argument of the exponential, the update formula reduces
to

(n) (n)
A<n+1> CijowSiw
H]EVW A(n+1)
(n)

™
A(n+1) }Ci,j,wsjw

ZlEV ngv { A<n+1>

It is worth pausing to consider the structure of this update equation. First, the
updated link weights are an exponential function of the current ones. Second,

the exponential constant is greater than unity7 i e. there is re-enforcement of the
(n—i—l)

st — (15)

cluster memberships, provided that A;
We can take this analysis one step further and establish a link with the
eigenvectors of the updated adjacency matrix. To this end we introduce the
matrix 7" *1) whose element with row 7 and column j is
A(7L+1)

(n+1) _ +(n) _(n) i,
Ti,j - Ci,j,wsjw ln 1 —A(n~+1)

We also define the vector s{”) = (sgz), sg;), ....)T. With this notation we can turn

our attention to the argument of the exponential appearing in Equation (14)
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and write

A(n+1)
S n) ln —_— = T(n+1)§(n) 16
A(n+1) w
JEV, i

In other words, the argument is simply the ith component of the vector obtained

by the matrix multiplication 7+

Next, consider the case when the vector SSJn) is an eigenvector of the matrix
T+ The eigenvector equation for the matrix 7" +1) is T(nt1) M) — /\wz&"),
where )\, is the w!* eigenvalue and z_, is the corresponding eigenvector. Hence
when the vector of cluster memberships 5&") is an eigenvector of T+ then
we can write (T s}, = z_(i), where z_(i) is the ith component of the
vector z,,. If this is the case, then we can identify the pairwise clusters with the
eigenmodes of In 7"+ Using the shorthand Ao = In Aw, the update equation

becomes

exp [)\wz&n) (z)] ng’”(i)
(n+1) _ ) (17)

P 76 (@)

Zievw exp {)\wz&n)(i)} Zive Aw

Since the directions of the eigenvectors of the matrix In7T" and T are identical
[7], the updated cluster membership variables can be computed directly from the
matrix A1), Moreover, by inspection is easy to see that the updated cluster
membership variables are the coefficients of the eigenvectors of In 7+ In this
way, by computing the eigenmodes of the current link-weight matrix, we can
update the individual cluster membership indicators.

3.3 Convergence Analysis

In this section we provide some analysis of the convergence properties of the
grouping algorithm when the cluster memberships are updated using the eigen-
vector method outlined in the previous section. We are interested in the relation-
ship between this modal analysis and the updated cluster membership variables.
Using the update formulae for the link-weight matrix and the cluster member-
ship indicators given in Equations (12) and (18), it is a straightforward matter
to show that the corresponding updated log-likelihood function is given by

A+ 400) (1) y (1) 2 ()T 420
QMM = Y S g

wE (4,5) €[V X V|

5D

1
( (n+1) 7 (D (n+1)2 (G0 )
Zz”ve At Zj'e\/w A

n(1— Aij<n+l>>} (18)
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We would like to understand the conditions under which the likelihood is
maximised by the update process. We hence compute the partial derivative of
() with respect to )\EJnH). After collecting terms and some algebra we find

N Zw (Z)(n)+zw (])(n)
A(n+1)| g4(0) L(Un+1)
9Q( A™) A 20 (§)™ (19)

DV n n1) 7 ()
)\Eu +1) Ei/evw )\L(,,; +1)

Sy, 2l@) A=
eV, “w i
S A= }
eV, W

The maximum value of the log-likelihood occurs where the partial derivative is
zero. This condition is satisfied when

+Zw(j)(n) -2

2 (1 ()
Zi’ve Zw(i/)(n))\&n+l) (")

Zl y )\(7l+1)2w(i/
= o w

Unfortunately, this condition is not always guaranteed to be satisfied. How-
ever, from Equation 20 we can conclude that the following will always be the
best approximation

2 gy () 2, 2
A g (5 =) (21)
iEV,

20 (1) + 2, ()™ =2

)(n) (20)

If 7("+1) is a non-negative irreducible symmetric matrix 7+ then the coeffi-

cients of the eigenvector zin) associated with the largest eigenvector \* are each

iy : MCONE o
positive [I7]. As a result, the quantity >, <y )\L(Unﬂ)z ' will be maximized

when AU is maximum. Hence, QA+ AM) will be maximized by the first
(maximum) eigenvalue of T("+1),

3.4 Expectation

The a posteriori probabilities are updated in the expectation step of the al-

gorithm. The current estimates of the parameters SEZ) and AE?) are used to

compute the probability densities p(AE?)\w) and the a posteriori probabilities
are updated using the formula

p(AT|w)a ™ (w)

]
e P(AN [w)a ™ (W)

where a(™ (w) is the available estimate of the class-prior P(w). This is computed
using the formula

P(w|Al) =

ij (22)

n 1 n
W) = 3 Plela) (23)
(i,j)e®
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Upon substituting for the probability density from Equation (6), the updated
a posteriori probabilities are given by

RO
Al gy i=si sl ) ()
n n+1 , 2
(W|A( )= C(,J,Jr )= = RN ’ (24)
S ()

Supeadly = (1= A 0t w)

3.5 Selecting the Number of Modes

One of the practical difficulties associated with using a mixture model is that of
selecting the number of components. There are several well established ways of
addressing this problem. These frequently involve removing or splitting compo-
nents so as to optimise a measure of model-order complexity [IT[I8/T0]. There are
several possible choices of utility measures including the minimum description
length [12] and the Akaike criterion.

However, here we take a different route and use the modal structure of the
initial affinity matrix to set the number of mixing components. Here we use a
result due to Sarkar and Boyer [14] who have shown how matrix factorisation
methods can be used to locate the set of edges which partition the nodes into
distinct perceptual clusters. One way of viewing this is as the search for the per-
mutation matrix which re-orders the elements of A into non-overlapping blocks.
Unfortunately, when the elements of the matrix A are not binary in nature, then
this is not a straightforward task. However, Sarkar and Boyer [I4] have shown
how the positive eigenvectors of the matrix of link-weights can be used to assign
nodes to perceptual clusters. Using the Rayleigh-Ritz theorem, they observe
that the scalar quantity x*A(©x, where A is the initial weighted adjacency
matrix, is maximised when x is the leading eigenvector of A. Moreover, each
of the subdominant eigenvectors corresponds to a disjoint cluster. They confine
their attention to the same-sign positive eigenvectors. If a component of a posi-
tive eigenvector is non-zero, then the corresponding node belongs to the cluster
associated with the eigenmodes of the weighted adjacency matrix. The eigenval-
ues i, Ag.... of A are the solutions of the equation |A(®) — \I| = 0 where T
is the |V| x |V identity matrix. The corresponding eigenvectors x, ,X,,, ... are
found by solving the equation A(®x A, = Aix,y, - Let the set of positive same-sign
eigenvectors be represented by 2 = {w|\, > 0 A [(x5(¢) > OVi) V x* (i) < 0Vi])}.
Since the positive eigenvectors are orthogonal, this means that there is only one
value of w for which x (i) # 0. We denote the set of nodes assigned to the clus-
ter with modal index w as V,, = {i|x}(¢) # 0}. Hence each positive same-sign
eigenvector is associated with a distinct mixing component. This is done using
the magnitudes of the modal co-efficients and we set

L _ _ x0)] (25)

" Yiew, x5 )]

We use the eigenvectors of the initial affinity matrix to initialise the cluster
membership variables.
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4 Motion Segmentation

The application of our pairwise clustering method focusses on the segmenta-
tion of independently moving objects from image sequences. The motion vec-
tors used in our analysis have been computed using a single resolution block
matching algorithm [6]. The method measures the similarity of motion blocks
using spatial correlation and uses predictive search to efficiently compute block-
correspondences in different frames. The block matching algorithm assumes that
the translational motion from frame to frame is constant. The current frame is
divided into blocks that will be compared with the next frame in order to find
the displaced coordinates of the corresponding block within the search area of
the reference frame. Since the computational complexity is much lower than the
optical flow equation and the pel-recursive methods, block matching has been
widely adopted as a standard for video coding and hence it provides a good
starting point.

However, the drawback of the single resolution block-matching scheme is that
while the high resolution field of motion vectors obtained with small block sizes
captures fine detail, it is susceptible to noise. At low resolution, i.e. for large
block sizes, the field of motion vectors is less noisy but the fine structure is
lost. To strike a compromise between low-resolution noise suppression and high
resolution recovery of fine detail, there have been several attempts to develop
multi-resolution block matching algorithms. These methods have provided good
predictive performance and also improvements in speed. However, one of the
major problems with the multi-resolution block matching method is that random
motions can have a significant degradational effect on the estimated motion field.
For these reasons, we have used a single high-resolution block matching algorithm
to estimate the raw motion field. This potentially noisy information is refined in
the motion segmentation step, where we exploit hierarchical information.

We pose the problem of grouping motion blocks into coherent moving objects
as that of finding pairwise clusters. The 2D velocity vectors for the extracted
motion blocks are characterised using a matrix of pairwise similarity weights.
Suppose that n; and n; are the unit motion vectors for the blocks indexed ¢ and
j. The elements of this weight matrix are given by

40 _

0 _ {;(1+ﬁi.ﬁj) if i )

0 otherwise

4.1 Hierarchical Motion Segmentation

As mentioned earlier, we use a single-level high-resolution block-matching
method to estimate the motion field. The resulting field of motion vectors is
therefore likely to be noisy. To control the effects of motion-vector noise, we
have developed a multi-resolution extension to the clustering approach described
above.

The adopted approach is as follows.
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Fig. 1. Motion segmentation system.

— We obtain the a high resolution field of motion vectors Uy using blocks of
size k-pixels and a low-resolution motion field Uy, using blocks of size 2k
pixels.

— We apply our clustering algorithm to the low resolution motion field Up,
numbering the Ny, clusters detected.

— We make a second application of our clustering algorithm to the hight-
resolution motion field Uy. Here we select only the first Np eigenvalues
of the motion-vector similarity matrix as cluster centres.

In this way we successively perform the motion estimation at low and high
resolution. The number of clusters detected at low resolution is used to con-
strain the number of permissible high resolution clusters. This allows the high-
resolution clustering process to deal with fine detail motion fields without suc-
cumbing to noise. There is scope to extend the method and develop a pyramidal
segmentation strategy. The structure of the hierarchical system can be seen in
Figure [l

4.2 Motion Experiments

We have conducted experiments on motion sequences with known ground truth.
In Figure Pl we show some results obtained with five frames of the well-known
“Hamburg Taxi” sequence. The top row shows the hand-labelled ground-truth
segmentation for the motion sequence. The second row shows the correspond-
ing image frames from the motion sequence. In the third and fourth rows we
respectively show the low resolution and high resolution block motion vectors.
The low-resolution uses 16 x 16 pixel blocks to perform motion correspondence
and compute the motion vectors; for the high resolution motion field the block
size is 8 x 8 pixels. The fifth row shows the moving objects segmented from the
motion field using pairwise clustering. In each frame there are 3 clusters which
match closely to the ground truth data shown. It is interesting to note that the
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results are comparable to those reported in [3] where a 5 dimensional feature
vector and a neural network was used. The proposed algorithm converges in an
average of four iterations.

Fig. 2. Top row: ground truth for the 1st, 4th, 8th, 12th and 16th frame of the "Ham-
burg Taxi” sequence; Second row: original frames ; Third and fourth row: resolution
motion maps; Fifth row: Final motion segmentation; Bottom row: smoothed motion

maps.
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Fig. 3. Top row: ground truth for the 1st, 5th, 10th, 15th and 20th frame of the ” Trevor
White” sequence; Second row: original frames ; Third and fourth row: motion maps;
Fifth row: Final motion segmentation; Bottom row: smoothed motion maps.
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Table 1. Error percentage for the two image sequences.

Sequence Cluster % of Error | Sequence Cluster % of Error
Trevor White Right Arm 8 % Ham. Taxi Taxi 4 %
Trevor White Chest 6 % Ham. Taxi  Left Car 3%
Trevor White Head 12 % Ham. Taxi Right Car 10 %

Figure [ repeats these experiments for the “Trevor White” sequence. The
sequence of rows is the same as in in Figure 3. Here the block sizes are respectively
24 x 24 and 12 x 12 pixels. There are three motion clusters which correspond to
the head, the right arm, and the chest plus left arm. These clusters again match
closely to the ground-truth data.

In Table 1 we provide a more quantitive analysis of these results. The table
lists the fraction of the pixels in each region of the ground truth data which are
misasigned by the clustering algorithm. The best results are obtained for the
chest-region, the taxi and the far-left car, where the error rate is a few percent.
For the far-right car and the head of the Trevor White, the error rates are about
10%. The problems with the far-right car probably relate to the fact that it is
close to the periphery of the image.

5 Conclusions

In this paper, we have developed an Expectation-maximization framework for
pairwise clustering. The method commences from a specification of the pair-
wise clustering problem in terms of a matrix of link-weights and a set of cluster
membership indicators. The Expected log-likelihood function underpinning our
method is developed under the assumption that the cluster membership indica-
tors are random variables which are drawn from a Bernoulli distributions.The
parameter of the Benoulli distributions are the link-weights. Based on this model,
we develop an iterative process for updating the link-weights and the cluster
membership indicators in interleaved steps.

To understand the relationships between our probabilistic method and the
graph-spectral approach to pairwise clustering, we present a variational analy-
sis for the expected log-likelihood function. This reveals two important results.
First, we demonstrate a relationshiop between the updated cluster membership
variables resulting from our variational analysis and the eigenvectors of the link-
weight matrix. Second, we show that the log-likelihood function is maximsied
by the leading eigenvector of the link-weight matrix.

There are a number of ways in which the work presented in this paper can
be extended and improved. First, we intend to investigate alternatives to the
Bernoulli model of the clustering process. Second, our present method does not
facilitate data-closeness between the final arrangement of clusters and the raw
data. Our future work will therefore focus on developing a clustering process
which minimizes the Kullback-Leibler divergence between the initial matrix of
link-weights and the final arrangement of pairwise clusters.
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Abstract. Level Set Representations, the pioneering framework introduced by
Osher and Sethian [I4] is the most common choice for the implementation of
variational frameworks in Computer Vision since it is implicit, intrinsic, param-
eter and topology free. However, many Computer vision applications refer to
entities with physical meanings that follow a shape form with a certain degree of
variability. In this paper, we propose a novel energetic form to introduce shape
constraints to level set representations. This formulation exploits all advantages
of these representations resulting on a very elegant approach that can deal with a
large number of parametric as well as continuous transformations. Furthermore,
it can be combined with existing well known level set-based segmentation ap-
proaches leading to paradigms that can deal with noisy, occluded and missing or
physically corrupted data. Encouraging experimental results are obtained using
synthetic and real images.

1 Introduction

Level Set [14)13119]] and variational methods are increasingly considered by the vision
community [[17]]. The application domain is wide and not restricted to image segmenta-
tion, restoration, impainting, tracking, shape from shading, 3D reconstruction [7], med-
ical image segmentation [11]], etc. These techniques have been exhaustively studied and
also applied to other scientific domains like geometry, robotics, fluids, semiconductors
designing, etc. [19].

Most of the mentioned applications share a common concern, tracking moving in-
terfaces. Level Set representations are well suited computational methods to perform
this task. They can be used to any dimension (curves, surfaces, hyper-surfaces, ...), are
parameter free and can change naturally the topology. Moreover, they provide a natural
way to estimate the geometric properties of the evolving interface.

Furthermore, they can deal with non-rigid objects and motions, since they refer to
very local characteristics and can deform an interface pixel-wise. Opposite to that, they
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have a poor performance compared with parametric models when solid/rigid motions
and objects are considered mainly because local propagations are quite sensitive to
noise and fail to take fully advantage of a priori physical constraints like solid shape
models. It is clear that evolving interfaces using level set representations is a powerful
tool with certain strengths and some limitations. For example, this property (locality) is
not helpful when the considered task refers to the extraction of solid objects, while it is
a vital element when non-rigid motions and objects are considered.

Our visual space consists of objects from both categories. For example most of the
active human organs cannot be considered solid, but at the same time their forms are
well constrained within a family of shapes. This family cannot be fully characterized
using parametric models. The use of level set-based methods is suitable for this kind of
applications due to their ability of dealing with local deformations.

In this paper we consider a challenging application: constrain the level set represen-
tations to follow a shape global consistency while preserving the ability to capture local
deformations. The most closely related work with our approach can be found in [4/6/10]
and more recently in [21]. In [10] a two stage approach was proposed that integrates prior
shape knowledge and visual information. During the first step, a segmentation solution
is obtained according to a data-driven term, while during the second step a correction
of the result is performed using a level set shape prior model that is obtained through a
Principal Component Analysis. The same modeling technique is used in [21]]. These two
steps alternate until convergence is reached. In [4J21]] a different technique was consid-
ered that refers to an optimization criterion with objective to recover a transformation
that better maps the evolving interface to a shape prior term. This criterion is shape driven
and in [4] aims at minimizing the Euclidean distance between the model and the prior
while in [21] a region-driven criterion is considered that aims at minimizing a metric
defined on the level set space. In [4]], the shape prior was obtained by averaging the
registered training examples and refers to a collection of points. Theoretical comparison
of our approach with the ones proposed up to now in can be found in Section 5.

A novel mathematical functional is proposed in this paper that can account for
global/local shape properties of the object to be recovered. This functional can be com-
bined with any level set objective function under the assumption that a shape model with
a certain degree of variability is available. Our approach consists of two stages. During
the first stage a shape model is built directly on the level set space using a collection
of samples. This model is constructed using a variational framework that creates a non-
stationary pixel-wise model that accounts for shape variabilities. Then, this model is
used as basis to introduce the shape prior in an energetic form. This prior aims at mini-
mizing the non-stationary distance between the evolving interface and the shape model
in terms of their level set representations. In order to demonstrate the performance of
the proposed module, it is integrated with a data-driven variational method to perform
image segmentation for physically corrupted and incomplete data.

The remainder of this paper is organized as follows: in section 2, we briefly present
the level set representations. Section 3 is dedicated to the construction of the shape prior
model using a a certain number of examples. In Section 4, we introduce our shape-prior
energetic functional that is integrated with a data-driven variational framework. Finally,
discussion and conclusions are part of Section 5.
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2 Level Set Representations

Let us consider a parameterized closed evolving interface in a Euclidean plane [C :
[0,1] = R%, p — C(p)] and let C(p,t) the family of interfaces generated by the
propagation of the initial one Cy(p) in the direction of the inward normal N. Under
the assumption that the propagation is guided by a scalar function [F'] of the geometric
properties of the curve (i.e. curvature K), we can have the following motion equation:

{C(p, 0) = Co(p)

; )]
Ci(p) = F(K(p)) N(p)

The implementation of this evolution can be done using a Lagrangian approach.
In that case we produce the associated equations of motion for the position vector
(z,y) = C(p) and we update them according to a difference approximation scheme. As
a consequence, the evolving interface cannot change its topology (with the exception of
(12).

To overcome this limitations, Osher and Sethian [[14]13/19] have proposed to rep-
resent the evolving interface C'(p) with a zero-level set (¢ = 0) function of a surface
z

[z = (z,y,0(z,y,t)) € R? )

Deriving ¢(z,y,t) = 0 with respect to time and space (given [eq. (I)]) we obtain the
following motion for the embedding surface ¢():

{tb(Co(p),O) =0 3)

oi(p) = F(K(p)) [Vo(p)|’
where [|V@|] is the norm of gradient and [N = 7%].

Thus, we have established a connection between the family C(p, t) and the family
of one parameter surfaces ¢(x,y, t) where the zero iso-surface of the function ¢ yields
always to the evolving interface.

The embedding surface ¢(p) remains a function as long as F' is smooth and the
evolving interface C(p) can change topology. Additionally, numerical simulations on
¢(p) may be developed trivially and intrinsic geometric properties of the evolving in-
terface can be estimated directly from the level set function. Finally, the method can be
easily extended to deal with problems in higher dimensions. A very common selection
for the embedding function refers to the use of (Euclidean) distance transforms.

3 Shape Prior Model Construction

A vital component for most of the approaches that aimed at creating shape representations
is the alignment of the training samples. Matching geometric shapes is an open as well as
complex issue in computer vision that has been exhaustively studied. A complete review
of the literature in shape matching can be found in [23]].
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Fig. 1. (1) Trainning Samples, (2) Shape Prior Model, (a) Aligned Shapes, (b) Shape Prior Rep-
resentation, (c¢) Model Variability.

We consider a variational approach that is based on a shape-to-area principle for
the alignment [[16]. This framework exploits maximally the information of the level set
representations. The central idea behind this approach is to perform the registration using
the level set representations of the training examples. Therefore, we seek for shape-to-
area transformations that best match the level set representations of the shapes of the
training set. Thus, given a source shape S and a target shape D as well as their level set
representations using distance transforms, registration is obtained by seeking a global
transformation [A] with a scale component [s] that minimizes the following dissimilarity
measurd]:

E(p, b5, A) / / (P (1) = Po(Ala,y)” dady

A detailed description and the algorithm and the extension to deal with local deformations
can be found in [[16]. The output of this procedure is a set of NV level set representations
(one for each training sample) (] registered to an arbitrary selected (from the family
of samples) reference shape [ng]. The efficiency of this framework is shown in [fig. (I)].

The next step is the construction of the shape model, using the aligned contours.
Point-based snake models [8]], deformable models/templates [2]], active shapes [5], level
set representations [3], etc. are common selections. Although these representations are
powerful enough to capture a certain number of local deformations, they require a large
number of parameters to deal with important shape deformations. Moreover, they cannot
deal with changes of topology (with the exception of level set methods [3] and the
approach presented in [12]). Finally, their extension to describe structures of higher
dimension than curves and surfaces is not trivial. In the Level Set literature, two models

! One can easily prove that level set representation are invariant to translation and rotation but
not to scale variations. However, as it will be explained later in the paper, one can predict the
effect of scale variations and the appearance of the scale parameter in the energy function.



82 M. Rousson and N. Paragios

N

() (b (©)

Fig. 2. Construction of a Shape Prior Model using two very different aligned trainning samples.
(a) Training Sample 1, (b) Training Sample 2, (c) Shape Prior Model.

have been presented up to now. In [[10i21] the use of a global statistical representation
on the level set space was proposed while a different approach was considered in [4]
where shapes are represented using a collection of points.

We consider a more challenging approach where the objective is to generate a shape
model that accounts for local variations as well. In order to do that, we consider a
stochastic framework with two unknown variables:

— The shape image, @y (x,y),

— The local degrees (variability) of shape deformations o/ (x, y).

where each grid location can be described in the shape model using a Gaussian density
function

(6—Ppr (z,9)2
1 _ 21\/1 z,y

P = e

mUM (1'7 y)

A similar framework for a different purpose was proposed in [24].

The mean of this probability density function corresponds to the level set function,
while the variance refers to the variation of the aligned samples in this location. On top
of these assumptions, we impose the constraint that mean values of the shape model
refer to a signed distance function (level set representation).

Thus given NN aligned training samples (level set representations) where @, is the
aligned transformation of @;, we can construct a variational framework for the estimation
of the BEST shape by seeking for the maximum likelihood of the local densities with
respect to (Ppr, oar):

E(®y,om) = Z// log p:cy bi(x ,y))] dady
SUBJECT TO THE CONSTRAINT : |V45M(a:, YI° =1, Y(z,y) e N

Additionally, we can enforce spatial coherence on the variability estimates by adding a
smoothness
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term. Since the constant term (1/27) does not affect the minimization procedure, the
following functional is used:

s =10 [ ((hawtan) s (Gowten) ) aut

Y
- (®i(2,y) — Pu(z,y))®
+ oa//Q ; (log [om(z,y)] + 207, (2.9) > dzdy

SUBJECT TO THE CONSTRAINT : |V @/ (z,9)]* =1, Y(z,y) € 2

where [a] is a blending parameter between the two energy terms. The interpretation of
the objective function is rather simple. The first component is data driven and aims at
recovering a level set representation that best accounts for the training samples. The
second term is a smoothness constraint on the representation variability. Neighborhood
pixels for all registered examples of the training set have to exhibit similar variability
properties.

The constrained optimization of this functional can be done using Lagrange multipli-
ers and a gradient descent method. However, given the form of constraints (involvement
of first and second order derivatives), we cannot obtain a closed form solution and prove
that the conditions which guarantee the validity of Lagrange theorem are satisfied. More-
over, the number of unknown variables of the system is too high O(N?) and the system
is quite unstable especially when there is large variability among training samples. A
possible way to overcome this limitation that is currently investigated refers to the use
of an augmented Lagrangian function, but even in that case the proof of validity and the
initial conditions are open issues.

An alternative selection refers to a two step optimization process, that separates the
two conditions. During the first step, we obtain the "optimal" solution according to the
data driven terms, while during the second step we find the "optimal" projection of this
solution to the manifold of acceptable solutions (distance functions).

Thus, the unknown variables are obtained by minimizing the previously defined
data-driven objective function that preserves some regularity conditions:

d " (P — Do)
Z Py = e T FM)
a M @ ; 2(7]2\/[
2 2

d < 1 (P—Du) 9 d
M= a;{ —+t— ]-f—(l a) {78x8x0M+78y8y0M

oM Trr

while the projection/correction to the manifold space of accepted solutions (Level Set
Representations)@] is done using a heavily considered Partial Differential Equation [20]:

{jtqu = (1—sgn (23,)) (1 - |V@u])

where &9 is the initial representation (data driven).

% The use of the data driven term will modify the evolving representation without respecting the
constraint of being a distance function.
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These two steps alternate until the system reaches a steady-state solution. Upon
convergence of the system, we will obtain a level set representation model, that optimally
expresses the properties of he training set using degrees of variability that are constrained
to be locally smooth. As far as the initial conditions of the system are concerned, we use
the level set representation of the reference sample while the variability estimates are
set equal to one for the whole image plane. In order to avoid stability problems, one can
replace the variability factors with

oy=1+0oum

and then seek for the estimates of &, that are constrained to be strictly positive. The
performance of our method is demonstrated in [fig. (2))] where two very different training
samples are used to generate a model that integrates information from both shapes. An
example using training samples from the same family is shown in [fig. (@)].

4 Level Set Shape Priors

Let us now consider an image where an object with a shape form similar to the one
of the training samples is present. Then, the objective is to recover the image area that
corresponds to this object. At the very beginning, we will introduce our approach without
using any data-driven term.

4.1 Shape-Driven Propagation

Let® : 2 x RT — R™T be a Lipchitz function that refers to level set representation that
is evolving over time [t] given by,

0 ,(z,y) € OR(L)
D(x,y;t) = {+ D((z,y),0R(t)) >0, (z,y) € R(t)
— D((z,y),0R(t)) <0, (z,y) € [2 —R(?)]

where OR(t) refers to the interface (boundaries) of R(t), D((z,y), OR(t)) the min-
imum Euclidean distance between the pixel (z,y) and the interface R(¢) and ¢ at
time. Let us also define the approximations of Dirac and Heaviside [26] distributions as:

ol > a

0
5a(¢) - { i (1 + cos (%q&)) 7‘¢| <a

1 0>«
Ha(¢): 0 ,¢<—0[
%(1+%+%sin(%¢)) ol < «

Then it can be shown easily that

{(z,y) € 2:lim, o+ [Ha (B((z,9);1))] = 1} =R
{(z,y) € 2:Timg o+ [0a(P((2,y);1))] = 1} = IR

Now, given an interface and (consequently) its level set representation, we would like
to evolve it to recover a structure that respects some known shape properties @/ (x, y).
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We assume that all instances of the evolving representation belong to the family shapes
that is generated by applying all possible global transformations (according to a prede-
fined model) to the prior shape model. This assumption is valid mainly for rigid objects.

Thus, given the current level set representation @, we can assume that there is an ideal
transformation A = (A,, A, ) between the shape prior and the evolving representation.
If we consider that noise does not effect our measures and the absence scale variations,
then the optimal transformation will satisfy the following conditions,

{ (x,y) = Az, y)
¢($7y) ~ QJ\/I(A(mvy))v V(x,y) : Hﬂ(é(xvy)) >0

In that case, by considering a very simple optimization criterion like the sum of squared
differences, the optimal transformation A should minimize the following functional:

E(®, 4) = / /  Ha((2.9)) (P(o.9) — Pas(Ae, )" dedy

In order to account for scale variations, we can assume a scale component [s] for the
transformation A. It is straightforward to show that the level set representations are in-
variant to translation and rotation but not to scale variations. Given the properties of
distance transforms from an interface, one can predict how scale changes will affect the
information space: the level set representation values will be also scaled up/down accord-
ing to the scale variable, resulting in the following scale/rotation/translation invariant
criterion:

E(®, A) = / / Ha(@(2,9) (9(w.9) = Prr(A(z.9)))* dody

Thus, we are seeking for a transformation that provides pixel-wise level set values corre-
spondences between the evolving interface and the shape prior level set representation.
In order to minimize the above functional with respect to the evolving level set
representation and the global linear transformation, we will assume (without loss of
generality) that it is composed of N + 1 motion parameters A = [s, a1, ag, ..., an]. Then,
using the calculus of variations we obtain the following system of coupled equations:

%qﬁ — 25 Ho(®) (5B — Br(A)) + 6a(®) (56 — Bar(A))?
Go==2[[ [Ho@ 0 - o (2-vouw)- I (1.a,)]
vj € [1,N],

%aj —2 //Q [Ha(@) (5B — B (A)) (vqu(A) : a% (Az,Ay))}

Let us now try to interpret the obtained motion equation for the time evolving level

set representation term by term. We will consider @ — 0 to facilitate the interpretation:

— The first term [—2sH,(P) (s® — Ppr(A)) = Ppr(A)] is positive when Py (A)

is positive. The physical meaning of this condition is that the projection of the

considered pixel is interior to the shape prior interface. Therefore, the evolving
interface has to expand locally resulting on a better fit with the model.
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Fig. 3. (1) Shape Prior Term, (2) Shape-Constrained Geodesic Active Contours, (3-4) Shape-
Constrained Geodesic Active Regions, (a) Initial Contour, (b) Mid-Contour, (c) Final Contour.
Different scales are used.

— The second force aims at decreasing the length and the area defined by the evolving
interface and consequently the value of the cost function. Therefore, one can ignore
this component.

This simple/static model can have encouraging performance [fig. (3)]. However,
it does not take into account the local shape variations and is constrained by a rigid
transformation between the evolving representation and the shape prior model.

During the model construction, we have consider that the shape model can have
some local degrees of variability. In that case the ideal transformation will map each
value of current representation at the most probable value on the model:

(z,y) = A(z,y)
maxs,y {phle) (5(@,9)) } V(@) : Ha(@(2,y)) > 0

The most probable transformation is the one ontained through the maximum likelihood
for all pixels. Under the assumption that densities are independent across pixels, the
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minimization of the -log function of the maximum likelihood can be considered as
global optimization criterion. This criterion refers to two set of unknown variables. The
linear transformation A, and the level set function @:

B(@.4) == [ He(@(@ )08 ¥ (9(.9)] dody

://Q Ho(®(z,y) {log (cm(A(z,y))) + (s(z, ggﬁl(il(v;ﬁggf’y))) )| dzdy

The interpretation of this functional is rather simple; we seek a transformation and
a level set representation that maximizes the posterior probability pixel-wise given the
shape prior model. This model refers to a non-stationary measurement where pixels are
considered according to the confidence of their projections in the shape prior model
(variance term).

The minimization of this functional can be done using a gradient descent method:

(s — Pm(4))

¢ =— s Ho (D) { ) )} — da () [log (om(A)) +

d__ 1 o )
Ls= //QHa(qS) [TM(A)V M(A) - 5 (A, Ay)
n (S@*@A{( )) [V(J’]u(

(5@ — Par(A))° )}
203, (4)

(5@ — Prr(A)) (P — VOu(A) - Z (As, Ay))

VjG[l

//_QH {20A4(A)VGM(A)%(AI,Ay) _
(o2 =~ 221 () [VQSM(A) i % (Az, Ay)} G QM(A))Q [VUM(A) ’ 6%]' (Az, Ay)] ]

o3 (A) o3 (A)

We recall that the second term on the evolution of the level set representation is be
ignored. Also due to the fact that the scale [s] parameter appears in the cost function,
a different motion equation is obtained in comparison with the other parameters of the
registration model.

The obtained motion equations have the same interpretation with the ones presented
earlier without the local variability factor. In the absence of data driven term, they will
have the same behavior with the ones that do not account for local variability. On the
other hand, the integration of the shape prior with data-driven terms can provide a soft-
to-hard constraint. In order to demonstrate the efficiency of the proposed functional,
we will integrate it with an existing well known data-driven variational framework for
image segmentation.
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4.2 Self-Constrained Geodesic Active Region

The geodesic active region model was originally proposed in [15], and aimed at com-
bining boundary (in the form of Geodesic Active Contours) with some regional/global
properties of the object to be recovered. This model makes the assumption that some a
priori knowledge regarding the global region/statistical properties are available (inten-
sities, optical flow, texture information, etc.)

The original model was defined on the image plane, and the obtained motion equation
were implemented using level set mthods. Here, we will introduce a self-constrained
version of this model, directly on the level set representation space. Thus, if we consider
that some region-based image-based descriptor functions p; are available that capture
the intensity properties of each region, then the following objective functional

@A) =a3 [[ (@ )o(VIG))IVEey)] +

D3 [ 1o 0)a0: 0w + (1 = Ha @iyl )] +

23 /[, @) [bg (o1, (Aa(a, ) + L2 yg;;ﬁ:‘i(% )’ )

where py is the descriptor function that captures the background properties.

The minimization of this function with respect to the time evolving level set repre-
sentations @; can be done using the calculus of variations and the following equations
are obtained:

Vi € [1, NJ,
L0 = 0 0u(@0) 9K — Va()V] + b 0. (20) [a(p: (1) ~ a(po(1)] -

(s Ds — Par,i(As)) (s B; — Dori(As))?
oir,i(A) 2075, :(Ai)

that consist of three forces acting locally on the evolving interface all in the direction of
the normal:

c Ho(Pi) s — ¢ 6a(Pi) |log (onr,i(Ai) +

— An image-driven boundary force that shrinks the evolving interface (constrained by
the curvature effect) towards the object boundaries,

— An image-driven region/statistical force that shrinks or expands the evolving inter-
face towards the direction that optimizes the separation between the background
pixels and the object pixels according to some predefined global statistical proper-
ties,

— A shape-driven force that shrinks or expands the evolving interface towards the
direction that produces a segmentation result which satisfies some predefined shape
constraints.

In the absence of regional information, we can consider the geodesic active contour
model [39] that only makes use of boundary information.
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Fig. 4. Self-Constrained Geodesic Active Regions (raster-scan format). The shape prior model
was created using synthetic samples [fig. 3]). The projection of the evolving interface to the shape
prior model is also shown.

4.3 Implementation Issues

The last issue to be dealt with, is the numerical implementation of the proposed frame-
work. The level set implementation is performed using the Narrow Band Method [].
The essence of this method is to perform the level set propagation only within a limited
zone (« parameter of the DIRAC and HEAVISIDE distributions) that is located around
the latest position of the propagating contours (in the inward and outward direction).
Thus, the working area is reduced significantly resulting on a significant decrease of
the computational complexity per iteration. However, this method requires a frequent
re-initialization of the level set functions that is performed using the Fast Marching al-
gorithm [19]]. A similar algorithm within the area of automatic control was proposed in

22].

5 Discussion and Summary

In this paper, we have proposed a novel approach for introducing shape priors into level
set representations targeting 2D closed structures. Encouraging experimental results
were obtained for real and synthetic images. Two key contributions are presented in this

paper.

— The first, refers to new way of defining global-to-local shape prior models in the
level set representations space according to probabilistic principles. This is obtained
through a constrained variational framework that exploits maximally the information
of the level set representations and can account for local degrees of variability.

— The second, refers to a novel energetic term that can account for shape priors in
level set representations. This term is defined directly on the level set space and can
deal with global transformations. Moreover, it can account for local variations due
to the shape prior model.
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Furthemore, this paper deals with registration and segmentation simultaneously. The
objective is to recover a segmentation map that is in accordance with the shape prior
model as well as a rigid registration between this map and the model. Due to the use
of distance transforms [16] in the registration process, the method is robust to local
deformations. This is due to the nature of this transformation that scales down local
deformations when considere in a certain distance from the contour.

These two components have been integrated to an existing well known level set
segmentation framework, the Geodesic Active Region model. The resulting functional
refers to a joint optimization approach that can deal with important shape deformations,
as well as with noisy physically corrupted and occluded data.

The proposed framework, to our understanding is favorably compared with the ex-
isting level set shape prior methods [4/T0J21]. One can claim that our alignment method
compared with the ones proposed up to now within this problem can have a better
performance due to the information space that is used. Moreover, the proposed shape
prior model can naturally account for local degrees of variability which is not the case
for [4] and performs better than the model employed in [21]. Also, we claim that the
construction of this model does not require a significant number of samples as the one
proposed in [[10/21]. Then, the shape prior term can account for a large variety of global
transformations (opposite to [[10]) as well as scale variations (opposite to [10,21]) and
can deal with important local shape variations (opposite to [4]). Finally, we have pro-
posed a robust method to estimate this transformation where a shape-to-area approach
is considered that maximally exploits the information of the level set representations
(opposite to [4] where pixel-wise shape correspondences are considered). Moreover, the
extension of the proposed framework to deal with objects of any arbitrary dimension is
trivial (opposite to [4]).

Regarding the computational cost of our approach, it is comparable (lower bound)
with the one of the geodesic active region model. The most expensive part of the algorithm
is the implementation of the level set propagation, and this part is common in both
methods.

As far the future directions of this approach are considered, several issues remain
open. A key characteristic of the Level Set Representations is the ability of changing the
topology of the evolving interface. Although modeling and extracting separately multi-
seeds objects can be naturally handled, we cannot detect multiple objects with different
shape prior models by considering a single level set representation. At the same time, the
behavior of the method is questionable when multiple initial seeds are used to recover
a single object due to the assumption that there is a global transformation between the
evolving representation and the shape prior model. This is a challenging perspective that
will be explored in the near future. Also, the mathematical justification of the model
is a step forward to be done. The use of this framework to deal simultaneously with
segmentation and registration of medical volumes is a challenging application. In order
to do that, investigating the use of faster numerical approximation techniques [25]] to
implement the proposed framework is a step to be done. Finally, the validation of the
method is an open issue. Towards, this end the task of the segmentation of the left ven-
tricle is considered where the shape prior holds a principle role during the segmentation
process.
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Abstract. We present a variational integration of nonlinear shape
statistics into a Mumford-Shah based segmentation process. The non-
linear statistics are derived from a set of training silhouettes by a novel
method of density estimation which can be considered as an extension
of kernel PCA to a stochastic framework.

The idea is to assume that the training data forms a Gaussian distri-
bution after a nonlinear mapping to a potentially higher—dimensional
feature space. Due to the strong nonlinearity, the corresponding density
estimate in the original space is highly non—Gaussian. It can capture
essentially arbitrary data distributions (e.g. multiple clusters, ring— or
banana-shaped manifolds).

Applications of the nonlinear shape statistics in segmentation and track-
ing of 2D and 3D objects demonstrate that the segmentation process can
incorporate knowledge on a large variety of complex real-world shapes.
It makes the segmentation process robust against misleading information
due to noise, clutter and occlusion.

Keywords: Segmentation, shape learning, nonlinear statistics, den-
sity estimation, Mercer kernels, variational methods, probabilistic kernel
PCA

1 Introduction

One of the challenges in the field of image segmentation is the incorporation of
prior knowledge on the shape of the segmenting contour. The general idea is
to learn the possible shape deformations of an object statistically from a set of
training shapes, and to then restrict the contour deformation to the subspace of
familiar shapes during the segmentation process. For the problem of segmenting
a known object — such as an anatomical structure in a medical image — this
approach has been shown to drastically improve segmentation results [I58].
Although the shape prior can be quite powerful in compensating for mislead-
ing information due to noise, clutter and occlusion in the input image, most ap-
proaches are limited in their applicability to more complicated shape variations
of real-world objects. The permissible shapes are assumed to form a multivariate

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 93108 2002.
© Springer-Verlag Berlin Heidelberg 2002
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Gaussian distribution, which essentially means that all possible shape deforma-
tions correspond to linear combinations of a set of eigenmodes, such as those
given by principal component analysis (cf. [14]4/15]). In particular, this means
that for any two permissible shapes, the entire sequence of shapes obtained by
a linear morphing of the two shapes is permissible as well.

Once the set of training shapes exhibits highly nonlinear shape deformations
— such as different 2D views of a 3D object — one finds distinct clusters in
shape space corresponding to the stable views of an object. Moreover, each of
the clusters may by itself be quite non—Gaussian. The Gaussian hypothesis will
then result in a mixing of the different views, and the space of accepted shapes
will be far too large for the prior to sensibly restrict the contour deformation.

A number of models have been proposed to deal with nonlinear shape varia-
tion. However, they often suffer from certain drawbacks. Some involve a compli-
cated model construction procedure [3]. Some are supervised in the sense that
they assume prior knowledge on the structure of the nonlinearity [I2]. Others
require prior classification with the number of classes to be estimated or specified
beforehand and each class being assumed Gaussian [I35]. And some cannot be
easily extended to shape spaces of higher dimension [IT].

In the present paper we present a density estimation approach which is based
on Mercer kernels [6] and which does not suffer from any of the mentioned draw-
backs. In Section 2] we review the variational integration of a linear shape prior
into Mumford-Shah based segmentation. In Section B] we present the nonlinear
density estimate which was first introduced in [7]. We discuss its relation to ker-
nel PCA and to the classical Parzen estimator, give estimates of the involved
parameters and illustrate its application to artificial 2D data and to silhouettes
of real objects. In Section H]this nonlinear shape prior is integrated into segmen-
tation. We propose a variational integration of similarity invariance. Numerous
examples of segmentation with and without shape prior on static images and
tracking sequences finally confirm the properties of the nonlinear shape prior: it
can encode very different shapes and generalizes to novel views without blurring
or mixing different views. Furthermore, it improves segmentation by reducing
the dimension of the search space, by stabilizing with respect to clutter and
noise and by reconstructing the contour in areas of occlusion.

2 Statistical Shape Prior in Mumford—Shah Segmentation

In [8] we presented a variational integration of statistical shape knowledge
in a Mumford-Shah based segmentation. We suggested modifications of the
Mumford—Shah functional and its cartoon limit [I7] which facilitate the im-
plementation of the segmenting contour as a parameterized spline curve:

N €T
C.:[0,]] > RCR*,  Cus)=) (y:) By(s) (1)

n=1

where B, are quadratic B-spline basis functions [10], and =z =
(x1,y1,---,2N,yn)" denotes the control points. Shape statistics can then be ob-
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tained by estimating the distribution of the control point vectors corresponding
to a set of contours which were extracted from binary training images.

In the present paper we focus on significantly improving the shape statistics.
We will therefore restrict ourselves to the somewhat simpler cartoon limit of
the modified Mumford—Shah functional. The segmentation of a given grey value
input image f : £2 — [0, 255] is obtained by minimizing the energy functional

Ens(Clug,ui) = %/ (f —w;)?dx + %/ (f —uo)?dr + v L(C) (2)
2; 2,
with respect to u,, u; and the segmenting contour C. This enforces a segmenta-
tion into an inside region {2; and an outside region {2, with piecewise constant
grey values u; and u,, such that the variation of the grey value is minimal within
each region.
In [R] we proposed to measure the length of the contour by the squared Lo—

norm L(C) = fol (%)2 ds, which is more adapted to the implementation of the
contour as a closed spline curve than the usual £;—norm, because it enforces
an equidistant spacing of control points. Beyond just minimizing the length of
the contour, one can minimize a shape energy Fgpape(C), which measures the
dissimilarity of the given contour with respect to a set of training contours.
Minimizing the total energy

E(07 Uo, ui) = EMS(C7 Uop, uz) + « Eshape(c) (3)

will enforce a segmentation which is based on both the input image and the
similarity to a set of training shapes.

In order to study the interaction between statistical shape knowledge and
image grey value information we restricted the shape statistics in [§] to a com-
mon model by assuming the training shapes to form a multivariate Gaussian
distribution in shape space. This corresponds to a quadratic shape energy on
the spline control point vector z:

Eshape (Cz) = (Z - ZO)t 2_1 (Z - ZO) P (4)

where zgy denotes the mean control point vector and X' the covariance matrix
after appropriate regularization [§]. The effect of this shape energy in dealing
with clutter and occlusion is exemplified in Figure[dl. For the input image f of a
partially occluded hand, we performed a gradient descent to minimize the total
energy (3) without (o = 0) and with (« > 0) shape prior.

3 Density Estimation in Feature Space

Unfortunately, the linear shape statistics (@) are limited in their applicability
to more complicated shape deformations. As soon as the training shapes form

! The underlying piecewise—constant image model can easily be generalized to incor-
porate higher—order grey value statistics [27] or edge information [18]. In this paper,
however, we focus on modeling shape statistics and therefore do not consider these
possibilities.
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Fig. 1. Segmentation with linear shape prior on an image of a partially occluded
hand: initial contour (left), segmentation without shape prior (center), and segmenta-
tion with shape prior (right). The statistical shape prior compensates for misleading
information due to noise, clutter and occlusion. Integration into the variational frame-
work effectively reduces the dimension of the search space and enlarges the region of
convergence.

distinct clusters in shape space — such as those corresponding to the stable
views of a 3D object — or the shapes of a given cluster are no longer distributed
according to a hyperellipsoid, the Gaussian shape prior tends to mix classes and
blur details of the shape information in such a way that the resulting shape
prior is no longer able to effectively restrict the contour evolution to the space
of familiar shapes.

In the following we present an extension of the above method which incorpo-
rates a strong nonlinearity at almost no additional effort. Essentially we propose
to perform a density estimation not in the original space but in the feature space
of nonlinearly transformed data. The nonlinearity enters in terms of Mercer ker-
nels [6], which have been extensively used in the classification and support vector
community [Tf2], but which have apparently been studied far less in the field of
density estimation. In the present section we present the method of density esti-
mation, discuss its relation to kernel principal component analysis (kernel PCA)
[23] and to the Parzen estimator [20/19], and propose estimates of the involved
parameters. Finally we illustrate the density estimate in applications to artificial
2D data and to 200-dimensional data corresponding to silhouettes of real-world
training shapes.

3.1 Gaussian Density in Kernel Space

Let z1,..., 2z, € IR™ be a given set of training data. We propose to map the data
by a nonlinear function ¢ to a potentially higher—dimensional space Y. Denote
a mapped point after centering with respect to the training points by

5(2) = (=) ~ 60 = 6() ~ > 6(z1), 9
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and let the Mercer kernel [6] k(x,vy) := (é(x), #(y)) denote the corresponding
scalar product for x,y € IR". Denote the centered kernels by

He,w) = (3(@), d(w)) =k(2, 1)~ -3 (ha, 20 h(y, 22)+ —5 D Kl 20).
k=1 k=1

(6)

We estimate the distribution of the mapped training data by a Gaussian

probability density in the space Y — see Figure 21 The corresponding energy is

given by the negative logarithm of the probability, and can be considered as a
measure of the dissimilarity between a point z and the training data:

Ey(z) = ¢(2)! Z;'6(2). (7)

In general the covariance matrix Xy is not invertible. We therefore regularize it
by replacing the zero eigenvalues by a constant A :

Se=VAVE + X\ (I -VVY), (8)

where A denotes the diagonal matrix of nonzero eigenvalues \; < ... < A, and
V is the matrix of the corresponding eigenvectors Vi, ..., V.. By definition of
Y4, these eigenvectors lie in the span of the mapped training data:

Vk:Zafq’;(zi), 1<k<r. 9)

In [23] it is shown that the eigenvalues Ay of the covariance matrix correspond
(up to the factor m) to the nonzero eigenvalues of the m x m-matrix K with
entries K;; = INC(zZ-,zj)7 and that the expansion coefficients {af}izl ,,,,, m in (@)
form the components of the k—th eigenvector of K.

Inserting (8) splits energy (@) into two terms:

Boz) = SN (Vi) Aﬁ@&@ﬁ—ﬁj@%aaf>.am
k=1

k=1

With expansion ([{), we obtain the final expression for our energy:

i m 2
Es(z) =) (Z aflé(zi,z)> Ot =AY AT Rz 2). (1)

k=1 \i=1

As in the case of kernel PCA, the nonlinearity ¢ only appears in terms of the
kernel function. This allows to specify an entire family of possible nonlinearities
by the choice of the associated kernel. For all our experiments we used the
Gaussian kernel:

L (e
(2m0?)% 202

We refer to Section [34] for a justification of this choice.

ka.y) ), 2,y € R". (12)
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Fig. 2. Nonlinear mapping into Y = F @F and the distances DIFS and DFFS.

3.2 Relation to Kernel PCA

Just as in the linear case (cf. [16]), the regularization (8) of the covariance matrix
causes a splitting of the energy into two terms (), which can be considered as a
distance in feature space (DIFS) and a distance from feature space (DFFS) — see
Figure 2. For the purpose of pattern reconstruction in the framework of kernel
PCA, it was suggested to minimize a reconstruction error [22], which is identical
with the DFFS. This procedure is based on the assumption that the entire
plane spanned by the mapped training data corresponds to acceptable patterns.
However, this is not a valid assumption: already in the linear case, moving too
far along an eigenmode will produce patterns which have almost no similarity to
the training data, although they are still accepted by the hypothesis. Moreover,
the distance DFFS is not based on a probabilistic model. In contrast, energy
(1) is derived from a Gaussian probability distribution. It minimizes both the
DFFS and the DIFS; the latter can be considered a Mahalanobis distance in
feature space.

3.3 On the Regularization of the Covariance Matrix

A regularization of the covariance matrix in the case of kernel PCA — as done
in () — was first proposed in [[f] and has also been suggested more recently in
[24]. The choice of the parameter A, is not a trivial issue. For the linear case,
such regularizations of the covariance matrix have also been proposed [4,16,21,
25]9]. There [1625], the constant A is estimated as the mean of the replaced
eigenvalues by minimizing the Kullback—Leibler distance of the corresponding
densities. However, we believe that this is not the appropriate regularization of
the covariance matrix. The Kullback—Leibler distance is supposed to measure the
error with respect to the correct density, which means that the covariance matrix
calculated from the training data is assumed to be the correct one. But this is
not the case because the number of training points is limited. For essentially the
same reason this approach does not extend to the nonlinear case considered here:
depending on the type of nonlinearity ¢, the covariance matrix is potentially
infinite—dimensional such that the mean over all replaced eigenvalues will be
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zero. As in the linear case [0], we therefore propose to choose 0 < Al < A,
which means that unfamiliar variations from the mean are less probable than
the smallest variation observed on the training set. In practice we fix A\| = A,./2.

3.4 Relation to Classical Density Estimation

Why should the training data after a nonlinear mapping corresponding to the
kernel (I2)) be distributed according to a Gaussian density? The final expression
of the density estimate (1)) resembles the well-known Parzen estimator [20/19],
which estimates the density of a distribution of training data by summing up the
data points after convolution with a Gaussian (or some other kernel function).

In fact, the energy associated with an isotropic (spherical) Gaussian distri-
bution in feature space is (up to normalization) equivalent to a Parzen estimator
in the original space. In the notations of (@) and (6], this energy is given by the
Euclidean feature space distance

m

Euphere(z) = [9(2)” = k(z,2) = —— " k(2 71) + const.

i=1
Up to scaling and a constant, this is the Parzen estimator.

Due to the regularization of the covariance matrix in (B)), the energy asso-
ciated with the more general anisotropic feature space Gaussian ([fl) contains a
(dominant) isotropic component given by the last term in (II). We believe that
this connection to the Parzen estimator justifies the assumption of a Gaussian
in feature space and the choice of localized kernels such as (I2)).

Numerical simulations show that the remaining anisotropic component in
(1) has an important influence. However, a further investigation of this influence
is beyond the scope of this paper.

3.5 On the Choice of the Hyperparameter o

The last parameter to be fixed in the proposed density estimate is the hyperpa-
rameter o in ([I2). Let u be the average distance between two neighboring data
points:

1

2 § : 2

nooi=— min |z; — zZ;| . 13
mi 1 ]#ZI j| ( )

In order to get a smooth energy landscape, we propose to choose ¢ in the order
of . In practice we used
c=15pu (14)

for most of our experiments. We chose this somewhat heuristic measure p for
the following favorable properties: u is insensitive to the distance of clusters as
long as each cluster contains more than one data point, p scales linearly with
the data points, and p is robust with respect to the individual data points.
Given outliers in the training set, i.e. clusters with only one sample, one could
refer to the more robust £3—norm or more elaborate robust estimators in (I3)).
Since this is not the focus of our contribution, it will not be pursued here.
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Fig. 3. Density estimate () for artificial 2D data. Distributions of variable shape
are well estimated by the Gaussian hypothesis in feature space. We used the kernel (2]
with o = 1.5 — see definition ([I3).

3.6 Density Estimate for Silhouettes of 2D and 3D Objects

Although energy (@) is quadratic in the space Y of mapped points, it is generally
not convex in the original space, showing several minima and level lines of essen-
tially arbitrary shape. Figure [ shows artificial 2D data and the corresponding
lines of constant energy E,;(z) in the original space.

For a set of binarized views of objects we automatically fit a closed quadratic
spline curve around each object. All spline curves have N=100 control points,
set equidistantly. The polygons of control points z = (1, y1,Z2, Y2, -, TN, YN)
are aligned with respect to translation, rotation, scaling and cyclic permutation.
This data was used to determine the density estimate Ey(z) in ().

For the visualization of the density estimate and the training shapes, all data
was projected onto two of the principal components of a linear PCA. Note that
due to the projection, this visualization only gives a very rough sketch of the
true distribution in the 200-dimensional shape space.

Figure [4] shows density estimates for a set of right hands and left hands.
The estimates correspond to the hypotheses of a simple Gaussian in the original
space, a mixture of Gaussians and a Gaussian in feature space. Although both

i S
Feature spac

Aligned contours Simple Gaussian Mixture model .
Gaussian

Fig.4. Model comparison: density estimates for a set of left (4+) and right (e)
hands, projected onto the first two principal components. From left to right: aligned
contours, simple Gaussian, mixture of Gaussians, Gaussian in feature space (). Both
the mixture model and the Gaussian in feature space capture the two—class structure
of the data. However, the estimate in feature space is unsupervised and produces level
lines which are not necessarily ellipses.
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T 3

projection onto projection onto
two objects aligend contours 1st and 2nd 2nd and 4th

principal comp. principal comp.

Fig. 5. Density estimate for views of two 3D objects: the training shapes of the
duck (white +) and the rabbit (black e) form distinct clusters in shape space which
are well captured by the energy level lines shown in apropriate 2D projections.

the mixture model and our estimate in feature space capture the two distinct
clusters, there are several differences: firstly the mixture model is supervised —
the number of classes and the class membership must be known — and secondly
it only allows level lines of elliptical shape, corresponding to the hypothesis that
each cluster by itself is a Gaussian distribution. The model of a Gaussian density
in feature space does not assume any prior knowledge and produces level lines
which capture the true distribution of the data even in the case that it does not
correspond to a sum of hyperellipsoids.

This is demonstrated on a set of training shapes which correspond to different
views of two 3D objects. Figure B shows the two objects, their contours after
alignment and the level lines corresponding to the estimated energy density ([7)
in appropriate 2D projections.

4 Nonlinear Shape Statistics in Mumford—Shah Based
Segmentation

4.1 Minimization by Gradient Descent

Energy () measures the similarity of a shape C(z) parameterized by a con-
trol point vector z with respect to a set of training shapes. For the purpose
of segmentation, we combine this energy as a shape energy Fgpqpe With the
Mumford-Shah energy (&) in the variational approach ().

The total energy (@) must be simultaneously minimized with respect to the
control points defining the contour and with respect to the segmenting grey
values u; and u,. Minimizing the modified Mumford-Shah functional (@) with
respect to the contour C' (for fixed u; and w,) results in the evolution equation

0C (s,t) dEwys L d*C
- _ — (et — “n -, 15
T e (€5 —e) s tv—g (15)
where the terms el and e denote the energy density e:/ T =(f-u /0)27 inside

and outside the contour C(s), respectively, and n, denotes the outer normal
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vector on the contour. The two constants u; and u, are updated in alternation
with the contour evolution to be the mean grey value of the adjoining regions (2;
and (2,. The contour evolution equation ([[3) is transformed into an evolution
equation for the control points z by introducing definition () of the contour as
a spline curve. By discretizing on a set of nodes s; along the contour we obtain
a set of coupled linear differential equations. Solving for the z—coordinate of the
i-th control point and including the term induced by the shape energy we obtain:

dx,(t) _ _ dEshape(2)
dt = (B 1)ij I:(e:__] =y )n$ - V(xj—l _2xj+x]'+1)] -« |:d,:

, (16)
2i—1
where summation over j is assumed. The cyclic tridiagonal matrix B contains the
spline basis functions evaluated at these nodes, and n, denotes the z—component
of the normal vector on the contour. An expression similar to (I6) holds for the
y—coordinate of the i—th control point.

The three terms in the evolution equation ([G) can be interpreted as follows:
the first term pulls the contour towards the object in the image, thus minimizing
the grey value variance in the adjoining regions. The second term pulls each
control point towards its respective neighbors, thus minimizing the length of the
contour. And the third term pulls the control point vector towards the nearest
cluster of probable shapes, which minimizes the shape energy.

4.2 Invariance in the Variational Framework

By construction, the density estimate ([7)) is not invariant with respect to transla-
tion, scaling and rotation of the shape C(z). We therefore propose to eliminate
these degrees of freedom in the following way: since the training shapes were
aligned to their mean shape zy with respect to translation, rotation and scaling
and then normalized to unit size, we shall do the same to the argument z of the
shape energy before applying our density estimate Fg.

We therefore define the shape energy by

Rg Zc
|Ro ze|’

Eohape(2) = Eg(2), with 2z = (17)
where z. denotes the control point vector after centering, and Ry denotes the
optimal rotation of the control point polygon z. with respect to the mean shape
zo. We will not go into details about the derivation of Ry. A similar derivation
can be found in [26]. The final result is given by the formula:

. Mz . 2tz —zo Xz
z= € withM=1I,® 0<e TE0 7 Ze )
|M ch 20 X Ze 2 Zc

where ® denotes the Kronecker product and zg X z. = zh R, /2Ze-
The last term in the contour evolution equation (IH) is now calculated by
applying the chain rule:

dEspape(z) _ dEy(2) dz
dz T dz dz’
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FEPH

3 objects initial no prior with prior  with prior density estimate

Fig. 6. Segmentation of artificial objects (left) with nonlinear shape prior:
the same prior can encode very different shapes. Introduction of the shape prior upon
stationarity of the contour causes the contour to evolve normal to the level lines of
constant energy into the nearest local minimum, as indicated by the white curves in
the projected density estimate (right).

Since this derivative can be calculated analytically, no additional parameters
enter the above evolution equation to account for scale, rotation and translation.

Other authors often propose to explicitly model a translation, an angle and
a scale and minimize with respect to these quantities (e.g. by gradient descent).
In our opinion this has several drawbacks: firstly it introduces four additional
parameters, which makes numerical minimization more complicated — param-
eters to balance the gradient descent must be chosen. Secondly this approach
mixes the degrees of freedom corresponding to scale, rotation and shape defor-
mation. And thirdly potential local minima may be introduced by the additional
parameters. On several segmentation tasks we were able to confirm these effects
by comparing the two approaches.

Since there exists a similar closed form solution for the optimal alignment
of two polygons with respect to the affine group [26], the above approach could
be extended to define a shape prior which is invariant with respect to affine
transformations. However, we do not elaborate this for the time being.

4.3 Coping with Multiple Objects and Occlusion

Compared to the linear case (d), the nonlinear shape energy () is no longer
convex. In general it has several minima corresponding to different clusters of
familiar contours. Minimization by gradient descent will end up in the nearest
local minimum. In order to obtain a certain independence of the shape prior
from the initial contour, we propose to first minimize the image energy FEjsg
by itself until stationarity and to then include the shape prior Fgpqpe, after
performing the cyclic permutation of control points which — given the optimal
similarity transformation — best aligns the current contour with the mean of
the training shapes. This approach guarantees that we will extract as much
information as possible from the image before “deciding” which of the different
clusters of accepted shapes the obtained contour resembles most.

Figure [6l shows a simple example of three artificial objects. The shape prior
(I7) was constructed on the three aligned silhouettes shown on the left. The next
images show the initial contour for the segmentation of a partially occluded
image of object 1, the final segmentation without prior knowledge, the final
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Segmentation without prior Segmentation with prior Projected density estimate

Fig. 7. Segmentation with a nonlinear shape prior containing right (4) and
left (o) hands — shown in the projected energy plot on the right. The input image is
a right hand with an occlusion. After the Mumford—Shah segmentation becomes sta-
tionary (left image), the nonlinear shape prior is introduced, and the contour converges
towards the final segmentation (center image). The contour evolution in its projection
is visualized by the white curve in the energy density plot (right). Note that the final
segmentation (white box) does not correspond to any of the training silhouettes, nor
to the minimum (i.e. the most probable shape) of the respective cluster.

segmentation after introducing the prior, and a segmentation with the same
prior for an occluded version of object 2.

The final image (Figure [, right) shows the training shapes and the density
estimate in a projection onto the first two axes of a PCA. The white curves
correspond to the path of the segmenting contour from its initialization to its
converged state for the two segmentation processes respectively. Note that upon
introducing the shape prior the corresponding contour descends the energy
landscape in direction of the negative gradient to end up in one of the minima.
The example shows that the nonlinear shape prior can well separate different
objects without mixing them as in the simple Gaussian hypothesis. Since each
cluster in this example contains only one view for the purpose of illustration,
the estimate ([(I4) for the kernel width o does not apply; instead we chose a
smaller granularity of o = pu /4.

4.4 Segmentation of Real Objects

The following example is an application of the nonlinear shape statistics to
silhouettes of real objects. The training set consisted of nine right and nine left
hands, shown together with the estimated energy density in a projection onto
the first two principal components in Figure [7 right side.

Rather than mixing the two classes of right and left hands, the shape prior
clearly separates several clusters in shape space. The final segmentations without
(left) and with (center) prior shape knowledge show that the shape prior com-
pensates for occlusion by filling up information where it is missing. Moreover, the
statistical nature of the prior is demonstrated by the fact that the hand in the
image is not part of the training set. This can be seen in the projection (Figure
[0 right side), where the final segmentation (white box) does not correspond to
any of the training contours (black crosses).
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2 views of a rabbit binarized aligned contours

Fig. 8. Example views and binarization used for estimating the shape density.

4.5 Tracking 3D Objects with Changing Viewpoint

In the following we present results of applying the nonlinear shape statistics for
an example of tracking an object in 3D with a prior constructed from a large set
of 2D views. We binarized 100 views of a rabbit — two of them and the respective
binarizations are shown in Figure [§ For each of the 100 views we automatically
extracted the contours and aligned them with respect to translation, rotation,
scaling and cyclic reparameterization of the control points. We calculated the
density estimate (7)) and the induced shape energy (7).

In a film sequence we moved and rotated the rabbit in front of a cluttered
background. Moreover, we artificially introduced an occlusion afterwards. We
segmented the first image by the modified Mumford-Shah model until conver-
gence before the shape prior was introduced. The initial contour and the segmen-
tations without and with prior are shown in Figure[@ Afterwards we iterated 15
steps in the gradient descent on the full energy for each frame in the sequence

Some sample screen shots of the sequence are shown in Figure [[0] Note that
the viewpoint changes continuously.

The training silhouettes are shown in 2D projections with the estimated
shape energy in Figure [[1l. The path of the evolving contour during the entire
sequence corresponds to the white curve. The curve follows the distribution of
training data well, interpolating in areas where there are no training silhouettes.
Note that the intersections of the curve and of the training data in the center
(Figure [ left side) are only due to the projection on 2D. The results show
that — given sufficient training data — the shape prior is able to capture fine
details such as the ear positions of the rabbit in the various views. Moreover,
it generalizes well to novel views not included in the training set and permits a
reconstruction of the occluded section throughout the entire sequence.

2 The gradient of the shape prior in (I6) has a complexity of O(rmn), where n is
the number of control points, m is the number of training silhouettes and r is the
eigenvalue cutoff. For input images of 83 kpixels and m=100, we measured an average
runtime per iteration step of 96ms for the prior, and 11ms for the cartoon motion
on a 1.2 GHz AMD Athlon. This permitted to do 6 iterations per second. Note,
however, that the relative weight of the cartoon motion increases with the size of
the image: for an image of 307 kpixels the cartoon motion took 100ms per step.
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initial contour no prior with prior

Fig. 9. Begin of the tracking sequence: initial contour, segmentation without prior,
segmentation upon introducing the nonlinear prior on the contour.

Fig. 10. Sample screen shots from the tracking sequence.

Projection onto 1st and 2nd Projection onto 2nd and 4th
principal component principal component

Fig. 11. Tracking sequence visualized: Training data (e), estimated energy density
and the contour evolution (white curve) in apropriate 2D projections. The contour
evolution is restricted to the valleys of low energy induced by the training data.

5 Conclusion

We presented a variational integration of nonlinear shape statistics into a Mum-
ford—Shah based segmentation process. The statistics are derived from a novel
method of density estimation which can be considered as an extension of the
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kernel PCA approach to a probabilistic framework. The original training data
is nonlinearly transformed to a feature space. In this higher dimensional space
the distribution of the mapped data is estimated by a Gaussian density. Due
to the strong nonlinearity, the corresponding density estimate in the original
space is highly non—Gaussian, allowing several shape clusters and banana— or
ring—shaped data distributions.

We integrated the nonlinear statistics as a shape prior in a variational ap-
proach to segmentation. We gave details on appropriate estimations of the in-
volved parameters. Based on the explicit representation of the contour, we pro-
posed a closed—form, parameter—free solution for the integration of invariance
with respect to similarity transformations in the variational framework.

Applications to the segmentation of static images and image sequences show,
that the nonlinear prior can capture even small details of shape variation with-
out mixing different views. It copes for misleading information due to noise and
clutter, and it enables the reconstruction of occluded parts of the object silhou-
ette. Due to the statistical nature of the prior, a generalization to novel views
not included in the training set is possible. Finally we showed examples where
the 3D structure of an object is encoded through a training set of 2D projections.

By projecting onto the first principal components of the data, we managed
to visualize the training data and the estimated shape density. The evolution of
the contour during the segmentation of static images and image sequences can
be visualized by a projection into this density plot and by animations. In this
way we verified that the shape prior effectively restricts the contour evolution
to the submanifold of familiar shapes.

Acknowledgments. We thank P. Bouthemy and his group, C. Kervrann and
A. Trubuil for stimulating discussions and hospitality.
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Abstract. In this paper we present a novel class-based segmentation
method, which is guided by a stored representation of the shape of ob-
jects within a general class (such as horse images). The approach is dif-
ferent from bottom-up segmentation methods that primarily use the con-
tinuity of grey-level, texture, and bounding contours. We show that the
method leads to markedly improved segmentation results and can deal
with significant variation in shape and varying backgrounds. We discuss
the relative merits of class-specific and general image-based segmentation
methods and suggest how they can be usefully combined.

Keywords: Grouping and segmentation; Figure-ground; Top-down pro-
cessing; Object classification

1 Introduction

A major goal of image segmentation is to identify structures in the image that are
likely to correspond to scene objects. Current approaches to segmentation mainly
rely on image-based criteria, such as the grey level or texture uniformity of image
regions, as well as the smoothness and continuity of bounding contours. In this
work we describe a segmentation method that is guided primarily by high-level
information and the use of class-specific criteria. The motivation for using such
class-based criteria to supplement the traditional use of image-based criteria in
segmentation has two parts. First, it stems from the fact that although recent
image-based segmentation algorithms provide impressive results, they still often
fail to capture meaningful and at times crucial parts. Second, evidence from
human vision indicates that high-level, class-based criteria play a crucial role
in the ability to segment images in a meaningful manner (e.g. [TT,[10],[9],[]]),
suggesting that the incorporation of such methods will help improve the results
of computer vision segmentation algorithms.

Figure [1 demonstrates some of the major difficulties encountered by image-
based segmentation algorithms. An appropriate segmentation algorithm should
group together the dark and light regions of the horse (left), and separate the
man from the horse, despite the grey level similarity (right). Figure Bl shows

* This research was supported by the Israel Ministry of Science under the Scene Tele-
portation Research Project and by the Moross Laboratory at the Weizmann Institute
of Science.

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 109-[122] 2002.
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the results obtained when applying a state of the art image-based segmenta-
tion algorithm [I5] to these and other images. The segmentations demonstrate
some of the inherent difficulties of an image-based approach, including the split-
ting of object regions and the merging of object parts with background regions.
These shortcomings are due to unavoidable ambiguities that cannot be solved
without prior knowledge about the object class at hand. This paper presents an
approach that addresses these difficulties, in which a simple representation of
object classes in memory is used to guide the segmentation process, leading to
markedly improved segmentation of images containing familiar objects (Fig. B).

The overall structure of the paper is as follows. Section 2 briefly reviews past
approaches. Section 3 provides an overview of our approach, and how information
about object shapes is represented in memory and used for segmentation. Section
4 describes the approach in detail: 4.1-4.3 describe the segmentation criteria used
by our method. 4.4 describes the algorithm that segments class-images according
to these criteria. Section 5 shows results, Sect.6 contains a final discussion and
conclusions.

Fig. 1. Segmentation difficulties: the same object can contain markedly different re-
gions (left), while neighboring objects may contain regions that are similar in color and
texture (right).

2 Brief Review of Segmentation Approaches

Most of the current approaches to segmentation rely primarily on image-based
criteria, such as color, grey level, or texture uniformity of image regions (e.g.
[16],141,[2]); the smoothness and continuity of their bounding contours (e.g. [1]);
or a combination of these (e.g. [6]). The region-based approaches merge and
split image regions according to specific criteria. Merging approaches recursively
merge similar regions (e.g. [14],[1]). “Divide & Conquer” approaches recursively
split regions into distinct sub-regions (e.g. [12],[15]). Contour-based approaches
emphasize the properties of region boundaries, such as continuity, smoothness,
length, curvature, and shape.

Somewhat closer to our goal is the work on deformable templates (e.g. [1]]),
where the template parameters are used to match a model with an object im-
age. This approach usually assumes approximate initial correspondence between
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Fig. 2. Typical results of low-level segmentation. Objects are broken into sub-regions,
and some of these sub-regions are merged with the background. (More results can be
seen at http://www.cs.berkeley.edu/~doron/software/ncuts/results/)

Fig. 3. Low-level vs. class-specific segmentation of horse images. Top: input images
(1702120 pixels). Middle: low-level segmentation into sub-regions, as given by the nor-
malized cuts algorithm [15]. Bottom: figure-ground segmentation map given by the
algorithm described in this paper (input resolution reduced to 40230).



112 E. Borenstein and S. Ullman

the model and its image and therefore it can be used as a final stage in our
segmentation but not as the main segmentation process.

Recent psychological studies of image segmentation by humans indicate
strong effects of prior familiarity with specific shapes on image segmentation.
For example, a number of behavioral studies have shown that subjects are more
likely to regard a familiar region as “figure” than a less familiar region, indi-
cating that object recognition facilitates segmentation [11],[10]. Developmental
studies [9],[8] show that figure-ground segregation in four month-old infants is
also affected by the presence of already familiar shapes.

3 Overview of the Approach

The general thrust behind our class-based segmentation approach is to use known
shape characteristics of objects within a given class to guide the segmentation
process. The main difficulty in this approach stems from the large variability
of shapes within a given class of objects. We would like to somehow capture
the common characteristics of a set of shapes within a class, for example horse
images, and then use this information to segment novel images. To address this
problem our approach uses a fragment-based representation of object classes.
Similar fragments have been used in the past for object classification [13][L7]
but not for segmentation. Given an image containing a certain object, we use
fragments previously extracted from images of the same object class to produce
a consistent cover of the novel object. This cover defines a figure-ground map
that associates each pixel in the input image with the likelihood of belonging to
an object or background. (Fig. H).

The construction of an object by fragments is somewhat similar to the as-
sembly of a jigsaw puzzle, where we try to put together a set of pieces such that
their templates form an image similar to a given example. A common strategy
is to start with the easiest pieces (e.g. corners) and proceed by connecting ad-
ditional pieces that match in shape, color, edges, texture, etc. In some cases,
as information accumulates along this process, pieces must be replaced: locally
these pieces provide good matches, but the global structure adds constraints
that reject the local matches.

The next several sections describe our segmentation algorithm in detail. We
first describe the fragment representation — how the class fragments are repre-
sented in memory, and how they are extracted from sample images.

3.1 Fragment Representation in Memory

In this section we describe the fragment-based representation used for segmenta-
tion. The goal of this representation is to cover as closely as possible the images
of different objects from a given class, using a set of more primitive shapes. We
therefore need to identify useful “building blocks,” a collection of components
that can be used to identify and delineate the boundaries of objects in the class.
To find such common components we look for image fragments that are strongly
correlated with images containing the desired object class — they show a high
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Fig. 4. Overview of the approach. Given an input image containing an object from a
given class (in this case, a horse) we use class fragments stored in memory to produce
a cover of the target image. Each fragment consists of a template and a figure-ground
label. The cover defines the figure-ground segmentation.

similarity measure with regions from images containing this desired object class
but not with others. Based on the Neyman-Pearson decision theory, optimal frag-
ments can be defined as fragments with maximal frequency (hit rate) within the
class, subject to the constraint that the frequency of false detection in non-class
images (false alarms) does not exceed a fixed limit (e.g. [3]).

Our search for optimal fragments therefore proceeds in three stages. Stage 1
starts from a set of training images divided into class images (C) and non-class
images (NC) and then generates a large number of candidate fragments. We
simply extract from the images in C a large number of rectangular sub-images,
these sub-images can vary in size and range from % to % of the object size. In
stage 2, which is the crucial step, we compare the distribution of each fragment
in the class and non-class training images. For a given fragment F;, we measure
the strength of the response S; in C and NC. §; is defined in a standard way: we
correlate F; with each image I in C and NC (normalized correlation) and take
the maximum value over I. To reach a fixed level of false alarms « in non-class
images we determine a threshold 6; for F; by the criterion:

This has the advantage of automatically fixing an optimal detection threshold for
each fragment. In stage 3 we order the fragments by their hit rate p(S; > 6;|C)
and select the K best ones where K determines the size of the fragment set.
To be used for segmentation, we add two factors to each fragment: a figure-
ground label and a reliability value. The figure-ground label marks each pixel
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in the fragment as figure or ground. The figure label is learned at present by
comparing the fragment to the source image in the data base from which it
was derived. We assume that in this limited set the figure-ground information
has been estimated, for example by relative motion of the figure with respect
to background. An alternative is to label pixels in the fragment according to
their grey level variability in the class database. Figure pixels are similar across
images and have low-variability, while background pixels show high variability.

The reliability of a fragment measures the extent to which the fragment
is class-specific, measured by its hit rate p(S; > 6;|C). These two factors are
essential to our segmentation process, as will be later demonstrated.

Fig. 5. Fragment representation in memory: Each fragment is represented by its grey
level template (left) and figure-ground label (right).

4 Segmentation by Optimal Cover

The main stage of the class-based segmentation algorithm consists of covering
an image with class-based fragments and using the cover to delineate the figure
boundaries. To accomplish this we seek an optimal cover of the image in terms
of the fragments. A cover is an assignment of fragments to positions in the image
I, with each fragment being defined as either “present” in the image along with
its designated position p; in the cover or “absent” from the image:

cover fz = 17pi = (-riayi)
I —i=1..K { fz _ O7pz _ ¢ (2)

Given a cover, we can compute the quality of the cover, which is a function of
the individual match of fragments with the image, the consistency of the cover,
and the reliability of the participating fragments. The following sections describe
each of these factors in turn and an algorithm to find a locally optimal cover
according to these criteria.

4.1 Individual Match

The individual match measures the similarity between fragments and the im-
age regions that they cover. We use a similarity measure that combines region
correlation with edge detection. This combination which is not commonly used,
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is designed to meet the special requirements of segmentation as illustrated in
Fig.[d

A key feature of our fragment representation is the elimination of background
noise. Using the figure-ground label it is possible to exclude background pixels
from the similarity measure, thereby reducing background noise. Since this ex-
clusion results in the loss of the contour features, an edge detector is added
to capture the transition from figure to ground (Fig. [d). The edge presence is
computed by using a normalized correlation between the figure-ground bound-
ary and edges in the image (Fig. B). The similarity measure s; (p, ) between
fragment F; at image position p = (z,y) and an image I is defined in (B) and
consists of two factors. The first factor — N, is the standard normalized corre-
lation between the fragment and the image region, restricted to template pixels
labeled as figure. The second term — Egqq is the edge detector response.

Si(pv I) =w- Ncor(pa I)|Object + (1 — ’LU) . Edge(pv I) (3)
Pixels

Fig. 6. The edge template (right) is derived from the boundary of the figure-ground
label. The response to this template is the edge part Fage in (3.

4.2 Consistency

In covering the image by shape fragments, the fragments should not only provide
good local matches, but should also provide a consistent global cover of the shape.
We therefore use a consistency criterion for the cover in the segmentation process.
Since the fragments are highly overlapping, we define a consistency measure c;;
between a pair of overlapping fragments F; and Fj that is proportional to the
fraction of pixels labeled consistently by the two fragments (@). The maximum
term in the denominator prevents overlaps smaller than a fixed value p;; from
contributing a high consistency term. This value is set to %0 of the maximum
possible overlap size between the two fragments. Fig. Bldemonstrates two cases of
overlapping horse fragments : one in which all the pixels are labeled consistently

and one in which some of the pixels are labeled inconsistently.

# Consistent Overlapping Pixels
Cij =

(4)

max(Total Overlap, j;;)
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Fig. 7. The examples show why a combination of templates and boundary similarity
are useful for segmentation. A1 — An image of a horse and a template of its back. A2
- Changes in the background reduce the similarity measure (measured using both the
figure and ground parts of the template), causing the template to be more similar to
another image region. B1 — In this example the template fit was measured using the
figure part of the template only. This reduces background effects but also results in the
loss of boundary information leading to inaccurate matches. C1,C2 — Adding an edge
detector to the similarity measure yields a more stable similarity measure resulting in
an accurate placement of the fragment regardless of background noise.

Fig. 8. Consistent (left) and inconsistent (right) cover by overlapping fragments. 1,4:
the fragments, placed over the images, 2,3: figure-ground assignment of the fragments.
Figure pixels are marked white, background pixels are grey. The inconsistent region is
marked in black.
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4.3 Fragment Reliability

The final criterion in determining an optimal cover is that of fragment reliability.
Similar to a jigsaw puzzle, the task of piecing together the correct cover can be
simplified by starting with some more “reliable” fragments, or anchor fragments,
and then proceeding with less reliable fragments that are consistent with the
initial cover (Fig.[d). Reliable fragments typically capture some distinguishing
features of the shapes in the class and are unlikely to be found anywhere else.
A fragment’s reliability is therefore evaluated by the likelihood ratio between
the detection rate and the false alarm rate. As explained, we set the minimal
threshold such that the false alarm rate does not exceed . We can therefore
express this ratio using the detection rate and a:

p(S; > 0;|C) detection rate

()

" (S > 0,INC) a

Fig. 9. Reliable fragments guide the covering. Reliable fragments are used first (mid-
dle), and subsequently completed by less reliable ones (right).

4.4 The Cover Algorithm

A cover on an image by shape fragments determines a segmented figure. Among
all possible covers we seek a cover (2) that maximizes the three criteria above,
namely, individual match quality (), consistency (@) and reliability (B). These
three factors are therefore combined in the cover score:

1
cs= Y riosi-f; +X25ij'fi'fj (6)
i ()
Individual match Consistency

and reliability

The first term combines the match quality and reliability of the fragments, and
the second penalizes inconsistent overlapping pairs. We define the interaction
term [3;; between overlapping fragments as (¢;; —3) - (135; +1js;) where ¢;; is the
pairwise consistency defined above (H)) and [ a global constant that determines
the magnitude of the penalty for insufficient consistency. For non-overlapping



118 E. Borenstein and S. Ullman

pairs (3;; is defined as 0. The contribution of a single fragment Fji in this expres-
sion is obtained by summing up all the terms in (@) for which ¢ = k. When a
fragment contribution is negative, the score is improved by removing the frag-
ment from the cover. Negative contribution indicates poor consistency of the
fragment with other fragments and can happen only when c;; < 8 — X for at
least one j. In our implementation 8 = 0.65, A = 0.1.

The algorithm is iterative, but a small number of iterations (typically 2-3)
are used. It is described in the Appendix, but the main stages are summarized
next. At each stage, a small number M of good candidate fragments are identi-
fied. A subset of these M fragments, that maximally improve the current score,
are selected and added to the cover. In addition, existing fragments that are
inconsistent with the new match are removed. We use a small number of candi-
dates (M = 15) that allows us to check all 2™ subsets and select the one with
the highest score. The algorithm is guaranteed to converge to a local maximum
since the score is bounded and increases at each iteration. To initialize the pro-
cess, we select a sub-window within the image with the maximal concentration
of reliable fragments. The similarity of all the reliable fragments is examined
at 5 scales at all possible locations — giving a complexity which is linear in the
number of reliable fragments, the number pixels of each image scale, and the
number of scales. Given this information it is possible to pick the most reliable
window and use the matched fragments inside as the initial M candidates for
the cover. If the combined evidence from the reliable fragments falls below a
classification threshold, the process terminates without producing a cover. In a
system containing multiple classes that compete for segmentation (rather than
just horse images), the class with the highest evidence will initiate the cover.

5 Experiments

We tested the algorithm on a database containing horse images. A bank of 485
fragments was constructed from a sample library of 41 horse containing images
of size (40230) for which the figure-ground information was manually segmented.
For each fragment we estimated p(S;|C) and p(S;|NC) by measuring the dis-
tribution of the fragments’ similarity measure with 193 low-resolution images of
horses and 253 low-resolution images of non-horses. Using these estimated distri-
butions, the fragments were assigned their appropriate threshold and classified
to 146 reliable and 339 non-reliable fragments. The algorithm was then tested on
176 novel horse images (402:30 pixels). Examples are shown in Fig. [I0 and com-
pared to the results of a normalized-cuts segmentation algorithm [15] tested on
the same images but with higher resolution (1702120). The algorithm obtains
high-quality segmentations of figure from background for a variety of images.
The algorithm can deal successfully with shape variations using a fixed reper-
toire of fragments extracted from the training set. The generalization to novel
shapes is based in part on the use of multiple alternative fragments for the same
object region, and in part in the flexibility in the fragments’ arrangement. We
also compared qualitatively the agreement between the figure regions produced
by the algorithm and the figure region judged by humans. This can be expressed
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__ |SnF|
— |SUF|
S is the algorithm’s segmented figure. |F'|, | S| are the sizes of F,S and the size
of the entire image |I| = 1. The maximal value of r is = 1 obtained only for
perfect segmentation. The average score for the current algorithm was r = 0.71.
The normalized-cuts algorithm, segmenting the images into two segments — fig-
ure and ground, gives much lower average score (r = 0.31). The last value can
also be compared with random segmentation (where |S| pixels are chosen ran-
domly to be figure) , which gives an average of r = 0.23. The most problematic
figure regions were the horse legs, where variability is high. The initialization
step was the most time consuming (about 30 seconds), where the similarity of
every reliable fragment was examined on 5 different scales of the target image.
Usually the algorithm converged after 2-3 iterations, with each iteration taking
a few seconds, giving a total time of about 40 seconds per target image. We used
Matlab 6.0 program on a Windows-NT, Pentium-600Mhz platform. The com-
plexity of the algorithm is linear in the number of scales, number of fragments,
and size of the fragment bank.

by evaluating the ratio r where F' is the human-segmented figure and

6 Discussion

The approach proposed in this paper emphasizes the role of high-level informa-
tion or class-specific criteria in image segmentation. We present a class-specific
segmentation method that successfully addresses ambiguities inherent to seg-
mentation schemes based exclusively on image-based criteria.

Segmentation is obtained by covering the image with a subset of class-specific
fragments and using this cover to delineate the figure boundaries. These frag-
ments serve as class-specific shape primitives, or “building blocks,” and are used
to handle a large variety of novel shapes within the class. The fragments are
represented by a template together with a figure-ground label, and a reliability
score.

The last two factors in this fragment representation are novel characteristics
of our approach and are essential for segmentation. The figure-ground label is
essential for: (a) constructing the figure-ground segmentation map; (b) defining
a robust similarity measure that reduces background noise; and (c) defining the
consistency between fragments. The fragment reliability enables us to detect
key fragments that serve as initial anchors in the cover construction. In order to
construct a complete cover we use both reliable and less reliable fragments. The
less reliable fragments are constrained by the consistency relations of the cover
and can therefore be used to complete the segmentation of difficult regions.

Compared with other schemes that apply segmentation and classification
in sequence, in our scheme the two processes are intimately linked. The initial
evidence from reliable class fragments is used to select the most likely class that
serves to initiate the cover, and the final classification decision may depend on
the segmentation result.

The algorithm results in the segmentation of images into two regions, figure
and ground, in contrast with image-based segmentation algorithms that usually
segment the image into multiple regions. The extraction of objects from these
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Fig. 10. Segmentation results arranged in 3 groups of 4 rows. First row in each group:
input images. Second row: results obtained from low-level segmentation. Third row:
class-based segmentation to figure and ground. Fourth row: segmentation superimposed
on the input images (boundary in red).
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images is challenging because objects are often broken into sub-regions, and some
of these sub-regions merge with the background. The main difficulty faced by
the current algorithm lies in covering highly variable parts, such as the horse’s
legs and tail. This difficulty is due in part to image processing limitations and
the use of relatively low-resolution images. In the future we intend to use higher
resolution images or a pyramid of image segments at different scales.

Compared with the class-based segmentation, traditional image-based seg-
mentation methods have two advantages. First, when they detect the correct
figure boundaries, they can determine these boundaries with higher accuracy
since they are guided directly by image discontinuities. Second, image-based al-
gorithms are general and do not require class-specific information. The relative
merits of class-specific and image-based segmentation methods suggest that they
can be usefully combined into an integrated scheme. For example, image-based
segmentation can be used to identify salient regions and direct class-based seg-
mentation to these regions. At the final segmentation stage, figure boundaries
produced by class-based segmentation could be refined by image-based methods
(e.g. [B]) resulting in a robust and accurate delineation of object boundaries that
cannot be achieved by either method alone.

7 Appendix: The Class-Based Segmentation Algorithm

Pre-processing:

— For all reliable fragments F;, compute s;(p;,I) for all image
positions p; and all scales (see@)).

— Set s(pj) = max; [r; - s;(p;)] (best fragment at p;).

— For each image window W':
Pick in W at most M positions p; with maximal values of
s(pj). Define the score of the window Wycore = ij s(pj).

Initialization:

— Choose window Wy, to be the window with maximal Wy.ore
together with its fragments. These fragments compose the
initial covering candidates Bcanq-

— Set the current cover By to be empty.

Choosing the new covering fragments:

— With all fragments (F; € Beover) fixed to f; = 1, assign the
candidate fragments F; € Bcanq to fi = {0,1} such that (€ is
maximized.

— Add to Beover all candidate fragments with f; = 1 and remove all
the fragments that reduce the score of (@) .

— Use Bgover to construct the figure ground segmentation map.

— If Bover did not change, then stop.
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Updating the candidate fragments sets:

From all fragments in Wiy,x select the M with the highest
score (individual match and consistency with Boyer) -
Go to choosing the covering fragments.

References

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

K. Cho and P. Meer. Image segmentation from consensus information. Computer
Vision and Image Understanding: CVIU, 68(1):72—89, 1997.

J.M.H. du Buf, M. Kardan, and M. Spann. Texture feature performance for image
segmentation. Pattern Recognition, 23:291-309, 1990.

. R. Duda, P. Hart, and D. Stork. Pattern classification, 2001.
. AK. Jain and F. Farrokhnia. Unsupervised texture segmentation using gabor

filters. Pattern Recognition, 24:1167-1186, 1991.

. M. Kass, A. Witkin, and D. Terzopoulos. Snakes: Active contour models. Inter-

national Journal of Computer Vision, 1:321-331, 1987.

. T. Leung and J. Malik. Contour continuity in region based image segmentation.

In Fifth Euro. Conf. Computer Vision, Freiburg, Germany, 1998.

. D. Mumford and J. Shah. Boundary detection by minimizing functionals. In IEEE

Conf. on Computer Vision and Pattern Recognition, San Francisco, 1985.

. A. Needham. Object recognition and object segregation in 4.5-month-old infants.

Journal of Experimental Child Psychology, 78:3-24, 2001.

. A. Needham and R. Baillargeon. Effects of prior experience in 4.5-month-old

infants’ object segregation. Infant Behaviour and Development, 21:1-24, 1998.
M.A. Peterson. Object recognition processes can and do operate before figure-
ground organization. Current Directions in Psychological Science, 3:105-111, 1994.
M.A. Peterson and B.S. Gibson. Shape recognition contributions to figure-ground
organization in three-dimensional displays. Cognitive Psychology, 25:383-429, 1993.
M. Pietikainen, A. Rosenfeld, and I. Walter. Split and link algorithms for image
segmentation. Pattern Recognition, 15(4):287-298, 1982.

E. Sali and S. Ullman. Combining class-specific fragments for object classification.
In Proc. 10th British Machine Vision Conference, volume 1, pages 203-213, 1999.
E. Sharon, A. Brandt, and R. Basri. Fast multiscale image segmentation. In
Proc. IEEE Conference on Computer Vision and Pattern Recognition, pages 70—
77, South Carolina, 2000.

J. Shi and J. Malik. Normalized cuts and image segmentation. In Proc. IEEE
Conf. Computer Vision and Pattern Recognition, pages 731-737, 1997.

A. Tremeau and N. Borel. A region growing and merging algorithm to color seg-
mentation. Pattern Recognition, 30, No. 7:1191-1203, 1997.

S. Ullman, E. Sali, and M. Vidal-Naquet. A fragment based approach to object
representation and classification. In Proc. of 4th international workshop on visual
form, Capri, Italy, 2001.

A. Yuille and P. Hallinan. Deformable templates. In A. Blake and A. Yuille,
editors, Active Vision, pages 21-38, MIT press, 1992.



Quasi-Dense Reconstruction from Image
Sequence

Maxime Lhuillier and Long Quan

Department of Computer Science
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Clear Water Bay, Kowloon, Hong Kong SAR

Abstract. This paper proposes a quasi-dense reconstruction from un-
calibrated sequence. The main innovation is that all geometry is com-
puted based on re-sampled quasi-dense correspondences rather than the
standard sparse points of interest. It not only produces more accurate
and robust reconstruction due to highly redundant and well spread input
data, but also fills the gap of insufficiency of sparse reconstruction for
visualization application. The computational engine is the quasi-dense
2-view and the quasi-dense 3-view algorithms developed in this paper.
Experiments on real sequences demonstrate the superior performance of
quasi-dense w.r.t. sparse reconstruction both in accuracy and robustness.

1 Introduction

3D reconstruction from uncalibrated sequences has been very active and suc-
cessful in the past decade in computer vision. This is mainly due to the intrinsic
formulation of geometric constraints in projective geometry and a better under-
standing of numerical and statistical properties of geometric estimation [T9/42].
Many reconstruction algorithms based on point features have been published
for short [BI3IT6l6] or long sequences [38I36]. Almost all of these approaches
have been based on sparse points of interests. More recent and complete systems
based on these ideas are reported in [28[93TT2T] without any prior camera cali-
bration or position information. Unfortunately, most modeling and visualization
applications need dense or quasi-dense reconstructions rather than a sparse point
clouds. Traditional dense stereo methods are limited to specific pre-calibrated
camera geometries and closely spaced viewpoints [B7/29]18/[17]. Traditional dense
stereo/motion analysis is not yet efficient and robust enough to be integrated into
an on-line dense reconstruction to handle images captured by hand-held cameras.
It should be noted that although the final results reported in [30] showed densely
textured models, the method only applied the dense stereo reconstruction using
an area-based algorithm after obtaining the geometry by a sparse method.

We propose to develop an intermediate approach to fill the gap between
sparse and dense reconstruction methods for hand-held cameras. By quasi-dense
reconstruction we mean that the geometry is directly computed on re-sampled
points from quasi-dense pixel correspondences, rather than reconstructions of
sparse points of interest. Quasi-dense correspondences are preferable to fully

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 125-[139] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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dense ones owing to their greater robustness and efficiency with hand-held cap-
tured images. The most innovative part is that all geometry is computed with a
simple and efficient quasi-dense correspondence algorithm proposed in [22]23/24]
for image-based rendering applications. Quasi-dense correspondence has been
integrated at the earliest stage from the building blocs of 2-view geometry and
3-view geometry up to the final sub-sequence merging. This not only gives ob-
ject/scene reconstructions more suitable for visualization application, but also
results in more accurate and robust estimation of camera and structure.

2 Review of Quasi-Dense Matching

The construction of quasi-dense matching map starts from matching some points
of interest that have the highest “textureness” as seed points. This bootstraps
a region growing algorithm to propagate the matches in its neighborhood from
the most textured (therefore most reliable) pixels to less textured ones [22/24].

The algorithm can therefore be described in two steps: Seed selection and
Propagation, which are illustrated in Figure [[

Fig. 1. Top: initial seed matches for two consecutive images of the Garden-cage se-
quence with big disparities (some seeds are bad mainly due to the shutter periodic
textures). Bottom: the resulting propagation without the epipolar constraint.

Points of interest [25[12] are naturally good seed point candidates, as points
of interest are by its very definition image points which have the highest tex-
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tureness, i.e. the local maxima of the auto-correlation function of the signal. We
first extract points of interest from two original images, then a ZNCC correla-
tion method is used to match the points of interest across two images, followed
by a cross validation for the pair of images. This gives the initial list of seed
correspondences sorted by the correlation score.

At each step of the propagation, the match (x,x’) composed of two corre-
sponding pixels x, x” with the best ZNCC score is removed from the current list
of seed matches. The ZNCC is still used as it is more conservative than others
such as sum of absolute or square differences in uniform regions, and is more
tolerant in textured areas where noise might be important. Then we look for
new potential matches (u,u’) in their immediate spatial neighborhood N (x, x’).
This neighborhood enforces a disparity gradient limit of 1 pixel in both image
dimensions ||(u' — u) — (x’ — x)||oc < 1 to deal with inaccurate or non available
epipolar constraint. The matching uniqueness and the ending of the process are
guaranteed by choosing only new matches (u, u’) that have not yet been selected.

The time complexity of this propagation algorithm is O(nlog(n)), only de-
pendent of the number of final matches n, and the space complexity is linear
in the image size. Both complexities are independent of disparity bound. Notice
that at each time only the best match is selected, this drastically limits the possi-
bility of bad matches. For instance, the seed selection step seems very similar to
many existing methods [4339] for matching points of interest using correlation,
but the crucial difference is that we need only to take the most reliable ones
rather than trying to match a maximum of them. In some extreme cases, only
one good seed match is sufficient to provoke an avalanche of the whole textured
images. This makes our algorithm much less vulnerable to bad seeds. The same
is true for propagation, the risk of bad propagation is considerably diminished
by the best first strategy over all matched boundary points.

Fig. 2. The re-sampled matches from the propagation (described in Section [) is rep-
resented as a set of matched black crosses in both images. These well spread matches
are used to fit the fundamental matrix, shown as white epipolar lines.
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3 Re-sampling

The matching map obtained from the propagation may still be corrupted and
irregular. We assume that the scene surface is locally smooth enough to be ap-
proximated by small planar patches. Thus, the matching map can be regularized
by locally fitting planar patches encoded by homographies. The first image is
initially subdivided into small regular grid. For each square patch, we obtain all
matched points of the square from the quasi-dense matching map. A plane ho-
mography should be tentatively fitted to these matched points of the square to
look for potential planar patches. The RANdom SAmple Consensus (RANSAC)
method [7] is used for robust estimation. In practice, the stability of the homog-
raphy fitting decreases with the patch size. Our compromise between patch grid
resolution and stability fitting is to fit a planar affine application (which counts
only 6 d.o.f instead of 8 d.o.f of homography) in 8 x 8-pixel squares.

The result is a list of matches shown by crosses in Figure 2 which is better
spread in image space than the usual list of matched interest points shown at
the top of Figure[l.

4 Estimating 2-View Geometry

The 2-view geometry of a rigid scene is entirely encoded by the fundamental
matrix. The actual standard approach is to compute automatically fundamen-
tal matrix and correspondences from sparse points of interest [43J39] within a
random sampling framework. There are also attempts of integrating the dense
correspondence into the non-linear optimization of the fundamental matrix start-
ing from an initial sparse solution by optimizing a global correlation score [L1],
but the algorithm is very slow in computation time (7-12 minutes vs. 20-40
seconds for the method to be proposed here for images of size 512 x 512 and
similar processors) and fragile to handle occlusion for widely separated images
as those in the image pair shown in Figure Pl In the context of our quasi-dense
matching algorithm, we have two choices of integrating the geometry estimation
into the match propagation algorithm for quasi-dense matching. The first is an
epipolar constrained propagation which grows only those satisfying the epipolar
constraint, while the second is an unconstrained one. The advantage of con-
strained propagation is that the bad propagation might be stopped earlier, but
the domain of propagation might be reduced. Even more seriously, the geometry
estimated with a robust method often tends to be locally fitted to a subset of
images. We therefore prefer a strategy of an unconstrained propagation followed
by a more robust constrained propagation as follows:

1. Detect points of interest in two images and compute the first correspondences
by correlation and bidirectional consistency [10].

2. Run an unconstrained propagation.

3. Re-sample the obtained quasi-dense correspondences using a regular sam-
pling grid in one image, and deduce the corresponding re-sampled points in
the other image using the estimated local homographies.
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4. Match the detected points of interest using the estimated local homographies,
and add these matches in the list of re-sampled quasi-dense correspondences.

5. Estimate the fundamental matrix F using a standard robust algorithm [39]
43I15] on re-sampled quasi-dense correspondences.

6. Run an epipolar constrained propagation by F.

7. Again re-sample the quasi-dense matches from the constrained propagation
and again add matched points of interest.

8. Re-estimate the fundamental matrix F using the re-sampled quasi-dense
correspondences.

5 Estimating 3-View Geometry

The 3-view geometry plays a central role for construction of longer sequences as
3 views is the maximum number of images which can be solved in closed-form,
but also it is the minimum number of images which has sufficient geometric
constraints to remove match ambiguity. The projective reconstruction from a
minimum of 6 points in 3 views is therefore the basic computational engine for
3-view geometry both for robust assessment of correspondences using RANSAC
and for optimal bundle adjustment of the final solution [33J34/40/T5135].
The quasi-dense 3-view algorithm can be summarized as follows.

1. Apply the previous quasi-dense 2-view algorithm to the pair i and i — 1 and
the pair 7 and 7 + 1.

2. Merge the two re-sampled quasi-dense correspondences between the pair
i — 1 and i and the pair 7 and ¢ + 1 via the common ith frame as the set
intersection to obtain an initial re-sampled quasi-dense correspondences of
the image triplet.

3. Randomly draw 6 points to run RANSAC to remove match outliers using
re-projection errors of points. For 6 randomly selected points, compute the
canonical projective structure of theses points and the camera matrices using
the closed-form 6-point algorithm [33].

The other image points are reconstructed using the current camera matrices
and re-projected back onto images to evaluate their consistency with the
actual estimate.

4. Bundle adjust 3-view geometry with all inliers of triplet correspondences by
minimizing the re-projection errors of all image points by fixing one of the
initial camera matrices.

The general philosophy of exploiting strong 3-view geometry for long se-
quence reconstruction is the same as the previous methods [92T40], but it differs
from [9] in the following aspects:

— We do not transfer point pairs for guided matching. The 3-view geometry
only assesses inliers and outliers from the common re-sampled quasi-dense
correspondences, it is therefore fast as the percentage of outliers is small.
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— We do not use trifocal tensor parametrization of 3-view geometry as sug-

gested in [9[TT5IB5]. We use the P-matrix representation directly from the
canonical projective structure of 6 points to reconstruct other points and
evaluate their re-projection errors for assessing inliers/outliers of correspon-
dences by RANSAC.
Tensor parametrization is hardly justified here as it gives a rather compli-
cated over-parametrization of the 3-view geometry, more sophisticated nu-
merical algorithms are necessary for its estimation. The transfer error tends
to accept points which are large outliers to the re-projection error from the
optimal estimate [9J§]. Tensor might be useful for guided matching [8], but
is unnecessary in our case.

— We use the closed-form 6-point algorithm [33] rather than more recent meth-
ods proposed in H0ITH34] as the initial solution for robust search and opti-
mization. It is direct and fast without any SVD computation compared with
the algorithm [I5] that we have also implemented and tested. The improve-
ment provided by Schaffalitzky et al. [34] is necessary only when redundant
data has to be handled.

6 Merging Pairs and Triplets into Sequences

From pairs and triplets to sequences, we essentially adapt the hierarchical merg-
ing strategy successfully used in [9J21] which is more efficient than an incremental
merging strategy.

The general hierarchical N-view algorithm can be summarized as:

1. For each pair of consecutive images in the sequence, apply the quasi-dense
2-view algorithm described in Section @l
2. For each triplet of consecutive images in the sequence, apply the quasi-dense
3-view algorithm described in Section Bl
3. Apply a hierarchical merging algorithm of sub-sequences. A longer sequence
[i..7] is obtained by merging two shorter sequences [i..k 4+ 1] and [k..j] with
two overlapping frames k and k+ 1, where k is the median of the index range
[i..5]. The merge consists of
a) Merging the two re-sampled quasi-dense correspondences between two
sub-sequences using the 2 overlapping images.
b) Estimating the space homography between two common cameras using
linear least squares.
¢) Apply the space homography for all camera matrices and all points not
common in the two sub-sequences.
d) Bundle adjust the sequence [i..j] with all merged corresponding points.

In [9], several algorithms have been proposed to merge two triplets with 0, 1
or 2 overlapping views. The main advantage of imposing two-view overlapping is
that camera matrices are sufficient for estimating the space homography to merge
two reconstructions without any additional point correspondences between the
two. It is also important to notice that both re-sampled quasi-dense points from
3-view geometry and sparse points of interest are contributing to the merging
and optimization steps.
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7 Optimal Euclidian Estimation of Reconstruction

The final step is to upgrade the projective reconstruction into a metric represen-
tation using self-calibration and optimal estimates of the metric representation.

— A linear solution [30] based on the parametrization of the dual of the absolute
conic [471] is used for estimating constant but unknown focal lengths while
assuming the other intrinsic camera parameters, such as principal point and
aspect ration, are given. If the algorithm fails, we simply perform a one-
dimensional exhaustive search of the focal lengths from a table of possible
values.

— Transform the projective reconstruction by the estimated camera parameters
to its metric representation. The metric reconstruction coordinate system is
those of the camera in the middle of the entire sequence and the scale unit
is the maximum distance between any pairs of camera positions.

— Re-parametrize each Euclidian camera by its 6 individual extrinsic param-
eters and one common intrinsic focal length. This natural parametrization
allows us to treat all cameras equally when estimating uncertainties, but
leaves the 7 d.o.f scaled Euclidian transformation gauge freedom [42J273].
Finally, apply an Euclidian bundle adjustment over all cameras and all quasi-
dense points.

— A second Euclidian bundle adjustment by adding one radial distortion pa-
rameter for all cameras is carried out in the case where the non-linear dis-
tortions of cameras are non-negligibles, for instance, for image sequences
captured by a very short focal length.

It is obvious that the sparse structure of the underlying numerical system as
suggested in photogrammetry [2]26] and vision [14]42]15] has to be exploited for
the implementations of both projective and Euclidian bundle adjustments as we
are routinely handling at least 10 thousand 3D points. It is also natural to use
reduced camera subsystem by eliminating the structure parameters.

8 Comparative Experiments

This section demonstrates the accuracy and robustness of the quasi-dense re-
construction method (QUASI) by comparing it with the standard sparse meth-
ods (SPARSE). We will use two sparse reconstruction algorithms based only
on points of interest. The first consists of simply tracking all points of inter-
est detected in each individual image. The second is a mixture of sparse and
quasi-dense: it consists of assessing points of interest from individual images by
geometry that is computed from quasi-dense algorithm, and to re-evaluate the
complete geometry only from these matched interest points. In the following, it
is meant by “SPARSE” the best result of these two methods.

To measure the reconstruction accuracy, we may consider the bundle adjust-
ment as the maximum likelihood estimates of both camera and scene structure
geometry, if we admit that the image points are normally distributed around
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their true locations with an unknown standard deviation ¢. This assumption is
reasonable both from theoretical and practical point of view [20]. The confidence
regions for a given probability can therefore be computed from the covariance
matrix of the estimated parameters.

The covariance matrix is only defined up to the choice of gauge [42J273]
and the common unknown noise level o2. The noise level o2 is estimated from
the residual error as 02 = 72/(2e — d) where 72 is the sum of the e squared re-
projection errors, d is the number of independent parameters of the minimization
d=1+6¢+3p—7 (1 counts for the common focal length, ¢ is the number of
cameras, p is the number of reconstructed points and 7 is the gauge freedom
choice). All results given here are gauge free: the covariance is computed without
imposing gauge constraints, now in the coordinate system of the camera in the
middle of the sequence and with the scale unit equal to the maximum distance
between camera centers. We obtain the same conclusions for the comparisons
between SPARSE and QUASI with a camera-centered gauge by fixing orientation
and position of the middle camera (especially, the uncertainty oy is the same
for all gauge choices since f is gauge invariant). Since the full covariance matrix
is very big, only its diagonal blocs for cameras and points are computed using
sparse pseudo-inversion method [3I5].

Fig. 3. A synthetic scene composed of two spline surfaces and a very distant plane
with three textures mapped on it: random textured scene (left), indoor textured scene
(middle) and outdoor textured scene (right).

We choose a 90% confidence ellipsoid for any 3D position vector: if Cisa 3x3
covariance sub-matrix of any camera position or point extracted from the full
covariance matrix of all parameters, the confidence ellipsoid is therefore defined
by AxTC™'Ax < 6.25, i.e. a 90% probability for a chi-square distribution with
3 degrees of freedom [32]. The maximum of semi-axes of 90% confidence ellipsoid
is computed as the uncertainty bound for each 3D position. As the number of
cameras is moderate, we only use the mean of all uncertainty bounds of camera
positions X, to characterize the camera uncertainty. The number of points is
however quite consequent, particularly for the QUASI method. To have a better
characterization of their uncertainties, we compute the rank 0 (the smallest
uncertainty bound xq), rank I (x 1), rank 3 (median x1), rank 3 (x 3) and rank
1 (the largest uncertainty bound x;) of the sorted uncertainty bounds to assess
the uncertainty of the reconstructed points. The uncertainty of the focal length
f is given by the standard deviation o.
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8.1 Synthetic Examples

First we experiment on a synthetic scene with two spline surfaces and a very
distant plane with three textures and uneven spread of points of interest: a well
textured random scene, a low textured indoor scene and an outdoor scene of low
texture, as illustrated in Figure[3. The camera moves around a vertical axis at
the middle of the scene by 5 degrees 5 times, and the image size is 256 x 256.

Table 1. Uncertainty measures for the synthetic scene. The right column are the
accuracy of camera centers w.r.t ground truth

Random |#3D points| o | f || X¢; | %o X1 |X1 | X3 |x1 [1xc; ]
QUASI 2559 .25]256||8.8e-4|.011|.031{.056| .96 |1.6|(9.5e-4
SPARSE 126 .45|2561|6.0e-3(.065| .11 | .15 | .19 |4.7||3.1e-3

Indoor |#3D points| o | f || X¢; | %o X1 |X1 | X3 |x1 [|xe; ]
QUASI 1459 .36(256||1.8e-3|.022|.046{.076|0.14|5.0||1.6e-3
SPARSE 114 .421256||4.8e-3|.055|0.61{0.69|0.11|1.6||3.8e-3

Outdoor |#3D points| o | f || X¢; | %o X1 |X1|X3 X1 [1xc, ]
QUASI 1547 .34/256||1.6e-3|.019|.041{.071|0.11|2.9||2.0e-3
SPARSE 66 .461256||7.3e-3|.070|0.93]0.15|0.21|3.0{(6.8e-3

The computed uncertainty measures are shown in Table [l With 10 to 20
times more points, the QUASI uncertainties are usually 2 to 5 times smaller.
As expected, the points on the textured and distant plane are very uncertain
in comparison with the others. In this particular case of synthetic scene, all in-
trinsic parameters (including the known focal length f) are enforced by the final
Euclidian bundle adjustment. Furthermore, the true camera motion is known:
we compute the accuracy of the movement ||x.,|| as the mean of the Euclidian
distance between the estimated and the true centers of cameras. The QUASI
accuracy is usually 3 times better than the SPARSE one. These conclusions are
the same if the focal length f is estimated in the final Euclidian bundle, with a
better f accuracy for QUASI.

We have also experimented with other synthetic examples where the set of
matched interest points is well spread in image space, and have found in these
last cases that the accuracies are usually better for SPARSE than for QUASI,
although uncertainties are usually better for QUASI than for SPARSE.

8.2 Real Examples

We also give detailed experimental results on three real sequences. The Corridor
sequence (11 images at resolution 512 x 512) has a forward motion along the
scene which does not provide strong geometry, but favors the SPARSE method
as it is a low textured polyhedric scene, points of interest are abundant and well
spread over the scene. The Lady sequence (20 images at 768 x 512) has a more
favorable lateral motion in close-range. The Garden-cage sequence (34 images
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Fig. 4. From left to right: Corridor (11 images at 512 x 512 resolution), Lady (20 images
at 768 x 512), Garden-cage (34 images at 640 x 512) sequences.

at 640 x 512) are captured by a hand-held still camera (Olympus C2500L) with
an irregular but complete inward walk around the object.

Table 2. Uncertainty measures for the Corridor sequence: the mean of the uncertainty
bounds of camera centers and the rank-k of the sorted uncertainty bounds of points.

Corridor |#3D points| o | f | o5 || X,

4 4
QUASI 16976  |0.41|714|4.36}|7.0e-4|.014|.070/.13|.38|15700
SPARSE 427 0.52|761(17.3||1.7e-3|.016|.056|.12|.32| 106

X0 | X1 [X1|X3 X1

Corridor. TableRlshows the comparative uncertainty measures for the Corridor
sequence. With almost 40 times redundancy, camera position (resp. focal length)
uncertainties from QUASI are two times (resp. four times) smaller than those
from SPARSE. However, the point uncertainties for SPARSE are slightly better
than those of QUASI for the majority of points. As the camera direction and
path is almost aligned with the scene points, the points on the far background of
the corridor are almost at infinity. Not surprisingly with the actual fixing rules
of the coordinate choice, they have extremely high uncertainty bound along the
camera direction for both methods. Figure B shows the reconstruction results
in which each 3D points is displayed as a small texture square around it, and
illustrates a plane view of the 90% confidence ellipsoids.

Lady. For the Lady sequence, we show the results obtained from SPARSE and
QUASI methods in Table B and Figure [l The uncertainties for QUASI are
smaller than for SPARSE, 6 times smaller for focal length and camera positions.
We have noticed that the very small number of 3D points makes the SPARSE
method fragile.

Garden-cage. The Garden-cage sequence is particularly difficult as it is con-
sisting of a close-up bird cage and background houses and trees. The viewing
field is therefore very profound. SPARSE methods failed because some triplets of
consecutive images do not have sufficient matched interest points. The QUASI



Quasi-Dense Reconstruction from Image Sequence 135

Fig. 5. QUASI (left) and SPARSE (right) reconstructions for Corridor and their 90%
confidence ellipsoids viewed on a horizontal plane. Only 1 out of 10 ellipsoids for QUASI
is displayed.

Fig. 6. QUASI (left) and SPARSE (right) reconstruction of the Lady sequence. The
90% ellipsoids for final Euclidian bundle adjustment are enlarged 4 times on the top.
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Table 3. Uncertainties for the Lady sequence.

Lady |#3D points| o | f | oy || X,

4 2 4
QUASI 26823  |.53|849|2.26||6.1e-4|1.2e-3|4.2e-3|5.4e-3|6.1e-3|1.9e-2
SPARSE 383 .541866(13.6|3.8e-3|5.2e-3|9.8e-3|1.1e-2|1.3e-2|2.6e-2

X0 X1 X1 X3 X1

method gives the uncertainties in Table Bland 90% ellipsoids in Figure [[] As the
images have been captured with the smallest focal length available, the camera
non-linear distortion is becoming not negligible. After a first round of Euclid-
ian bundle adjustment, a second adjustment by adding one radial distortion
parameter p for all cameras is carried out.

Let ug, x and u be respectively the image center, undistorted and distorted
points for an image, the first order radial distortion parameter p is defined as:

w= g+ (1+ plr/2u0)?)(x — o),

where r = /||x — up||2 and (ug,v0) " = uo.

We have estimated p = —0.086 with our method. This estimate is similar to
that obtained with a very different method proposed in H] for the same camera
but different images: p = —0.084.

Computation times in minutes for the QUASI method are given in Table Bl
for all sequences using a Pentium IIT 500 Mhz processor.

8.3 Robustness

The robustness of the methods can be measured by the success rate of recon-
struction for a given sequence. The QUASI method is clearly more robust for all
sequences we have tested: whenever a sequence is successful for SPARSE, it is
equally for QUASI, while SPARSE fails for many other sequences (not shown in
this paper) including the Garden-cage sequence in which QUASI succeeds. Fur-
thermore in all our test, the SPARSE method was defined at the very beginning
of this Section as the best result between a pure sparse and a mixed sparse-quasi
methods, where the mixed one is sometimes the only one which succeed.

Table 4. Uncertainties for the Garden-cage sequence.

Garden-cage|#3D points| o | f | oy P op Xe; X0 X1 X1 | X

= fale

4 2
QUASI 50161 |.46(732|0.27|-0.086|1.1e-4||3.8e-4|5.2e-4|1.9e-2|4.4e-2|0.

9 Conclusion

In this paper, we have proposed a general quasi-dense 3D reconstruction from
uncalibrated sequences. The main innovative idea is that all geometry is com-
puted based on re-sampled quasi-dense correspondences rather than only stan-
dard sparse points of interest. Experiments demonstrate its superior performance
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Fig. 7. Top view of the 90% confidence ellipsoids and 3 re-projected views of QUASI
reconstruction. The small square shaped connected component at the center is the
reconstructed bird cage while the visible crosses forming a circle are camera positions.

Table 5. Computation times (min.) for the QUASI method with a PIII 500 Mhz.

|

“#cameras[#?)D pointsHmatching and 2-views|3-views and merge

Corridor 11 16976 6 11
Lady 20 26823 13 16
Garden-cage 34 50161 25 27
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both in accuracy and robustness due to highly redundant and well spread input
data. Quasi-dense reconstruction has also more visualization related application
than sparse reconstruction. Future research directions include time reduction for
longer sequences by intelligent decimation of reconstructed points in the hier-
archical bundle, and all rendering related topics such as meshing and texture
merging for a full 3D surface models.

Acknowledgments. We would like to thanks A. Zisserman for the “Corridor”
sequence, D. Taylor for the “Lady” sequences, Jerome Blanc for the synthetic
data, and Bill Triggs for discussions.
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Abstract. The geometry of two uncalibrated views obtained with a
parabolic catadioptric device is the subject of this paper. We introduce
the notion of circle space, a natural representation of line images, and
the set of incidence preserving transformations on this circle space which
happens to equal the Lorentz group. In this space, there is a bilinear con-
straint on transformed image coordinates in two parabolic catadioptric
views involving what we call the catadioptric fundamental matrix. We
prove that the angle between corresponding epipolar curves is preserved
and that the transformed image of the absolute conic is in the kernel of
that matrix, thus enabling a Euclidean reconstruction from two views.
We establish the necessary and sufficient conditions for a matrix to be a
catadioptric fundamental matrix.

1 Introduction

The geometry of perspective views has been extensively studied in the past
decade. Two books [6] and [2] contain comprehensive treatments of the subject.
At the same time, the need for a larger field of view in surveillance, robotics,
and image based rendering motivated the design of omnidirectional cameras.
Among several designs, the catadioptric systems with a single effective viewpoint,
called central catadioptric [10], attracted special attention due to their elegant
and useful geometric properties (see the collection [1]). Structure from motion
given omnidirectional views is an evolving research area. Gluckman and Nayar
[B] studied ego-motion estimation by mapping the catadioptric image to the
sphere. Svoboda et al [T4] first established the epipolar geometry for all central
catadioptric systems. Kang [8] proposed a direct self-calibration by minimizing
the epipolar constraint.

In this paper we study the geometry of two uncalibrated views obtained
with a parabolic catadioptric device. We assume that the optical axes of the
lens and the mirror are parallel and that the aspect ratio and skew parameter
are known leaving only the focal length (combined scaling factor of mirror, lens,
and CCD-chip) and the image center (intersection of the optical axis with the
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image plane) as unknown. The parabolic projection * = (u,v,1)T of a point
X = (z,y,z,w)T € P? incorporates two steps: 1. intersecting the paraboloid
and the ray from the paraboloid’s focus through X; and 2. orthographically
projecting this intersection to the image plane. It reads [10J14}3] as follows

2fx

2
u=cy+ and v=cy+ 1y )
—z+ /2?2 +y? + 22 —z+ /a2 +y? + 22

(1)

where (cg, ¢y, 1) is the intersection of the optical axis with the image plane and f
is the projected focal length of the mirror, and where it is also assumed that the
focus is O = (0,0, 0, 1), the origin, and the z-axis is parallel to the optical axis ([
left). The circle centered at (cz,cy,1) and whose imaginary radius is 2f will be
named w’ and is called the calibrating conic because it gives the three intrinsics
¢z, ¢y and f. Every image of a line is a circle which intersects w’ antipodally [3].

Fig. 1. The projection on a paraboloidal mirror with subsequent orthographic projec-
tion (left) and the equivalent model: spherical projection with subsequent stereographic
projection (right).

It was shown in [3] that the parabolic projection described above is equivalent
to another two step projection: project the point in space to the sphere and
then project this point from the north pole to the plane of the equator; see
figure [ (right). This type of projection is equivalent to a parabolic projection
in which the calibrating conic w’ is identical to the projection of the equator.
The second step in the two step projection is stereographic projection which
has two properties which will be relevant to us: 1. it projects any circle on the
sphere great or small to a circle in the plane; and 2. stereographic projection is
conformal in that locally it preserves angles [11].

In [4] an extra coordinate is added to the image coordinates so that a general
perspective projection becomes proportional to a linear transformation of the
new image coordinates. The mechanism is achieved by “lifting” a point in the
image plane to the surface of a paraboloid that is not necessarily equal to the
physical paraboloid being used as the mirror. Once lifted to the paraboloid, a
special class of linear transformations preserves the surface of the parabola while
inducing translation and scaling in the image points. An appropriate transfor-
mation exists which maps lifted image points into rays which are calibrated and
are collinear with the space point and the focus. This lifting space also has the
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advantage of being able to represent the images of lines (circles) in the image
plane.

In this paper we combine the lifting idea, which has the effect of factoring out
some portion of the non-linearity of the problem, with the use of stereographic
projection. Thus instead of using the paraboloid as a lifting surface, we intend
to use the sphere, where we will apply the inverse of stereographic projection to
lift image points to the sphere. Though this can be seen to be the same as using
the paraboloid, using the sphere has the advantage of being more symmetric and
drastically simplifies our derivations.

We summarize here the original contributions of this paper:

1. A new representation of image points and line images for parabolic cata-
dioptric images is defined using inverse stereographic projection.

2. The equivalent class of linear transformations of this space is shown to pre-
serve angles and is equal to the Lorentz group.

3. A projection formula analogous to the perspective projection formula is de-
rived. Using this projection formula we reformulate the multiple view matrix
and the rank deficiency condition remains from the perspective case. Mixed
sensor types can be included in the multiple view matrix.

4. From this catadioptric multiple view matrix the catadioptric fundamental
matrix is derived. We prove that the lifted images of the absolute conic of
the left (right) camera belong to the two-dimensional left (right) null-space
of the catadioptric fundamental matrix. Self-calibration becomes, thus, the
intersection of two null-spaces. It is possible with two parabolic views as
opposed to three views required in the perspective case (even with known
aspect ratio and skew).

5. Because of the stereographic projection involved in the parabolic projection,
angles between epipolar circles are preserved. We prove the equivalent al-
gebraic condition on the singular vectors of the catadioptric fundamental
matrix.

6. Based on the last two facts, we derive the necessary and sufficient conditions
for a given matrix to be a catadioptric fundamental matrix.

2 The Spherical Representation of Points and Circles:
Circle Space

A unit sphere centered at the origin has the quadratic form

Q= (2)

S o o
o o= O
o= O o

o O O

-1

Given a point & = (u,v,0,1) we wish to find the point & on the sphere which
when stereographicallyld projected from N = (0,0, 1, 1) would give «. It is easy
to verify that the point

! This is not necessarily the same stereographic projection which was used to generate
the image point from a point in space.
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T = (2u,2v,u2+v2—1,u2+v2+1)T (3)

lies on the sphere and is collinear with N and «. The point p will be called the
“lifting” of the point x, whereas x is the stereographic projection of .

Circles can also be represented in this framework due to the following fact.
Stereographic projection maps points on the sphere to co-circular points in the
plane if and only if the points on the sphere also lie on a plane. We represent a
circle in the image plane with the polar point of the plane containing the lifted
image points lying on the circle. Recall from projective geometry that the polar
point of a plane is the vertex of the cone tangent to the sphere (or any quadric
surface) at the intersection of the plane with the sphere. The polar plane of a
point has the reverse relationship.

Let « be a circle centered in the image plane at (¢, ¢y, 1) with radius r. We
claim that the plane containing the lifted points of ~ is

2, .2 .2 2 _ .2, .2 T
T = (2cw,2cy,cm+cy—r —1,—c; —c, +r —1)

The polar point of this plane 7 will be the point representation 5 (Fig. Bl (left))
of the circle ~, where

%:Qﬂ—:(2cw,2cy,ci+c§—r2—1,03—&—05—7“2—1—1). (4)

As a result it can be shown that p € « if and only if ﬁTQ’Ny = 0. This has dual
interpretations: 1. the set of points p lying on « have liftings lying on the plane
Q7; and 2. the set of circles 4 containing a point p have point representations
lying on the plane Qp. We claim that definition (@) also applies when r is
imaginary.

The value of p = 7 Qx determines whether @ lies inside (p < 0), outside
(p > 0), or on the surface of the sphere (p = 0). We find that under the condition
that 4 have not been scaled from their definition in (IZI)E then p = 37 Q7 = 42,
implying that if 4 lies inside the sphere then it represents a circle with imaginary
radius since p must be negative; if 7 lies on the sphere then p = 0 which implies
that ~ is a circle of zero radius or a point, which we already knew since it is
then of the form (B)); otherwise 7 lies outside the sphere and represents a circle
with real radius. Hence w, representing an imaginary circle, must lie inside the
sphere and w must lie outside the sphere because it represents a real circle.

In particular from the definition in (H]) we determine that

T
w/:(2cm,20y,ci+c§—4f2—1,ci+c§—4f2+1) (5)
is the point representation of the calibrating conic. Similarly w, the image of the
absolute conic [13], has point representation

~ T
w:(2cw,20y,ci+c§+4f2—1,ci+c§+4f2+1) . (6)

2 The circle space representation lies in P? and so is a homogeneous space, but in some
rare instances like this one we will require that ¥ is exactly of the form in ().
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Their geometric interpretation will be elucidated in Proposition 2.

We now state without proof some miscellaneous facts. We define 7w, = Qx to
be the polar plane of the point & with respect to Q. The first fact is that a circle
on the sphere projects to a line if and only if the circle contains IN. All points on
TN, in this case the plane tangent to the sphere at IN, are points whose polar
planes must contain IN. Therefore 7y contains the point representations of lines
in the image plane.

The second fact is that points on 7, have polar planes going through the ori-
gin and therefore yield great circles. Thus the points at infinity represent exactly
the lines of P? as they are represented on the sphere. Is there a linear transfor-
mation of circle space which maps the point representations of line images to
T SO that they represent line images in P2?

The third fact is a cautionary note. Unlike in perspective geometry where
the line image between two image points is uniquely defined, this is not the case
in circle space. For any two image points there is a one parameter family of
circles, a line in circle space, going through them. The correct circle for a given
parabolic catadioptric image is the one which intersects @' antipodally.

Since we will be dealing with the angle of intersection of two circles we need
a well-defined way to determine this angle. If two circles v and i are centered
respectively at g and h, have radii r; and 7o, and intersect at p; and po, we
define the angle between them to be the angle Zgp;,h. This angle is the same
as 7 minus the angle between the tangent vectors as can be seen from Figure

(right). Let (z,y)o = 7 Qy and ||z|g = \/<w,w>a§|.

Fig.2. On the left, the lifting of a circle o to the point 4 in spherical circle space.
On the right, the angle of intersection of two circles v and n is defined to be the angle
Zgpih since this is the same as at least one of the two angles between the tangent
vectors.

Proposition 1. The angle € between two circles v and 1 can be obtained from

the “dot product” in circle space:

3 (.,")o is not a real dot product nor is || - | a real norm. (-, -)q is a symmetric bilinear
form but since @ is not positive definite it does not officially qualify as a dot product.
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F.ms

2
COS 9 — T=75 =<9 -
17115 117112,

(7)

Proof: As shown in Fig. Pllet g be the center and r; the radius of the circle ~,
and let h be the center and ro the radius of 1. Let p; be one of the intersections
of the two circles. By solving for cos# in the law of cosines the angle § = Zgp,1h
satisfies
2
(ri+r3—llg—hl*>)" _ (rf+r3—g"g—h"h+2g9"h)

2
cos“ 6 = =
2.2 2.2
4rirs 4rirs

2

According to the assumptions we must have

~ T
Y=X(2¢",9"g—ri-1,9g"g—ri+1)
7i=p(2h" hTh—12—1,h"h—r2+1)". (8)

First notice that by calculating %TQﬁ one finds that

g"h=g"g+h"h—ri —ri+ <72’;ZQ ) (9)
and also that 7§ = [|[¥]|3/4\* and 73 = ||7]|3)/4p>. Substituting (@) into () and
then substitutions for 72 and r32 yields (). 0

The square in cos?  is necessary because 4 and 7] are homogeneous and the
scale factors A and p could be negative. The corollary follows immediately from
the proposition.

Corollary 1. Two circles 4 and 1 are orthogonal if and only if 7 Q% = 0.

Lemma 1. Two circles v and 1 are centered at the same point and have a ratio
of radii equal to ¢ (one is imaginary, the other is real, but excluding complex
circles) if and only if they are orthogonal and their polar planes intersect in a
line on 7.
Proof: The forward and reverse directions can be verified by direct calculation.
Verify that the first conditions imply ¥Qn = 0 and that the three planes are
linearly dependent (the 3 x 3 sub-determinants of the matrix (Q¥, Qn, wy)T are
zero). The converse can be shown by solving for the center and radius of n in
terms of . ad
Lemma 2. A set of circles {vx}rca are coaxal if and only if their point repre-
sentations {7, }rca are collinear.

See [12] for a proof when @ is the parabola instead of the sphere. The same
reasoning applies.
Proposition 2. Let w’ be a circle representing the calibrating conic. The set
of circles intersecting w’ antipodally, i.e. the set of line images, lie on a plane
whose polar point with respect to Q is w.
Proof: All lines through the center of w’ intersect w’ antipodally and are also
orthogonal to w’, therefore these lines’ point representations lie on the line £
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which is the intersection of the plane 7 (containing all point representations of
lines) and the plane g = Q:f’ (containing all point representations of circles or
lines orthogonal to w’). Any circle 4 intersecting w’ antipodally in points p; and
P2 is coaxal with w and the line through p; and p,, which also goes through the
center of w’. Thus by Lemma 2 their point representations are collinear. Hence
7, the representation of an arbitrary circle antipodal to @', lies on the plane 7
through £ and @'

Now we show that the polar point of 7 must equal @. Let A = Q7 to be
the polar point of 7. The circle represented by A is orthogonal to w’ since

ATQY =#TQTQR ==Td' =0,

the last equality following by the definition of 7. Since they are orthogonal and
their polar planes intersect in the line £ on 7, by Lemma 1, @ and the circle
represented by A must have the same center and have a ratio of radii equal to i.
Therefore A = w. O

2.1 The Lorentz Group and Plane Preserving Subgroups

In a perspective image a natural class of transformations on image points is the
set of collineations, projective transformations specified by non-singular 3 x 3
matrices. We would like to find an equivalent structure for parabolic catadiop-
tric images under the requirement that the transformation operate linearly on
the circle space. Therefore this class must consist of some subset of 4 x 4 ma-
trices. These transformations also should not act in a way which happens to
transform a point into a circle or vice versa, for this would inviolate incidence
relationships in the image plane. Thus the surface of the sphere must remain
invariant under any such transformation. This is the barest of conditions neces-
sary to determine the set of transformations and we therefore investigate the set
L={A: ATQA = @Q}. This is a group since it is closed under multiplication
and inversion and contains the identity. As it turns out this is a well known
six dimensionald Lie group from the study of physics called the Lorentz group
[7]. Any transformation from this group preserves angles between circles, for if
A € L then (z,y)g = (Ax, Ay)q. Since two circles can be constructed to form
any angle, these transformations must preserve all angles when they transform
the image plane. Angles replace the cross ratio as the invariance under these
transformations. It also implies that general projective transformations applied
to image points that do not preserve angles, such as shearing or change of aspect
ratio, can not be represented as a linear transformation of circle space, at least
not in a way which preserves incidence relationships.

In the previous section it was said that the set of line images of a given
parabolic projection have point representations lying on a plane in circle space.
The plane on which they lie is polar to the point representation of the image of
the absolute conic, w. What is the set of transformations preserving this plane
and what meaning does this have? In order that a transformation preserve the

4 The inclusion of scale yields an additional dimension, and then ATQA = \Q.
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plane it must preserve w. Therefore w must be an eigenvector of the transfor-
mation for any eigenvalue (since @ is homogeneous). Let

Lz ={A:ATQA = Q and Aw = \& for some \}.

This is a group since it is also closed under multiplication and inversion.

We examine two subcases, @ = (0,0,0,1) and w = N. We will calculate
the Lie algebra for the connected component containing the identity. If A(¢) is
a continuous parameterization of matrices in Lz such that A(0) = I, then the
first condition gives

d d
%A(t)TQA(t) = -Q and A'(0)"Q+QA'(0)=0.

t=0 t=0

The second condition is equivalent to the 2 x 2 sub-determinants of the matrix
(@, A(t)w)T being zero. Each of the six equations for the sub-determinants can
be differentiated with respect to ¢t and evaluated at ¢t = 0 and then one can solve
for the entries A’(0). When w = (0,0,0,1), this yields

0 a12 Qi3 0

riy | a1z 0 a2 0
A0) = —a13 —a23 0 0]~
0 0 00

which is just the set of matrices which are skew symmetric in the first three
rows and columns and zero elsewhere. Therefore L£(g,0,0,1) is the set of rotations
in P3.
If @ = N, the north pole, then A’(0) must be of the form

0 —ai2 —ai3 a3
A(0) = a2 0 —ao3 a3
a1z az 0 asq
a1z a2z aszs O

The Lie group generated by this Lie algebra preserves IN and therefore it pre-
serves the plane tangent to IN on which lie the point representations of lines.
They therefore sends lines to lines while also by default preserving angles. There-
fore this subgroup corresponds to affine transformations in the plane. An im-
portant subcase and reparameterization of Ly is defined under the following

. . log 2 log 2
substitutions, ajo = 0,a34 = —log2f,ai3 = —Cg;%,agg = —¢y 2?7{. Upon
exponentiation we have the following matrix dependent on w,

1 0 Ce —Cy
0 1 Cy —cy
K= co o 1—c2—c2+4f? 14c4c2-af? | | (10)
2f 2f 2f 2f
e Sy 1fczfcif4f2 1+c§+c§+4f2
of T 2f of 2f

This has the effect on the image points of translating by (—cg, —c,) and then
scaling by % Also notice that K& = MO and Kz&' = (0,0, ), 0). We will use
this matrix in the next section.
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In general when w does not lie on the sphere, the dimension of Lz is three
because the sub-determinants give three independent constraints; this Lie group
corresponds to rotations about the viewpoint. When w lies on the sphere an addi-
tional dimension arises because the number of independent constraints decreases
by one; this Lie group leaves the image point corresponding to w invariant. One
additional comment, since exp AT = (exp A)T, and since the Lie algebra of £
can be seen to contain A if and only if it contains AT, then B € £ if and only
if BT € L.

3 Multiple Parabolic Views

We now wish to find a parabolic projection equation more closely resembling
the perspective projection formula ITX = Az, where & € P? is the image of
X € P3, IT is the 4 x 3 camera matrix, and )\ is the projective depth depending
on IT, X and x. As it stands, because of the non-linearity of the definition in
(@ it is not trivial to apply the multiview results found for perspective cameras
to the parabolic catadioptric case.

First we apply Kz to the lifting of point « in (), obtaining
ifz (x,y,z,4fT)T, where 7 = /22 + y2 + 22. This is a point collinear with
O (the origin) and X = (z,y, z,w). Hence for some A and p, \O+puKzx = X .
Because one of the four equations in this vector equation are redundant we can
multiply on both sides by

1000
P=10100
0010

from which we find that yPKzx = PX .. Upon performing the multiplication
on the left hand side, one finds that in fact

1 0 0
PK;i=| 0 1 0| (P%-P&)=J;(P%-P®),

but this is satisfied only under the condition that  and @ have not been
arbitrarily scaled from their respective definitions in (3) and (@).
Now assume that X lies in a coordinate system translated by ¢ and rotated
by R. Introduce a projection matrix IT = ng(R, t) similar to the standard
perspective projection matrix and define & = Pz, then equation () becomes

A& — @) = X (11)

The vector @ can not be incorporated into the projection matrix IT because the
subtraction is dependent on the non-homogeneity of &. It is interesting to note
that the matrix J 51 which fills the role of a calibration matrix is lower triangular
as opposed to the perspective calibration matrix which is upper triangular. With
equation () we can now reformulate the multiple view matrix.

Assume that n parabolic catadioptric cameras image the same point X € P3
so that there are n equations of the form (IIJ). This implies that each of the
n matrices (IT;, &; — w;) is rank deficient because within each nullspace must
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respectively lie the vector (X, )\Z-)T. We can combine all of these matrices into
the single matrix

i@ - 0 - 0
I, 0 d—ws- 0

M= . , _ , . (12)
o, o 0 - &p—n

which again must be rank deficient because within its nullspace lies the vec-

tor (X, —A1,—Ag,... ,—)\n)T. In the perspective formulation M is known as
the multiple view matrix [6]. By manipulating its columns and rows its rank
deficiency has been used by [9] to show that the only independent constraints
between multiple views are at most trilinear, all others are redundant. The same
method can be applied to this parabolic catadioptric multiple view matrix to
show that the only independent constraints among multiple parabolic catadiop-
tric views are trilinear. In the next section we derive the bilinear constraints and
find a form of the parabolic catadioptric fundamental matrix.

Notice that it is possible to mix different point features from different camera
types. This only changes the form of one triplet of rows of the matrix M. In
each row the difference will be in the form of IT;, the presence or absence of an
w; as well as lifting or not of @. If all sensors image the same point in space, the
multiple view matrix will be rank deficient regardless of the type of sensors.

3.1 Deriving the Catadioptric Fundamental Matrix
We now derive the constraint on two parabolic catadioptric views. For two views
M becomes
H1 .’ﬁl — (.:11 0
M = . -
(H2 0 Lo — W2
where we assume IT| = ngl (1,0) and ITo = J;zl (R,t). This a square matrix
and its rank deficiency implies that its determinant is zero:

_ s o \T o N (sT G —Gwy T2
0=det M = (&1 — ;) G (T2 —ws) = (2] 1) (_GleG dvlTG(.bg) < 1 ) ,
(13)

where we know from previous results for perspective cameras [6] that G =
J g] EJ;, for the essential matrix E = [t|«R. Unfortunately expression (I3
is a constraint on &7 and @5 and not £; and x,, however note that

000
r=Hzx

8¢
I

1
0
0

o
v O O

Thus we can rewrite equation (I3) as

T T G —Gwy
z; Fxo =0 where F=H (—GJITG cblTGcbg)H' (14)
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Equation (I4) is the parabolic catadioptric epipolar constraint. It can be verified
that

EO
F=KL (0 0) K;,. (15)
A matrix expressed in this way will be called a catadioptric fundamental matrix.
The first thing to note about this new F' is that since Hw = w, we must have

Fo, =0 and FT&,=0.

Hence, the lifted left and right images of the absolute conic belong to the left
and right nullspace of F', respectively. Also since G is rank 2, F' will remain rank
2 because (—w{ G, w] Gws) is linearly dependent on the first three rows.

Note that the expression %1TF52 is linear in the entries of the matrix F'.
Hence just like in the perspective case, given a set of correspondences a matrix
whose entries are the coefficients in the epipolar equation of each entry of F' can
be constructed whose nullspace contains the matrix F' flattened into a single
vector in R'6. The nullspace can be calculated using singular value decomposition
by selecting the vector with the smallest singular value.

4 The Space of Catadioptric Fundamental Matrices

In the previous section we found that there is a bilinear constraint on the liftings
of corresponding image points in the form of a 4 x 4 matrix analogous to the
fundamental matrix for perspective cameras. It would be nice to find the neces-
sary and sufficient conditions that a given matrix be a catadioptric fundamental
matrix, that is, of the form ([A]). We will show that the condition that F' be rank
2 is necessary but not sufficient.

Fig. 3. Left: If two epipolar planes intersect two spheres representing two views at
an angle 0, then the angle of intersection of the epipolar great circles is also . Right:
By the angle preserving property of stereographic projection, the epipolar circles also
must intersect at an angle 6.

The condition that we describe is based on the fact that F' must preserve
angles between epipolar circles. In FigureB] (left) notice that two epipolar planes
with a dihedral angle of 8 intersect two spheres, representing two catadioptric
views, in two pairs of great circles, both of which pairs have an angle of inter-
section of #. Because stereographic projection preserves angles, the projections
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of the great circles, two pairs of line images must also intersect at an angle 6
as shown in Figure B] (right). The fundamental matrix is a rank 2 space correla-
tion [13] meaning that it maps points to planes, polar planes actually, on which
corresponding points must lie.

Assume that points p and q respectively lie on epipolar circles v and 0
and satisfy foTFij = 0. The epipolar circle n can be determined from F' since
1 = Q 'FTp. Can ~ also be determined from F? If we knew ¢ we would
have ¥ = Q'Fq. Let us assume we do not know q. But clearly 7 is in the
range of Q' F. So assume that F = AlulvlT + )\QuQvg is the singular value
decomposition of F which is rank 2. Thus ¥ = Q! (au; +Busz) for some a and 3.
Since ﬁTsz = 0, solutions unique up to scale are o = ﬁTuQ and B = —ﬁTul.
Then ¥ = Q 'Wp where W = ujul — upu?. In summary, corresponding
epipolar circles as a function of the point p in one image are ¥ = Q~'Wp and
11 = Q' FTp. Note that these two definitions do not depend on any component
in p orthogonal to u; and us, we may therefore rewrite them as

g = Q_l(ﬂul —aug) and N = Q_l()\lcwl + Ao fva), (16)

hence parameterizing all corresponding epipolar circles.

The sets {7} and {n} generated by all choices of & and 3 are two lines in circle
space. They therefore represent coaxal circles, whose respective intersections
have to be the epipoles. In order for the coaxal circles to have real intersection
points the line in circle space ought not to intersect the sphere. For some coaxal
system a + Ab this is the case if and only if

la+ b3 = (a+2b)" Q(a+Ab) >0 (17)

for all A\ which is the case if and only if the discriminant of the left hand side as
a polynomial in X is negative. The discriminant being negative gives

(a,b)5 < llall3]bl3 - (18)

Lemma 3. If ([I8) is satisfied then for any two circles aja + 31b and asa + (B2b
in the coaxal space,
(a1a + B1b, aza + B2b)?
= lera + Bibl3 laza + B2blE, T

in which case the angle between them is well-defined.

Proof: From (I7) and from the fact that (102 —a162)? ((a, b)3 — la|3[bll3) =
(a1a + 1b, aza + B2b)3) — [lara + Bubl[3[laza + Bab[?). O
Definition. When we say that a rank 2 space correlation F' preserves epipolar
angles (i.e. angles between epipolar circles) we mean that for all p,

<Wf)1an)2>?Q <FTﬁ17FTf)2>2Q

= L 2e (19)
IWDBIWDlI5,  IFT P13 IIFT D, 17

Equation (I9) is obtained by substituting definitions of 7, and 1, from (IG)
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into () while noticing that the @~ '’s cancel. This definition skirts the issue
of whether this formula actually implies angles are preserved, but if angles are
preserved then this formula must be true. Whether the converse is true turns
out to be irrelevant.

Proposition 3. If (I8) is satisfied by left and right singular vectors of a rank 2
space correlation F' having SVD Alulvf + )\guz'UQT then the following statement
is true. F' preserves angles between epipolar circles if and only if

2 2 2
(w1, u2)glvillgllvallg

2 2 2
(lwr N lruzl (w1, w22
and  A1(ur,u2)qllv1|[d = _)\2”“2“%('017'02)@)

or (Ml [3llv1l13 = Mlluzllflvallb, {ur,uz)q = 0and (o1, v2)q = 0 20)

Proof: See appendix for (—).
Corollary 2. A matrix E is an essential matrix if and only if the matrix E(*

satisfies (20), where we define E®) = (lg 8)

Proof: A matrix E® has SVD Muiv? + Augvd where u;, v; € 7. Because
they lie on 7, the dot product reduces to the Euclidean dot product and
therefore (IJ)) is just the Schwartz inequality satisfied by any vectors, and also
by the properties of the SVD, (u1,u2)q = (v1,v2)g =0, ||uillo = |villo = 1.

If E is an essential matrix then A\; = A2 and then the second clause of (20)
is satisfied. Therefore E) is angle preserving.

If EM® is angle preserving then since (u;,us)g = (v1,v2)g = 0, the second
clause applies and A7 = A3, thus E is an essential matrix. a
Lemma 4. If a rank 2 space correlation F' preserves angles and the transfor-
mation K € £ then F K preserves angles between epipolar circles. Similarly for
KTF.

Proof: (KT"FTp,, KTFTp,)o = (FTp,, F1q,)q since KQKT = \Q. For the
other notice by relabeling the SVD, Proposition 3 implies that if F' is angle
preserving then FT is too. a

Lemma 5. If a and b satisfy (I8) then the nullspace of (a”,b”) intersects Q.

Proof: Q~'a and Qb also satisfy (I8) and their span is a line not intersecting
the sphere. Let 1 and 75 be two lines through the span and tangent to the
sphere at points p; and ps. Both p; are orthogonal to a and b because they
lie on the polar planes of @ 'a and Q~'b and therefore satisfy p/ QQ'a =
pFQQ~1b = 0. The p;’s are therefore a basis of the nullspace which obviously
intersects the sphere. a
Theorem. A rank 2 space correlation F' can be decomposed as K fE(‘l)K 2
where K, € Ly and F is an essential matrix if and only if [20) and (I8) are
satisfied by the vectors of its singular value decomposition.

Proof: Assume F is a rank 2 space correlation for which there exists K;—; 2 €
Ly and an essential matrix E such that F = KT E® K. First, in Corollary 2
we saw that E()’s singular vectors satisfy (I3), since K ;=1 2 € L, the inequality
is preserved by the pre- and post-multiplication of these matrices, implying (IS)
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is satisfied by F as well (even though the singular vectors change the spans
are equal). By Corollary 2, E® preserves angles between epipolar circles, and
therefore by Lemma 4, F K5 and then K ?E(‘l)K 2 also preserve angles between
epipolar circles. By Proposition 3, K fE(‘l)K 2, a rank 2 space correlation pre-
serving epipolar angles and satisfying (I8) must satisfy condition (20).

Now assume that F' is an angle preserving, rank 2 space correlation satisfying
(I8), show that it is decomposable. Since it is rank 2 and satisfies (I7), by Lemma
5 there is some @, inside the sphere such that F7@ = 0 and some &, inside
the sphere such that Fw = 0. If we calculate K 511 we find that for some a,b
that Kg)ll = (a,b7 a&?/,ﬁﬁ). The important point is that if the singular value
decomposition of F' = AlulvlTJr)\gugva, then because u; and us are orthogonal
to w; which is the last column of Kz, , KE)lTuZ € Too. K, has the same effect
on v;. Therefore

_ _ EO

T 1

K; FK; = (0 O) .

We now show that E is an essential matrix. Since F' preserves angles between
epipolar circles, so does K 51TFK 521. Since it preserves angles, by Corollary 2,
it must be an essential matrix with equal non-null singular values. Thus F' =
Kgl EK;, for some Ky, € L and some essential matrix E. O

5 Conclusion

In this paper we introduced the spherical circle space to describe points and
line images in parabolic catadioptric views. We described the class of linear
transformations in that space which turned out to be the Lorentz group. We
derived the catadioptric fundamental matrix and proved that the lifted image of
the absolute conic belongs to its nullspace. Based on the fact that angles between
epipolar circles are preserved we proved necessary and sufficient conditions for
a matrix to be a catadioptric fundamental matrix.

Appendix (Proof of Proposition 3)

(=) Since ([@3) is true, (I9) is well-defined for all p; and p,. It is therefore true
when p; = u; and p, = au; + us. Substitute these definitions into ([d) and
cross-multiply the denominators. If the both sides are equal for all « then for all
a the polynomial

f(Oé) = <—’U;2, Uy — (XU2>%2||04)\1’01||52||0¢)\1’01 + /\2’()2”%2—

(M1, alvq + )\2v2>22|| — u2||22||u1 — au2||2Q =0. (21)

In order that this polynomial be zero everywhere all its coefficients must be zero.
Then the coefficients of 04047 al, and o? generate the three equations below which
have been divided by A{\J where appropriate (A; > 0 by assumption):
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(w1, u1)Q (U2, u2) @ (v1,v2)3) = (w1, u2)3 (v1,v1)Q(v2,v2)q (22)
Mllv1]g (w1, v2)q ((wr, u2)d — w3 llusll?)
= —Ao{ur, uz)qlluallg ((vi,v2)5 — lvilBlv213) (23)
Allorllg ((wr, u2)d) — lull?) [[ual3)
= =M llualld, ((v1,v2)3 — [v1l3llv2l3) - (24)

Condition (I8) and hence (T7) implies that ||u; |3, > 0 and [|v;[|3, > 0. Thus if

neither (uy, uz)q = 0 nor (v1,v2)q = 0, then we can solve for [|v;[|3, in equation

. . 2
(22), and substitute into (23) and (24); then both reduce to Ay (w1, uz)q||v1 g =
—Az|[uz|?) (v1, v2)q. This satisfies the first clause of (20).

Otherwise if (v1,v2)g = 0, then (22) implies that (u1,u2)g = 0; the con-
verse is true as well by (22). Substituting (u1,u2)g = 0 and (v1,v2)g = 0 into
equation (23) gives no constraint and into equation (4)) yields A |lu. |3 [lv1 |3, =
A3 [zl llva ). Then the second clause of (20) is satisfied. Therefore if F' pre-
serves the angles between epipolar circles according to the definition given above
and has left and right singular vectors satisfying (I8]), then one of the conditions

in (Z0) is true.

O
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Abstract. This paper describes an interactive system for creating ge-
ometric models from many uncalibrated images of architectural scenes.
In this context, we must solve the structure from motion problem given
only few and noisy feature correspondences in non-sequential views. By
exploiting the strong constraints obtained by modelling a map as a sin-
gle affine view of the scene, we are able to compute all 3D points and
camera positions simultaneously as the solution of a set of linear equa-
tions. Reconstruction is achieved without making restrictive assumptions
about the scene (such as that reference points or planes are visible in all
views). We have implemented a practical interactive system, which has
been used to make large-scale models of a variety of architectural scenes.
We present quantitative and qualitative results obtained by this system.

1 Introduction

Despite much progress [1I5]21] in the development of completely automatic
techniques for obtaining geometric models from images, the best-looking archi-
tectural models are still produced interactively [6I5/17]. Interactive approaches
exploit the user’s higher-level knowledge to solve the difficult problems of iden-
tifying geometrically important features and wide-baseline matching. Existing
interactive approaches have used one or relatively few calibrated or uncalibrated
views in order to build models of a few buildings. In this paper, we address some
of the problems associated with making much larger models from an arbitrarily
large number of uncalibrated views of many buildings.

1.1 Previous Work

Given feature correspondences, the optimal solution for camera parameters and
structure may be determined using bundle adjustment [I8], which is used to dis-
tribute back projection error optimally across all feature measurements. In the
context of an interactive system, we must solve the structure from motion prob-
lem given only few and noisy feature correspondences defined in images obtained
from sparse viewpoints. This presents two problems: (i) bundle adjustment will
only succeed provided a sufficiently good initial guess can be obtained and (ii)

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 155-[169] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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even an ‘optimal’ reconstruction is no guarantee of a subjectively good-looking
model.

One solution to the problem of obtaining an initial guess is to estimate cam-
era parameters and structure simultaneously as the solution of a linear equation.
Although image coordinates have a non-linear relationship with 3D coordinates
under perspective projection, it is well known [6/17/16] that feature correspon-
dences allow a linear solution for structure and camera positions if camera cal-
ibration and orientation are known. In [6] and [17] camera orientation is deter-
mined for calibrated cameras from prior knowledge of line directions. In [12] and
[5] camera calibration and orientation are determined simultaneously from three
vanishing points corresponding with three orthogonal directions. This approach
allows a two-view initialisation of a Euclidean frame but does not address the
problem of how extra views should be registered in that frame, unless we make
the restrictive assumption that three vanishing points corresponding with known
and orthogonal directions are visible in all images. Furthermore, this approach
has the disadvantage that camera calibration cannot be determined for the de-
generate (but very common) case of vanishing points lying at (or near) infinity
in the image plane, e.g. in a photograph of a wall parallel to the image plane. [16]
generalises the concept in [5JT2] to any three points lying on a reference plane
but relies on the almost equally restrictive assumption that four points on the
reference plane are visible in all images (or at least that the reference plane is
visible in all images).

Another solution is to register uncalibrated cameras sequentially [1]. A two-
view initialisation defines a projective frame via the fundamental matrix. A
partial reconstruction may be computed within this frame using feature corre-
spondences. Then additional views are registered one at a time using the Discrete
Linear Transformation [20]. Having determined the projection matrix for an ad-
ditional view, structure may be computed for all correspondences defined in two
or more views and the partial reconstruction is extended.

Whilst this approach is effective in the context of tracked features in video
frames [1J8], it has severe limitations in the context of interactive systems:

1. Given only a few noisy feature correspondences partial reconstructions are
likely to be quite inaccurate. Bundle adjustment may be used to improve
estimated camera parameters and structure but this approach often fails in
practice due to convergence to a local minima. In any case, carrying out
bundle adjustment after the addition of each subsequent viewpoint is very
computationally expensive.

2. Accurate camera registration by DLT depends on the accuracy of the partial
reconstruction. Some reconstructed points may be quite degenerate with
respect to included views and therefore inaccurate. Such points may severely
compromise the accuracy of the DLT.

3. Some viewpoints may be degenerate with respect to the partial reconstruc-
tion. DLT requires at least 6 points, two of which must be non-coplanar with
the remainder.
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4. Tt is difficult to adapt the sequential approach to non-sequential image data.
Given the likely inaccuracy of the partial solution and possible degeneracy
of successive viewpoints with respect to that partial reconstruction, it is not
clear in which order successive viewpoints should be registered within our
euclidean (or projective) frame.

The second problem associated with few and noisy feature correspondences
is that of obtaining a sufficiently accurate reconstruction. Architectural scenes
typically contain a large number of parallel and perpendicular elements and it is
subjectively very important that these relationships should be preserved as far as
possible in the final model. However, small errors associated with the registration
of nearby viewpoints may accumulate throughout a large set of images such that
absolute errors become large. This problem may be particularly severe in cases
where it is impossible to obtain images from a suitably wide range of viewpoints,
e.g. a city street.

In order to address this problem, some interactive systems constrain the re-
construction process by exploiting the user’s higher-level knowledge about par-
allelism and orthogonality. In [I7] for example, scene structure is determined
subject to constraints on (known) line directions and plane normals. This type
of approach has the considerable disadvantage that it is not directly extensible
to data sets comprising images of buildings with unknown and different orienta-
tions. Debevec et al [6] describe a system that allows the user to parameterise the
scene in terms of primitives: simple geometric building blocks such as cuboids
and prisms that can be combined to make more complex models. Such systems
may produce excellent results but not all scenes can be expressed so simply in
terms of a few geometric building blocks. Furthermore it is not always possible
to find viewpoints such that a sufficiently large proportion of each primitive is
visible in any one image.

1.2 Approach

We are concerned with modelling large architectural scenes. In this context, it is
not always possible to assume that all buildings have known or at least similar
orientation or that a single plane will be visible in all views. Nor will it always be
possible to obtain photographs containing three vanishing points associated with
non-degenerate orthogonal directions. We proceed by making only the following
assumptions: firstly that the vertical direction can be identified in all views and
secondly that we have a map of the scene.

Whilst a number of previous works have explored the possibility of using a
map as an affine view of a scene in combination with one [22] or two [I3] per-
spective views (and additional scene constraints [3]), using a map in combination
with many perspective views has not been considered.

We use a map along with the user’s prior knowledge of parallelism in order
to determine camera orientation and calibration. This allows us to formulate the
uncalibrated structure from motion problem as a simple linear equation without
the problem of a possibly degenerate approach to calibration or the need for
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restrictive assumptions about the scene (such as that reference points are visible
in all images). In addition the map provides a strong global constraint on struc-
ture from motion, allowing high quality reconstruction from a few, noisy feature
correspondences.

We describe a complete interactive system for architectural modelling. In
comparison with existing systems, our system allows us to build much larger-
scale models more quickly.

1.3 Structure of This Paper

This paper is arranged as follows. Section 2 reviews briefly the theory of per-
spective and affine projection. Section 3 describes how parallelism and map con-
straints may be used to determine camera calibration and camera registration in
the map-based frame. Section 4 explains how these techniques are implemented
in a working system. Finally Section 5 presents some experiments to demonstrate
the efficacy of these ideas when applied to building large-scale architectural mod-
els.

2 Theory and Notation

A3Dpoint X;=[X Y Z 1]It projects into an image plane according to a
general 3 x 4 projection matrix P;:

xi; ~ P X; (1)

where x;; = [u v 1]" is an image coordinate and ~ means equality up to
scale.

A projection matrix corresponding with a perspective camera may be de-
composed as:

P,=K;[R; —RI!T;] (2)
where R,; is the 3 x 3 rotation matrix describing the orientation of the camera
and T, is the position of the camera. Camera calibration matrix K; is of the
form:

Qy S U
Kl' = 0 Qy Vo (3)
0 0 1

where a,, and «, are scale factors, s is skew, and [ug g l]t is the principal
point.

The map coordinate of a 3D point is dependent on scene X, Y position but
not on Z-axis height. Thus, a map may be modelled as an affine (or orthographic)
view of the scene with projection matrix:

c 0 0 XO
Powp~ |0 0 0 Y, (4)
000 1

where o is the map’s scale and [ X Yo]t is the world X,Y coordinate of the
map’s origin.
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3 Map Constraints

3.1 Single View Constraints

The image coordinate e; of the vertical vanishing point in image ¢ may be deter-
mined from the image of two or more vertical lines. This vanishing point is the
projection of the point [0 0 1 0 ]75 at infinity and is the epipole corresponding
with the affine map camera.

We begin by rectifying our images such that vertical lines in the world map
to vertical lines in the image plane. We seek a 3 x 3 homography such that:

Hi[el €92 eg]t: [0 1 O]t (5)

where e; = [e7 ex e3 ]t is the image coordinate of the vanishing point corre-
sponding with the vertical direction in the world and |e;| = 1. It is convenient
to choose H; such that H; is a rotation matrix and:

H;[e; —e; 0]'=[1 0 0] (6)

This transformation preserves scale along the line in the image plane that is
parallel with the image of the horizon and passes through the point [0 0 1 ]t.
Figure [l illustrates transformation of an image plane by such a homography.

(i) (i)

Fig. 1. (i) Vertical lines marked in an image. (ii) The image warped by a homography
H such that vertical lines project to vertical lines in the transformed image plane

3D points X; project into our transformed image plane according to the
following equation:

x;; ~ HK;[R; —R{T;]X; ~ P,X; (7)
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where x;; = [/ ¢ 1] and P, has the general form:
. P11 P12 P13 P4
Pi=|pa1 p22 p23 pos (8)
P31 P32 P33 P34

In the rectified image, u’ coordinates depend only on world X,Y coordinates
and are independent of world Z coordinates. Thus p13 = p33 = 0 and transformed
image coordinates X’ are related to map X,Y coordinates by the simple 1D
projection relationship:

, X X
w| _|P11 P12 Pua V|=p; |V (9)
1 P31 P32 P34 1 ! 1

where p; is a 1D projection matrix. Given five or more correspondences between
map X,Y coordinates and image u’ coordinates (for points or vertical lines), it
is possible to solve for all the elements of p; as the solution of a linear equation.
We can also use as correspondences horizontal vanishing points in the image
corresponding with known directions di on the map. Map directions can be
estimated from a single line or two or more parallel lines. Thus, we may solve
for p; given five point correspondences or four point correspondences plus one
horizontal vanishing point or three point correspondences plus two horizontal
vanishing points.

In a similar manner to the 3 x 4 projection matrix in equation (), the
projection matrix p; for a 1D camera may be decomposed as:

P = [kiri —I‘gti] (10)

where k; is upper triangular, r; is 2 X 2 rotation matrix describing the 1D
camera’s orientation about the vertical axis, and t; is the camera’s X,Y map
position. Note that there is an ambiguity associated with our solution for the
elements of p; relating to whether 3D points are in front of or behind the camera.
If r; is such that X,Y coordinates are behind the 1D camera then we should
replace it with —r;.

The 1D projection matrix p; describes vertical axis orientation, map position,
and calibration for the 1D camera. Figure (B) illustrates the registration of 1D
cameras on the map using five map coordinates, four map coordinates plus one
map direction, and three map coordinates plus two map directions.

Given the 1D projection matrix p;, we may determine K; and R; for the
original view. From (7)), and considering only the first 3 x 3 sub matrix:

HKR; ~P; (11)
Since R;; is a rotation matrix, R;R! = I. Thus:

H,K,K/H! = \P,P! (12)
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where A is an unkown scale factor. This relationship contains three equations
in the known elements of P; and the unknown elements of K;K! and \. By
assuming that pixels are square (s = 0 and «,, = «,) and that the principal
point [ug v 1]t lies at the image centre, we are able to solve this equation
for a? (= a? = a2). This set of assumptions is at least sufficiently good to allow
the approach to succeed for a wide range of cameras. In any case they may be
relaxed during the subsequent multi-camera bundle adjustment stage.
Finally we determine R,;. The epipole e; is the projection of the point
[0 0 1 0]
e, ~K;R;[0 0 1 0] (13)

Thus the third column of R; is simply K le;. This sign ambiguity arises be-
cause the epipole may correspond with the projection of the 'up’ or the ’down’
direction. We resolve this ambiguity by assuming that photographs are incorpo-
rated into our system 'right way up’, i.e. the sign of v coordinate of e; indicates
whether the epipole is "up’ or 'down’. Equation (I3 provides two constraints
on the three parameters of R;. Equation (II]) allows us to fix the remaining
parameter.

3.2 Multiple View Constraints

Using the single view constraints described in the previous section, we can de-
termine camera calibration, orientation, and map X,Y position. However, the
Z coordinate of each camera (height) and 3D structure is unknown.

Having determined camera calibration and orientation, we exploit the linear
constraint provided by the following equation (as in [6l17]):

K;'x;; ~[R; —RI!T;]X; (14)

This relationship provides two independent linear equations in the elements of
unknown structure X; and 3D camera positions T;.
Optionally, we may wish to employ the constraint that some lines have a
known direction dy:
dk X Ll =0 (15)

where x denotes the cross product, L; = X; — X, and X; and X,, are two 3D
points connected by a line. We set dg = [0 0 1]t for the vertical direction
anddp =[z vy O]t for horizontal directions estimated from the map.
We may assemble all such equations (as [[4] and [[H) into a matrix equation
of the form:
AX =0 (16)

where X comprises all unknown structure X; and camera positions T;.

This equation can be solved easily for hundreds of vertices using the singular
value decomposition. For more vertices, we should resort to an appropriate sparse
matrix technique.

Note that there is a sign ambiguity associated with the solution for X in (IH]).
This ambiguity may be resolved by ensuring all points (or at least the majority
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(iif) (iv)

Fig. 2. A view is registered in the map coordinate frame using the vertical vanishing
point plus (i) five correspondences between points or vertical lines in the image and
points on the map, or (ii) four correspondences plus one horizontal direction, or (iii)
three correspondences plus two horizontal directions.

of points in case of noisy data) are reconstructed in front of the cameras in which
they are visible. In addition, we must fix the height of one point, e.g. the height
of the first camera can be set to 0.

3.3 Optimization

From an initial guess at projection matrices and structure we can optimise cam-
era parameters and structure by bundle adjustment (see Section 4.2).

4 Implementation

4.1 Algorithm

Our approach to modelling is as follows:
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1. We transform each image by a homography such that vertical lines in the
world project to vertical lines in the image plane

2. For each camera we estimate absolute orientation and camera calibration
using the single-view constraints described in Section 3.1.

3. Given camera calibration and orientation and (optionally) extra scene con-
straints, we compute camera positions and scene structure as the solution of
a linear equation as described in Section 3.2.

4. We optimise scene structure and camera parameters using bundle adjust-
ment.

4.2 Bundle Adjustment

We wish to optimise camera parameters and structure subject to the constraint
that parallel lines are parallel (both vertical and horizontal) and our knowledge
of the affine projection matrix for the map.

We adjust the parameters of projection matrices P;, structure X; and direc-
tions dj in order to minimise back-projection error e:

€= [PX; — Xy + ) |de x L (17)
ij Ik

An initial guess at horizontal directions is obtained from the map. The affine
projection matrix for the map camera and the vertical direction are fixed.

We have implemented the fast bundle adjustment algorithm in [18]. We ex-
tend this algorithm by including extra parameters corresponding with the un-
known focal length of each camera and line directions dj. In addition we provide
the facility to incorporate a (fixed) affine camera (the map).

This algorithm allows us to introduce covariance matrices describing the error
p-d.f. associated with feature coordinate measurements. In practice, this allows
us to account for the fact that map data may be substantially less accurate than
image data.

5 Results

5.1 Camera Registration

Figures Bli, ii, iii) show representative images from a 16-image sequence. This
sequence was obtained on level ground using a digital camera mounted on a
tripod, which was positioned at regular intervals along a straight line. Using a
1:500 scale Ordnance Survey map, camera registration was determined by the
approach described in this paper.

Figure Bliv) compares estimated camera X,Y positions with ground truth
data. Most of the errors associated with estimated camera positions are in the di-
rection parallel to the viewing direction. This is due to the inevitable ambiguity
between depth and focal length in views of scenes that do not occupy a sub-
stantial range of depth (RMS error associated with estimated focal lengths was
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12.7% of the true value). Recovered camera heights are much more consistent
because there is no such ambiguity in the estimate (see Figure [3(v)).

Note that in this sequence the sequential approach to camera registration
failed after incorporating only the first few images due to the failure of bundle
adjustment to converge to the global minimum. Defining only 10 feature corre-
spondences on the map has allowed registration of all images simultaneously and
accurately as the solution of a linear equation. The map-based approach obtains
a good reconstruction more quickly with fewer feature correspondences - this is
important for an interactive system.

5.2 Large-Scale Models

Using the approach described in this paper, we have been able quickly to create
large-scale models of a variety of city scenes. Figure ] for example, shows a view
of part of a model of Downing College (before optimisation). Note that since
projection matrices are obtained as well as structure, we can also reconstruct
features that are not visible on the map.

Compared with existing interactive modelling strategies, the use of the map
as an affine view means that more accurate models can be produced more quickly
using fewer feature correspondences. Because all camera positions and scene
structure are determined simultaneously as the solution of a linear equation,
failure of the algorithm is far less common and time-consuming than in systems
relying on a sequential DLT plus bundle adjustment approach (like that in [1]).
Where the sequential approach fails it is necessary to repeat multiple time-
consuming bundle adjustment steps.

5.3 Plane Rectification

Many indoor scenes have planar ceilings and floors, and walls arranged at right
angles to each other. This allows us to use the plane rectification technique in
[12] to obtain a plan view from photographs of a floor or ceiling such as Figure
Bli). The ceiling plan in Figure[B{ii) is obtained (up to scale) from three rectified
photographs without any knowledge of camera focal length. This plan is used
like a map view in order to obtain the reconstruction in Figure [Bl(iii, iv) by the
approach described in this paper.

In general modelling indoor scenes is extremely difficult without calibrated
wide-angle (or panoramic) cameras. This difficulty arises because only narrow
baseline views can be obtained in cramped indoor conditions and degenerate
points are common (so that sequential camera registration approaches often
fail). By first obtaining a ceiling (or floor) plan we are able to model indoor
scenes with ease using a camera with unknown and varying focal length. Our
results are comparable with those produced using calibrated panoramas in [17].
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Fig. 3. (i, ii, iii) Three representative images from a sequence of 16. (iv) X,Y compo-
nent of recovered camera positions using the sequential approach compared with ground
truth. (v) A synthesised view showing camera image planes at consistent height.
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Fig. 4. Part of a large model of Downing College obtained using the approach presented
in this paper (before optimisation). This model was reconstructed from 30 photographs
obtained from sparse viewpoints using a camera with unknown and varying focal length
and a readily available 1:500 scale Ordnance Survey map. Projection matrices were
obtained as well as structure allowing reconstruction of points not shown on the map
(camera image planes are shown in black).

6 Conclusion

We have developed a practical system for making large-scale architectural models
from many uncalibrated images. By using a map along with prior knowledge of
which lines are vertical, we have shown that the wuncalibrated structure from
motion problem can be formulated as a simple linear equation. In the context of
an interactive system, this reconstruction approach succeeds where the sequential
approach fails and does not rely on overly restrictive assumptions about the
scene.

Although map information may be locally much less accurate than image
data (e.g. on the scale of a single building), it does provide a strong constraint
on absolute geometry. Thus, map information may be used in combination with
image data interactively to build much larger models than can be obtained using
images alone. This approach makes possible to build models of whole city streets
rather than simply a few buildings. An additional benefit is that models are
registered in an absolute (map) coordinate system.

The principal limitation of all interactive approaches to model building is the
amount of time required of the user. However, a number of techniques may be
used automatically to improve coarse models produced interactively (e.g. voxel
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Fig. 5. (i) One of three rectified photographs of the ceiling from which a complete map
(ii) was assembled. The map allows recovery of structure and camera position as the
solution of a linear equation. (iii) A synthesised novel view. (iv) Recovered structure
and camera positions (before optimisation).

carving [15] and template-based model fitting [7]). Critical to the success of
these techniques is a good initial guess at camera registration and structure.
Present work concerns supplementing fast interactive modelling techniques with
automatic ones.
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Abstract. Depth extraction with a mobile stereo system is described.
The stereo setup is precalibrated, but the system extracts its own mo-
tion. Emphasis lies on the integration of the motion and stereo cues. It
is guided by the relative confidence that the system has in these cues.
This weighing is fine-grained in that it is determined for every pixel
at every iteration. Reliable information spreads fast at the expense of
less reliable data, both in terms of spatial communication and in terms
of exchange between cues. The resulting system can handle large dis-
placements, depth discontinuities and occlusions. Experimental results
corroborate the viability of the approach.

1 Introduction

Stereo and shape-from-motion are among the dominant methods for 3D shape re-
construction. Both have been studied extensively in computer vision, but mostly
separately. Nevertheless, the two methods have much in common and an inte-
gration could follow rather naturally while bringing added value, such as less
sensitivity to occlusions and more robust convergence.

Similar as in the case of separate stereo or motion analysis, integrated ap-
proaches have used discrete features (e.g. points [Il2] or line segments [3]) or
dense correspondences (e.g. based on correlation windows [4], spatio-temporal
image gradients [5] or MRFs []). The method proposed here belongs to the lat-
ter category, as our extension to the PDE approach for optic flow by Proesmans
et al. [7] yields dense correspondences. This approach was an interesting point
of departure as it can handle large disparities and as it detects occlusions and
flow discontinuities. ‘Large disparities’ may also be relatively small in absolute
terms in that traditional optic flow methods tend to fail as soon as motions
are large compared to the granularity of scene texture. Our integrated approach
reinforces these advantages further, in contrast to earlier integrated approaches
which either neglect the detection of occlusions or are limited to small motion
displacements.

In our approach the occlusion detection is in fact part of a correspondence
quality estimation scheme, that determines the relative influences of the stereo
and motion cues. For instance, in cases where one but not the other suffers from

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 170-[I85] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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occlusion, the one least affected will take the upper hand. But this weighing
scheme is reaches farther than depth discontinuity and occlusion detection, in
that it guides the relative influences of both cues at every iteration and at every
pixel during the evolution towards the solution. This sets our approach apart
from earlier motion-stereo integration work.

Our method assumes a calibrated stereo rig (both the relative position of the
cameras and their internal parameters are known beforehand), that is moved
around with an unknown motion in a static environment. This motion is deter-
mined by the system. The parameters of the stereo rig are assumed to remain
known during the motion. In our experiments, they have been kept fixed. If
needed, one can do away with the rig calibration by using self-calibration meth-
ods for mobile stereo rigs [§8]. The paper describes the basic integration proce-
dure, where two subsequent stereo views are taken, i.e. four images in total. The
extension to a whole stereo video can easily be made.

Of course, the combined use of multiple views for 3D reconstruction is not
new. Bundle adjustment is a well-established technique to achieve exactly that. It
improves both the 3D reconstruction and the camera calibration by exploiting
the data provided by multiple cameras. However, whereas bundle adjustment
basically takes the given feature correspondences for granted and tries to explain
away visible deviations through adaptations to both camera parameters and 3D
structure, the proposed approach is geared towards updating and coupling the
correspondences themselves based on all the image data. It therefore plays a
complementary role and acts at an earlier stage of the 3D reconstruction process.

The paper is organized as follows. Section 2] introduces some notations and
explain the calibration of the stereo rig. Section Bl describes preparatory steps
for the search of corresponding points within the single cues. Emphasis is on the
introduction of a depth related parameterisation that facilitates the combination
of information over multiple images and between cues. Section Hl discusses the
integration of stereo and motion into a single scheme to extract depth and rig
motion. Section [ gives experimental results. Finally, section [ concludes the

paper.

2 The Stereo Setup

Our experimental setting consists of two video cameras mounted on a stereo rig
at a distance of approximately 0.2 m. We choose the left camera center to be
the Euclidean coordinate center. A 3D point denoted by X = (X,Y,Z,1)T is
projected to left image coordinates x; = (z;,y;,1)7 and right image coordinates
X, = (2p,yr, )T throug :

Aixp = K [I[0]X (1)
Ax, = K. [RT| - RTt]X (2)

! In the following we will use the vector sign to describe non-homogeneous pixel co-
ordinates x; » = (z1,r, Yi,r)



172 C. Strecha and L. Van Gool

where K; and K,. denote the left and right camera matrices, R is the 3 x 3 rota-
tion matrix specifying the relative orientation of the cameras and t = (¢, t,,t.)7
is the translation vector between the two cameras. The camera calibration ma-
trices K are described by:

[ s o
K=10af y (3)
00 1

where f denotes the focal length, (zo,yo) is the principal point, s is related to
the pixel skew and a is the aspect ratio. When dealing with real cameras the
above projection equation ([[) will be perturbed by radial distortion of the lens.
This can be modeled by the following equation [9]:

@, = xq+ Eq(ki]|Eal]® + ko||#a||*)

Tg=xq—cC (4)

Lq

where x,, is the unmeasurable undisturbed 2D point on the image plane and x4
the measured distorted point. We allow in this model the center of distortion ¢
to be different from the image center. In our experiments the radial distortion
was estimated and corrected (x = x,,).

Calibrating our system consists of extracting the internal camera parame-
ters for each camera and the geometric relation between the two cameras. For
the calibration we used a calibration box with 140 circles with known relative
3D coordinates. The center of each circle was computed by an ellipse fit to the
Canny edge map. Assuming ellipses and using their centers is reasonable, since
the circles are small compared to the image size (so that the ellipse centers
correspond well to the projected circle centers and the radial distortion can be
neglected). We used a stereo pair of the calibration box as well as one image of
the box for each camera separately, with the box completely filling the whole
image in the latter case. The last two images were added to get a better re-
sult for the radial distortion. For these calibration images we have 42 unknown
parameters: the rotation and translation of the calibration box with respect to
the first camera and the rotation + translation between the two cameras (12),
the rotations and translations of the box when taking the separate, per camera
images (12), 4 A parameters, one calibration matrix per camera (10), and finally
2 radial distortion parameters per camera (4). We solve this nonlinear system
by a Levenberg-Marquardt minimization.

3 Single Cue Correspondence Search

PDE based methods have been shown to give good results for stereo and optical
flow correspondence search [TOJ7ZJITIT2IT3]. They are in general not dependent
on preprocessing stages (feature point or line segment extraction) and provide
directly a dense correspondence map. We use the PDE based approach proposed
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by Proesmans et al. [7]. They propose a system of 6 coupled, non-linear diffu-
sion equations that in effect yield not only the disparities but also discontinuity
maps indicating depth discontinuities as well as parts visible to only one of the
cameras (occlusions). The high number of equations is due to the symmetric ex-
ploitation of the two images: the system embarks on a simultaneous 1st-to-2nd
and 2nd-to-1st image correspondence search (in the sequel referred to as forward
and backward schemes). Another feature is the ‘bi-local’ nature of the differen-
tial computations, i.e. spatial and temporal derivatives at two different positions
in the two images are combined. This has to do with the division of the disparity
or motion displacement into a current estimate plus a residue, which gradually
declines during subsequent iterations. The current estimate yields an offset be-
tween the points at which derivatives are taken in the two images. Working with
residues allows to better linearize the problem for large disparities, an argument
with the assumptions underlying the optical flow constraint equation. A similar
strategy is followed here. In that respect our approach differs from others [56].

PDE methods often are expensive in terms of computation time, and may
get stuck in some local minimum. Both problems can be reduced. Weickert et
al. [14] used semi-implicit discretisation schemes to lower the computational ef-
fort. Multi-resolution techniques can help to find the global optimum [15/14].
The change to a semi-implicit and multi-resolution implementation of the origi-
nal equations by Proesmans et al. [7] is a first modification to their system that
we propose. A second is the use of epipolar geometry. In the original system
epipolar geometry was not used. It is only along these lines that correspondence
search proceeds, reducing the number of PDE’s for correspondence search be-
tween single image pairs from 6 to 4.

The choice of a common parameter value for all corresponding points in the
four images, where the paramtererisation runs along the epipolar lines and is
directly related to depth, facilitates our integration of stereo and motion.

Depth parameterisation for stereo related views. We assume that the
translation and rotation between the stereo cameras is known from precalibra-
tion. From eqgs. (I] 2]) the epipolar lines for the two cameras can be derived. It
follows for corresponding image points x; = (7,4, 1)7 and x, = (2, %, 1)T

A S K, t
- Xr = K, RK; "x; + — (5)
with £ = —RTt and R = R”. The stereo correspondence is divided into a

component that depends on the rotation and pixel coordinate (according to the
homography H = K,.RKl_l) and a depth dependent part that scales with the
amount of translation between the cameras. For the left image the parameter-
isation of the corresponding point along the epipolar line in the right image is
realized by I"(x;, d) starting from the point Z = oo and going in the direction of
the epipole K, t (see fig. [T]). Points along the epipolar lines will be parameterised
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5

Fig. 1. Parameterisation of the correspondence for a point x; in the left image at the
first time instance for stereo and motion related views

with d = %, i.e. a depth related parameter. In pixel coordinates this gives:
H[1]x, K, [1]t

(s ) 4 (i ol .

H[3]Xl + dt, )

HJi] is the 3-vector for the i th row of the homography H and similarly for
K, [i]. This parameterisation differs from the one advocated by Alvarez et al.
[12], which is less directly coupled to depth.

lr(:ltl, d) =

Depth parameterisation for motion related views. To make use of the
epipolar constraint that is also present in motion related views (we assume a
static environment) the rig motion has to be estimated. For that purpose we
have extended the instantaneous motion model described in [16/17] to the gen-
eral case of non-square and skewed pixels. Similar calculations provide us with
the 6 motion parameters p = (Q,t)7 = (2, 2y, 2., t,,t,,t.)T where the first
3 represent the rotation angles about the corresponding axes and the last 3 the
translation components along these axes. The extraction of these motion pa-
rameters from motion correspondences is discussed in the next paragraph. The
displacement for each pixel can then be expressed as a function of the depth
related parameter d and the motion parameters:

u=Qn+dQ;t = Qp (7)

Ty 72 sTY T 2§ ~

Qq = < af T8 ST ‘?+9fy> Q- (‘f s ”f) ®
af +4 e, gy 0 —afy

where T = z—xg and § = y—yo are the centered image coordinates. Fig. []shows

this parameterisation, which is very similar to that of stereo. In the following

we describe the motion correspondence by m(x,d). For a pixel ; € I! the

corresponding pixel in image I} (see fig. [[lZ) parameterised by d is:

mb(z;,d) =z + QR + dQut (9)

ISE
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Camera motion estimation. Following eq. (@), the motion displacements
(correspondences) of the pixels and the motion parameters p can be extracted
by an iterative process. Suppose we already have an estimate of the displacement
vector ug. In the same vein as the offset 4+ residual description of optical flow
by Proesmans et al. [7], we split the displacement in a current estimate and a
residual u, = u — ug. The introduction of wuy is especially important for large
displacements, for which we could not otherwise truncate the O(u?) terms from
the Taylor expansion of w. Assuming Lambertian surfaces and hence identical
intensities for corresponding pixels, we have

812(.’13 —+ UO)

I(x) = L(x+uy+u,) = L(x+uy) + 5% U,

(10)
Setting u, = Qp, = Qp — up and assuming that Q is known (it is because the
depths at each pixel (dy) obtain a value at each iteration in our final system),
we look for those p that minimize the integral:

ol (x +u 2
[ (5@ - ne+ ) - 225 Qp - w)) o
xef
This yields
Ap=bDb (11)
A=) Q"I5,1.Q, b=> Q'L (I(x) - L(z + uo) + lru)
xef xes?

where o )

I>(x + ug
Iy, = 222 T 20) 1

and where we sum over some image domain (2. This will later include all pixels
with sufficiently good confidence scores for their correspondences.

4 Integration of Motion and Stereo

Our integration of stereo and motion takes the form of a single system of equa-
tions. This system yields dense scene depths, their discontinuities and occlusions,
and the motion of the stereo rig. The evolving functions for inverse depth and
motion are initialized to zero.

For the given image configuration (see figure [2)) pixels in an image can typ-
ically obtain a depth through both stereo and motion based reconstruction.
Exceptions are those that fall victim to occlusions in one or both of these cues.
These two depths ought to be the same, and hence corresponding pixels in the
two other images are expected to obtain equal epipolar parameter values (d for
stereo = d for motion). Armed with these expected equalities (see fig [2) and
exploiting the stereo and the motion companion views, the inverse depth d is



176 C. Strecha and L. Van Gool

Stereo pair 2

121 - 121(d 2r) 12r
L)
Motion
r112l d ll) m ll (d 21) m,'(d")| | m"(d,") Parameters,
Epipolar
‘ Lid Geometry
1,7d o
Il1 Ir

Stereo pair 1

Fig. 2. Stereo disparity relations: [(d), m(d) are the stereo and motion correspondences
eq.[6 and

solved through the iteration of a system of coupled, non-linear diffusion equa-
tions, & la Proesmans et al. [7]. As a matter of fact, such a system is solved for
each of the four images, but their systems are coupled. In the case of image I}
the system takes the following form (at each pixel):

od}
aTl = div(6(c>™)Vd')
_ ’Y(cs) s(rs(ql _ gl s
7(05) _‘_,Y(Cm) )‘Iw(‘[w(dl dl()) +It)
’Y(Cm) m(rm (gl l m
- (] — 1
’}/(CS) +’Y(Cm))\ x ( x (dl le) + 1y )
oc’ . N1 s
8Ct = pV2c* + 2a(1 — ¢*)|C¥|
aa% = pV2e™ 4 2a(1 — c™)|C™|

(13)

As mentioned, these are variations on Proesmans et al.’s [7] equations and the
reader is referred to that reference for a detailed description. The superscripts
()™* are related to the motion or stereo pair, resp. The expressions I}", I} replace
the temporal derivative of intensity in the traditional optical flow constraint, an
adaptation due to the formulation in terms of residual motions, I, I are spatial
derivatives of intensity, taken here along the epipolar lines. The definitions for
x; € I} are:

I = I () — Iy(miy(x, dy)), I = Ty () = 17 (1 (200, dy )

_ ol (mi (@i, diy)) OIf (15 (w1, di )

Lz od od ’

s _
7Im_
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Fig. 3. Two stereo pairs (left and right images) at the first (bottom (1%, IT)) and the
second (top (I}, I3)) time instance

where I7(z;,d} ) and mb(z;,d’,) are the positions of the corresponding points
for stereo and motion using the previous estimate dllo of the parameter value.
Every pixel in image I! also has confidence measures ¢* and ¢™ for its stereo and
motion correspondences, resp.. Values close to 0 mean high confidence, values
close to 1 low confidence.

The first equation governs the evolution of the depth related parameter d!.
The first term is an anisotropic diffusion term. It blocks diffusion (smoothing)
from places with a lower confidence in their correspondences. In a typical it-
eration process most places start out with low confidences, but at the end low
confidence values (cs close to 1) tend to cluster near discontinuities and oc-
clusions. More explanation is given later. The second and third terms impose
optical flow constraints on the stereo and motion correspondences, resp. Simi-
larly as with Proesmans et al.’s system, the formulation is in terms of residual
displacements rather than complete displacements. The rationale is as said: the
correspondence search becomes more amenable to linearization. The two terms
are weighted with factors. The weight of the second term increases with the
confidence in the stereo correspondence of that pixel, giving more importance to
the depth (1/d) suggested by the stereo cue. The third term acts similarly, but
for the motion cue. The function « in these weighting factors is given by:

CEEIC (15)
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They are high for high confidences (i.e. low ¢"™*). The relative confidences put
in the stereo vs. the motion correspondence guide the relative influence that
these cues get in the correspondence search. These relative values can change
over time (over iterations) and from one pixel to the next.

The evolution of the confidence measures ¢"® in the second and third equa-
tions is driven by the vectors C"™ and C?. They measure the difference between
forward and backward flow in the stereo and motion direction, respectively. In
the normal case of a pair of corresponding points, the extracted displacements
for the first with respect to the second — forward flow — and the second with
respect to the first — backward flow — are equal but of opposite sign. Hence,
when summed the two displacements will cancel each other out. The C’s rep-
resent these vector sums. Large |C| yield values of ¢ that are close to one — its
maximal value — whereas at other places ¢ tends to zero. Hence, ¢ actually quan-
tifies the inconsistency between the forward and backward flows. Its restriction
to the interval ¢ € [0,1] is realized by the factor (1 — ¢). The interested reader
may note that we actually simplified the 2nd and 3rd equation with respect to
those proposed by Proesmans et al. [7] without loss of performance. A sepa-
rate inconsistency measure ¢ and c¢® is extracted for the motion and the stereo
pair, resp. The use of this forward-backward regularization scheme is - different
from usual optical flow techniques - important here. Since it is not only used to
block smoothing but also to weight stereo and motion according to it’s ability
to extract depth especially near occlusion. However, other regularizers could be
added with small contribution.

Although inconsistency values are calculated for all pixels separately, their
surroundings matter as the 2nd and 3rd equations also contain a diffusion term.
Referring to the first equation, its anisotropic diffusion coefficient §(c™*) is con-
trolled by the inconsistencies (¢™,¢®). The role of this coefficient is to prevent
smoothing across depth edges or incorrect displacements being spread towards
neighbouring pixels. Since the corresponding pixel can be occluded in one neigh-
boring image but not in the other, information exchange for the image pair with
good correspondences should persist. This is realized by taking the maximum
of v(¢"™) and ~(c®). Subsequently, these maximal values are normalized as to
sum to one over the 4 neighbors of a pixel and the result is called 6(¢*™). The
reason behind this normalization is to make sure that diffusion does not stop
completely in all directions simultaneously, as this can keep the system from
evolving towards the solution at the early stages.

The overall system of equations that is solved, consists of the forementioned 3
equations for each of the four images. Additional to this an update of the motion
parameters p; , for the left and right camera is done after each iteration. For
the calculation we combine forward and backward motion since they are related
by (R'2,t12) = (R2!", —R2!"¢2!). This is reflected by the following relation
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Fig.4. Left: Depth map (black pixels on the edge of the little wall indicate sharp
discontinuities); Right: Inconsistency, hight confidence pixels in black, low confidence
pixels in white (discontinuities). Dark gray corresponds to low confidence regions for
stereo only (occlusions), light gray for motion only

between the instantaneous motion vectors:

012 2 -100 0 0 0
0L 23 0-10 0 0 0
02 2 00-1 0 0 0
t;Z =G til ’ G = 0 0 0 1 9;2 912 (16)
t%ﬁ 21 00 0 N2 —1 -0
t12 té’l 00 0-02 02 -1

Using eq. (), the common motion vector p'? is estimated from:

A12 ] 12 |:b12:|
p°= (17)
[A21G 6x12 b21 1x12

The input to this (remember eq.[I2 and eq. ) contains the current estimate of the
inverse depth. As described by eq. [T we sum over appropriate domains. These
contain all pixels with confidence values ¢® and ¢™ that are below some threshold
(0.15 in our experiments). In other words, only pixels with high confidence for
both (motion and stereo) correspondences contribute to the extraction of the
rig’s motion.

A coupling between the left and right motion parameters is therefor realised
by the coupling of the depth values. Additional constraints between left and
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Fig. 5. Pure stereo results; Left: depth map for the dynamic path algorithm; Right:
depth map for left the algorithm described in section[3, black pixels have low confidence
(e.q. occlusion).

right camera motions can be imposed in the case of a fixed stereo rig. We intend
to relax the condition that the stereo rig has to be fixed, only requiring it to be
calibrated at the start and, hence, have not used this additional constraint at this
point. The total system consists of 14 equations. First, for the four images the 3
equations (I3) yielding the depths and inconsistency measures (discontinuities
and occlusions) are iterated one in turn (12 equation). Then, with the resulting
update for the depth values, a new estimate of the cameras motion is calculated (2
equations of type[I7)). This results in new epipolar constraints, that are fed back
to the 12 equations for the next iteration. As mentioned we used Weickert’s [14]
semi-implicit discretisation for the sake of fast convergence.

5 Experimental Results

We tested the method on real images taken by two Sony DCR-TRV900E cameras
with an image size of (360 x 288). We discovered a serious radial distortion and
corrected for it in a preprocessing stage. The inverse depths and the motion
vector (d and p) were initialized with zero and estimated in a coarse-to-fine
manner over 6 pyramid levels. Figure Blshows the 4 input images.

For the sake of comparison, fig [0l gives the results for the determination of
depth based solely on the initial stereo pair. The image on the left is the depth
map obtained from correspondences obtained with our dynamic path search
algorithm [I8]. The middle and right images show the results of the forward
and backward schemes of our modified Proesmans et al. [7] algorithm. It yields
better results than the other method, but still shows some gaps and part of the
depth discontinuities remain undetected.

The results for the left and right cameras of the integrated system are shown
in figured One can see on the left the inverse depth maps (d} (top), d} (bottom))
for the images I! and I] and on the right the corresponding inconsistency maps
¢®, " for these images (confidences, with bright meaning low and dark high).
Comparing these results with the results from single stereo (see figure ), we can
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Fig. 6. 3D model from image I!; left: model right with added texture

conclude that the system is better able to assign good depth values to pixels
that have no correspondence in the stereo partner image. The left part of the
scene and the occluding parts behind the wall got their depth from the upward
motion of the left camera. The occlusions to the motion / stereo partner are
marked (light gray / dark gray) in the inconsistency maps of fig. [ The same
can be seen in the depth map for the right image I7: the occluded part on the
right of fig. Bl got its depths from the motion system. In conclusion, depth is
recovered of more points than in the single stereo case. This is not surprising as
we used more images. Nevertheless, this result shows the success of this motion-
stereo integration scheme, as a system that is able to decide whether stereo or
motion cues should be used for 3D estimation.

A second observation is that the integrated system yields better defined depth
discontinuities (bright values in the inconsistency map on the right). Moreover,
where disparities get large, pure stereo (fig. Bl) had problems with local minima.
This can be seen at the lower left part of the image, where the recurrent stone
texture contains a lot of possibilities for wrong matches, and also near the top
right part of the wall, with hardly any texture in the direction of the epipolar lines
(nearly horizontal). These problems are alleviated by the integrated approach
since the epipolar lines for both cues are typically not parallel and therefore
contain complementary information. Pixels in white in fig. ll are those where we
have discontinuities with respect to both (stereo and motion) correspondences.
These points form the anisotropic diffusion coefficient 6(c™*).

Fig. Bl and [0 show views of the 3D model. In the last figures we added the
simplified ground truth for the scene (measured with a ruler). The depth dis-
continuities in the 3D model correspond to the discontinuities d(¢™*). The dis-
continuities are an explicit part of the output and are not extracted post factum
through edge detection in the depth map, as e.g. in [5]. They are of a better
quality that way, certainly in scenes like this one with several planes almost or-
thogonal to the image planes. All these planes yield high gradients in the depth
map and tend to yield many spurious ‘discontinuities’ through depth edge detec-
tion. The 3D reconstruction is quite precise. For instance, the stone structures
of the small wall close to the cameras come out well. This precision points at
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Fig. 7. Views of the 3D model from image I!; ground truth top view, model top view,
combined ground truth and data; right: zoom on the wall in front with added ground
truth

the subpixel accuracy of the correspondences. For this stereo rig at a distance of
2m a match + one pixel corresponds to a depth change of + 2.5cm. We did not
retrieve such detail when all correspondences were retrieved with our dynamic
path search algorithm [I8] The whole scene also lines up well with the ground
truth. However, there are still some mistakes in the reconstruction. Some pixels
at the back wall appear to be more to the front than they should. These pix-
els didn’t have a correspondence in the stereo partner. Another mistake is the
connection between the wall on the right and the back wall. There the motion
inconsistency measure ¢™ was not able to find the discontinuity (see also fig. [)).
The result was obtained after 10 minutes (image size 360 x 288, PC 700 MHz).

In fig. Rlwe show the result for an indoor scene. By comparing the result with
the result from single stereo in fig. B[bottom) for both time instances one can
see that it would not be possible to achieve the result of the combined approach
by combining the two depth maps from single stereo. Especially the part behind
the table is wrong in both single stereo depth maps. This said, in this case also
the combined approach could not prevent that some errors occur. The depth
discontinuity between the table cloth and the floor remains largely undetected.
This is due to the fundamental problem that the floor is essentially untextured.

The computation time for this example was less than 4 minutes. This time
again included the computation on all pyramid levels and the extraction of the
full depth, inconsistencies and motion parameters for all 4 images up to image
size 160 x 120.

6 Summary and Conclusions

We have proposed a scheme to integrate depth extraction from stereo and mo-
tion. A precalibrated stereo rig was moved with an unknown motion. The point
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Fig. 8. Top right: Depth map with the proposed approach; Bottom: Depth maps for
the indoor scene from single stereo at first (left) and second (right) time instance

of departure of our integration was a PDE scheme for the extraction of corre-
spondence between pairs of images, as introduced by Proesmans et al. [7]. It has
the advantage that it detects discontinuities in the disparities or motion fields as
well as occlusions. It can also deal with large displacements and it yields good
precision.

We have modified this scheme in a number of important ways. First, we
have shortened the processing time substantially by using Weickert et al.’s [14]
semi-implicit discretisation, by restricting the search along epipolar lines, and
by applying a multi-resolution approach. This reduces the time from hours to
minutes. The latter alteration also resulted in higher robustness, e.g. against am-
biguities in the case of periodic textures. Secondly, we have adapted this scheme
for the integration of motion and stereo. On the one hand, we have introduced a
very direct coupling that was guided by the dynamic, relative weighing of both
schemes at every pixel and at every iteration. This allows our method to really
get the best from both cues. On the other hand, we have used inverse depth as a
common parameter for all correspondences, which facilitated the direct combi-
nation of matches coming from the different cues and which directly yields the
valuable depth of points.

We plan to extend this work in a number of directions. Stereo videos rather
than two subsequent stereo pairs will be processed. Static scenes will be replaced
by scenes with independently moving objects. It is there that having stereo vision
really pays off, as the scene is always static as far as the stereo image pairs are
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concerned (one moment in time). The stereo rig will be made variable, so that
the vergence and focal lengths can be changed. Finally, we plan to improve the
correspondence search under variable lighting conditions and in the presence of
specular reflections.

Acknowledgment. The authors gratefully acknowledge support by
K.U.Leuven GOA project ‘VHS+’ and EU IST project ‘CogViSys’.

References

[1] F.Dornaika and R.Chung: Stereo correspondence from motion correspondence.
CVPR, vol. 1, pp. 70-75, 1999.

[2] P.K.Ho and R.Chung: Stereo-motion with stereo and motion in complement?
PAMI, vol. 22, no. 2, pp. 215-220, 2000.

[3] Z.Zhang, Q.T.Luong, and O.Faugeras: Motion of an uncalibrated stereo rig: Self-
calibration and metric reconstruction. IEEE Trans. Robotics and Automation,
vol. 12, no. 1, pp. 103-113, feb 1996.

[4] R.Mandelbaum, G.Salgian, and H.Sawhney: Correlationbased estimation of ego-
motion and structure from motion and stereo. ICCV, pp. 544-550, 1999.

[5] G.P.Stein and A.Shashua: Direct estimation of motion and extended scene struc-
ture from a moving stereo rig. CVPR, pp. 211-218, 1998.

[6] G.Sudhir, S.Banerjee, R.Bahl, and K.Biswas: A cooperative integration of stere-
opsis and optic flow computation. J. Opt. Soc. Am. A, vol. 12, pp. 2564, 1995.

[7] M.Proesmans, L.Van Gool, E.Pauwels, and A.Oosterlinck: Determination of op-
tical flow and its discontinuities using non-linear diffusion. ECCYV, vol. 2, pp.
295-304, 1994.

[8] A.Zisserman, P.A.Beardsley, and I.D.Reid: Metric calibration of a stereo rig. In
Proc. IEEE Workshop on Representation of Visual Scenes, pp. 93—100, 1995.

[9] G.P.Stein: Lens distortion calibration using point correspondences. CVPR, pp.
143-148, 1997.

[10] J.Shah: A nonlinear diffusion model for discontinuous disparity and half-occlusions
in stereo. CVPR, pp. 3440, 1993.

[11] M.Proesmans, E.Pauwels, and L.Van Gool: in Geometry-driven diffusion in com-
puter vision, ed. Bart M. ter Haar Romeny Kluwer, 1994.

[12] L.Alvarez, R.Deriche, J.Sanchez, and J.Weickert: Dense disparity map estimation
respecting image discontinuities: pde and scalespace based approach. Tech. Rep.
RR-3874, INRIA, 2000.

[13] J.Weickert and C.Schnorr: Variational optic flow computation with a spatio-
temporal smoothness constraint. Tech. Rep. 15, University of Mannheim, 2000.

[14] J.Weickert, B.M.ter Haar Romeny, and M.A.Viergever: Efficent and reliable
schemes for nonlinear diffusion filtering. IEEE Transactions on Image Processing,
vol. 7, no. 3, pp. 398-410, 1998.

[15] D.Marr and T.Poggio: A theory of human steropsis. Proc. Royal Soc. B, vol. 204,
pp.- 301-328, 1979.

[16] D.J.Heeger and A.D.Jepson: Subspace methods for recovering rigid motion
T:algorithm and implemenation. IJCV, vol. 7, no. 2, pp. 95-117, 1992.

[17] M.Irani: Multi-frame optical flow estimation using subspace constraints. ICCV,
pp. 626-633, 1999.



Motion — Stereo Integration for Depth Estimation 185

[18] G.Van Meerbergen, M.Vergauwen, M.Pollefeys, and L.Van Gool: A hierarchical
stereo algorithm using dynamic programming. IEEE Workshop on Stereo and
Multi-Baseline Vision, pp. 166-174, 2001.



Lens Distortion Recovery for Accurate
Sequential Structure and Motion Recovery

Kurt Cornelis*, Marc Pollefeys*, and Luc Van Gool

K. U. Leuven, ESAT-PSI
Kasteelpark Arenberg 10
B-3001 Leuven-Heverlee, Belgium
{kurt.cornelis, marc.pollefeys, luc.gool}@esat.kuleuven.ac.be
http://www.esat.kuleuven.ac.be/ “kcorneli
http://wuw.esat.kuleuven.ac.be/ pollefey

Abstract. Lens distortions in off-the-shelf or wide-angle cameras block
the road to high accuracy Structure and Motion Recovery (SMR) from
video sequences. Neglecting lens distortions introduces a systematic
error buildup which causes recovered structure and motion to bend and
inhibits turntable or other loop sequences to close perfectly. Locking
back onto previously reconstructed structure can become impossible
due to the large drift caused by the error buildup. Bundle adjustments
are widely used to perform an ultimate post-minimization of the total
reprojection error. However, the initial recovered structure and motion
needs to be close to optimal to avoid local minima. We found that
bundle adjustments cannot remedy the error buildup caused by ignoring
lens distortions. The classical approach to distortion removal involves
a preliminary distortion estimation using a calibration pattern, known
geometric properties of perspective projections or only 2D feature
correspondences. Often the distortion is assumed constant during
camera usage and removed from the images before applying SMR
algorithms. However, lens distortions can change by zooming, focusing
and temperature variations. Moreover, when only the video sequence
is available preliminary calibration is often not an option. This paper
addresses all fore-mentioned problems by sequentially recovering lens
distortions together with structure and motion from video sequences
without tedious pre-calibrations and allowing lens distortions to change
over time. The devised algorithms are fairly simple as they only use
linear least squares techniques. The unprocessed video sequence forms
the only input and no severe restrictions are placed on viewed scene
geometry. Therefore, the accurate recovery of structure and motion is
fully automated and widely applicable. The experiments demonstrate
the necessity of modeling lens distortions to achieve high accuracy in
recovered structure and motion.
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1 Introduction

1.1 Previous Work

Much research exists that acknowledges the importance of modeling lens distor-
tions. Most papers determine lens distortions using calibration patterns [2J3l[7]
13IT4[15], known geometric properties of perspective projections [2/4|8I9/11112]
or 2D feature correspondences [BI9/T0JT7]. After this pre-calibration, the distor-
tions are often assumed constant during the remainder of the camera usage, a
valid assumption if no zooming or focusing is performed. However, when only
the video sequence is available a preliminary calibration is often impossible and
other ways to recover lens distortions are needed.

Lens distortions are mostly considered after the application of an ideal pin-
hole projection model. Some work also exists to include distortions implicitly in
projection equations using intermediate parameters without physical meaning
[[4]. The extraction of the distortion parameters from the latter, e.g. to undo
or add the same distortion to computer generated graphics which need to be
incorporated in Augmented Reality, is often difficult and not well conditioned.
This is due to the strong coupling between intrinsic, extrinsic and distortion
parameters. As several authors [2/9/10/15] stated, this coupling can result in
unacceptable variance of the recovered parameters. Therefore, a decoupling of
the projection equations in a part modeling ideal pinhole projection and a part
modeling lens distortions is used by [4/15].

This paper is most closely related to [T5] but presents a new way to sequen-
tially determine lens distortions together with structure and motion from a video
sequence without preliminary calibration using calibration patterns or specific
geometric scene properties. Due to this sequential nature, the lens distortions
are also allowed to change over time as can happen in reality.

1.2 Overview

A first section will describe the camera projection model. Subsequently, the esti-
mation of all parameters given 3D-2D correspondences is explained. The model
consists of a pinhole projection part and a lens distortion part. The estima-
tion of both are realized iteratively, each described in a separate section. This
estimation needs initialization which is considered in a following section. Ex-
periments demonstrate the importance of modeling distortions, we finish with a
short summary and propose future research topics.

2 The Camera Model

The model describing the projection process from 3D scene points to 2D im-
age coordinates consists of several sequential steps, shown in Figure [[l First, a
projection takes place according to the classical pinhole model.

my ~ PpM, (1)
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Fig. 1. The camera model from left to right: First, the 3D space is projected onto an
image plane II, with a pinhole camera. Next, this plane is transformed with K;l to
yield the ideal image plane II;. In the ideal image plane the radial distortion factor
is applied to give coordinates in the distorted image plane I14. Finally, this plane is
transformed back using K4 to end up in the real image plane I7,.

P, = K,[R"| - R"{]

Ip Sp up
K,=1|0r,fp vp
0 0 1

in which M, = (X,,Y;, Z,, W,)T and m, = (2, y,, w,)T are the homogeneous
coordinates of the 3D point and its projection onto the pinhole image plane IT,,.

P,

is a 3 x 4 matrix and ‘~’ denotes that () is valid up to a scale factor. P,

can be decomposed in internal and external calibration parameters. K, is called
the calibration matrix which contains the focal length f,, the pixel aspect ratio

Tp,

the skew s, and the principal point (up,v,). R and t determine the rotation

and translation in world coordinates.

Next, the distortions transforming the ideal pinhole image into an image

that conforms more to real images are modeled. Various distortions exist [L6]
but radial distortion, described by the following model, is the most prominent.

1.

Using a distortion calibration matrix similar to K, transform the pinhole
image coordinates m,, to the ideal image plane II; where the radial distortion
center equals (0, 0).

m; =K' 'my, (2)
fa 84 uq

Kg= |0 rqfqva
0 0 1

K can differ from K, as cameras can be recovered in a projective framework
in which K, has no physical meaning. While radial distortions take place
around the physical optical axis, the principal point (u,,v,) cannot be used
as the distortion center. K, is therefore considered the Euclidean version
of K,. As in modern cameras the skew is negligible and aspect ratio is
practically 1, we can fix sq and r4 to 0 and 1 respectively while keeping
the distortion center (ug,vq) and focal length fy variable. As shown in [4]
9], the latter allows to model de-centering distortions together with radial
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distortions. Note, however, that all parameters could be made variable if
desired.

2. Next, a radial distortion is applied to m; to yield the distorted image coor-
dinates mgy in the distorted image plane I1,.

mgq = my; X radfactor

n
radfactor = Z kjr2

J=0

with r; = (/22 + y? (3)

where k; are the radial parameters. The model for radfactor is common
in literature except that we take ky not to equal 1 but make it act as a
parameter for a reason later explained. A decreasing radfactor for increasing
r; introduces barrel distortion; otherwise it introduces pincushion distortion.

3. Finally, the distorted coordinates mgy are transformed with Ky to yield the
final real image coordinates m,. in the real image plane II,..

my = Kdmd (4)

An ambiguity exists between the radial parameters k; and K. Scaling fq and
sq with sc results in scaling the ideal image plane II; around the distortion center
with sc¢~!. Therefore, radfactor has to remain unchanged to obtain identical m,.
after distortion. In equation (3) only r; is scaled, but an appropriate change of
k; can compensate this, hence the ambiguity. To resolve the ambiguity fq and
sq will be scaled such that every m; will lie in the range [—1, 1] in IT;. This will
condition algorithms for numerical stability.

Above we stated that strong parameter coupling can result in unacceptable
variance of the recovered parameters. This has to be clarified as an ambiguity is a
perfect coupling. Suppose two parameters describe an ambiguity, as in a X b = ¢
where ¢ is a constant an increase in a can be compensated by a decrease in
b. The camera model estimation, explained in the following sections, consists
of separate steps in which some parameters are held constant at each step.
Therefore, fixing one parameter during a step automatically determines the value
of the other parameter with which it forms the ambiguity, avoiding any danger
of large parameter variances.

3 Camera Model Estimation

During sequential Structure and Motion Recovery from video sequences we ad-
vance each time by calculating the camera pose for the current frame given
3D-2D correspondences (M., m,.), as explained in [I]. Given the 3D-2D corre-
spondences, we wish to minimize the following error:

. l . 1\\2
nun (mr —proj (Mr))
P, K.k zl:



190 K. Cornelis, M. Pollefeys, and L. Van Gool

in which proj() denotes the total projection, described in section 2l and P,, K,
and k; are the parameters to be optimized. The error is the residual reprojection
error in the real image which forms the natural goal for minimization as this is
the only error visible to human observers.

The camera model consists of two parts; a first part models a pinhole projec-
tion; a second part describes lens distortions. We therefore opted to perform the
error minimization as an iterative process where each part is minimized while the
other is kept constant. As stated above, the coupling between all parameters is
strong if solved for in a single global optimization. The decoupling in this multi-
step iterative procedure reduces this problem and allows to use simple linear
least squares techniques. The iterative procedure has the following lay-out:

1. Initialize the distortion parameters Kq and k;.

2. Given the distortion parameters and m,, one can compute m,. In Figure [l
this corresponds to a motion from right to left towards the plane I7,,.

3. Given (M,,m,) correspondences estimate P, minimizing the residual repro-
jection error.

4. Given the projection matrix P, and M,, one can compute m,. In Figure [
this corresponds to a motion from left to right towards the plane II,,.

5. Given (my, m,) correspondences determine K, and k; minimizing the resid-
ual reprojection error.

6. Return to step 2 until convergence.

The initialization step 1 will be explained in section @l The following sections
clarify step 5 and step 3 respectively.

3.1 Lens Distortion Estimation

At this point a previous best pinhole camera matrix P, has been determined.
Given (myp, m,) correspondences, we look for the distortion parameters K, and
k; minimizing the following residual reprojection error:

. ! . 1\\2
min m, — distort(m )
K 2 ( (my)) (®)

in which distort() determines the second part (lens distortions) of the camera
model. The residual is expressed in the real image plane II,., the only plane in
which we can finally see the errors as all other image planes I, II; and I1; are
virtual. Substituting equations and (B) in (@) we get nonlinear equations in
the distortion parameters. However, given constant m;, we note that fixing Ky
gives linear equations in k;. Vice versa, taking k; constant yields linear equations
in the elements of K4. Therefore, another iterative solution surfaces:

1. Use the current Ky and P, to form a compound camera matrix which
projects a 3D point M, directly onto the ideal image plane I1;: P; = K;le.
Use P; to project all M, to their corresponding m,; which from now on are
assumed constant. Note that assuming m; constant is equal to fixing P;.
In the following steps K4 will change, requiring P, to compensate for this
change to keep P; constant. The altered P, will be determined in step 6.
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2. Given Ky and equations (3) and () we can determine k; minimizing (B
with linear least squares techniques.

3. Using k; and equation (B) we can distort all m; to their corresponding mg
in the distorted image plane I1,.

4. Given mg and equation () we can determine K4 minimizing (B) with linear

least squares techniques.

Return to step 2 until convergence.

6. Because m; and therefore P; were assumed constant and K, changed during
iteration, we update P, by extracting the new K, from P;: P, = K;P;

o

The use of parameter kg, in conventional radial distortion modeling taken to be
1, will now be explained. The camera matrix P, used in step 1 will have been
estimated before the lens distortions are updated in step 2—5. Therefore, P, will
have been estimated based on an image where radial distortion can be under-
or overestimated. This leads to a P, predicting well the 3D-2D correspondences
(M,,m,.) on a certain circle around the distortion center in II,.. But for barrel
lens distortions it will overestimate the predicted positions of m,. outside this
circle and underestimate them inside it and vice versa for pincushion distortions,
as shown in Figure Bl These over- and underestimations will be compensated for
by the estimation of the distortion parameters in steps 2 — 5. However, note that
the estimated radfactor should almost equal 1 on the circle for which P, already
fits best. By fixing kg to 1 we also demand radfactor to equal 1 at the distortion
center. As Figure [2 shows, this constrains radfactor (@) to be a non-monotone
function. However, we know that radial distortions in real lenses have a more
or less monotone function. Therefore, it is better to allow kg to be a parameter,
representing a scaling of the pinhole image plane II,, and the camera matrix P,
around the distortion center to achieve a monotone radfactor function as shown
in Figure B

3.2 Pinhole Camera Estimation

In this section the distortion parameters K4 and k; are kept constant and the
estimation of camera matrix P, using 3D-2D correspondences (M., m,,) is con-
sidered. Given m, and the estimated distortion parameters we can undo the
distortion to calculate their corresponding m,. The camera matrix P, which
minimizes

. 1 . 1\\2
min m,, — pinhole(M,. 6
B El (my —p (M) (6)

can be found by iteratively re-weighted least squares minimization [6] given the
previously estimated camera matrix P, as initialization. pinhole() represents
the pinhole projection model, described in (), and the residual error (@) is an
error living in the pinhole image plane II,,. Since the only image plane visible to
human observers is the real image plane II,., the residuals should be transferred
to the latter as also noted by [12]. Equation (B shows that in the neighbor-
hood of m,, the ideal image plane and the pinhole image plane is scaled with
radf actor E?:o k:jr?] to get to the real image plane. Therefore the residual of
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radius r radius r 4

pinhole
perfect fit

pinhole
perfect fit

radial factor ~

radial factor kO 1.001 1 0.99 1.001 1 0.99 k0

Fig. 2. Left: If the barrel distortion is underestimated the pinhole camera model fits
perfectly on a certain circle (thick) around the distortion center but underestimates
the distortion outside this circle (dark gray) and overestimates it inside the circle (light
gray). The dotted circles are predicted by the pinhole model, the solid circles are the
real distorted ones. The estimated radial factor will try to compensate these over- and
underestimations. Right: Same but now for pincushion distortion. In both examples
the radial factor is forced to create a bump in its curvature (solid curve) while the best
match would be the dash-dotted radial factor curve.

A )
. radius r
radius r

barrel pincushion
distortion distortion
radial factor radial factor
1.001 1 0.99 1.001 71N 0.99

Fig. 3. Left: Same situation as in Figure Bl but now the circles predicted by the pinhole
model are up-scaled in the image plane II, so that the distortion is an overestimation
everywhere. This makes it possible for the radial factor to be a monotone function of
the radius which is more natural for real lenses. Right: The same but now the dotted
circles predicted by the pinhole camera model are down-scaled.

m,, is scaled with exactly this factor to calculate its counterpart in the real image
plane. The new error measure then becomes:

min [radf actor(m;) *
P

(ml, — pinhole(M))]? (7)
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4 Initialization

The iterative multi-step estimation of all projection parameters needs an initial
starting point. Using a sequential Structure and Motion Recovery methodology
the projection parameters of each frame are estimated while running through
the video. Considering the time-continuity, we can take the previous frame’s dis-
tortion parameters as a starting point for the current frame. To initialize the
sequential recovery of structure, motion and distortion we use the same method
as described in [I] where two initial camera matrices P, are determined by
decomposing a Fundamental Matrix. This decomposition assumed the Funda-
mental Matrix to be estimated between two images with zero lens distortion and
therefore the initial distortion parameters for these cameras can be taken as:

fa 0 uq

Ki= |0 fgvq (8)
001

ko=1landVj#0: k; =0 (9)

The initial aspect ratio rq and skew s; are respectively taken 1 and 0 which
is reasonable for real cameras. The initial distortion center (ug4,vq) equals the
image center and the initial focal length f; is chosen such that the image corners
form a bounding box in the ideal image plane IT; which lies in the [—1, 1] range
for conditioning numerical algorithms.

Given a real camera with lens distortions, we therefore start from an initial-
ization which is not correct as both initial cameras are distortion free. However,
minimizing the reprojection error for each frame using the supplied distortion
parameters to remove any systematic error, the distortion parameters will most
often converge to the real ones. At this point we cannot provide any mathemati-
cal proof but the statement is backed up with extensive simulations on artificial
and real video sequences which show the relevance of modeling lens distortions.
When we dispose of the video camera we could use any available off-line tech-
nique that uses calibration patterns to find better initial values for the distortion
parameters.

5 Experimental Results

We conducted experiments on artificial and real-life video sequences to test the
usefulness of sequential modeling lens distortions during Structure and Motion
Recovery. First, an artificial sequence (500 frames, image resolution 720 x 576)
without lens distortions was created. The scene consisted of boxes positioned at
different depths. Figure [ shows the recovered Structure and Motion when no
radial distortion was estimated. It corresponds very well with the ground truth.
Next, we artificially added barrel lens distortions, which moved points in the
image corners with 25 pixels from their original position. At first we did not
try to recover the distortion which introduced a systematic error buildup in the
recovered Structure and Motion. Figure [l shows how the unmodeled radial dis-
tortion bends the recovered structure and motion. When we also tried to recover
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Y

Fig. 4. Left: Top view of the scene structure. Several boxes are placed at different
depths. Right: The recovered structure (upper dots) and motion (lower line) from an
artificial video sequence without radial distortions.
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Fig. 5. Left: The recovered structure and scene when radial distortion was present but
not modeled by the program. Right: The recovered structure and motion when the
radial distortion was also modeled as described in this paper. The camera moved from
right to left. As the system only converged after 200 frames the part of the structure
on the far right still shows some residual bending.

the lens distortions the distortion parameters converged after approximately 200
frames (Figure [B) and the recovered structure and motion resembles more the
ground truth as also shown in Figure Bl

Next, a second artificial sequence (image resolution 720 x 576) was made
to investigate the error buildup with or without modeling lens distortions. It
consisted of a turntable sequence of a teapot. Figure [f] shows the first frame of
the original and radial distorted versions. A single round trip counts 100 frames.
We performed ten round trips and therefore the total sequence consisted of 1000
frames. Due to periodicity the frames whose frame number are equal modulo
100 are the same. The error buildup during sequential Structure and Motion
Recovery is measured as the projection errors in cameras that are supposed to
be the same due to this periodicity. Equal cameras are supposed to project 3D
scene points onto the same image locations. However, this is not the case when
error buildup is present which can therefore be measured as the average projec-
tion error between ‘equal’ cameras. This projection error, expressed in pixels, is
calculated between cameras separated by one round trip (relative error buildup).
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Fig. 6. From left to right [frames 0,10,50,100,150 and 200]: The convergence of the
estimated radial factor (solid curve) towards the ground truth (dash-dot). The abscissa
represents the radius in the ideal image plane II;. The ordinate represents the radial
distortion factor radfactor.

Artificial sequences were made having no distortion, barrel distortion and pin-
cushion distortion. For each different kind of distortion the influence of the num-
ber of estimated radial distortion parameters was investigated (the number of
parameters are counted excluding parameter kg to correspond to more common
conventions). Table [T displays the results from which several conclusions can be
drawn. First, when radial distortion (barrel or pincushion) is present, not mod-
eling it leads to a large error buildup. When modeling the radial distortion it
converges except when 1 or 3 parameters are used to model the lens distortions.
Next, when no radial distortion was present the results also show that the best
error buildup was obtained if no radial distortion was modeled. However, mod-
eling it anyway the results did not completely deteriorate. Another important
conclusion is that two radial parameters are often sufficient for convergence as
the higher order terms only have a small contribution but using a higher number,
e.g. 6, does not necessarily introduce divergence. Actually, we suspect a trade-off
to exist. The exact ground truth radial distortion might be sufficiently modeled
using only a few parameters. In this framework, however, the radial distortion
needs to converge from an initial erroneous estimate to its final correct value.
This convergence is a dynamic event in which more degrees of freedom increase
the convergence rate. Once converged, a high number of parameters might lead
to modeling the residual noise instead of the physical underlying lens distor-
tions. The strange phenomenon that odd number of parameters 1 and 3 do not
converge still has to be investigated. Because of the complex interactions that
are involved in this sequential structure, motion and lens distortion recovery a
theoretical proof of convergence is very difficult. From the results, however, it
is clear that not modeling present lens distortions always leads to bad results
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Table 1. relative error buildup in pixels: frame 100x(i-1) - frame 100xi Radial calibra-
tion matrix Kq with fq = 461.025, rq4 = 1, sq¢ = 0 and (uq,vq) = (360, 288) on images
of resolution 720 x 576. The number of radial parameters are counted excluding k.

Scenario rad. param|i = 1| 2 3 4 5 6 7 8 9
barrel 0 16.55(16.91|16.87(17.13| 17.49 | 17.47 | 18.15 |18.57|18.62

ground truth 1 12.09|12.87|13.87|14.83| 15.66 | 16.95 | 18.71 |20.76|22.19
2 6.55 | 4.05|2.56 | 0.28 | 0.08 | 0.08 | 0.07 |0.07|0.06
ko = 1. 3 26.73|46.34|54.46|87.63|130.52(197.76|242.24|79.49|35.18
ki = -0.01 4 6.86 | 5.67 | 5.85|5.42 | 3.52 | 3.57 | 4.67 |5.06|7.45
ko = -0.01 6 3.0410.90|0.120.11| 0.08 | 0.06 | 0.09 | 0.07|0.07
ks = -0.01 8 5.03(4.583.79(1.30| 0.18 | 0.08 | 0.08 |0.08|0.08
0 0.63 | 0.06 | 0.05]0.05| 0.05 | 0.04 | 0.03 |0.05]0.05
1 5.92 | 8.59 (10.52(12.09| 13.39 | 13.06 | 10.64 |10.21| 8.93
2 1.15]0.14 | 0.07 | 0.09 | 0.08 | 0.06 | 0.06 |0.05|0.05
no radial 3 5.23|11.92(24.28|37.68| 36.70 | 42.63 | 57.89 |61.17(69.63
4 1.180.30 | 0.08 | 0.08 | 0.08 | 0.06 | 0.09 |0.11 | 0.09
6 0.50 | 0.07{0.07{0.05| 0.06 | 0.06 | 0.06 |0.07]|0.07
8 3.86|1.63|0.08 0.07| 0.07 | 0.08 | 0.06 |0.07]|0.06
pincushion 0 17.69|17.02|16.63|15.97| 15.73 | 15.48 | 15.27 |14.85|15.18
ground truth 1 15.92(15.24|14.88(15.29| 16.38 | 19.41 | 21.24 |20.63|19.41
2 4.46 | 1.62 | 0.56 | 0.08 | 0.08 | 0.07 | 0.07 |0.07 | 0.06
ko = 1. 3 13.33|21.10(34.93|45.30| 42.28 | 47.66 | 51.76 |54.16|56.45
ki = 0.01 4 3.0510.79(0.10 | 0.09| 0.08 | 0.08 | 0.06 |0.07|0.07
ke = 0.01 6 3.30 [ 4.60 | 2.56 | 1.03 | 0.14 | 0.12 | 0.09 | 0.08 | 0.07
ks = 0.01 8 5.00|4.88]6.16 |6.11| 6.30 | 6.05 | 6.07 | 7.18 | 6.31

while better outcomes can be achieved by modeling the lens distortions. Figure
[0 shows the difference in recovered camera positions of the turntable sequence
with and without modeling of lens distortions. Without the consideration of
distortions a systematic error is incorporated, clearly shown by the diverging
camera path. When lens distortions are considered, they are captured and after
an initial transient behavior the camera follows a periodic cyclic path as was the
case in reality.

Figure [§ shows real-life footage (1200 frames, image resolution 720 x 576)
representing the roof of an ancient fountain. The reconstruction without modeled
lens distortions is shown in Figure[d Clearly the roof which in reality is straight
bends backwards in the reconstruction because of the present barrel distortion.
When lens distortions were considered, modeling six radial parameters k;, the
reconstructions as shown in Figure [[0]could be achieved. The first reconstruction
in Figure [Tl took two frames with zero radial distortion as a starting point. The
second reconstruction took the final radial distortion values obtained by the
previous run as a starting point and therefore could achieve a structure which
closely resembles the real structure as no initial transients were present.

Because the strategy of sequentially modeling lens distortions allows for vary-
ing distortions, we tested another artificial video sequence similar to the teapot
sequence. A round trip of the turntable sequence consists of 100 frames. We var-
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Fig. 7. Top: First frame of the original turntable sequence, the barrel distorted version
and the pincushion distorted version respectively. Bottom Left: Divergence of the es-
timated camera path due to lack of radial distortion modeling when a barrel distorted
version of the original turntable sequence was used. Bottom Right: Convergence of the
camera path when the actual radial distortion is modeled. The camera path does not
diverge but converges onto a circular path.

ied the radial distortion from one extreme at frame 0 to another extreme at frame
50, returning to the first extreme at frame 100. Again ten round trips were made
and the error buildup assessed as shown in Table [2 Figure [II] shows how the
estimated radial distortion moves between the two ground truth extreme radial
distortions, proving that variable distortions pose no immediate problems.

Table 2. relative error buildup in pixels: frame 100x(i-1) - frame 100xi radial calibration
matrix Kq with fq = 461.025, rq = 1, s¢ = 0 and (uq,vq) = (360,288) on images of
resolution 720 x 576. Variation of radial distortion parameters between (ko, k1, k2, k3) =
(1.,—0.01,-0.01,—0.01) and (ko, k1, k2, k3) = (1., —0.03, —0.03, —0.03)

Scenariolrad. param|i=1| 2 | 3 | 4 | 5 | 6 | 7 | 8 | 9
barrel 6 3.05(0.83/0.08(0.07]0.08|0.08(0.08|0.07|0.08

6 Summary

In this paper we described how lens distortions could be recovered sequentially
from a video sequence together with structure and motion without the need for
preliminary distortion calibration or specific scene geometry. In a first section
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Fig. 8. A couple of frames from a video sequence showing an ancient fountain roof.
When pasted together, these give an idea of what the real roof looks like.

Fig.9. Top view of the reconstruction of the fountain roof without modeling radial
distortions. While the roof is straight in real life the curvature of the scene structure
is clearly visible.

Fig. 10. Left: Top view of the reconstruction if the radial distortion was modeled with
an initialization of 2 frames without radial distortion. Right: Result if the final radial
distortion of a first run was taken as initialization for the program.

Fig. 11. From left to right [frames 300,325,355,375]: The variation of the estimated
radial factor (solid curve) between the two ground truth extremes(dash-dot). The ab-
scissa represents the radius in the ideal image plane IT;. The ordinate represents the
radial distortion factor radfactor.

the camera model that approximates the real projection process was discussed.
It consisted of two parts, an ideal pinhole camera model and a subsequent dis-
tortion model which could model radial and de-centering distortions. In a fol-
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lowing section it was shown how the parameters of this camera model could
be estimated in a multi-step iterative way given 3D-2D correspondences. The
multi-step algorithm consisted of a separate estimation of the ideal pinhole cam-
era model] and the distortion parameters. This separation diminished the strong
coupling between all the camera parameters which exists in a single global min-
imization formulation. The following sections explained how the pinhole camera
parameters and the distortion parameters could be estimated by applying only
linear least squares techniques. Subsequently, as the sequential nature of Struc-
ture, Motion and Distortion Recovery needs initialization it was shown that
this consisted of 2 cameras with zero distortion or any off-line pre-calibration of
the distortion if the video camera was still available. Experiments identified the
advantages of taking lens distortions into account by demonstrating results on
artificial and real video sequences. It showed that modeling lens distortion was
crucial to the minimization of the error buildup. The negligence of lens distor-
tions would introduce a systematic error which causes severe error buildup in
recovered scene structure and cameras which could inhibit loop video sequences
to close perfectly. Accurate camera retrieval enables the recognition and track-
ing of 3D scene points which were reconstructed at an earlier stage of the video
processing. As demonstrated in [1] this recovery of scene points reduces drift in
sequential algorithms by a large amount. This benefit would be lost if camera
retrieval suffers from error buildup due to unmodeled lens distortions.

7 Future Work

This work introduced the modeling of lens distortions in a sequential Structure
and Motion Recovery framework. The lens distortions were modeled using the
radial distortion formulation with a moving distortion center so that de-centering
distortions could also be modeled. In [15] tangential and thin prism distortions
are also modeled and these formulations could be used to even further optimize
the camera model to best fit reality. However, too many free parameters could
turn the process unstable and unreliable as one may be modeling noise instead
of the physical projection process. This has to be investigated.
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Abstract. In this paper, the geometry of a general class of projections from R™
to R* (k < n) is examined, as a generalization of classic multiple view geometry
in computer vision. It is shown that geometric constraints that govern multiple
images of hyperplanes in R", as well as any incidence conditions among these
hyperplanes (such as inclusion, intersection, and restriction), can be systematically
captured through certain rank conditions on the so-called multiple view matrix.
All constraints known or unknown in computer vision for the projection from R?
to R? are simply instances of this result. It certainly simplifies current efforts to
extending classic multiple view geometry to dynamical scenes. It also reveals that
since most new constraints in spaces of higher dimension are nonlinear, the rank
conditions are a natural replacement for the traditional multilinear analysis. We
also demonstrate that the rank conditions encode extremely rich information about
dynamical scenes and they give rise to fundamental criteria for purposes such as
stereopsis in n-dimensional space, segmentation of dynamical features, detection
of spatial and temporal formations, and rejection of occluding T-junctions.

Keywords: multiple view geometry, rank condition, multiple view matrix, dynam-
ical scenes, segmentation, formation detection, occlusion, structure from motion.

1 Introduction

Conventional multiple view geometry typically applies to the case that the scene is
static and only the camera is allowed to move. Nonetheless, it is easy to show that, if
a scene contains independently moving objects — referred to as a dynamical scene,
we usually can embed (by a certain formal process) the problem into a space of
higher dimension, with a point in the high-dimensional space now representing such
as the location and velocity of a moving point in the physical three-dimensional world
[13]. However, results and understanding regarding multiple view geometry in such
high dimensional spaces are rather sporadic or incomplete at best. This motivates us
to seek a systematic generalization of multiple view geometry to higher dimensional
spaces.
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In the computer vision literature, geometric relationships between image features and
camera displacements are traditionally described by the so-called multilinear matching
constraints [87)11]. Most of the work since has focused on the algebraic aspects of
these multilinear constraints, along with the algorithms which followed from the same
formulation. In this framework, different geometric primitives, i.e. points, lines, and
planes are treated separately, and analysis of multiple views must rely on a reduction
to pairwise [8], triple-wise [L1I4J116] or quadruple-wise views [12]ﬂ This line of work
culminated in the publication of two monographs on this topic [5/2]. However, it has
recently been discovered that a unifying and yet simplifying tool for characterizing ge-
ometric relationships among multiple views is a so-called rank condition [[10]. It gives
rise to a global constraint for multiple images of multiple features and incidence rela-
tions among them. Consequently, certain nonlinear relationships among multiple (up
to four) images are revealed. As we will also see in this paper, in fact the majority of
constraints among multiple images in high dimensional spaces are going to be nonlin-
ear. Therefore, the rank condition currently seems to be a reasonable tool left which
allows us to systematically generalize multiple view geometry to higher dimensional
spaces.

In this paper, our focus is on a complete characterization of intrinsic algebraic and
geometric constraints that govern multiple k-dimensional images of hyperplanes in an
n-dimensional space. We show that these constraints can be uniformly expressed in terms
of certain rank conditions, which also simultaneously capture geometric relationships
among the hyperplanes themselves, such as inclusion, intersection, and restriction. The
importance of this study is at least two-fold: 1. In many applications, objects involved are
indeed multi-faceted (polygonal) and their shape can be well modeled (or approximated)
as a combination of hyperplanes;@ 2. In some cases, there is not enough information or
it is not necessary to locate the exact location of points in a high-dimensional space and
instead, we may still be interested in identifying them up to some hyperplane (e.g., in the
case of segmentation). As we will point out later, for the special casen = 3and k = 2, our
results naturally reduce to what is known in computer vision for points, lines, and planes.
For the cases n > 3 and k = 2, our results provide a simpler explanation to extant study
on dynamical scenes (e.g., [13]) based on tensor algebra. Since reconstruction is not the
main focus of this paper, the reader is referred to [[LO] for how to use such constraints
to develop algorithms for various reconstruction purposes. Nonetheless, since the rank
conditions encode extremely rich information about dynamical scenes, we will show
how to use it as a basic tool to conduct multiple view analysis in high dimensional
spaces, including stereopsis in n-dimensional spaces, segmentation of independently
moving feature points, detection of spatial and temporal formations, and rejection of
occluding T-junctions.

Outline of this paper. Section 2 provides a general formulation of multiple view geom-
etry from R” to R¥, including the concepts of camera, camera motion, image, coimage,
and preimage. Section 3 fully generalizes classical rank conditions to hyperplanes of
arbitrary dimension in R™. Rank conditions for various incidence conditions (i.e. inclu-

! Although we now know quadruple wise constraints are completely redundant in the point case.
2 In case the object consists of smooth curves and surfaces, it is not hard to show that the rank
conditions can be easily generalized (see [9]).
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sion, intersection, and restriction) among hyperplanes are presented. In Section 4, we
discuss numerous potential applications of the rank conditions through a few concrete
examples and simulation results.

2 Problem Formulation

2.1 Euclidean Embedding of Dynamical Scenes

In classic multiple view geometry, we typically consider projecting a three-dimensional
static scene onto a two-dimensional image plane with respect to multiple camera frames.
The standard mathematical model for such a projection is

At)(t) = ()X, ey

where X € R* is the homogeneous representation of the 3-D coordinates of a feature
point p (relative to a world coordinate frame), x(t) € R3 is its image at time ¢ (also
in homogeneous coordinates), I1(t) € R3** is the projection matrix, and A(t) is the
depth scale of the point p with respect to the current camera frame. Typically I1(t) =
[R(t),T(t)] where R € R3*3 T € R3 respectively are the rotation and translation of
the camera frame relative to a pre-fixed world framel3.

Now suppose the scene contains independently moving (relative to the world frame)
feature points. Then the above equation must be modified to

AB)z(t) = T()X (L) 2)

Since now X (¢) is time-dependent, methods from classic multiple view geometry no
longer apply. However, suppose we can find a time-base for X (t), i.e. we can express
the 3-D coordinates X (¢) of p in terms of a linear combination of some time-varying
functions b;(t) € R* of time ¢

X (t) = [by(t),ba(t),... ,bp(t)] X € R*, 3)

where X € R™*! is a time-independent vector of coefficients. As an important example,
X (t) is described by linear dynamics. Substitute this back to the above equation, to get

AHx(t) = ()X, 4)

where IT(t) = IT(t)[by(t), b2(t), ... ,br(t)] € R3*("+1) This equation is of the same
form as (T]) except that it represents a (perspective) projection from the space R™ to R2. It
is then natural to expect that results in classic multiple view geometry should generalize
to this class of projections as well.

If adynamical scene allows such a time-base, we say that the scene allows a Euclidean
embedding. To avoid redundancy, the time-base functions b;(+) should be chosen to be
independent functions. The two examples shown by Figure[T] are scenes which do allow
such an embedding. In the first case, since the coordinates of all points in the scene can

3 In case the camera is not calibrated, simply pre-multiply R and T by a calibration matrix
A c R3><3



204 K. Huang, R. Fossum, and Y. Ma

Xw ~t?)

X + vt Aat?
X}Ut
e

Fig. 1. a) Independent moving features; b) Two resolute joints.

be uniformly described by X (t) = X + vt + at? for some X,v,a € R3, we can simply
choose the embedded coordinates of a point to be X = [X T, vT a7, 1]7 € R, Then
we have the following projection equation

At)z(t) = [R(t), R(t)t, R(6)t*, T(t)) X. ©)

Such an embedding would allow us to consider points with trajectories such as parabolic
curves. In general, using similar techniques, one may also embed points on any rigid
body as shown in Figure [1b) of multiple links and joints (maybe of other types) into a
high dimensional Euclidean space [3]].

The above examples have shown the need for generalizing classic multiple view
geometry to higher dimensional spaces. Although they both fall into the category of
projection from R™ to R? for some n, we will try to bring multiple view geometry into
its full potential. That is, we will study the most general case by considering projections
from R™ to R* with arbitrary k < n.

2.2 Generalized Multiple View Geometry Formulation

Homogeneous coordinates. In this paper we will use homogeneous coordinates for
both points in R™ and its image in R*. Hence X = [X1, Xo,...,X,,,1] € R**1is
the coordinate for a point p € R™ and © = [z1,29,... , Tk, 1] € R¥! s its image.
However by abuse of language, we usually use « to denote as well the entire ray (1-
dimensional subspace) spanned by «x, since any vector on this ray gives an equivalent
(homogeneous) representation for the image of p.

Image formation in high dimensional space. As a natural generalization of the per-
spective projection from R? to R?, a perspective projection from R” to R¥ (with k < n)
is described by the equation

AB)z(t) = I(H)X, ©6)

where x(t) € RFT! is the (homogeneous) image at time ¢ of the point X, A(t) € R is
the missing depth scale and 7(t) € R+ x(+1) is the projection matrix of full rank
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k + 1.H For a dynamical scene, IT(¢) may depend on both the (relative) motion of the
camera and the scene dynamics. Suppose multiple views of the same point (now in the
high-dimensional space) are captured at time ¢1, . .. , t,,. The images of X then satisfy
the equations

)\1$1:H1X7 Z:].,,TTL7 (7)

where \; = A(t;), &; = @(t;), and IT; = II(t;) € RETD*(+1) B For the rest of the
paper, we typically splitI; = [R; T;] with R; € REFD>(k+1) and T; € R+ x(n=k),
Note that here R;,T; are not necessarily the motion (rotation and translation) of the
moving camera, although they do depend on the motion.

Since IT is full rank, there always exists a matrix g € R(+1D*(7+1) ip the general
linear group GL(n + 1, R) such that IT g is in the standard form

IT1g = [T+ 1)x (k1) O 1) (n—k) ] - )]

hence for simplicity, we will always assume I7; is itself in the above form already@ The
reader should be aware that algebraically we do not lose any generality in doing so.
The following two assumptions make the future study well conditioned:

1. Motion of the camera is generic, i.e. for any p-dimensional hyperplane in R", the
its image in R* is a hyperplane whose dimension is ¢ = min{p, k}.

2. Any hyperplane in R™ whose image is to be studied has a dimensionp < k.If p > k,
then its image will occupy the whole image plane for a generic motion and hence
does not provide any useful information.)

The two assumptions above guarantee that we always have ¢ = p in this paper.

Remark 1 (Degenerate motions). Note that motions which violate the first assumption
correspond to degenerate configurations which comprises just a zero-measure set of the
overall configuration space of the camera and object. In addition, they would only induce
minor changes in the results of this paper. A detailed analysis for these degenerate cases
can be found in [3]] and is omitted here.

Image, coimage, and preimage. For a p-dimensional hyperplane H? C R™ whose
points satisfy the equation AX = 0 (where A € R("=P)*("+1) s of rank n — p), it
corresponds to a (p + 1)-dimensional subspace (i.e. a hyperplane passing through the
origin) GP*! C R™*! w.r.t. the camera frame. The image of HP is then a p-dimensional
hyperplane SP in the image space R* (since p < k), it corresponds to a (p + 1)-
dimensional subspace UP*! C R¥*+1. Hence the image can be described by the span of
amatrix s = [ug, ua,... ,Upt1] € RE+D>(P+1) or by its maximum complementary

*if rank(IT) = k’ < k + 1, then the problem simply becomes the projection from R™ to RF' -1,

3 Usually for a static scene with a moving camera, we have IT; = IT,g; = IT; [%1 Tf ], where
R; € R"*™ and T; € R™ are usually the rotation and translation of the camera in R™.

8 If g is an affine transformation, it simply corresponds to a different choice of the world reference
frame. If g has to be a projective transformation, then it distinguishes the perspective and
orthographic projections. For details, see [3].
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orthogonal space (with respect to R¥+1), which is spanned by s+ = [vy,va, ... | Vg—p] €

R(+Dx(k=p) guch that (s*)" s = 0. For clarity, we then call s the image of the
hyperplane and call s+ its coimage. The reader must notice that they are equivalent
ways of expressing the same geometric entity on the image plane. In the rest of this

R3

Fig. 2. An image « of a point p € R® under a perspective projection from R? to R'(= I). K
is the subspace orthogonal to the subspace spanned by o and the image plane /. The plane F
corresponds to the preimage of & which is the subspace spanned by p and K.

paper, we will use H? C R™ and GPT! C R™t! interchangeably to refer to the same
object in R™ and use S? C R* and UP*+! C R*+! for the same image entity in R¥.

One difference between the image formation in high dimensional space with the
classical 3-D case is that the difference between the dimension of the ambient space and
that of the image space might be larger than one. This leads to the notion of preimage.
For any subspace UP*! C R¥*1 in the image space, if its equation is (s)72 = 0, then
define its preimage to be the set F = {X € R"*! : (s1)TIIX = 0}, where IT is
the corresponding projection matrix. Geometrically, the preimage F' is the largest set in
R"*+1! that can give rise to the same image UP*!. Its dimension is

dim(F) = dim(F NR*™) + dim(F +R*!) — dim(R**) = (n — k) +p+ 1.

It corresponds to a (n — k + p)-dimensional subspace F' in R™. Figure Plillustrates the
notions of image and preimage for a special case whenn = 3,k = landp = ¢ = 0.
The dimension of F'is 3 — 140 = 2.

3 Generalized Rank Conditions on Multiple View Matrix

A typical problem in multiple view geometry is to systematically express all intrinsic
constraints among multiple images of an object (in R™). By intrinsic we mean that such



Generalized Rank Conditions in Multiple View Geometry 207

constraints should not explicitly depend on the location (or structure) of the object in
R™. In this section, we will give a complete description of such constraints including
those for various incidence relations among different objects. We will only present the
theorems without giving proof. For the complete proof please refer to [10,3].

With the notation introduced in the preceding section, we may formally define a
so-called multiple view matrix as following:

Definition 1 (Formal multiple view matrix). We define a multiple view matrix M as
(D3)"RoDy (D3)"T3
(D:)T'R3D, (D3)TTy

M= | ’ ©

(D) Ry Dy (D))" T,
where the D;’s and Di-’s stand for images and coimages of some hyperplanes respec-
tively. The actual values of D;’s and D;-’s are to be determined in context.

Theorem 1 (Rank condition for multiple images of one hyperplane). Given m im-

ages 81, ... , 8y, and coimages st , ... , s of a p-dimensional hyperplane H? in R",
choose in the above multiple view matrix D1 = s1 and Df‘ = sf-,z' =2,...,m, then
the resulting matrix M satisfies

|0 < rank(M) < (n — k). | (10)

If the hyperplane happens to be a point (i.e. p = 0), the theorem easily implies the
following result:

Corollary 1 (Multilinear constraints for R — R¥). For multiple (k-D) images of a
point in R™, non-trivial algebraic constraints involve up to (n— k+ 2)-wise views. These
constraints happen to be multilinear and the tensor associated to the (n — k + 2)-view
relationship in fact induces all the other types of tensors associated to smaller numbers
of views.

In the classic case n = 3,k = 2, this corollary reduces to the well-known fact in
computer vision that irreducible constraints exist up to triple-wise views, and furthermore
the associated (tri-focal) tensor induces all (bi-focal) tensors (i.e. the essential matrix)
associated to pairwise views. Of course, besides the examples given in Section[Z, extra
knowledge on the motion of features sometime allows us to embed the problem in a lower
dimensional space. These special motions have been studied in [[13]], but only incomplete
lists of constraints among multiple images were given. Our results here clearly complete
such efforts and imply a much richer set of constraints, not just for point features but also
for hyperplanes of any dimension. One must notice that for hyperplanes with dimension
higher than 0, most algebraic constraints (as result of the above theorem) will be however
nonlinear, especially when n > 3. Hence traditional multilinear analysis will no longer
apply. Our approach can also be applied to much more general scenarios and capture all
kinds of incidence relations among objects in a high dimensional spaces.

If there are two hyperplanes with one including the other, they give rise to the
following theorem which further generalizes Theorem [I}
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Theorem 2 (Rank condition with inclusion). Consider a ps-dimensional hyper-
plane HP? belonging to a pi-dimensional hyperplane HP* in R". m images x; €
REHDX (241 of the HP? and m images s; € RFTVXP141) of the HPY relative to the
ith camera frame are given (i = 1,... ,m). Let the D;’s and D;-’s in the multiple view
matrix M have the following values

Di- = xj ¢ REFDX(k=p2) op gl ¢ RUHDX(k=p1)
D; = x; € REFDXmHD) o 5 ¢ REFDX(p1+1), (11)

Then for all possible instances of the matrix M, we have the two cases:

1. caseone: If D1 = s1 and Df- = :Bf- for some i > 2, then

’rank(M) <(n—k)+ (p1 — p2),

2. case two: Otherwise,

’OSrank(M)Sn—k.‘

Since rank(AB) > (rank(A) + rank(B) — n) for all A € R™*", B € R"**, we have
rank[(D;-)T R;D1] > (p1 — po) if the matrix R; € R(F+DX(k+1) jg full rank for some
1 > 2. So the rank condition for the case one can be improved with a tight lower bound

| (p1 — po) < rank(M) < (n — k) + (p1 — o).

This theorem can be easily generalized to any set of cascading hyperplanes
HP - HPi-1 C...C [_[]017

for some | € Z, . We omit the details for simplicity.
For two hyperplanes intersecting at a third, we have

Theorem 3 (Rank condition with intersection). Consider hyperplanes HP', HP?, and
HP3 with HP3 C HP* N HP2. Given their m images relative to m camera frames as
above, let the D;’s and D:-’s in the multiple view matrix M have the following values:

Dy = x4y, and D+ = a:j-, ri, s; being the coimages of HP3, HP*| HP? respectively.
Then we have

’0<mnk( ) < (n—k)‘

This theorem can be easily generalized to a family of intersecting hyperplanes
HP C HPPNHP' - N...NHP, (12)

for some | € Z, . We here omit the details for simplicity.
In practice, there are situations when all hyperplanes being observed belong to a
p-dimensional ambient hyperplane in R"[] and the location of this ambient hyperplane

7 Here we no longer require that p is less than k since the image of this ambient hyperplane is
not of interest.
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relative to the world reference frame is fixed. In general, a p-dimensional hyperplane
HP in R™ can be described by a full-rank (n — p) x (n + 1) matrix A € R(»=P)x(n+1)
such that any point p € HP satisfies: AX = 0, where X € R™*! is the homogeneous
coordinate of the point p. We call the matrix A the homogeneous representation for HP.
Of course, such a representation is not unique — any two matrices A; and A with the
same kernel give rise to the same hyperplane. For convenience, we usually divide the
(n — k) x (n + 1) matrix A into two parts

A=[A", A%, with A' e ROTPIXEFD 0 f2 ¢ RIv=p)x(=k) (13
Then we have

Theorem 4 (Rank condition with restriction). If all the feature hyperplanes belong
to an ambient hyperplane homogeneously described by the matrix A € R(»—p)x(n+1)
then by appending a block of rows [AlDl /12} to the multiple view matrix M, all the
rank conditions in the above three theorems remain the same for the new matrix.

Example 1 (Multiple views of a cube). The above theorems allow us to express all incidental
constraints associated to a particular object. For instance, as shown in Figure Bl there are three
edges L', L? and L3 intersecting at each vertex p of a cube. Then from three images of the cube
from three vantage points, we get the following multiple view matrix M (see Figure[3) associated
to the vertex p, where x; € R is the image of the vertex p in the it" view, and lg € R3*2 is the
image of the j edge L in the i*" view[j

Lt 73 '(azé‘)TRgar:l (x3) 7T
| p (l%L)TRle (l%l)TTQ
X (135" Rozy (135)" T

L M= 135 Rowy (I35)' T c R10x2
”””””””””” (mé)TRfiwl (ng)TTa
15) Ry (134)" T
ﬁ (135)" Razy (3)" T3
03 L3 Ray (13) 7T

01 09

Fig. 3. Images of a standard cube from three vantage points.

The condition rank(M) < 1 then expresses the incidence condition among the vertex and three
edges in terms of their three images, without explicitly referring to their 3-D location. However
still more can be said. The above matrix M only captures the fact that the edges all pass the vertex
in all views, it does not captures the incidence condition for the edges themselves and also not
capture the fact that the four vertices are on the same plane. These constraints can be described
by other (types of) multiple view matrices which are also just instances of above theorems.

8 Traditionally the symbol I is used to describe the coimage of a line. In our case, that becomes
11, which is indeed a three dimensional vector.
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Remark 2 (Rank values). In the above rank conditions, the highest rank value typically
corresponds to a generic configuration, every value in between the highest and lowest
corresponds to a different class (or type) of degenerate configurations of the object w.r.t.
the camera positions (see [3]).

Remark 3 (Fixed camera). Note that in many practical situations, as we will see from
examples in the following section, one typically has a fixed camera recording a dynamical
scene. In this case, the projection matrix I/ might have a column with all zeros for all
views/time. Then in above theorems, the rank of the multiple view matrix should drop
1.

4 Applications and Examples

In classic multiple view geometry, a primary purpose of deriving the above rank con-
ditions or the constraints among multiple images is for a full reconstruction of camera
motion as well as the location of the objects being observed. Technical conditions and
algorithms for similar purposes in higher dimensional spaces are however still largely
unknown. Nonetheless, in this section, we demonstrate through a few examples how
information about the camera motion and scene structure is extensively encoded by the
multiple view matrix and its associated rank conditions.

4.1 Multiple View Stereopsis in n-Dimensional Space

s

For a p-dimensional hyperplane H? in R", if we can obtain its coimages s;-’s, with
known projection matrices [I; = [Ri, Ti] , the question is “What is the least number of
images we need in order to determine H”?” In the classical 3-D space, this is known as
stereopsis. To this end, we need to introduce another matrix

() R (st)”

T = T
C— (SQL) Ry (3 1z ¢ RIMG—p)x(n+1)

N—
el

)

(55)" B (s5) " Tom

which is related to M by
rank(C') = rank(M) + (k — p). (14)

If GP* is the corresponding subspace in R"*! for H?, then GP™! C ker(C'). Hence
when the rank of M reaches its upper bound n — k, the rank of C reaches its upper bound
n — p, which means that the kernel of C' has dimension p + 1. This further implies that
GP*T1 = ker(C) and we can reconstruct H” uniquely by calculating the kernel of C.
On the other hand, if rank(C') = [ < n — p, then we can only recover the hyperplane up
to an (n — [)-dimensional hyperplane in R".

Note that C'is a stack of m (k — p) x (n + 1) matrices [(s")'R; (s{-)TT;], i =

1,...,m.Thekernel of the i*" block is the preimage F'; of s;. Hence, each view actually
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contributes to a reduction in the dimension of the kernel of C' and ker(C) = N, F;.
In order to reconstruct the original subspace GP*!, the dimension of the kernel should
be reduced from dim(F';) = n — k + p + 1 to p + 1. The reduction in dimension is
then n — k. If K is the kernel of matrix C' composed of 7 — 1 views, then the dimension
reduction of the kernel contributed by the i*" view is

dim(K) — dim(K N F;) = dim(K + F;) — dim(F;) 15

<(n+l)—-(n—k+p+1)=k—p. (13)
Thus, in order to uniquely determine H?, we need at least m = fZ—:’;] + 1 views
under general configuration. However, this is the “optimal” case such that each view can
contribute maximum dimension reduction of the kernel of C. The maximum number of
general views required is m = (n — k4 1) in which case each view only contributes to a
one-dimensional reduction of the kernel of C. For example, in the special case for point
features, we have p = 0. Hence the minimum number of independent views required is
then [2%] + 1. When nn = 3, k = 2, this number reduces to 2 which is well-known for
3-D stereopsis. For the dynamical scene problem with n = 6,k = 2 studied in [13]], in
general we need 5 views to reconstruct the point unless we have an optimal configuration
for which 3 views suffice.

4.2 Segmentation and Formation Detection

Segmentation by the rank. Now we consider the dynamical scene example we
introduced in the beginning of this paper. For any point moving with up to con-
stant acceleration, it can be described by a homogeneous coordinate in the R!Y:
X = [XT o d", 1]T € R0, where X € R3, v € R3, and a € R? are the point’s
initial location, velocity, and acceleration, respectively. With respect to a fixed camera,
its image x; at time ¢; then satisfies: \;x; = II; X, where \; € R and

II; = [R; T;] e R, Ry =T1eR¥™3, T, =[It; It?/2 0] e R**7. (16)
Hence the associated multiple view matrix is

() 21ty (2)"
T T
M= (z3)" =1 t3 (x3) c RE2(m—1)]x8.

()" @1t ()" G ()" 0

From the rank condition and remark 2 we know that rank(M) < 9 —2 = 7.
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By randomly choosing values for X, v, and a for numerous points, simulation results
showed that we always have:

1. rank(M) = 4, if the point is static, i.e. a = 0, v = 0.
2. rank(M) = 5, if the point is moving with constant velocity, i.e. a = 0.
3. rank(M) = 6, if the point is moving with constant acceleration, i.e. a # 0.

These results can be explained by studying the kernel of M. Note that the kernel of

M always contains a trivial vector [ = [O 0O3%1 O3%1 1] T. For the case that v = 0 and
a = 0, we have x;=x1. So the first column of M is always 0. A basis of the kernel of

Misthen, [1 031 0351 0], [0 27 031 0]" and [0 031 27 0] H1f we only have
a = 0, then a basis for the kernel of M is [, [0 )\13:1T 20T O]T, and [)\1 T 0351 O}T.

Finally for the most general case, the basis for the kernel is [ and [A\; v a” 0] T The
upper bound 7 for the rank is never achieved because the camera location is fixed. There
will always be a one-parameter family of ambiguity for the location of a point in R1°.

Hence rank conditions provide a simple method for doing segmentation or grouping
of feature points in a dynamical scene. Given the correspondences of the images points
at different time, we can easily differentiate background (static) points, points moving on
a straight line with constant velocity and points moving with parabolic trajectory. Since
we approximate the motion up to the second order, most practical scenarios studied in
the literature so far [[13]] fall into this case.

Formation detection by the rank. Given the image correspondences for a set of points,
sometimes we want to detect whether they move (relative to each other) in a similar fash-
ion. If so, we say they move in a formation. As we will see, this is a more general notion
than grouping of static points. In practice, moving together in “formation” often implies
that features considered are more likely from the same object. Here we demonstrate a
special case: images of four points with constant 3-D velocities, and show how the for-
mation information can be encoded in the rank conditions. Denote the four points as pl,
p?, p? and p*, and their velocities as v',v2,0% and v*, respectively. The corresponding
images in the i'" frame are x}, 2, =} and }. In general, the four image points can be
linked to generate six virtual lines. Intersections of these lines give three virtual points
on the image plane, as shown in Figure @] which are labeled by =2, =¥ and x!. Then
we can associate multiple view matrices M5, M® and M7 to these (virtual) images
of points and lines. However, since these image points may not necessarily correspond
to physical points (moving or not) in 3-D space, the rank of the corresponding matrix
may vary according to the relative motion among the four points. Table [T summarizes
results from simulation performed in various cases. In the table, it is clear that when
the four points are coplanar and moving in that plane with the same velocity, then the

®The kernel can be calculated in the following way, let the vector be V =
[uo,u?,ug,O]T € R® where up € R and uj,uz € R3 If V € ker(M), then

[(w.i)Tml (tiet)” (Bat2)” o] V = 0foralli = 2,...,m. Combined with the fact

k3

2
that iz, = \ix1 + tiv + %a, we can write this into a “polynomial” of ¢;. By setting the

coefficients to zeros we can solve for ug, u; and us.
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Fig. 4. Three apparent “intersections” (22, % and a}) generated by the four image points.

Table 1. Relationship between the rank of the multiple view matrices associated with the virtual
image points and the spatial & motion formations of the four points in 3-D space.

| Motion formations  [Spatial formations|[rank (}/°)|rank (M°) [rank (M )]

vt =0 =03 =of Coplanar 5 5 5

vl = v3, v =0t = kol Coplanar 5 6 6
keRandk /=1

vl =07 =0 Coplanar 6 6 6

vl =07 =03 =07 Not coplanar 6 6 6

additional intersection points correspond to physical points in 3-D space which are just
intersections of the lines connecting the four points in 3-D. They should move with the
same velocity, which is why we always obtain rank 5 for the three matrices. For the
other cases, virtual images typically do not correspond to any physical points. Still the
rank of associated matrices can tell us information about the formation of the feature
points under different scenarios. These results give us simply a glimpse of how rich 3-D
information we may gain by merely playing with the rank of the multiple view matrix.
Although our current results do not provide an analytical explanation to the relationship
between the formation and the rank conditions, at least they give some necessary con-
ditions which can be used at early stage of establishing correspondence, grouping, or
segmentation. We believe a thorough study will lead to fruitful theoretical results.

4.3 Distinguish Corners and Occluding T-Junctions by the Rank

A fundamental problem which troubles structure from motion is that feature points, as
“corners” or “T-junctions”, extracted from the image do not necessarily correspond to
physical points in the 3-D world. For example, in Figure 3] three blocks are on a table.
Blocks 1 and 2 are adjacent to each other hence the corner p can be treated as a real
3-D point. However, the “point” g appears in the image as the occluding T-junction of
the two edges L' and L2. It does not correspond to any physical point in 3-D space.
The question is: “Can we extract some visual information from a moving scene so that
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these two types of feature points can be distinguished?” Suppose that the table is rotating
around its normal, denoted as the X -axis, with angular velocity w. The axis intersects
the table at a point [0, Yy, ZO]T (where Yy and Z are unknown). Then for any point with

.
-

/LUT

Fig. 5. Three rectangular blocks on a table with blocks 1 and 2 adjacent to each other. Point p is
the conner formed by blocks 1 and 2. Point g appears on image as the occluding T-junction of
lines L* and 2. In 3-D space these two lines do not intersect.

initial coordinate [X, Y, Z]7, its image () at any time ¢ satisfies

100 O 0 0
At)x(t) = H(#)X = [010 cos(wt) —sin(wt) 0| X, 17
001 sin(wt) cos(wt) 0

_ ~ o~ T ~ ~
where X = [X,Yo, Z0,YV,Z,1| €RSwithY =Y —Yy,and Z = Z— Z,. Under this

setup, the image can be viewed as a projection from R® to R?. Since the projection matrix
always has the last column being 0, the rank for the multiple view matrix associated to
any point (in R®) should be strictly less than 3 (again, because the camera is not moving).
Simulation results demonstrate that for a sufficient number of images we have[1d

1. rank(M) = 2 < 3 for images of the point p,
2. rank(M) = 3 for virtual images of the T-junction q.

This example shows that at least in some cases the rank condition can serve as a criterion
for determining whether or not a “feature point” in the image actually corresponds to
some physical point in 3-D (from their motion). It may provide a means to reject T-
junctions which are the result of occlusion, like the point q in Figure Bl

!9 Note that at time ¢ = 0, the projection matrix is not in the standard form [I, 0], so we need to
multiply another matrix to each II(¢) to obtain this form, and the multiple view matrix is also
modified accordingly.
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S Summary

The main result in this paper is the presentation of generalized rank conditions associated
to the multiple view matrix for perspective projection from R™ to R*. These conditions
provide a complete set of intrinsic constraints that govern multiple images of objects in
high dimensional spaces. The theory is general enough to enable geometric analysis for
many dynamical scenes (after embedded into a higher dimensional Euclidean space), as
an extension to classic multiple view geometry. In addition to its potential for purposes
such as recovering camera motion and scene structure and dynamics, many new problems
and phenomena arise in the setting of dynamical scenes from broad applications of
the multiple view matrix and its rank conditions. They include (but not limited to):
stereopsis, segmentation and grouping, formation detection, and occlusion detection. A
full geometric and algebraic characterization for these problems and phenomena remains
largely open.

In this paper we did not address at all how to use such rank conditions to facilitate
the recovery of camera motion and scene dynamics. But it provides a systematic way
to eliminate redundant parameters and reduce constraints among image sequences to
its (almost) minimum. Further estimation of unknown parameters using either tensorial
techniques or direct minimization is a matter of algorithm design. In addition to such
theoretical endeavor, we are currently conducting experiments on videos of multiple
moving objects (mobile robots) as well as for the purpose of tracking and estimating
human body movement.
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Abstract. For 3-D video applications, dense depth maps are required.
We present a segment-based structure-from-motion technique. After im-
age segmentation, we estimate the motion of each segment. With knowl-
edge of the camera motion, this can be translated into depth. The optimal
depth is found by minimizing a suitable error norm, which can handle
occlusions as well. This method combines the advantages of motion es-
timation on the one hand, and structure-from-motion algorithms on the
other hand. The resulting depth maps are pixel-accurate due to the seg-
mentation, and have a high accuracy: depth differences corresponding to
motion differences of 1/8" of a pixel can be recovered.

1 Introduction

Video technology at the turn of the century is facing the dilemma of finding
features which increase product competitiveness. The third dimension has the
potential of revolutionizing future video and TV products. Recent progress in
computer vision brings closer the possibility of extracting depth information
from video sequences. For many 3-D video applications, this depth information
should be dense, i.e., every pixel should have depth information.

Several methods to extract depth out of video exist. Structure-from-motion
(SFM) techniques are based on the extraction of structure from apparent motion.
Two kinds of motion can be found in video sequences. The first one is due to
camera motion: Objects at different depths have different apparent motion. The
second one is independent motion of the objects. Handling independent motion of
the objects requires handling of static scenes as a necessary first step. Therefore
we assume for the time being that our scenes are static. Alternatively, we can
extract depth from stereo sequences, allowing us to apply the same algorithm
for all kinds of dynamic and static scenes.

SFM techniques have a long history in computer vision, and several overviews
of techniques are available (for instance [9]). Feature-based algorithms [3] first
extract predefined features, such as corners, and then match these. The dif-
ficulty in correspondence estimation lies in the size of the search space, and
the presence of ‘false correspondences’. Also features may disappear, or change
their characteristics. Furthermore, the accuracy of feature estimation in images
is often limited. The accuracy of the structure estimation can be improved us-
ing multiple frames, for instance through dynamic models [I5]. Since the use of

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 217-[231] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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feature points is limited to regions in the image where enough information is
contained, they are, in general, of limited use for direct dense matching.

A possibility to obtain dense depth maps is to use a feature-based technique
as a starting point, and subsequently to generate a dense depth map [11]. Dense
stereo matching methods [I2] are commonly devised specifically for horizontal
motions. Optical flow techniques are useful for obtaining dense depth maps in
the presence of small displacements, but require regularization to obtain smooth
depth maps [2]. This problem is avoided when we compare small regions of
the image with corresponding regions in the following images [T/T6]. For each
region in the first image, the region in the second image is sought which is
most similar to it according to a certain criterium (the match penalty). For
depth reconstruction, we need additionally an (assumed) camera transformation,
that converts a motion vector into a depth value. We assume that this camera
transformation is available or can be estimated using calibration algorithms.

Generally, all pixels within a given region are assumed to move uniformly,
and hence have the same depth. Square blocks of pixels are most common, and
have been used with success in video coding applications [8] for displacement
estimation and motion compensation. However, with a fixed given region shape
(such as a block), within one region several objects with different depth values
could be present, which leads to artifacts. Dividing the blocks into smaller en-
tities can avoid this [I3]; however, regions of constant depth in an image are
commonly (much) larger than blocks. Hence, we propose to create segments cor-
responding to underlying objects, or more accurate, to segment the image in
regions containing only a single depth. This leads to a chicken-and-egg problem
(for the segmentation we need the depth; however, for depth estimation we use
the segments). For foreground-background segmentation or scenes containing a
small number of well-defined objects, one could iteratively solve for scene struc-
ture and segmentation [22]. For general video scenes, we have to make a key
assumption (which is valid for a large amount of video footage, but of course
fails in some situations): Discontinuities in depth coincide with discontinuities
in color.

In the remainder of this paper we discuss our dense structure-from-motion
algorithm (DSFM), which is based on segment matching. In section[2], we discuss
the choice of our error norm and how to minimize it in order to find the depth
per segment. We also shortly explain the segmentation algorithm. Due to the
presence of noise and regions with low texture, the depth map may contain
artifacts. We apply a post-processing procedure for smoothing depth artifacts,
taking into account depth uncertainty intervals. Results are shown in section Bl
To improve the matching, we introduce a way of handling occlusions in section @l

2 Dense Structure-from-Motion

2.1 General Overview

Our dense SFM algorithm consists of the following key components:
Camera calibration. We have to determine the internal geometric and optical
characteristics of the camera (intrinsic parameters) and the 3-D position and



Dense Structure-from-Motion 219

orientation of the camera’s frame relative to a certain world coordinate system
(extrinsic parameters). This is required to enable the conversion of an apparent
motion to a depth value. For instance, if the camera motion consists of horizontal
translation, the parallax is inversely proportional to depth. Several calibration
methods have been described in the literature [4I8]. An overview of general
algorithms is given in [6]. Camera calibration is not discussed in this paper.
Image segmentation. We assume that depth discontinuities coincide with color
discontinuities. Segmentation divides the image into regions of more or less con-
stant color, and hence, depth. The segmentation algorithm is discussed in sec-
tion 224

Segment matching. This is the key element of this paper and is discussed in
sections and [Z3] It results in a pixel-wise depth map, annotated with depth
uncertainty intervals.

Postprocessing. This relazation algorithm is discussed in section and allows
to improve the accuracy of the depth maps with information from neighboring
segments.

2.2 Segment Matching

The core of our dense structure-from-motion algorithm (DSFM) is the matching
of segments in the first image Iy to find their location in the next image I;. To
each segment S, a depth d is assigned which minimizes the following error norm,
the so-called match penalty [5]:

E(d) =Y |h(x+ Ax(d)) - Io(x)], (1)

xeS

i.e., we estimate for all pixels x in a segment S their location in I; based on
the proposed depth, and compute the absolute difference between the colors at
their positions in Iy. The camera transformation relates the depth value d to
a motion vector Ax. Note that we do not match a segment with a segment of
frame I, since this would put high requirements on the time-consistency of the
segmentation.

This matching approach comes from the domain of motion estimation, for in-
stance for scan-rate conversion [5] or MPEG compression [7]. The key difference
between our method and existing matching approaches is that in our case the
region S is an arbitrarily shaped segment, instead of a square region. Another
difference is that the minimization is 1-D (over depths d), instead of 2-D (the
two components (Az, Ay) of a motion vector). In case of non-integer pixel dis-
placements, we use bilinear interpolation to estimate color values at inter-pixel
positions.

Solving equation () not only results in a depth per segment, but can give
us also information on its accuracy by considering the error curve: the error as
function of the depth (see figure [[l for an illustration). We define the boundaries
of the depth uncertainty interval as:

dy = max{d : d < d A E(d) > E(d) + AE}, (2)
dy, = min{d : d > d A E(d) > E(d) + AE}, (3)
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i.e., the depth values closest to d for which the match penalty is still above a
predefined threshold.

E(d)

AE

did duy

d——»

Fig. 1. Illustration of the depth accuracy. The error as function of depth has a global
minimum in d. The lower and upper depth bounds are given by d; and d, according
to expressions () and (3).

2.3 Solving the Minimization Problem: The “Candidates” Concept

A naive version of matching would do a full search over all possible depths d.
For applications requiring real-time performance, full search is computationally
too expensive. Hence the number of depths to be evaluated has to be reduced,
however, without affecting the quality of the result. For block-based motion es-
timation, a fast method for solving minimization problem (d]) has been proposed
[B] which uses for each block only motion vectors Ax; coming from a small can-
didate set (CS). This CS is composed of motion vectors of some well-selected
neighbors of the block under consideration, and some random vectors. We use a
modified version of this algorithm by assigning a depth value d to a segment as a
result of minimizing the match error E(d) over a limited set of candidate depth
values. It is assumed that the candidates sample the function F(d) sufficiently
dense. Since we deal with arbitrarily shaped segments, the number of neigh-
boring segments is a priori unknown and might be different for each segment.
To keep the notion of a small CS, we might reduce the number of candidates
by taking only neighboring segments into account with similar color or reliable
depth.

Before the first iteration the depth values are initialized in a random way.
During the iterations the candidate depth with the minimal value of the match
penalty is taken as the new estimate. The iteration procedure is halted as soon as
all the depths of the segments have converged to their final value; this typically
takes about four iterations. An estimate of the depth accuracy (expressions (2)
and (B)) is obtained by storing the results for the tested depth candidates.

2.4 Segmentation

Segmentation groups pixels into a number of (4-connected) segments, such that
every pixel is part of exactly one segment. For our DSFM algorithm, membership
of a pixel to a segment should be decided based on depth. However, before the
matching we do not know the depth yet, but we assume that depth discontinuities
coincide with color discontinuities. Since depth discontinuities can only occur at
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segment boundaries (because of the matching process), our main requirement is
that color discontinuities should coincide with segment boundaries, and that the
positioning of these boundaries is pizel-accurate. Image segmentation methods
can be in general divided in feature-based and region-based methods (see [14] for
an overview of state-of-the-art techniques). The aim of feature-based methods is
to detect and then combine features (edges, gradients, ...), to obtain structures.
Region-based methods use region measures (texture, color, ...) to find zones
where certain properties are (nearly) constant. In this paper, we use for stability
reasons a region-based method, similar to a watershed method [202T].

(c)

(f) (8)

Fig. 2. Illustration of the hierarchical segmentation. (a),(b),(c): The resulting cores
at three different levels of p: po,p1,p2. (d) The tree structure arising from the core
segments. (e) The pruned tree. Note that different parts of the tree have a different
value for p. (f) The final cores. (g) The segmentation after growing the cores.

Many segmentation techniques suffer from the fact that there is no clear
connection between the parameters specified by the user (commonly some kind
of threshold p on the level of homogeneity) and the final segmentation. For our
application, a priori we do not know the complexity nor content of the scene,
and it is hard to specify this threshold p in advance. Furthermore, to accommo-
date for variations in the image, the threshold should be region-dependent. This
would increase the amount of freedom in the choice of the parameters, which
is undesired. Therefore we study the behavior of the segmentation when p is
increased continuously. For a given value of p, let us denote a segmentation by
S(p), where

S(p):{Si(p),izl,...,S}. (4)

S; is the i*® segment in the image and S is the number of segments. The param-
eter p can be any kind of threshold. We define C; as the core of segment ¢, such
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that C;(p) C Si(p). For our hierarchical approach we now require that
Vi Yg > p 3j such that C;(p) C Cj(q). (5)

This requirement means that we can build a tree structure for the cores. If we
take the cores as homogeneous regions in the image, they form the inner parts
of the final segments (hence the name ‘core’).

Our segmentation algorithm now consists of the following steps:

1. A homogeneity criterium satisfying expression (B) is defined to decide
whether a pixel should be part of a core at homogeneity level (threshold) p.

2. We generate a family of cores by letting this threshold vary (p =
Do, D1, - - -, PN ). For each value of p, we compute the resulting cores.

3. A tree structure can be built for the cores, due to requirement (@). If p
increases, cores grow larger, and cores which are separated for a low value
for p might merge at a higher level of p (see figure [2)).

4. To create a segmentation, the tree is pruned. We define a binary wvalidity
constraint V (C;, m), which indicates whether a core C; satisfies some desired
property. It has one free parameter m. For instance, V(C;, m) may check
whether core C; has a color variance smaller than m. The tree is pruned
such that every core satisfies the validity constraint. Note that we have in
this manner replaced the original threshold p with an alternative threshold
m. Pruning the tree such that each core satisfies V(C;, m) is equivalent to
setting p differently in different regions of the image. However, where in
general a region-dependent threshold increases the amount of freedom in
the parameter choice, here it is a result of a fixed requirement. Moreover, a
clear requirement on the segmentation (such as, say, the color variance of
a segment) can not be expressed directly in terms of an initial threshold p,
but can now be specified through V(C;, m).

5. The segments are grown from the cores by assigning non-core pixels to a
core. The growing is based on the color gradient. The distance within the
cores is zero by definition, for a non-assigned pixel the distance to the cores is
calculated as the sum of the absolute value of the color difference on any path
connecting the pixel with the core, using a distance transform algorithm. The
pixel is then assigned to the core for which this distance is minimal. This
means that if there is a color discontinuity between two cores, the segment
border is coincident with this discontinuity.

A simple illustration of this concept is shown in figure 2l

2.5 Relaxation: Using Depth Accuracy for Post Processing

The accuracy of the depth estimate depends on the amount of information avail-
able in the region of interest, and as a result noisy depth values may occur in
places of low texture. The accuracy also depends on the camera motion: for
instance, in two images with purely horizontal camera displacement, a texture
consisting of horizontal stripes gives a large depth uncertainty.

In this section, we present a method to improve the quality for depth maps.
The method is designed to correct outliers and other noise, but to preserve
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Fig. 3. Illustration of the relaxation algorithm for a 1-D signal. (a) The initial signal
{d;} (black circles). (b) The smooth signal d is given by the solid line and the black
circles; the original signal d; is drawn as open circles. Since the error bounds are large,
the final d; can deviate arbitrarily far from the initial d;. (c) Now some d; have small
error bounds. (d) In regions with large depth uncertainties, the resulting d; values are
smooth; however, if the error intervals are small the smoothing is restricted by the
error bounds and depth discontinuities are preserved.

real depth discontinuities. Conventional regularization methods typically add a
term AF; to the match penalty which accounts for smoothness. If A = 0, a
rather instable solution results; for larger A the depth map is smoother but it
may deviate more from the actual values. Also, depth discontinuities may get
washed out. Anisotropic operators Fs do not smooth across discontinuities, so
that edges are preserved. However, their computation is expensive. Moreover,
anisotropic smoothing suffers from a chicken-and-egg problem: The smoothing
operator assumes to have detected a large gradient, and preserves this large
gradient. So effectively, it only smoothes those areas that already are in some
sense ‘smooth’ (i.e., have low gradient values). But if a noise feature happens
to have a (locally) coherent nature, it may get mistaken for a gradient by the
anisotropic smoother, and hence it is not removed.

If there is no further information available, it is not clear how to do better
than anisotropic smoothing. But in the case of segment-based depth estimation,
there are two additional information channels: the depth uncertainty (expres-
sions (@) and @))), and the assumption that depth discontinuities coincide with
color discontinuities. Here we discuss a smoothing algorithm for depth maps that
takes advantage of these two additional sources of information. It is based on an
extension of an iterative relaxation method, which has been studied earlier in
computer vision [I7T0]. Applications and the study of some special cases have
been published in [IY]. Let N; be the set of indices j of d;’s neighbors. Then we
set

i g N

di +—di+a ), for all ; (6)
|N\+1 N | &

~ 1

d d E d;) ), f N;, 7

J<_ J ‘N|+1 ‘N|J€N Or.je ()

where all assignments occur simultaneously.
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Consider the case (figure Bc) where for some indices j, the initial signal d;
has a small error interval. Then, clearly, the value of d should not be allowed
outside this interval. This can be achieved during the iteration by clamping any
new value d; against the borders of its error interval. Given for each pixel its
estimated depth d(x) and associated uncertainty (d;(x), d,(x)), we search for a
smooth function d(x) such that

di(x) < d(x) < dy(x), Vx. (8)

In this way, depth discontinuities survive smoothing if there is sufficient evidence
for a discontinuity in terms of the uncertainties. For clarity, we show the concept
of the relaxation algorithm on a 1-D signal in figure 3.

For a regular 2-D grid (blocks), where |N;| = 4 for all i, it can be verified
that the process converges (if it converges) to a state where the resulting 2-
D arrangement of samples lies on a bi-cubic polynomial surface, and hence is
optimally smooth, provided that no clamping against error intervals occurs. For
an arbitrary topology we cannot give an analytic description for the converged
state. Still, since the filter is a direct generalization of the 2-D regular tesselation-
case, we may expect that again a smooth surface results.

The second information channel to constrain the relaxation is the color. Con-
sistent with the earlier assumption that depth discontinuities and color discon-
tinuities coincide, we propose to take only neighboring segments into account in
equations (Bl) and () with small color differences with the actual segment. This
preserves discontinuities even at places where the error bounds are too large to
clamp the new d-values.

This entire procedure is iterated over all segments until the updates are
sufficiently small. This typically takes 3-4 iterations.

3 Results

We have applied our algorithm to numerous different scenes. In this section we
show some typical results, and highlight some of the characteristics of the dense
structure-from-motion algorithm.

The first example applies DSFM to a scene depicting a doll house. In this
case, the camera trajectory was known, and consisted of a horizontal translation.
The typical parallax between subsequent images in the sequence is of the order
of 5 pixels. In figure @h-b we show the images for which we do DSFM. The
segmentation is shown in figure k. All pixels which satisfy

max(\C(as',y’) - C(:r,y)|, |I - xl| S 17 |y - y/| S 1) S p (9)

are taken as core pixels on level p. Here, C' is the color of a pixel. For noise reduc-
tion reasons, in the segmentation step a low-pass filtered version of the image is
used. It can easily be seen that cores based on equation () satisfy the tree cri-
terium specified in equation (&), since pixels which are core pixels at level p are
also core pixels at all higher levels. As a validity constraint, we require that the
color variation in a core should be smaller than 8% of the dynamic color range.
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Fig.4. (a), (b) Two subsequent frames from the doll house sequence. The parallax
between the frames is on the order of 5 pixels. (¢) The segmentation of the frame in
(a). There are segment boundaries at all depth discontinuities; some oversegmentation
is visible.

(a) (b)

Fig.5. (a) Raw depth map for the doll house. Bright color means small depth, dark
color means large depth. Some outliers are visible, for instance near the middle of the
upper boundary, and below the doll. (b) Depth map after the relaxation procedure.
The depth map is smoothed at the location of the discontinuities, but the depth dis-
continuities between doll and background and between the legs of the chair are not
affected. The color scale is the same as in (a).

We have pruned the tree by removing all cores with a higher color variation.
It can be clearly seen that there is some form of oversegmentation. However,
for depth recovery this is not a problem: an object which is split into multiple
segments can still have a single depth. After applying the DSFM algorithm, the
raw depth map is shown in figure[Bla. The overall quality is quite good, however,
some depth outliers are present at the top of the image in the middle, and below
the doll. Depth discontinuities around the doll and on the edge of the piano
are recovered well. The resulting depth map after application of the relaxation
algorithm is shown in figure Eb. The ‘real’ depth discontinuities have not been
affected by the smoothing, whereas the outliers have been removed. The depth
discontinuities around the tea pot on the table have even been sharpened, be-
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cause the uncertainty of those segments allows an assignment of the background
depth to those segments. To indicate the accuracy of the matching, we show er-
ror curves for segments containing the head of the doll and the curtain adjacent
to it in figure [l Here, the value of the match penalty as a function of segment
displacement (parallax, and thus depth) is displayed. There is a clear and pro-
nounced global minimum for both segments, and the depth difference between
the two segments is clearly visible. Note that it is very well possible to find the
parallax with a subpixel accuracy. This error curve is typical for pairs of images
containing sufficient texture and having a good camera calibration. From our
experience, parallax differences up to 1/8t" of a pixel can be detected reliably.

4.2 4.4 46 48 5 52 54 56 5.8
parallax (pixels)

Fig.6. (a) Screen shot from the 3-D reconstruction of the doll house, where the
viewpoint has been moved to the lower left. (b) Error curve for the doll’s head (solid
line) and the right curtain of the right window (dashed line) as a function of the parallax
(in this case corresponding to reciprocal depth). The optimal value and error bounds
surrounding it are denoted by the vertical bars. A pronounced global minimum can be
discerned, and it can be estimated to high sub-pixel accuracy (up to 1/8'" of a pixel).

(a)

Fig.7. (a), (b) Frames of the Dionysos sequence. (c) The resulting depth map after
applying the DSFM algorithm. A pixel-accurate distinction between foreground and
background is made; however, also depth differences within the statue are reconstructed
(see also figure[S).

The second example is based on a hand-held video sequence of a statue of
Dionysos (see figure [h-b). In this case, the camera position and orientation
were not known, but have been estimated with a camera calibration algorithm.
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In this case, the camera motion consisted of both a rotation and a translation.
The final depth map is shown in figure [fc. We see a pixel-accurate distinction
between foreground and background. However, to show that also details in the
face can be recovered, we have plotted error curves of the segments containing
the nose and the eyes in figure[§ The very small parallax difference (of the order
of 0.25 pixels) has been recovered; for comparison, the background is at a depth
of 3.4 units, and maximal parallax differences are on the order of 7 pixels. This
means that DSFM does not only have a high accuracy, but also a high dynamic
range.

0.1

match penalty

|

|

|

[

i

|

I~ T
‘ |
I
! !

: ; ; o
reciprocal depth (arbitrary units)

Fig.8. Error curve for the nose of Dionysos (solid line) and the right eye (dashed

line). The optimum values and its error bounds are denoted by the vertical bars. Even

the small depth difference between eyes and nose (corresponding to a difference in

segment motion of approximately 0.25 pixels) can be discerned. For comparison, the

background has a reciprocal depth of approximately 3.4 units.

4 Handling Occlusions in Depth Estimation

In the computation of the match penalty (), we estimate for all pixels in a
segment their location in the next image, based on the proposed depth, and
compute the absolute difference between the colors at the positions in the first
(Io) and second (I1) image. However, it may occur that the point X correspond-
ing to a pixel x which is visible in the first image, is not visible in the second
image, because another part of the scene occludes it (for instance due to camera
movement, see figured). In that case, the contribution of this pixel to the match
penalty has no relation to the depth of the segment. Therefore, we propose a
modification of the match penalty, where we only sum over those pixels of a
segment which are also visible in the second image:

E(d) =) v(x)|L(x + Ax(d)) ~ Io(x)], (10)
x€S
where v(x) is defined as

v(x) = { 1, if X, corresponding to x in Iy, is visible in I3 (1)

0, if X, corresponding to x in Iy, is not visible in Iy

The function v(x) is called the wisibility map. In order to compute the visibility
map, the following steps have to be carried out for each pixel x:
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1. Set v(x) = 1 everywhere.

2. Estimation of the depth for the segment containing x in Iy using expres-
sion (I0).

3. Computation of the point X in 3-D space which projects onto x.

4. Computation of the resulting location and depth of X in I7.

5. Set v(x) = 1 if this is either the only pixel at that location in I, or the pixel
with the smallest depth of all pixels which end up at that location. Else set
v(x) = 0.

6. If the process has not converged yet, go to step [2l

The correct handling of occlusion removes a source of distortion in the compu-
tation of the match penalty, resulting in a more accurate depth estimate.

B X

v(p1) =1

[ X% ] up) =0
T I,

pl\/p2

Fig. 9. Illustration of the visibility map concept. The location X1, corresponding to p1,
is visible in the first (left) and second (right) image. The location X2, however, is only
visible in the first image (as pixel p2), but not in the right image, since it is occluded
by the shape containing Xs.

To show the effect of occlusion handling, we have applied DSFM to a stereo
sequence depicting a farm scene. Due to the large camera baseline, there are
large occlusion areas. We focus especially at the area around the child’s head,
where parts of the fence are occluded (see figure [IU). The segmentation of that
area is shown in figure [Ih. Figure b shows the error curve for the shaded
segment (one of the posts of the fence). Without taking occlusion into account,
there are two pronounced minima, of which - of course - only one corresponds
to the real depth. The other minimum corresponds to a parallax where this post
is mapped onto another post, resulting in a wrong depth (see figure [[2h). With
the visibility map, the adapted error curve still has two minima, but the global
minimum is now much lower (see figure [1b). The final depth map is shown in

figure [M2b.

5 Conclusion and Discussion

We have presented a dense structure-from-motion algorithm (DSFM) based on
segment matching. Its major advantage is its robustness in providing dense depth
maps, since region instead of point correspondences are found between images.
After segmentation, the depth and depth accuracy of each segment is estimated
by minimizing a match penalty. Post processing removes outliers and does a
depth-discontinuity preserving smoothing of the depth field. Occlusions are ex-
plicitly taken into account through an adaptation of the match penalty. In con-
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U 4

Fig. 10. Part of the left and right image of a frame of the ‘Farm’ stereo sequence. Parts
of the posts of the fence in the left image are occluded by the child’s head in the right
image, which may hamper the depth estimation.
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Fig.11. (a) Segmentation of the left image of figure [[0. The shaded segment is
partly occluded in the right image. (b) Error curves for the shaded segment. The solid
curve is the error curve for the basic match penalty (). The minimum corresponding
to an incorrect depth is lower than the correct minimum due to occlusion effects. If
the occlusion effect is taken into account with expression ([I0) (the dashed line), the
minimum corresponding to the correct depth is lower and hence taken.

trast to stereovision methods, this method can be used for arbitrary camera
motions (not only horizontal translation).

In the examples, we have demonstrated the robustness and accuracy of the
algorithm. A depth accuracy corresponding to motion differences of 1/8! of a
pixel is obtainable, also in low-textured regions. DSFM is especially suited for the
case of small motions and small motion differences. Because regions are matched,
the correspondence problem typically encountered in feature-based methods can
to a large extent be avoided. Since segments are relatively large and hence con-
tain more information, DSFM is more robust than feature-based approaches.
Increasing the segment size does not decrease the resolution, however, since the
segment borders are aligned with color, and hence depth, discontinuities.

Although the DSFM algorithm gives a quite satisfactory depth estimation
for (static or stereo) video sequences, there is still some room for improvement,
e.g. in the parameterization of the depth within a segment. A challenging re-
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(a) (b)

Fig.12. (a) Depth map without taking occlusion into account. Parts of the fence are
too close to us. (b) Depth map when the visibility is taken into account. The fence
now has the correct depth.

search subject is still the estimation of depth from dynamic video sequences
(the “independent motion” problem).

DSFM has several possible applications, from scene modeling to object ex-
traction and tracking. In the domain of digital television, 3-D reconstruction is a
necessary element to convert existing 2-D video for future 3D TV applications.
Depth reconstruction algorithms, if implemented in hardware, may be efficient
enough to do the computation in real time. The present algorithm is very regu-
lar, and due to the candidate-based minimization algorithm also very efficient.
A slight change of the algorithm allows for segment-based motion estimation,
which has prominent applications in scan-rate conversion and MPEG encoding.

Acknowledgement. We would like to thank Marc Pollefeys (KU Leuven) for
providing the Dionysos sequence. Financial support from the ITEA BEYOND
project is gratefully acknowledged.
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Abstract. Establishing point correspondences between images is a key
step for 3D-shape computation. Nevertheless, shape extraction and point
correspondence are treated, usually, as two different computational pro-
cesses. We propose a new method for solving the correspondence prob-
lem between points of a fully uncalibrated scaled-orthographic image
sequence. Among all possible point selections and permutations, our
method chooses the one that minimizes the fourth singular value of the
observation matrix in the factorization method. This way, correspon-
dences are set such that shape and motion computation are optimal.
Furthermore, we show this is an optimal criterion under bounded noise
conditions.

Also, our formulation takes feature selection and outlier rejection into
account, in a compact and integrated way. The resulting combinatorial
problem is cast as a concave minimization problem that can be efficiently
solved. Experiments show the practical validity of the assumptions and
the overall performance of the method.

1 Introduction

Extracting 3D-shape information from images is one of the most important ca-
pabilities of computer vision systems. In general, computing 3D coordinates from
2D images requires that projections of the same physical world point in two or
more images are put to correspondence.

Shape extraction and point correspondence are treated, usually, as two dif-
ferent computational processes. Quite often, the assumptions and models used
to match image points are unrelated to those used to estimate their 3D coordi-
nates. On one hand, shape estimation algorithms usually require known corre-
spondences [21], solving for the unknown shape and motion. On the other hand,
image feature matching algorithms often disregard the 3D estimation process,
requiring knowledge of camera parameters [I5] or use other specific assump-
tions [I8]. Furthermore, while matching algorithms tend to rely on local infor-
mation — e.g. brightness [I0/I8] — shape computation algorithms [23[20/21]
T9] rely on rigidity as a global scene attribute. These methods recover the rigid
camera motion and object shape that best fit the data.

A. Heyden et al. (Eds.): ECCV 2002, LNCS 2351, pp. 232-[246] 2002.
© Springer-Verlag Berlin Heidelberg 2002
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We present a new method that links shape computation to image feature
matching by choosing the point correspondences that maximize a single global
criterion — rigidity. In other words, correspondences are set such that they
optimize one criterion for which we know how to compute the optimal solution
for shape and motion. Also, our formulation takes feature selection and outlier
rejection into account, in a compact and integrated way. This is made possible
by formulating the matching process as an integer programming problem where
a polynomial function — representing rigidity deviation — is minimized over the
whole set of possible point correspondences. Combinatorial explosion is avoided
by relaxing to continuous domain.

1.1 Previous Work

Rigidity has been used before in the correspondence framework [I20/T5//T8],
though used in conjunction with other assumptions about the scene or camera.
The work of [22] is an example of a successful use of global geometrical reasoning
to devise a pruning mechanism that is able to perform outlier rejection in sets
of previously matched features. Optimality is guaranteed in a statistical sense.

Other approaches use a minimal set of correspondences which help comput-
ing the correspondences for the complete set of features [19]. This is related
to using prior knowledge about camera geometry in order to impose epipolar
constraints [24] or multi-view motion constraints.

Finally the approach of [4] is an example where matching and 3D reconstruc-
tion are deeply related. Correspondences, shape and motion are simultaneously
optimized by an Expectation Maximization algorithm. Spurious features are not
explicitly taken into account.

2 Maximizing Rigidity: Problem Statement

Consider the images of a static scene shown in Figure aff. Segment p; feature-

Fig. 1. Two images from the Hotel sequence, with extracted corners.

! Data was provided by the Modeling by Video group in the Robotics Institute, CMU
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points on the first image and pa > p; on the second — the white dots — arrange
their image coordinates u, and v, in two matrices X and Y :

1,1 2.2

uj vy uy vy
X=1: |, Y= (1)

1,1 2 2

pP1 vpl upz Upz

Some of these features are projections of the same 3D points. We wish to recover
their 3D coordinates assuming no prior knowledge except that the object is rigid
and the camera is scaled-orthographic. To do so a selection mechanism should
arrange some of the observed features in a matrix of centered measurements
W, as in [21]@. Matched features must lie in the same row of W. Note that no
local image assumptions are made, no calibration information is known and no
constraints in the disparity field are used.

Without noise, matrix W is, at most, rank 3, even with scale changes. We
propose to solve this problem by searching for the correspondences that best
generate a rank-three W matrix. This is only a necessary condition for rigidity, so
multiple solutions minimize this criterionfl. Within the optimization framework
used — Section @]— retrieving solutions of similar cost is trivial. The number of
solutions decreases dramatically with increasing number of frames, or decreasing
number of rejections. In any case, for orthographic cameras we can choose the
only solution leading to an orthonormal motion matrix — the rigid solution.

With noisy measurements, W is allways full-rank, so we must be able to
answer the following questions:

1. Is it possible to generalize the rank criterion in the presence of noise?
2. Is there any procedure to search for the best solution of this problem with
reasonable time complexity?

This paper tries to give a positive answer to these questions, by formulating
the correspondence problem as an optimization problem with polynomial cost
function.

3 Optimal Matching

For the sake of simplicity, we start with the two-image case. Our goal is to
determine a special permutation matrix P* € P5(p1, p2), such that X and P*Y
have corresponding features in the same rows. P is constrained to Pg(pl,pg),
the set of p1 X ps columnwise partial permutation matrices (pp—matrices). A p,-
matrix is a permutation matrix with added columns of zeros. The optimal P*
is a zero-one variable that selects and sorts some rows of Y, putting them to
correspondence with the rows of X. Each entry P;; when set to 1 indicates
that features X;. (row ¢ of X) and Y. (row j of Y) are put to correspondence.
Figure Rlshows an example. Such a matrix guarantees robustness in the presence

2 Our W corresponds to their W T
3 Without noise, any object deforming according to a linear transformation in 3D
space generates rank-3 projections.
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P=|010j0| Y
00[0{1
1 0/0[0

Fig. 2. A partial permutation matrix representing a particular selection and permuta-
tion of rows of Y.

of outliers by allowing some features to be "unmatched”. It encodes one way of
grouping the measurements in a matrix of centered observations

Wp = W (P) = [CX|CPY], (2)

Matrix Cpp, xp,) = I — p%l[plxpl] normalizes the columns of the observation
matrices to zero mean. The correct p -matrix P* generates W* which is the
measurement matrix of Tomasi-Kanade [21]. With noise-free measurements, non-
degenerate full 3D objects produce rank-3 observation matrices W* = W (P*)
whenever P* is the correct partial permutation. A single mismatched point will
generate two columns of Wp that are outside the original 3-dimensional column-
space — also called the shape-space. This makes Wp full-rank even in the ab-
sence of noise. In conclusion, the noise-free correspondence problem can be stated
as Problem [I]

Problem 1 P* = arg rrgn rank (Wp)

st. Pe P;(pl,pg)

3.1 Approximate Rank

Consider now the case of noisy measurements. The observation matrix includes
two additive noise terms EX and EY

W'p = [C(X+EY) [CP(Y+EY)] (3)

The factorization method [21] provides an efficient way of finding the best rigid
interpretation of the observations. It deals with noise by disregarding all but
the largest 3 singular values of W’'p. The approximation error is measured by
Ay (W'p), the fourth singular value of W'p. If we use Ay (W'p) as the generaliza-
tion of the criterion of Problem[I], then we should search for the correspondence
that minimizes the approximation error made by the factorization method. When
noise is present, we formulate the correspondence problem as follows

Problem 2 P* = arg rrgn A (W'p)
st. Pe P;(phpz)
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In fact, for bounded noise, the solution to Problem [2 is again P*, which is
the solution to Problem [[] when no noise is present. This is precisely stated in
Proposition [dl

Proposition 1 For every nondegenerate rigid object observed by a scaled or-

b'e

(z‘,j)‘ <
€ and ‘EZ j)‘ < eV i,j then the solution of Problem[d is exactly P*, which is the
solution of Problem[d in the absence of noise.

thographic camera it is possible to find a scalar € > 0 such that if ’E

Proof: In the absence of noise, the correct P* matrix generates W'*, and
rank (W) = 3 & Ay (W*) = 0. Assuming that Problem Bl has a single
nondegenerate solution in the absence of noise, then there is a nonzero dif-
ference between the best and second best values of its cost. That is to say

36>0 @ MW +5<(W'p),V P /P* (4)

Since A\y(W’p) is a continuous function of the entries of W’p then this is
also a continuous function of the entries of EX and EY. By definition of
continuity, 3 € > 0 such that if \Effj)| < € and |EZ])| < €V i,j then
Equation M still holds. This guarantees that, under these noise constraints,
P~ is still the optimal solution to Problem [2|.

Our proof for Proposition [ldoes not present a constructive way to compute €, so
we did an empirical evaluation about the practical validity of this noise bound.

We segmented a set of points on two images. For each number of wrong
matches, a set of randomly generated P matrices were used to compute Ay(W'p).
FigureBlshows its statistics. The global minimum is reached for the correct corre-

400

4

Distribution of [

0 5 10 15
Nr of wrong matches

Fig. 3. Minimum, maximum and average of A\4(W’p) as functions of the number of
mismatches.

spondence P*, even with noisy feature locations. This shows that the bound e is
realistic. It also validates A4(W'p) as a practical criterion. Finally note that the
average values of Ay(W’p) increase monotonously with number of mismatches.
This means that suboptimal solutions with objective values close to optimal will,
on average, have a small number of mismatches. This is most useful to devise a
stoping criterion for our search algorithm (section [4).
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3.2 Explicit Polynomial Cost Function

We show here that the 4** singular value of W (cost in Problem [Z) has an
equivalent explicit fourth-order polynomial cost function:

J(P) = w'q! ()

Here, w is a vector independent of q = vec(P), vec() is the vectorization op-
eratof] and ¥/ = q@q®q®q (symbol ® stands for Kronecker product).
Considering the bounded noise assumption once more, we can use the same sort
of reasoning used to prove Proposition [[land show that the original cost function
of Problem [2] can be changed to

J(P) = det (W’;W’P) (6)

In the absence of noise the result is immediate (they are both zero). The full
proof of this result can be found in Appendix 1 (also in [12]). Figure [4 shows
statistics of det(W’pW'p) computed for different matches of points that were
segmented from real images. Once again, the global minimum is reached for the

W)

Distribution of det(W’

0 5 10 15
Nr of wrong matches

Fig. 4. Minimum, maximum and average of det(W’pW'p) as functions of the number
of mismatches.

correct correspondence P*, so we conclude that our new noise bound is also valid
in practice. Furthermore, the global minimum is even steeper — note that the
plot is shown in logarithmic scale.

Finally, keeping in mind that C is symmetrical and idempotent and that CX
is full rank, the determinant cost function of Equation [0 can be transformed into
the polynomial form of Equation [§ (see appendix 2):

J(P)=w'q¥
w= (Vec(A)TY[4]T) ® (VGC(E)[2]TIPI4)} I
E=Cc-CcxX(X'cx)'X'c

4 Stacks the columns of a matrix as a single column vector
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(2]
A Lo
2110

IT is a fixed (pi1p2)* X (p1p2)* permutation such that vec (P1) = Hvec(P)[4].
The important fact is that J(P) has a simple biquadratic structure, depending
only on data matrices X and Y.

3.3 OQutline of the Complete Algorithm

The cost function of Equation Blis ready to be formated in a global optimiza-
tion framework, where the correct permutation is the solution to the following
problem:

Problem 3 P* = arg min J(X,PY) (7)

s.t.
P,;€{0,1}, Vi=1l.p,,Vj=1.ps .1
PEPS(pl,pg) — f;lpiaj <1,Vj=1...p 2 (8)
?;Pid:l,w:l...pl 3

3.4 Reformulation with a Compact Convex Domain

Problem [3 is a brute force NP-hard integer minimization problem. In general,
there is no efficient way of (optimally) solving such type of problems. Nonetheless
there is a related class of optimization problems for which there are efficient,
optimal algorithms. Such a class can be defined as Problem

Problem 4 P* = arg Hi:i,l’l Je(XaPY)
st. P eDS(p1,p2)
where J, is a concave version of J — to be def. later, equation [I0— and

DSs(p1,p2) is the set of real p1 X pa columnwise doubly sub-stochastic matrices.
This set is the convex hull of ’Pg(pl, p2), constructed by dropping the zero-one
condition (1), and replacing it with

Problems [3] and [4] can be made equivalent — same global optimal — by
finding an adequate concave objective function J.. Also we must be sure that
the vertices of DSs(p1,p2) are the elements of Py(p1, p2). Figure [d summarizes
the whole process.

The main idea is to transform the integer optimization problem into a global
continuous problem, having exactly the same solution as the original, which
minimum can be found efficiently. The full process is outlined as follows:
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Fig. 5. Efficient solution of the combinatorial problem.

1. Extract interest points and build X, Y — Equa-

tion M

2. Use X, Y to build the cost J(P) — Equation

3. Build a concave equivalent J.(P) — Equation
[OITT

4. Write S¢(p1,p2) in canonical form — see section
3.6l

5. Build Problem [jf and solve it using a concave min-
imization algorithm — Section [

3.5 Equivalence of Problems [3] and

Theorem [I states the fundamental reason for the equivalence. [7] contains its
proof.

Theorem 1 A strictly concave function J : C — IR attains its global minimum
over a compact conver set C C IR™ at an extreme point of C.

The constraining set of a minimization problem with concave objective function
can be changed to its convex-hull, provided that all the points in the original set
are extreme points of the new compact set.

The problem now is how to find a concave function J. : DSs(p1,p2) — IR
having the same values as J at every point of Pp(p1,p2). Furthermore, we must
be sure that the convex-hull of P5(p1, p2) is DSs(p1, p2), and that all p -matrices
are vertices of DSq(p1,p2), even in the presence of the rank-fixing constraint.

Consider Problem [, where J(q) is a class C? scalar function. Each entry
of its Hessian is a continuous function H;;(q). J can be changed to its concave
version J. by

Je(q) = J(q) + X0 €qf — iy €igi (10)

Note that the constraints of Problem Blinclude ¢; € {0,1}, Vi. This means that
Je(q) = J(q), Vq. On the other hand P,(p1,p2) is bounded by a hypercube
B={qeR":0<g¢ <1, Vi}. All H;;(q) are continuous functions so they are



240 J. Maciel and J. Costeira

bounded for q € B — Weierstrass’ theorem. This means that we can always
choose a set of finite values ¢,., defined by

e < *% (maxq Z::l,s/zz ngégz — ming %g) (11)
which impose a negative stricly dominant diagonal to the Hessian of J., that
is to say, [Hy| > 377, . |Hi| , Vi. A strictly diagonally dominant matrix
having only negative elements on its diagonal is strictly negative definite [6], so
these values of €, will guaranty that J.(q) is concave for q € B and, therefore,
also for q € DSs(p1, p2).

Finally, note that problem dlis constrained to the set of doubly sub-stochastic
matrices, defined by conditions B2, B3 and @ This set has the structure of a
compact convex set in IR”* *P2?. Its extreme points are the elements of Py (p1,p2)
— see [12] for greater details. This fact together with Theorem [ proves that
the continuous Problem Hlis equivalent to the original discrete Problem Bl since
we’re assuming that J. was conveniently made concave.

3.6 Constraints in Canonical Form

Most concave and linear programming algorithms assume that the problems have
their constraints in canonical form. We now show how to put the constraints that
define DS (p1,p2) in canonical form, that is, how to state Problem Ml as

Problem 5 P* = arg mﬁ}n J(X,Y,q)
s.t. Aq<b,q>0

where Ay, ) and by, 1) define the intersection of m left half-planes in IR".
The natural layout for our variables is a matrix P, so we use q = vec(P),
where vec() stacks the columns of its operand into a column vector. Condition[Rl2

is equivalent to P.1p,,x1) < 1, x1]- Applying the vec operator [11] to both
sides of this inequality we obtain (1?1ng] ® I[p1]> q < 1, %], where ® is the
Kronecker product, so set

AL =1],,, @11 5 bi=1p, (12)

By the same token we express condition B]3 as

1Y ) P <100 AT ) P > 1 (13)
A2 = I[pz} X 1[T1><p1] 3 b2 = 1[p2><1] (14)

The intersection of conditions[8 2 and[8.3 results on the constraints of Problem
with
A by
A= A2 N b = bg (15)
_A, —by
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3.7 Image Sequences

With F' frames, the observation matrix is
W = [CXy | - | CPp1XF],, wop (16)

The original Problem [[] must be extended to the F' — 1 variables Py to Pp_;.
The obvious consequence is an increase of the dimensionality and number of con-
straints. Furthermore putting the cost function in explicit polynomial form is not
trivial. However, det (WTW) is still a good criterion, as Figure[f] demonstrates.

Distribution of det(W’

Nr of wrong matches

Fig. 6. Minimum, maximum and average of det(W’'pW'p) as functions of the number
of forced mismatches, in a 3 image example.

A slight modification in the formalism [I2] makes possible to impose rejection
mechanism in all images. In other words, it is possible to choose the best p; < p;
matches among all possible.

4 Minimizing Linearly Constrained Concave Functions

To minimize nonlinear concave cost functions constrained to convex sets we
cannot rely on local methods, because many local minima may occur. Instead
we apply global optimization algorithms that exploit both the concavity of the
cost function and the convexity of the constraining set.

Concave programming is the best studied class of problems in global op-
timization [7JT7], so our formulation has the advantage that several efficient
and practical algorithms are available for its resolution. Among existing optimal
methods, cutting-plane and cone-covering [14] provide the most efficient algo-
rithms, but these are usually hard to implement. Enumerative techniques [16]
are the most popular, mainly because their implementation is straightforward.
We implemented the method of [3]. As iterations run, the current best solution
follows an ever improving sequence of extreme points of the constraining poly-
tope. On each iteration, global optimality is tested and a pair of upper and lower
bounds are updated. Also, we use a threshold on the difference between bounds
as stoping criterion. Since cost grows fast with the number of mismatches —
Section — this suboptimal strategy returns close to optimal solutions —
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optimal most of the times — and dramatically reduces the number of iterations.
Worst case complexity is non-polynomial but, like the simplex algorithm, it typ-
ically visits only a fraction of the extreme points. Our implementation takes
advantage of the sparse structure of the constraints, and deals with redundancy
and degeneracy using the techniques of [9].

Recently, special attention has been paid to sub-optimal concave minimiza-
tion algorithms. [8] describes implementations of Frank and Wolfe [5] and
Keller [§] algorithms and claims good performances in large-scale sparse prob-
lems. Simulated Annealing [2] is also having growing popularity.

5 Results

5.1 Experiment 1

Figure [ shows two images of the Hotel sequence, with large disparity. No prior
knowledge was used neither local image assumptions. Points were manually se-

Fig. 7. Two images from the Hotel sequence, with manually segmented points.

lected in both images. In the second image, the number of points is double. The
wireframe is shown just for a better perception of the object’s shape. It is shown
in the plot but was never used in the matching process.

The method was applied exactly as described before, using rigidity as the only
criterion. Figure [§ shows the reconstruction of the matched points. The solution
was found using an implementation of the optimal method of [3]. As expected,

all matches are correct, corresponding to the global minimum of det (W’ "W).

5.2 Experiment 2

In this experiment we show how this optimal method can be used to match large
points sets in a fully automatic way. At a first stage a corner detector selected
a small number of points in each of 8 images from the Hotel sequence. Motion
between each pair of images was then computed using the same procedure of
experiment 1. An edge detector was then used to extract larger sets of points
in each image. With known motion, the epipolar constraint could be used to
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Fig. 8. Views of a reconstruction of the Hotel.

eliminate most of the matching candidates, so another global criterion — that
of [13] — could be optimized with feasible computation. At the end a total
of 1000 points were put into correspondence in all 8 images. Less than 10 were
wrong matches, and all these were rejected by thresholding the distance between
the observations and the rank-3 column space of W. The set of remaining points
was reconstructed using the factorization method. Figure[d shows some views of
the generated reconstruction.

180 100 50 0 50 100 150 | 150 150

Fig. 9. Some views of an automatically generated 3D could of 900 points.

6 Conclusion

The described method solves the correspondence problem between points of a
fully uncalibrated scaled-orthographic image sequence. Correspondences are set
so that the shape and motion computation is optimal, by minimizing the fourth
singular value of the observation matrix. We have shown that this is an optimal
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criterion under bounded noise assumption. The method is also applicable to other
problems where the rigidity assumption can be used, like 3D-to-3D matching,
image-to-model matching and multibody factorization.

The most important limitation is the dimensionality of the resulting opti-
mization problems. One practical way of handling this issue is the inclusion of
additional a priori constraints — see [13] — with minor changes to the under-
lying problem formulation. Ongoing work is being conducted on experimenting
different optimal and suboptimal algorithms, and testing their efficiency. Also,
we are currently formulating and testing different ways of building explicit poly-
nomial cost functions for multi-image matching problems.
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Appendix 1: Optimality of Rigidity Cost Functions

If Problem [Mlis not degenerate, then both Ay (W'p) and det (W’;W’p) are, in

some sense, optimal criteria. This is stated in the following proposition:

Proposition 2 If there is one single non-degenerate solution to Problem[d], it is
possible to find a scalar € > 0 such that if ’Eéj)‘ < eand ‘EE j)‘ <eVi,j then

the solution to Problem[d is exactly the same P* if J(Wp) = det (W’;W’p)

Furthermore, this is the solution to Problem [ without noise.

Proof: Without noise, a unique P* is also solution to Problem [Qlwith J() = A4()
or J() = det() because

rank (W*) =3 & A\ (W) =0 & det(WTW*)=0 (17

Non-degeneracy means that there is a nonzero difference between the best
and second best cost values if J() = Ay() or J() = det(). This is to say that

44, >0 /\4(W*) + 01 < )\4(Wp) s vV P /Z:P* (18)
362 >0 :det (W*TW*) 46, < det (WpWp),V P /P (19)

A4(W'p) and det (W’ ;W' p) are continuous functions of the entries of W'p

so they are also continuous functions of the entries of EX and EY. By def-
inition of continuity, 3 € > 0 such that if |E€f])| < € and |Ez])\ <eVi,j
then equations (I8)) and ([9) still hold for W'. This guarantees that, under
these noise constraints, P* is still the optimal solution to Problem [ with

any of the two cost function.
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Appendix 2: Writing the Determinant as a Polynomial
Function

We will show here how to express the determinant cost function ([G]) as a bi-
quadratic polynomial cost function

Jyig(P) = (a"B1q) (" Baq) — (q' Bsq)” (20)

where B; are matrices independent of q = vec(P).
Start by using the fact that for any two matrices My, and Ny, if
Liix (m+n) = [M | N] and N is full-rank — see [6/TT] — then

det (LL) = det (M"M) det {M" [T,y - N(N'N) 'NT| M} (21)

With L = W'p = [CX' | CPY’] and since C is symmetrical and idempotent,
then
det (w';w’p) — det (X’TCX’) det (Y’TPTHLPY') (22)

~1
with IT+ = C — CX/ (X’TCX') X'"C. Since the first determinant in equa-

tion is positive and independent of P, we can simplify the cost function,
stating

arg min det (W’;W’p) = arg min det (Y’TPTHLPY’) (23)
Now define Y’ = [u’y | v/3], where u’s and v’y are respectively the row and
column coordinates of points on the second image. This leads to
T T
o (W) = et
For any two matrices Lijy ) and My, xn)
vec(LM) = (M' ®1I,,)) vec(L) (25)

The observations u’s and v’y are vectors so, using equation (28), we obtain
uy PTIT PV 5 = vec(Pu's) | IT vec(Pv'5)
T
=q (Wa L) I (Vs @1, ) (26)
There are similar expressions for the other combinations of u’ and v/, so
. 1 Txarr ) . T T (T 2}
arg rrgndet (W pW p) = arg min {(q qu) (q ng) (q ng) (27)
with q = vec(P) and
Bi = (w2 ® L) 1T (0 91, ) (28)
By = (V2 ®1p,) 1T+ (V'zT ® I[p2]> (29)

B = (> © Lpy) I (V3 ©1,,)) (30)
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